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Abstract: We developed a continuous wavelet theory on nonlinear spectral groups induced by
frequency warpings. Let φ: I → R be a real C1-diffeomorphism and define

(Fφ f )(t) = f̂ (φ(t)), dµφ(t) =
|φ′(t)|

2π
dt.

The transformFφ is unitary from L2(R) onto L2(I, dµφ), and it diagonalizes the warped spectral operator

Tφ = iφ−1(D), D = −i∂x.

The change of variables ξ = φ(t) transports the additive Fourier group to the nonlinear spectral group

t ⊕φ s = φ−1(φ(t) + φ(s)).

Using the corresponding warped shifts and automorphic dilations, we constructed continuous warped-
shift wavelets and proved their Calderón admissibility, Plancherel, and reconstruction formulas.
The theory becomes the classical continuous wavelet transform after linearization by φ, while in
the variable t, it yields a nonlinear spectral wavelet analysis. We also separated this construction
from Fourier-adapted and operator-adapted warped wavelets, and explained its connection with finite
operator calculus, umbral generating functions, and the Meixner–Pollaczek central-difference operator.
Examples include logarithmic, exponential, sine, tangent, hyperbolic tangent, and hyperbolic-sine
warpings.
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1. Introduction

Wavelet analysis arose from the need for representations that are localized simultaneously in space
and frequency. Classical Fourier analysis decomposes a signal into global oscillations, whereas wavelet
analysis decomposes it into translated and dilated copies of a single analyzing function. This makes
wavelets effective in multiscale analysis, singularity detection, time-frequency localization, numerical
approximation, and signal processing.

The continuous wavelet transform has its roots in Calderón’s reproducing formula [1], which
already contains the resolution-of-the-identity structure behind wavelet reconstruction. The modern
continuous wavelet transform was introduced by Morlet and collaborators in connection with seismic
signal analysis [2]. Its mathematical foundation was developed by Grossmann and Morlet through
square-integrable representations of the affine group [3], and further by Grossmann et al. [4]. In this
setting, a mother wavelet ψ ∈ L2(R) generates

ψa,b(x) = |a|−1/2ψ

(
x − b

a

)
, a ∈ R∗, b ∈ R,

and reconstruction is governed by the Calderón admissibility condition∫
R

|ψ̂(ξ)|2

|ξ|
dξ < ∞.

The later development of compactly supported wavelets and multiresolution analysis by Daubechies
and Mallat connected wavelets with filter banks, approximation theory, and fast algorithms [5–8]. This
connection was extended in the theory of subband coding and multirate systems [9, 10].

Classical continuous wavelets are based on the affine geometry of the real line: Translations are
additive and dilations are multiplicative. In the Fourier domain, this means

ψ̂a,b(ξ) = |a|1/2e−ibξψ̂(aξ).

Thus the classical transform is naturally adapted to the Fourier operator

D = −i∂x, Deixξ = ξeixξ.

In many problems, however, the relevant spectral coordinate is not the ordinary Fourier variable ξ, but
a nonlinear variable t related to it by

ξ = φ(t).

Such nonlinear coordinates occur in perceptual frequency scales, nonuniform filter-bank design, finite-
difference operators, delta operators, and spectral transforms associated with special functions and
orthogonal polynomials.

Frequency warping has a long history in signal processing. Unequal-bandwidth spectral analysis
and digital frequency warping were studied by Oppenheim et al. [11, 12]. Baraniuk and Jones
emphasized the role of unitary equivalence in frequency-warped signal processing [13]. In the
wavelet setting, Evangelista and Cavaliere constructed frequency-warped filter banks and wavelet
transforms using Laguerre expansions and allpass frequency transformations [14]. Evangelista’s
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dyadic warped wavelet theory showed that a full dyadic warped construction is not merely a global
change of frequency variable; it also involves generalized shifts, warped multiresolution spaces,
warped Riesz bases, warped quadrature mirror filters, and iterated warping [15].

The present paper develops a continuous warped-shift wavelet theory in a related but different
direction. We begin with a real C1-diffeomorphism

φ : I → R,

and define the warped Fourier transform

(Fφ f )(t) = f̂ (φ(t)).

The natural spectral measure is

dµφ(t) =
|φ′(t)|

2π
dt.

With this measure, Fφ is unitary from L2(R) onto L2(I, dµφ). It diagonalizes

Tφ = iφ−1(D)

in the sense that
Fφ(Tφ f )(t) = it(Fφ f )(t).

Hence t is not only a change of coordinate; it is the spectral eigenvalue of the warped operator Tφ.
The diffeomorphism φ transports the additive group law of the Fourier line to the interval I. This

gives the nonlinear spectral group

t ⊕φ s = φ−1(φ(t) + φ(s)).

The identity and inverse are
eφ = φ−1(0), ⊖φt = φ−1(−φ(t)),

and dµφ is the Haar measure for this transported group up to the normalization factor 1/(2π). Warped
shifts and dilations are defined by

(Tφ
s F)(t) = F(t ⊖φ s), δφa(t) = φ−1(aφ(t)).

They generate the warped-shift wavelets

Φ
⊕φ
a,s(t) = |a|−1/2Φ

(
φ−1

(
φ(t) − φ(s)

a

))
, a ∈ R∗, s ∈ I.

Here s is a translation parameter in the nonlinear spectral group, not a physical translation in x-space.
The scale parameter a dilates the linearized coordinate φ(t). The associated transform is

W
⊕φ

Φ
F(a, s) =

〈
F,Φ⊕φa,s

〉
L2(I,dµφ).

We prove its Calderón admissibility condition, Plancherel identity, and reconstruction formula. The
proof is based on the observation that the change of variables ξ = φ(t) and η = φ(s) converts the
warped-shift system into the ordinary affine wavelet system in the linear spectral variable ξ.
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It is important to distinguish this construction from two related ones. A Fourier-adapted warped
wavelet transform dilates the ordinary Fourier frequency ξ = φ(t); it is just the classical continuous
wavelet transform transported through the unitary change of variable. An operator-adapted warped
wavelet transform dilates the eigenvalue t of Tφ directly. The present construction is instead the affine
wavelet theory of the nonlinear spectral group (I,⊕φ).

There is also an algebraic interpretation. In finite operator calculus, Rota et al. study shift-invariant
operators Q = q(∂) with q(0) = 0 and q′(0) , 0 [16]. The inverse φ = q−1 appears in the umbral
generating function exφ(z). Zeilberger emphasized that this formal theory can be viewed through Fourier
analysis because shift-invariant operators become multipliers after Fourier transform [17]. Replacing
∂ by D = −i∂x gives

q(D)eixφ(t) = teixφ(t).

Thus eixφ(t) is the oscillatory analogue of the umbral generating function. The detailed connection with
Shen’s umbral refinement equation for wavelets [18] is developed later in the paper.

A guiding example is the hyperbolic-sine symbol

q(ξ) = 2 sinh
ξ

2
, φ(t) = q−1(t) = 2 arcsinh

t
2
.

The warped Fourier kernel is

Eφ(x, t) = exp
(
2ix arcsinh

t
2

)
.

This is the T -exponential for the central-difference operator studied by Ismail and Saad in connection
with the Meixner–Pollaczek polynomials [19]. In this case,

(T f )(x) =
f (x + i/2) − f (x − i/2)

i
, T Eφ(x, t) = itEφ(x, t),

and the group law is

t ⊕φ s = t

√
1 +

s2

4
+ s

√
1 +

t2

4
.

Thus the hyperbolic-sine warping links the central-difference operator, the Meixner–Pollaczek
polynomial calculus, the arcsinh warped Fourier kernel, and the nonlinear spectral group used in this
paper. J ⊊ R are treated on the spectral subspace HJ or locally, operator domains are defined by
spectral calculus, and all constants are tied to the Fourier normalization in (1.1).

The main contributions are as follows:

(i) We develop the warped Fourier transform and the nonlinear spectral group (I,⊕φ), including its
Haar measure, warped shifts, and automorphic dilations.

(ii) We construct the continuous warped-shift wavelet transform and prove its Calderón admissibility
condition, Plancherel formula, and reconstruction formula.

(iii) We transfer the construction to physical space through F −1
φ , obtaining physical warped-shift

wavelets.

(iv) We distinguish warped-shift wavelets from Fourier-adapted and operator-adapted warped
wavelets.
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(v) We explain the connection with shift-invariant operators, finite operator calculus, and umbral
generating functions.

(vi) We provide explicit examples, including linear, logarithmic, exponential, sine, tangent, hyperbolic
tangent, and hyperbolic-sine warpings.

The paper is organized as follows. Section 2 develops the warped Fourier transform and the
nonlinear spectral group. Section 3 constructs the warped-shift wavelet transform and proves the
Calderón theorem and reconstruction formula. Section 4 discusses the warped spectral operator, the
connection with finite operator calculus and umbral methods, operator-adapted wavelets, and concrete
examples.

Throughout the paper, we use the Fourier transform convention

f̂ (ξ) =
∫
R

f (x)e−ixξ dx, f (x) =
1

2π

∫
R

f̂ (ξ)eixξ dξ. (1.1)

With this normalization,

∥ f ∥2L2(R) =
1

2π

∫
R

| f̂ (ξ)|2 dξ.

For a Borel function m, the spectral calculus for D = −i∂x is

m̂(D) f (ξ) = m(ξ) f̂ (ξ).

We write R∗ = R \ {0}. If a warping maps φ: I → J ⊆ R onto a proper interval J, the natural physical
space is the Fourier spectral subspace

HJ =
{
f ∈ L2(R) : f̂ (ξ) = 0 for a.e. ξ < J

}
. (1.2)

For the global nonlinear group construction, we assume J = R, so thatHJ = L2(R).
If J ⊊ R, all warped Fourier identities are understood on the closed spectral subspace HJ, and the

transported law is used only where φ(t) + φ(s) ∈ J. Thus bounded or one-sided spectral intervals give
band-limited or branch-local versions of the same warped Fourier principle, not a global group on all
of I.

2. The warped Fourier transform and nonlinear spectral groups

This section develops the analytic and algebraic foundations of the theory. We begin by defining
and proving unitarity of the warped Fourier transform, then constructing the nonlinear spectral group
induced by the diffeomorphism φ, and, finally proving its key properties.

2.1. The warped Fourier transform

Let I, J ⊆ R be non-empty open intervals and let φ: I → J be a real C1-diffeomorphism with inverse
ψ = φ−1: J → I. When J ⊊ R, the natural function space is the spectral subspaceHJ defined in (1.2);
when J = R, we haveHR = L2(R).
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Definition 2.1. The warped exponential kernel associated with φ is

Eφ(x, t) := eixφ(t), x ∈ R, t ∈ I.

The warped Fourier transform is

(Fφ f )(t) :=
∫
R

f (x) Eφ(x, t) dx = f̂ (φ(t)), t ∈ I, (2.1)

initially for f ∈ L1(R) ∩ HJ, and extended below. The warped spectral measure is the pullback of
dξ/(2π):

dµφ(t) :=
|φ′(t)|

2π
dt. (2.2)

The absolute value |φ′(t)| ensures that dµφ is a positive measure regardless of whether φ is increasing
or decreasing.

Theorem 2.1. The warped Fourier transform extends uniquely to a unitary operator

Fφ : HJ −→ L2(I, dµφ). (2.3)

The inverse is given by the formula

(F −1
φ F)(x) =

∫
I
F(t) Eφ(x, t) dµφ(t), F ∈ L2(I, dµφ), (2.4)

where the integral is understood as an L2(R) limit over an exhaustion of I by compact intervals. More
precisely, if Kn ⋐ I and Kn ↑ I, then

F −1
φ F = lim

n→∞

∫
Kn

F(t)Eφ(·, t) dµφ(t) in L2(R).

Consequently, for every f ∈ HJ,

f (x) =
∫

I
(Fφ f )(t) Eφ(x, t) dµφ(t). (2.5)

Proof. First, let f belong to the dense subclass L1(R) ∩HJ. Since (Fφ f )(t) = f̂ (φ(t)) and

dµφ(t) =
|φ′(t)|

2π
dt,

the change of variables ξ = φ(t) gives∫
I
|(Fφ f )(t)|2 dµφ(t) =

∫
I
| f̂ (φ(t))|2

|φ′(t)|
2π

dt

=
1

2π

∫
J
| f̂ (ξ)|2 dξ.

AIMS Mathematics Volume 11, Issue 8, 23792–23816.



23798

Here the absolute value in |φ′(t)| accounts for the possibility that φ is decreasing. Since f ∈ HJ, its
Fourier transform is supported in J, and Plancherel’s theorem therefore yields

1
2π

∫
J
| f̂ (ξ)|2 dξ = ∥ f ∥2L2(R) .

Hence ∥∥∥Fφ f
∥∥∥

L2(I,dµφ)
= ∥ f ∥L2(R)

on L1(R) ∩HJ. By density and continuity, Fφ extends uniquely to an isometry

Fφ : HJ −→ L2(I, dµφ).

It remains to prove that this isometry is surjective. Let F ∈ L2(I, dµφ) be arbitrary, and define a function
G on J by

G(ξ) = F(ψ(ξ)), ψ = φ−1,

extending G by zero outside J. Using the substitution ξ = φ(t), we obtain

1
2π

∫
J
|G(ξ)|2 dξ =

∫
I
|F(t)|2 dµφ(t) < ∞.

Thus, G ∈ L2(R, dξ/(2π)). Let f = F −1G. Since G is supported in J, we have f ∈ HJ. Moreover,
for almost every t ∈ I,

(Fφ f )(t) = f̂ (φ(t)) = G(φ(t)) = F(t).

Therefore, every element of L2(I, dµφ) has a preimage under Fφ, so the isometric extension is surjective
and hence unitary. Finally, for F ∈ L2(I, dµφ), we set

G(ξ) = F(ψ(ξ)), ξ ∈ J,

extended by zero outside J. Since F −1
φ F = F −1G, the inverse Fourier formula gives the following L2

limit: If Jn ⋐ J and Jn ↑ J, then

F −1
φ F = lim

n→∞

1
2π

∫
Jn

G(ξ)ei(·)ξ dξ in L2(R).

Substituting ξ = φ(t) and using Eφ(x, t) = eixφ(t) yields, in the same L2 sense,

(F −1
φ F)(x) =

∫
I
F(t)Eφ(x, t) dµφ(t),

which is (2.4). Applying this formula to F = Fφ f gives the reconstruction identity (2.5). □

2.2. The nonlinear spectral group

Throughout the remainder of this section and whenever the warped group law is used globally, we
assume J = R, i.e., φ: I → R is a global diffeomorphism.

If instead J ⊊ R, the same formulas are used only on the branch for which the sums in the φ-
coordinate remain in J; this is the situation in the band-limited sine and arctangent examples below.
The diffeomorphism φ transports the additive group law of (R,+) to the interval I.
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Definition 2.2. For t, s ∈ I, define

t ⊕φ s := φ−1(φ(t) + φ(s)), (2.6)
t ⊖φ s := φ−1(φ(t) − φ(s)). (2.7)

The identity element is eφ := φ−1(0), and the group inverse of t is ⊖φt := φ−1(−φ(t)).

Proposition 2.1. (I,⊕φ) is an abelian locally compact group. The map φ: (I,⊕φ) → (R,+) is a
topological group isomorphism. The measure dµφ is a (left and right) Haar measure on (I,⊕φ), up to
the normalization factor 1/(2π). Moreover, for every x ∈ R, the warped exponential t 7→ Eφ(x, t) =
eixφ(t) is a unitary character of (I,⊕φ):

Eφ(x, t ⊕φ s) = Eφ(x, t) Eφ(x, s). (2.8)

Proof. All group axioms follow by transporting the corresponding properties of (R,+) through φ. For
instance, associativity holds because

φ
(
(t ⊕φ s) ⊕φ r

)
= φ(t) + φ(s) + φ(r) = φ

(
t ⊕φ (s ⊕φ r)

)
,

and injectivity of φ yields the identity of group elements. Commutativity follows from commutativity
of addition. The identity and inverse are clearly eφ = φ−1(0) and ⊖φt = φ−1(−φ(t)). Since φ is a
homeomorphism, (I,⊕φ) is locally compact.

The Haar measure property follows by the standard change of variables. Let f ∈ Cc(I) and r ∈ I.
Set η = φ(t) and ρ = φ(r). Since dµφ(t) = dη/(2π), we have∫

I
f (t ⊕φ r) dµφ(t) =

1
2π

∫
R

f
(
φ−1(η + ρ)

)
dη

=
1

2π

∫
R

f
(
φ−1(u)

)
du

=

∫
I

f (t) dµφ(t).

The same computation with r ⊕φ t gives right invariance. Finally, φ(t ⊕φ s) = φ(t) + φ(s) gives (2.8)
immediately. □

2.3. Warped shifts, dilations, and the affine representation

Definition 2.3. For s ∈ I and a ∈ R∗, define the warped translation operator and the warped dilation
operator on L2(I, dµφ) by

(Tφ
s F)(t) := F(t ⊖φ s) = F

(
φ−1(φ(t) − φ(s))

)
, (2.9)

(Dφ
a F)(t) := |a|−1/2 F

(
φ−1

(
φ(t)

a

))
. (2.10)

The automorphic dilation of (I,⊕φ) by scale a is δφa(t) := φ−1(aφ(t)), which is related to Dφ
a by

(Dφ
a F)(t) = |a|−1/2F(δφ1/a(t)).
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Proposition 2.2. The following hold:

(1) Tφ
s is unitary on L2(I, dµφ), with (Tφ

s )−1 = Tφ
(⊖φs) and Tφ

s Tφ
r = Tφ

s⊕φr.

(2) Dφ
a is unitary on L2(I, dµφ), with (Dφ

a)−1 = Dφ
1/a and Dφ

aDφ
b = Dφ

ab.

(3) The automorphism property holds: δφa(t ⊕φ s) = δφa(t) ⊕φ δ
φ
a(s).

(4) The affine commutation relation holds: Dφ
aTφ

s = Tφ

δ
φ
a (s)

Dφ
a .

(5) The operators Uφ(a, s) := Tφ
s Dφ

a form a strongly continuous unitary representation of the warped
affine group with the product law (a, s) · (b, r) = (ab, s ⊕φ δ

φ
a(r)).

Proof. The unitary isomorphism Uφ: L2(I, dµφ) → L2(R, dξ/(2π)) defined by (UφF)(ξ) = F(ψ(ξ))
intertwines the warped operators with their classical counterparts:

Uφ Tφ
s U−1

φ = τφ(s), Uφ Dφ
a U−1

φ = Da,

where (τηg)(ξ) = g(ξ − η) and (Dag)(ξ) = |a|−1/2g(ξ/a) are ordinary translation and dilation on
L2(R, dξ/(2π)). All claimed identities follow from the corresponding classical identities for τη and Da,
pulled back through Uφ. For instance, unitarity of Tφ

s follows from unitarity of τφ(s) and that of Uφ.
The affine commutation Dφ

aTφ
s = Tφ

δ
φ
a (s)

Dφ
a is the pullback of Daτη = τaηDa. □

2.4. Examples of the nonlinear spectral group

We record the group law, measure, and group difference for the most important warpings.

Example 2.1. (Linear warping) Set φ(t) = t, I = R: t ⊕φ s = t + s, eφ = 0, dµφ(t) = dt/(2π). This is the
ordinary additive group.

Example 2.2. (The multiplicative group) For φ(t) = log t, I = (0,∞):

t ⊕φ s = ts, eφ = 1, ⊖φt =
1
t
, t ⊖φ s =

t
s
, dµφ(t) =

dt
2πt

.

The warped group is the multiplicative group of positive reals, i.e., ((0,∞),×). The warped Fourier
transform is the Fourier form of Mellin analysis, with the kernel Eφ(x, t) = tix.

Example 2.3. (Hyperbolic-sine warping) Set φ(t) = 2 arcsinh(t/2), I = R:

t ⊕φ s = t
√

1 + s2

4 + s
√

1 + t2
4 , (2.11)

t ⊖φ s = t
√

1 + s2

4 − s
√

1 + t2
4 , (2.12)

dµφ(t) =
dt

π
√

t2 + 4
.

This group law is related to the addition formula for hyperbolic sine: sinh(α + β) = sinhα cosh β +
coshα sinh β.

Example 2.4. (Sine warping: band-limited analysis) Set φ(t) = 2 arcsin(t/2), I = (−2, 2), J = (−π, π):

t ⊕φ s = t
√

1 − s2

4 + s
√

1 − t2
4 , dµφ(t) =

dt

π
√

4 − t2
.
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Since J = (−π, π) ⊊ R, the warped Fourier transform acts on the Nyquist subspace H(−π,π), i.e., on
functions band-limited to (−π, π). The group law is local: it is well-defined for |t|, |s| < 2 as long as the
resulting phases remain in (−π, π). At the boundary, one must either restrict to such admissible pairs
or pass to a periodic/circle interpretation of the phase variable; the global group theorem above is not
being invoked on all of (−2, 2).

Example 2.5. (Arctangent warping) Set φ(t) = 2 arctan(t/2), I = R, J = (−π, π):

t ⊕φ s =
t + s

1 − ts/4
, t ⊖φ s =

t − s
1 + ts/4

, dµφ(t) =
2 dt

π(t2 + 4)
.

This is a scaled version of Möbius addition on the real line, and the group is isomorphic to the circle
group.

Because J = (−π, π) is a proper Fourier band, this example is used as a band-limited or local
model, not as an application of the global group theorem on all of I.

Example 2.6. (Hyperbolic-tangent warping: relativistic velocity addition) Set φ(t) = artanh(t), I =
(−1, 1):

t ⊕φ s =
t + s

1 + ts
, t ⊖φ s =

t − s
1 − ts

, dµφ(t) =
dt

2π(1 − t2)
.

The group law is precisely the one-dimensional relativistic velocity addition formula, and (I,⊕φ) is
isomorphic to (R,+) through artanh.

Example 2.7. (Logit warping) Set φ(t) = log(t/(1 − t)), I = (0, 1):

t ⊕φ s =
ts

ts + (1 − t)(1 − s)
, eφ = 1

2 , ⊖φt = 1 − t, dµφ(t) =
dt

2πt(1 − t)
.

Table 1 provides a comparative summary of the principal features of the standard warping functions.
The entries in the table have been recalculated from the formula dµφ(t) = |φ′(t)|dt/(2π). In particular,
the hyperbolic-tangent row gives dt/(2π(1 − t2)), while the logit row gives dt/(2πt(1 − t)).

Table 1. The entries have been recalculated from the formula dµφ(t) = |φ′(t)|dt/(2π).

φ(t) I Group law t ⊕φ s dµφ(t)

t R t + s dt/(2π)

log t (0,∞) ts dt/(2πt)

2 arcsinh(t/2) R t
√

1 + s2/4 + s
√

1 + t2/4 dt/(π
√

t2 + 4)

2 arcsin(t/2) (−2, 2) t
√

1 − s2/4 + s
√

1 − t2/4 dt/(π
√

4 − t2)

2 arctan(t/2) R (t + s)/(1 − ts/4) 2 dt/(π(t2 + 4))

artanh(t) (−1, 1) (t + s)/(1 + ts) dt/(2π(1 − t2))

log
(
t/(1 − t)

)
(0, 1) ts

/
[ts + (1 − t)(1 − s)] dt/(2πt(1 − t))

3. Warped-shift wavelets and the Calderón theorem

We now construct the continuous wavelet theory associated with the nonlinear spectral group
(I,⊕φ). The essential point is that translations are no longer ordinary translations in the variable t, but
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translations with respect to the transported group law induced by the diffeomorphism φ: I → R.
Likewise, dilations act automorphically through the linearized coordinate ξ = φ(t). Thus the natural
wavelet atoms are obtained by first dilating the spectral profile in the linearized variable and then
shifting it in the nonlinear spectral group.

Definition 3.1. Let Φ ∈ L2(I, dµφ). For a ∈ R∗ and s ∈ I, the warped-shift wavelet with mother wavelet
Φ, scale a, and spectral center s is defined by

Φ
⊕φ
a,s(t) := (Tφ

s Dφ
a Φ)(t) = |a|−1/2Φ

(
φ−1

(
φ(t) − φ(s)

a

))
. (3.1)

This formula becomes transparent after passing to the linearized coordinate. If

Φ̃(ξ) := Φ(ψ(ξ)), ψ = φ−1,

then the unitary isomorphism Uφ of Proposition 2.2 gives

(UφΦ
⊕φ
a,s)(ξ) = |a|−1/2 Φ̃

(
ξ − φ(s)

a

)
.

Thus warped-shift wavelets are precisely ordinary affine wavelet atoms in the linear spectral variable
ξ, centered at η = φ(s) and pulled back to the nonlinear spectral variable t through ψ = φ−1. This
linearization principle is the mechanism behind the Calderón theorem below.

Once the atoms have been defined, the associated transform is obtained by taking their Hilbert-space
coefficients in L2(I, dµφ). The parameter a measures scale, while s records the spectral center in the
nonlinear group.

Definition 3.2. For F ∈ L2(I, dµφ), the warped-shift wavelet transform is

W
⊕φ

Φ
F(a, s) :=

〈
F, Φ⊕φa,s

〉
L2(I,dµφ)

=

∫
I
F(t)Φ⊕φa,s(t) dµφ(t). (3.2)

The admissibility condition is inherited from the ordinary Calderón condition after linearization. In
other words, admissibility is not imposed directly on the nonlinear variable t, but on the corresponding
profile Φ̃ in the variable ξ = φ(t). This reflects the fact that the warped-shift system is an affine wavelet
system after conjugation by Uφ.

Definition 3.3. Let Φ̃(ξ) = Φ(ψ(ξ)) be the linearized mother wavelet, and let ξ̂ Φ̃ denote its Fourier
transform in the ξ variable, namely,

(̂ξ Φ̃)(ω) =
∫
R

Φ̃(ξ) e−iωξ dξ.

The mother wavelet Φ ∈ L2(I, dµφ) is called warped-shift admissible if

C⊕φ
Φ

:=
∫
R

|(̂ξ Φ̃)(ω)|2

|ω|
dω, 0 < C⊕φ

Φ
< ∞. (3.3)

AIMS Mathematics Volume 11, Issue 8, 23792–23816.



23803

Equivalently, returning to the warped variable through ξ = φ(t),

(̂ξ Φ̃)(ω) =
∫

I
Φ(t) e−iωφ(t) |φ′(t)| dt.

A standard sufficient condition for admissibility, together with the usual local regularity and decay
assumptions near the origin and infinity in the linearized variable, is the vanishing moment condition

(̂ξ Φ̃)(0) = 0,

that is, ∫
I
Φ(t) |φ′(t)| dt = 0,

or equivalently, ∫
I
Φ(t) dµφ(t) = 0.

This moment condition is only a convenient sufficient criterion; the definition of admissibility is the
non-zero finiteness of C⊕φ

Φ
. Thus the vanishing integral is not used as an equivalent characterization.

The actual hypothesis in Theorem 3.1 is exactly 0 < C⊕φ
Φ
< ∞.

When φ(t) = t, the linearized function is simply Φ̃ = Φ, and condition (3.3) reduces to the classical
Calderón condition ∫

R

|Φ̂(ω)|2

|ω|
dω < ∞.

More generally, the constant C⊕φ
Φ

depends only on Φ̃ = Φ ◦ ψ. Therefore admissibility of Φ is exactly
the classical admissibility of its linearized profile.

The following theorem is the central result of the section. It states that the warped-shift wavelet
transform satisfies the same structural identities as the ordinary continuous wavelet transform: a
Plancherel identity and a weak reconstruction formula. The only change is that the translation variable
is measured using the density |φ′(s)| ds, which is the pullback of Lebesgue measure under η = φ(s).

Theorem 3.1. (Calderón theorem for warped-shift wavelets) Let φ: I → R be a C1-diffeomorphism,
and let Φ ∈ L2(I, dµφ) be warped-shift admissible. Then, for every F ∈ L2(I, dµφ),∫

R∗

∫
I

∣∣∣W⊕φ

Φ
F(a, s)

∣∣∣2 |φ′(s)| ds
da
a2 =

C⊕φ
Φ

2π
∥F∥2L2(I,dµφ) . (3.4)

Moreover, F is recovered in the weak topology of L2(I, dµφ) by

F(t) =
2π

C⊕φ
Φ

∫
R∗

∫
I
W
⊕φ

Φ
F(a, s)Φ⊕φa,s(t) |φ′(s)| ds

da
a2 . (3.5)

More precisely, for
EN = {(a, s) : N−1 ≤ |a| ≤ N, |φ(s)| ≤ N},

the truncated integrals over EN converge to F weakly in L2(I, dµφ); equivalently, their inner products
against every G ∈ L2(I, dµφ) converge to ⟨F,G⟩.
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Proof. Let Uφ: L2(I, dµφ) −→ L2(R, dξ/(2π)) be the unitary isomorphism defined by

(UφF)(ξ) = F(ψ(ξ)), ψ = φ−1,

and set F̃ = UφF. By the linearization of the warped-shift atoms,

(UφΦ
⊕φ
a,s)(ξ) = |a|−1/2Φ̃

(
ξ − η

a

)
, η = φ(s).

Therefore, using the inner product on L2(R, dξ/(2π)), we obtain

W
⊕φ

Φ
F(a, s) =

〈
F, Φ⊕φa,s

〉
L2(I,dµφ)

=
〈
UφF, UφΦ

⊕φ
a,s

〉
L2(dξ/(2π))

=
1

2π

∫
R

F̃(ξ) |a|−1/2Φ̃

(
ξ − η

a

)
dξ.

This is exactly the ordinary continuous wavelet transform of F̃ in the variable ξ, with mother wavelet
Φ̃, scale a, and translation parameter η.

The classical Calderón’s Plancherel identity in the ξ variable, with spectral measure dξ/(2π), gives∫
R∗

∫
R

∣∣∣W⊕φ

Φ
F(a, ψ(η))

∣∣∣2 dη
da
a2 =

C⊕φ
Φ

2π

∥∥∥F̃
∥∥∥2

L2(dξ/(2π))
.

Substituting η = φ(s), dη = |φ′(s)| ds, and using the unitarity of Uφ, namely,∥∥∥F̃
∥∥∥

L2(dξ/(2π))
= ∥F∥L2(I,dµφ) ,

yields the Plancherel identity (3.4).
For reconstruction, the ordinary Calderón formula in the ξ variable states that

F̃(ξ) =
2π

C⊕φ
Φ

∫
R∗

∫
R

W
⊕φ

Φ
F(a, ψ(η)) |a|−1/2Φ̃

(
ξ − η

a

)
dη

da
a2

weakly in L2(R, dξ/(2π)). Applying U−1
φ and substituting

ξ = φ(t), η = φ(s), dη = |φ′(s)| ds

gives exactly (3.5). □

The factor 2π/C⊕φ
Φ

in (3.5) is a consequence of the Fourier convention (1.1), for which the spectral
measure is dξ/(2π). There is no discrepancy with the usual constant 1/C⊕φ

Φ
: That constant is obtained

when the linearized spectral measure is taken to be dξ instead of dξ/(2π). Equivalently, if one writes
the warped measure as dµφ(s) = |φ′(s)|ds/(2π) rather than using the translation measure |φ′(s)|ds, the
Plancherel identity becomes

This paragraph fixes the normalization ambiguity: the translation variable in Theorem 3.1 is
integrated with dη = |φ′(s)|ds, whereas the Hilbert space norm uses dµφ(t) = |φ′(t)|dt/(2π).∫

R∗

∫
I
|W

⊕φ

Φ
F(a, s)|2 dµφ(s)

da
a2 =

C⊕φ
Φ

(2π)2 ∥F∥
2
L2(I,dµφ) .

AIMS Mathematics Volume 11, Issue 8, 23792–23816.



23805

The preceding theorem lives entirely on the spectral side. Since the warped Fourier transform Fφ
is unitary, the same wavelet system can be transported back to physical space. The resulting physical
wavelets are not ordinary translations and dilations in the variable x; rather, they are inverse warped
Fourier transforms of spectral wavelets adapted to the nonlinear group (I,⊕φ).

Definition 3.4. Let f ∈ HJ and set F = Fφ f . For a ∈ R∗ and s ∈ I, define

Ψ
⊕φ
a,s := F −1

φ Φ
⊕φ
a,s.

By the inversion formula (2.4), this physical wavelet is given explicitly by

Ψ
⊕φ
a,s(x) =

∫
I
|a|−1/2Φ

(
φ−1

(
φ(t) − φ(s)

a

))
eixφ(t) dµφ(t). (3.6)

The physical warped-shift wavelet transform is

W
⊕φ

Φ
f (a, s) :=

〈
f , Ψ⊕φa,s

〉
L2(R)

.

The next result is the physical-space version of the Calderón reconstruction formula. It follows
immediately from the spectral formula because Fφ is unitary.

Corollary 3.1. Under the hypotheses of Theorem 3.1, for every f ∈ HJ,

f (x) =
2π

C⊕φ
Φ

∫
R∗

∫
I
W
⊕φ

Φ
f (a, s)Ψ⊕φa,s(x) |φ′(s)| ds

da
a2 (3.7)

weakly in L2(R).

Proof. Since Fφ is unitary and Ψ⊕φa,s = F
−1
φ Φ

⊕φ
a,s, we have

W
⊕φ

Φ
f (a, s) =W⊕φ

Φ
(Fφ f )(a, s).

The result follows by applying F −1
φ to the spectral reconstruction formula (3.5). □

The parameter s shifts the spectral profile in the nonlinear group (I,⊕φ). It does not translate the
physical variable x. A physical translation of f corresponds on the spectral side to multiplication of
Fφ f by eibφ(t), whereas the present construction uses the warped translation t 7→ t ⊖φ s. Thus warped-
shift wavelets are spectral wavelets adapted to (I,⊕φ) rather than physical-space wavelets adapted to
(R,+).

We now identify the spectral operator naturally diagonalized by the warped Fourier transform. This
operator explains why the variable t has intrinsic meaning: it is not merely a coordinate introduced by
the change of variables ξ = φ(t), but the eigenvalue of the operator obtained by applying φ−1 to the
Fourier multiplier D. Here and below, φ−1(D) is not meant as an algebraic substitution. It is defined
by the Borel functional calculus for the self-adjoint Fourier multiplier D = −i∂x, with the maximal L2

domain written explicitly in the next statement.

Proposition 3.1. Let m(ξ) = φ−1(ξ), ξ ∈ R. Define the Fourier multiplier

Aφ := m(D) = φ−1(D), Dom(Aφ) =
{

f ∈ L2(R) : m(ξ) f̂ (ξ) ∈ L2
(
R,

dξ
2π

)}
,

and set Tφ := iAφ on the same domain. Then:
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(1) Tφ Eφ(x, t) = it Eφ(x, t), so t is the eigenvalue of Tφ associated with the warped exponential.
(2) Fφ(Tφ f )(t) = it (Fφ f )(t) for all f ∈ Dom(Tφ).
(3) Aφ is self-adjoint on its natural domain, and Tφ is skew-adjoint.

Proof. Since
D eixφ(t) = φ(t) eixφ(t),

the spectral calculus gives

AφEφ(x, t) = φ−1(φ(t))Eφ(x, t) = t Eφ(x, t).

Multiplying by i yields
TφEφ(x, t) = it Eφ(x, t),

which proves the first claim. The second claim follows from the same diagonalization identity and
the unitarity of Fφ. Finally, since φ−1 is real-valued, Aφ = φ−1(D) is a real Fourier multiplier and is
therefore self-adjoint on its natural domain. Hence Tφ = iAφ is skew-adjoint. □

For comparison, it is useful to record a different construction associated with the same operator.
In the warped-shift transform, dilation acts through the automorphisms of the group (I,⊕φ), namely,
through δφa(t) = φ−1(aφ(t)). In the operator-adapted construction below, dilation acts directly on the
eigenvalue t of Tφ. This produces a genuinely different transform unless φ(t) = t.

Definition 3.5. Assume J = R. For a ∈ R∗, b ∈ R, and Φ ∈ L2(R, dµφ), set

Φ
Tφ
a,b(t) := |a|1/2e−ibφ(t)Φ(at),

and define
ψ

Tφ
a,b := F −1

φ Φ
Tφ
a,b.

The operator-adapted warped wavelet transform is

WTφ
Φ

f (a, b) :=
〈

f , ψTφ
a,b

〉
L2(R)

.

The following Calderón identity for the operator-adapted transform is stated to clarify the contrast
with the warped-shift theorem. Its admissibility condition is expressed directly in the eigenvalue
variable t, rather than in the linearized group coordinate φ(t).

Proposition 3.2. If

CTφ
Φ

:=
∫
R

|Φ(u)|2

|u|
du < ∞,

then ∫
R∗

∫
R

|WTφ
Φ

f (a, b)|2
db da

a2 = CTφ
Φ
∥ f ∥2L2(R) .

Moreover, f is recovered by the corresponding weak L2 reconstruction formula with normalization
constant 1/CTφ

Φ
.
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Proof. Let F = Fφ f . By the unitarity of Fφ,

WTφ
Φ

f (a, b) =
〈
F, ΦTφ

a,b

〉
L2(R,dµφ)

.

Using
Φ

Tφ
a,b(t) = |a|1/2e−ibφ(t)Φ(at),

integration over the b variable gives∫
R

|WTφ
Φ

f (a, b)|2 db =
∫
R

|F(t)|2 |a| |Φ(at)|2 dµφ(t).

Integrating this identity with respect to da/a2 and using the substitution u = at yields∫
R∗
|a| |Φ(at)|2

da
a2 =

∫
R

|Φ(u)|2

|u|
du = CTφ

Φ
.

Therefore, ∫
R∗

∫
R

|WTφ
Φ

f (a, b)|2
db da

a2 = CTφ
Φ

∫
R

|F(t)|2 dµφ(t).

Since Fφ is unitary, the last integral equals ∥ f ∥2L2(R), proving the stated identity. The reconstruction
formula follows from the same frame identity by the standard weak L2 argument. □

The key distinction is therefore structural. The operator-adapted transform dilates the eigenvalue t
of Tφ by the ordinary rule t 7→ at, while the warped-shift transform dilates by the group automorphism

δφa(t) = φ−1(aφ(t)).

These two mechanisms agree only in the linear case φ(t) = t.
From a practical point of view, the warped-shift construction is useful when the design grid is

naturally uniform in the linearized coordinate ξ = φ(t) but must be represented in the nonlinear spectral
variable t. Its atoms therefore move and scale according to the geometry of (I,⊕φ). The operator-
adapted construction is useful when the eigenvalue t itself is the quantity to be scaled. Thus the latter
is better viewed as an operator-adapted time-frequency transform, whereas the former is the genuine
affine wavelet transform on the nonlinear spectral group.

4. Umbral calculus and nonlinear warpings

This section gives conceptual background for the warped spectral groups used in the paper. The
aim is not to reprove the standard results of finite operator calculus, but to explain how the present
warped-wavelet construction fits between several related traditions: Rota’s finite operator
calculus [16], Zeilberger’s Fourier-analytic interpretation of umbral calculus [17], Shen’s umbral
approach to wavelet refinement [18], and the Meixner–Pollaczek central-difference calculus studied
by Ismail and Saad [19].

In Rota’s finite operator calculus, one studies shift-invariant operators on the polynomial algebra
P = C[x]. If ∂ = d

dx , then every shift-invariant operator is formally a power series in ∂: Q = q(∂).
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When q(0) = 0, q′(0) , 0, the operator Q is called a delta operator, and the symbol q has a formal
compositional inverse φ = q−1. The corresponding basic polynomial sequence is generated by

exφ(z) =

∞∑
n=0

pn(x)
zn

n!
,

and satisfies the lowering relation
Qpn = npn−1.

Thus, on the umbral side, the inverse function φ = q−1 is the coordinate that turns the delta operator
Q = q(∂) into multiplication by the formal variable z.

Zeilberger emphasized that this formal picture can be interpreted through Fourier analysis:
Shift-invariant operators correspond to convolution operators, and after Fourier transform, they
become multiplication by symbols [17]. This observation is the bridge to warped Fourier analysis.
Replacing the formal differentiation operator ∂ by the Fourier multiplier D = −i∂x turns the formal
symbol q into the spectral operator q(D). The same inverse function φ = q−1 now defines the warped
Fourier kernel

Eφ(x, t) = eixφ(t).

Since
q(D)Eφ(x, t) = q(φ(t))Eφ(x, t) = tEφ(x, t),

the variable t is the spectral eigenvalue of q(D). Equivalently, the warped Fourier transform

(Fφ f )(t) = f̂ (φ(t))

diagonalizes q(D):
Fφ(q(D) f )(t) = t(Fφ f )(t).

Therefore the same function φ = q−1 appears in two parallel forms:

exφ(z) in umbral calculus

and
eixφ(t) in warped Fourier analysis.

The first generates polynomial sequences lowered by q(∂); the second diagonalizes the Fourier
multiplier q(D). The correspondence is,

Umbral calculus Warped spectral analysis
Q = q(∂) q(D)
φ = q−1 φ = q−1

exφ(z) eixφ(t)

Qpn = npn−1 q(D)Eφ(x, t) = tEφ(x, t)
z formal variable t spectral eigenvalue

eyQ formal Taylor shift Tφ

φ−1(y) warped group shift

On the umbral side, this dictionary is, in general, a formal power-series dictionary; analytic
convergence is asserted only on domains where the corresponding series converge. On the warped
Fourier side, the identities are interpreted through the spectral calculus of the Fourier multiplier q(D).
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This dictionary also explains the nonlinear spectral group law. Since t = q(ξ) and ξ = φ(t), ordinary
addition in the Fourier variable ξ is transported to the warped variable t by

t ⊕φ s = φ−1(φ(t) + φ(s)
)
.

Thus the group law used in the warped-shift wavelet transform is not imposed externally. It is the
additive Fourier group rewritten in the spectral coordinate of the operator q(D). This is the main
structural point: the symbol q determines an operator, the inverse coordinate φ = q−1, a warped Fourier
kernel, and a nonlinear spectral group.

This viewpoint also clarifies the relation with Shen’s work on wavelets and umbral calculus. Shen
showed that the refinement equation of wavelet theory can be transformed into an umbral refinement
equation by encoding the moments of the scaling function and the filter through umbrae [18]. In the
classical refinement equation

ϕ(x) = 2
L∑

n=0

hnϕ(2x − n),

the affine maps x 7→ 2x − n describe the dyadic self-similarity of the scaling function. Shen passes to
the moment sequence of ϕ and encodes it by a scaling umbra α. The filter coefficients h0, h1, . . ., hL

are encoded by a filter umbra γ, whose moments are

γk ∼

L∑
n=0

hnnk.

Using the Cauchy generating function, Shen obtains the umbral refinement equation

α ≡
α + γ

2
.

Thus the refinement equation becomes a symbolic fixed-point equation for moments.
When the filter coefficients satisfy

hn ≥ 0,
L∑

n=0

hn = 1,

the filter also has a probabilistic interpretation. Let Γ be the discrete random variable defined by

P(Γ = n) = hn, n = 0, . . . , L.

Then the filter umbra represents the moments of Γ:

γk ∼ E[Γk].

In this case, Shen’s umbral refinement equation is the moment form of the distributional fixed-point
equation

X d
=

X′ + Γ
2

,
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where X′ is an independent copy of X, independent of Γ. Thus the scaling object is decomposable into
a contracted copy of itself plus a new random noise term determined by the filter. Iterating gives

X d
=
Γ1

2
+
Γ2

4
+
Γ3

8
+ · · · ,

where the Γ j’s are independent copies of Γ. This is the probabilistic analogue of Shen’s infinite umbral
sum for the scaling umbra.

The same random refinement process can be transported to the warped spectral setting.
Let T = φ−1(X) and X = φ(T ), then,

X d
=

X′ + Γ
2

becomes
φ(T ) d

=
φ(T ′) + Γ

2
,

or equivalently,

T d
= φ−1

(
φ(T ′) + Γ

2

)
.

If S = φ−1(Γ), this can be written intrinsically on the nonlinear spectral group as

T d
= δ

φ
1/2

(
T ′ ⊕φ S

)
, δφa(t) = φ−1(aφ(t)).

Thus the ordinary random refinement process becomes a random affine process on the warped spectral
group (I,⊕φ). Equivalently,

T d
= φ−1

 ∞∑
j=1

Γ j

2 j

 ,
or, if S j = φ

−1(Γ j),

T d
=

∞⊕
j=1

δ
φ

2− j(S j).

The infinite warped sum is defined as the limit in the group topology transported by φ; equivalently,

φ

 N⊕
j=1

δ
φ

2− j(S j)

 = N∑
j=1

2− jΓ j.

Since the refinement filter is finite, the real series on the right converges absolutely almost surely, and
hence the warped sum is well-defined.

The infinite symbol ⊕∞j=1 is therefore a shorthand for this limit and is not an additional operation
assumed without proof. Therefore Shen’s umbral refinement process has a warped counterpart: The
scaling variable is obtained by adding infinitely many randomly shifted spectral digits, but the addition
and dilation are those of the nonlinear spectral group.

For example, for the Haar filter

h0 = h1 =
1
2
,
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the noise variable Γ is Bernoulli:
P(Γ = 0) = P(Γ = 1) =

1
2
.

Then

X =
∞∑
j=1

Γ j

2 j

is uniformly distributed on [0, 1]. The corresponding warped random variable is T = φ−1(X).
If φ(t) = log t, for t > 0, then T = eX, and T has density 1

t 1[1,e](t). Here the support is [1, e] because
X is uniform on [0, 1] and T = eX.

The warped random refinement equation becomes

T d
= exp

(
log T ′ + Γ

2

)
=
√

T ′eΓ.

Thus the Haar binary refinement process becomes a multiplicative random process on the logarithmic
warped group.

A particularly important example for the present paper is the hyperbolic-sine symbol

q(ξ) = 2 sinh
ξ

2
.

Its inverse is
φ(t) = q−1(t) = 2 arcsinh

t
2
.

The corresponding warped Fourier kernel is

Eφ(x, t) = exp
(
2ix arcsinh

t
2

)
,

and it satisfies
q(D)Eφ(x, t) = tEφ(x, t).

Equivalently, if

Tφ = iq(D) = i 2 sinh
D
2
,

then
TφEφ(x, t) = itEφ(x, t).

Since
2 sinh

D
2
= eD/2 − e−D/2

and D = −i∂x, this operator is formally the imaginary-step central difference

(Tφ f )(x) =
f (x + i/2) − f (x − i/2)

i
.

On the Paley–Wiener core

PW =
⋃
R>0

{
f ∈ L2(R) : supp f̂ ⊂ [−R,R]

}
,
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the expression is interpreted through the entire extension supplied by the compact Fourier support.
This core is invariant under the multiplier and is dense in L2(R). On L2(R), the closed realization is not
defined by pointwise analytic continuation but by the Fourier multiplier

T̂φ f (ξ) = 2i sinh
(
ξ

2

)
f̂ (ξ).

This is exactly the central-difference structure appearing in the Meixner–Pollaczek calculus. For 0 <
θ < π and λ > 0, the Meixner–Pollaczek polynomials may be defined by

P(λ)
n (x; θ) =

(2λ)n

n!
einθ

2F1

(
−n, λ + ix

2λ

∣∣∣∣∣∣ 1 − e−2iθ

)
.

Equivalently, with the normalization used here, they have the generating function

∞∑
n=0

P(λ)
n (x; θ)tn = (1 − teiθ)−(λ−ix)(1 − te−iθ)−(λ+ix), |t| < 1.

The factor (2λ)n appears in the hypergeometric definition above. Therefore it is already contained in
P(λ)

n (x; θ) and should not be repeated in this generating-function normalization. If another normalization
is used, the generating function must be modified accordingly.

Ismail and Saad studied the central-difference operator

(T f )(x) =
f (x + i/2) − f (x − i/2)

i

in connection with these polynomials [19]. They also introduced the polynomial basis

ϕ(λ)
n (x) =

(
λ +

1 − n
2
+ ix

)
n
, n ≥ 0,

which serves for T -calculus the role played by monomials xn in ordinary differential calculus. In
particular,

Tϕ(λ)
n = in ϕ(λ)

n−1,

and more generally
T kϕ(λ)

n = (−i)k(−n)kϕ
(λ)
n−k.

For the Meixner–Pollaczek polynomials themselves, the same operator gives the lowering relation

T P(λ)
n (x; θ) = 2 sin θ P(λ+1/2)

n−1 (x; θ),

and, more generally,
T kP(λ)

n (x; θ) = (2 sin θ)kP(λ+k/2)
n−k (x; θ).

Finally, Ismail and Saad identified the corresponding T -exponential as

E(x, t) =

 t
2
+

√
1 +

t2

4

2ix

= exp
(
2ix arcsinh

t
2

)
.
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This is precisely the arcsinh-warped Fourier kernel. Therefore the Meixner–Pollaczek
central-difference calculus, the arcsinh warped Fourier transform, and the nonlinear spectral group are
different manifestations of the same structure.

For the arcsinh warping, the induced nonlinear spectral group is

t ⊕φ s = t

√
1 +

s2

4
+ s

√
1 +

t2

4
.

Thus the arcsinh example connects the central-difference operator, Meixner–Pollaczek polynomial
calculus, the warped Fourier kernel

exp
(
2ix arcsinh

t
2

)
and the nonlinear spectral group (I,⊕φ). The warped-shift wavelets associated with this φ are therefore
wavelets on the nonlinear spectral group naturally determined by the central-difference operator.

The arcsinh example is only one instance of a general principle. Any symbol q with a local inverse
φ = q−1 gives both an umbral calculus and a warped spectral geometry.

If q(ξ) = ξ, for φ(t) = t, then q(D) = D, the kernel is eixt, and the group law is ordinary addition.
This is the classical wavelet case.

If q(ξ) = eξ, φ(t) = log t, for t > 0, then Eφ(x, t) = tix and the group law becomes multiplicative:

t ⊕φ s = ts.

This gives a Mellin-type spectral geometry.
If instead q(ξ) = eξ − 1, φ(t) = log(1 + t), then q(D) = eD − I, and the induced group law is

t ⊕φ s = t + s + ts.

On the umbral side, this is the forward-difference symbol, whose basic polynomials are the falling
factorials.

If q(ξ) = 2 sin ξ

2 , then, on the principal interval ξ ∈ (−π, π), φ(t) = 2 arcsin t
2 . This gives the

real-centered finite-difference symbol on a bounded Fourier band. The corresponding group law is

t ⊕φ s = t

√
1 −

s2

4
+ s

√
1 −

t2

4

on the branch where the expression is defined. Thus the sine warping is the bounded analogue of the
hyperbolic-sine warping.

If q(ξ) = 2 tan ξ

2 , for ξ ∈ (−π, π), then φ(t) = 2 arctan t
2 . This warping maps an unbounded spectral

variable t to a bounded Fourier band.
Finally, if q(ξ) = tanh ξ, then

φ(t) = artanh t =
1
2

log
1 + t
1 − t

, |t| < 1,

and the group law becomes

t ⊕φ s =
t + s

1 + ts
.
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This is the familiar relativistic addition law, now interpreted as ordinary addition in ξ-space transported
through the bounded symbol q(ξ) = tanh ξ.

These examples show that warped spectral groups are not arbitrary nonlinear groups. They are the
spectral geometries naturally attached to symbols of shift-invariant operators. In the umbral setting,
the same symbols generate polynomial sequences. In the warped Fourier setting, they generate kernels,
spectral measures, nonlinear group laws, and wavelet geometries.

The connection with Shen’s refinement equation also suggests a possible discrete multi-resolution
theory. Such a multi-resolution analysis would require, in addition to the continuous Calderón theory
developed here, a compatible lattice or discrete subgroup in the linearized coordinate, stable refinement
masks, and orthogonality or frame conditions after transport by φ. These issues are not automatic
consequences of the present continuous theory and will be treated separately.

5. Conclusions

In this paper, we developed a continuous wavelet theory adapted to nonlinear spectral coordinates.
Starting from a real C1-diffeomorphism φ: I → R, we introduced the warped Fourier transform

(Fφ f )(t) = f̂ (φ(t))

and identified its natural Plancherel measure as

dµφ(t) =
|φ′(t)|

2π
dt.

This choice makes Fφ unitary and realizes the variable t as the spectral coordinate of the warped
operator Tφ = iφ−1(D). The warping map transports ordinary addition on the Fourier line to the
nonlinear group law

t ⊕φ s = φ−1(φ(t) + φ(s)
)
.

Within this group structure, we defined warped translations and automorphic dilations and showed
that they form a unitary affine-type representation. The associated continuous warped-shift wavelet
transform satisfies a Calderón admissibility condition, an exact Plancherel identity, and a
reconstruction formula. Although the construction is unitarily equivalent to the classical continuous
wavelet transform in the linearized variable ξ = φ(t), its formulation in the original variable t reveals
the nonlinear spectral geometry determined by the operator under consideration. A further
contribution of the paper is the connection between this wavelet framework and finite operator
calculus. When φ = q−1 for the symbol q of a shift-invariant operator, the same function q
simultaneously determines the delta operator, its umbral polynomial sequence, the warped Fourier
kernel, the spectral measure, and the nonlinear group law. The hyperbolic-sine example illustrates this
correspondence particularly clearly: the arcsinh-warped Fourier kernel, the central-difference
operator, and the Meixner–Pollaczek polynomial calculus arise from a common spectral structure.
The logarithmic, exponential, sine, tangent, hyperbolic-tangent, and logit examples demonstrate that
the construction also encompasses multiplicative, bounded-band, and relativistic-type spectral
geometries. The present results provide the continuous harmonic-analytic foundation for wavelet
analysis on warped spectral groups. Several natural extensions remain open. These include the
construction of discrete warped wavelet frames and multiresolution analyses, the identification of
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23815

compatible lattices and refinement masks, the study of stability under perturbations of the warping
map, and the development of numerical algorithms for nonlinear spectral decomposition. Another
promising direction is to apply the theory to difference and differential-difference operators whose
symbols generate classical or nonclassical families of special functions. Such developments would
further clarify how operator symbols, nonlinear spectral geometry, umbral calculus, and multiscale
analysis interact within a unified framework.
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