AIMS Mathematics, 11(8): 23782-23791.
DOI: 10.3934/math.2026957
ATMS Mathematics Received: 20 March 2026

Revised: 21 May 2026

Accepted: 12 June 2026
https://www.aimspress.com/journal/Math Published: 03 August 2026

Research article

Nonlinear =-commuting maps on rings with involution

Yan Yang'->*

! School of Mathematics and Computer Application, Shangluo University, Shangluo, 726000, China

2 Key Laboratory of Intelligent Computing and Data Fusion, Shaanxi Provincial Institutions of
Higher Education, Shangluo, 726000, China

* Correspondence: Email: yanyangtianhao@ 163.com.
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1. Introduction

Let R be a ring. A map ¢: R — R is called commuting if ¢(A)A = Agp(A) for all A € R. For
A,B € R, denote by [A, B] = AB — BA the Lie product. Evidently, the commuting maps can also
be written as [¢(A),A] = O for all A € R by Lie product. If ¢ is additive, then for any A, B € R,
replacing A by A + B in the above equation yields that [¢(A), B] = [A, ¢(B)] for all A,B € R. The
commuting maps are closely related to the theory of functional identities. When treating commuting
maps, the main goal is to characterize its concrete form. The first important result on commuting maps
is Posner’s theorem [1]. BreSar [2] proved that the form of additive commuting maps ¢ on a simple
unital ring R is ¢(A) = ZA + f(A) for some Z € Z(R) and additive map f : R — Z(R), where Z(R)
is the center of R. We also refer the reader to the well-written paper [3] and the book [4]. Recently,
Bounds [5] characterized commuting maps over the ring of strictly upper triangular matrices. Zhang
and Mosi¢ [6] investigated the representations of a special commuting map of matrix rings. Jia and
Xiao [7] studied commuting maps on certain incidence algebras. Ko and Liu [8] studied commuting
maps on strictly upper triangular matrix rings. Furthermore, without the additivity assumption, a map
¢ : R — Ris called nonlinear commuting if it satisfies only [¢(A), B] = [A, ¢(B)] for all A, B € R. Liu
and Chen [9] gave the form of nonlinear commuting maps on triangular n-matrix rings.
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Recall that a ring R is called a ring with involution or a *-ring if there exists an additive map
% : R — R such that (AB)* = B*A* and (A*)" = A for all A, B € R. For A, B € R, the *-Lie product of
A and B is defined by [A, B]. = A*B — BA*. For literature on *-Lie product, one can refer to [10,11].
Inspired by the work on commuting maps, it is natural to consider *-commuting maps. An additive
map ¢ : R = Ris called *-commuting if [¢(A),A]. = 0 for all A € R. Replacing A with A + B in the
above equation implies [¢(A), Ble = —[¢(B), A], for all A, B € R. Furthermore, without the additivity
assumption, a map ¢ : R — R is called nonlinear *-commuting if it satisfies only

[‘,D(A),B]. = _[QO(B)7A]0

forall A,B e R.

Let Z(R) be the center of R. In this paper, we will characterize the concrete form of nonlinear
%-commuting maps on rings with involution. Moreover, we apply the above result to prime *-rings,
factor von Neumann algebras and standard operator algebras.

2. Main result

In this section, we will prove the following theorem.
Theorem 2.1. Let R be a =-ring with unit 1. Assume that R contains a symmetric idempotent P
satisfying: (Q;) ARP = 0 implies A = 0, (Qy) AR(I-P) = 0implies A = 0. Ifamap ¢ : R — R satisfies

[SO(A)a B]o = _[‘)D(B)’ A]o
forall A, B € R, then there exist Z € Z(R) and a map h : R — Z(R) such that
w(A) = ZA" + h(A)

forall A e R

It is clear that P # O and P # I. Write P = Pand P, = I — P, R;; = PiRP;, i,j = 1,2. Then
R = R + Ria + Rog + Ryy. For any A € R, wehave A = Ay + A2 + Ay + Ay, Where Aij € R,-j
(i, j = 1,2). To complete the proof of Theorem 2.1, the following lemmas are required.
Lemma 2.1. Let A € R If[A,T],s =0 forall T € R, then A € Z(R).
Proof. Since [A,T], = 0 forall T € R, we have

AT =TA"
for all 7 € R, which implies T*A = AT". Replacing 7* by T in T*A = AT", it follows that TA = AT

for all T € R. Therefore, A € Z(R).
Lemma 2.2. For every A, B € R, we have

(A + B) — ¢(A) — p(B) € Z(R).
Proof. Let A, B € R. For every T € R, it follows that

[p(A + B) = o(A) —¢@(B),T]. = [(A + B), T]s — [¢(A),T]. — [¢(B), T]s
= —[e(T),A + Bls + [@(T), Als + [(T), Bls
=0.
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Hence (A + B) — ¢(A) — ¢(B) € Z(R) by Lemma 2.1.
Lemma 2.3. There exist elements Z;,7Z, € Z(R) such that

o(P1) =Z\P\ + 211
Proof. For every A € R, it s easy to check that

[[[QO(A)’ Pl]o’ Pl]o, Pl]o = _[SD(A)’ P]]o-

It follows that
[[[_SO(PI)’A]u Pl]o’ Pl]o = [SO(PI)’A]O

Since

[~[¢(P1),Al., Pile = [—@(P1)"'A + Ap(P1)", P11,
= —A"o(P)Py + ¢(P1)A"P + P1A"o(P1) — Pig(P)A".

Hence,

[[=[¢(P1),Als, P1ls, Pile = —P1p(P1) AP + PiA@(P1)" Py + ¢(P1)" AP, — Ap(P)" P,
+ P1p(P1)°A = PLA@(P1)" — Pip(P1)"AP; + PiAp(P)" P,
= —2P1p(P1)" APy + 2P1A@p(P1)" Py + ¢(P1)"AP| — Ap(P1)" Py
+ Pip(P1)"A — P1A@(Py)".

For every A € R, we have

— 2P @(P1)"APy + 2P,Ap(P1)" Py + ¢(P)"AP, — Ap(P1)"'P1 + Pi¢o(P1)"'A — P1Ap(P,)"
=p(P1)'A—Ap(P)". (2.1)

Taking A = A, in Eq (2.1), we get
2A120(P1)" Py — Appp(P1) Py + P1p(P1) Ay — Apg(Pr)" = @(P1)"An — Apg(Py)". (2.2)

Multiplying Eq (2.2) by P, from the left, we obtain that P,p(P)*A;; = 0 for all Aj; € Ryp. It
follows from the condition (Q,) of Theorem 2.1 that P,p(P,)*P; = 0, then

P1p(P1)P; = 0. (2.3)
Taking A = A, in Eq (2.1), we have
—P1p(P1) Az — App(P1) Py = —Az19(P1)". (2.4)

Multiplying Eq (2.2) by P, from both sides, we have P;p(P1)*A,; = 0. It follows from the condition
(@) of Theorem 2.1 that

Prp(P)P, = 0. (2.5)
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Taking A = A;; in Eq (2.1), we have
Pio(P)" Ay = Aje(P) Py (2.6)

It follows from Lemma 4, [12] that there exists C; € Z(R) such that Py¢(P;)"P; = CjP;. This
implies that

Pip(P)P, =C,Py, (2.7)

where C; € Z(R).
Taking A = A5, in Eq (2.1), we have

—An@(P1) P1 + Pip(P1) Ay = ¢(P1) Ax — Ang(P1)". (2.8)
Multiplying Eq (2.8) by P, from both sides, we have
Pyp(P1) Ay = App(P1) Py
for all Ay, € Ry,. It follows from Lemma 4, [12] that there exists C, € Z(R), such that
Prp(P1)Py = CyP. (2.9)
Hence,

@(P1) = Py@o(P1)P) + Pi@o(P1)Py + Pyp(P1)P; + Pyp(P)P,
=CPy+ Py
=7Z\P, + 7,1,

where Z] = C] - Cz, Zz = C2 and 21,22 € Z(R)
Lemma 2.4. For every A;; € R;; (1 < i # j < 2), there exists Zy,, € Z(R) such that

QD(A,J) = ZIATJ + ZAij‘

Proof. Let Ay, € Ria. Write ¢(A13) = Uy +Ujp+ Uy + Uy,. It follows from the nonlinear s—commuting
condition and Lemma 2.3 that

©(AR)" P1 — P1p(A1)" = [p(A1), Pile
= —[p(P1), A12]e
= —[Z\ P\ + 221, Arale
- Z'Ap. (2.10)

Multiplying Eq (2.10) by P, from the left and by P; from the right, we have P,¢(A,)*P; = 0, which
implies that Uy, = P1p(A2)P, = 0. Therefore,

©(Arp) = Uyy + Uay + Uy 2.11)
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For any B € R, let (,D(B) = W]] + W12 + W21 + W22. Since [(p(B),Alz]. = —[QD(Alz),B]. and by
Eq (2.11), we can obtain

@(B)' A = App(B)" = =[Uy; + Uy + Uy, Bl..

WiAn + WHhAR — AWy, —ApW,, = -Uy,B - U;,B - U,,B + BU}, + BU;, + BU>,. (2.12)
Multiplying Eq (2.12) by P; from the right, we get
-Ap Wi, = -Uy,BP, — U;,BP, — U}, BP, + BU},. (2.13)
For any B, € Ry, replacing B by B,; in Eq (2.13), we have
—ApWi, = =Uj3 By — Uy, By + By Uy, (2.14)

Multiplying Eq (2.14) by P, from the left, we get 0 = —UJ, B, + By U7, s0

U, By = By Uy, (2.15)
It follows from Lemma 1.6, [13] that there exists Z, € Z(R) such that U3, + Uy, = Zy and so
Uxn + Uy =2y, € Z(R). Multiplying Eq (2.10) by P, from the right,
Uz = Pap(A1n)Py = Z1A),.
Therefore,
V(A1) = Z1A), + Zy,,. (2.16)
Let Ay; € Ry; and write ©(Az) = S11 + S 12 + 521 + S2. It follows from Lemma 2.3 that
@©(A21)" Py — P1p(A21)" = [@(A21), Pile = —[@(P1), Azi]e = Z{Axy. (2.17)

Multiplying Eq (2.17) by P, from the right, we get P1¢(A;;)*P, = 0, and so S, = Prp(Ay)P; = 0.
Hence,

©(A21)) =811 +S12+ S (2.18)
Since [¢(B), Az1]e = —[¢(A21), Bl. and by Eq (2.18), we have
(Wi + Wiz + Wa + Wap, Aoi]e = =[S11 + S 12 + S22, Ble. (2.19)
Multiplying Eq (2.19) by P, from the right, we get
—An Wy, = -S81,BP, — S1,BP, — S3,BP, + BS,P>. (2.20)
For any Bj, € Ry,, replacing B by By, in Eq (2.20), we have

—A21W;1 = —STIBQ — STQBIZ + Blezsz. (221)
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Multiplying Eq (2.21) by P, from the left, we have S|, B, = B1»2S,. It follows from Lemma 1.6, [13]
that there exists Z; € Z(R) such that ST, + 83, = Z; . Therefore, S11 + S» = Zs, € Z(R).
Multiplying Eq (2.17) by P, from the left and by P; from the right, we have P,p(A3)" Py = ZjA;. It
follows that

S12 = Pip(A2)Pr = Z)A5,.

Hence,

0(A2) = Z1A5 + Za,, .
Lemma 2.5. For every A; € R;; (i = 1,2), there exists Z,, € Z(R) such that

P(Ai) = Z1Aj; + Zy,.
Proof. Let Ajy € Ry and write ¢(Ayy) = Ty + T2 + Toy + Toy. It follows from Lemma 2.3 that
©(A11)" Py — Prp(A11)" = [@(A11), Pile = —[(P1),A11]e = 0. (2.22)

Multiplying Eq (2.22) by P, from the left, we get P>¢(A;;)*P; = 0, and so

T2 = Pip(A11)P, = 0.
Multiplying Eq (2.22) by P, from the right, we get P1¢(A;)*P, = 0, and so

Ty = Pyp(A11)P, = 0.

Hence, QD(AU) =T + T
For any A, € Ry, it follows from Lemma 2.4 that

[Z1AS, + Za, s Ari]e = [0(A21), A11]e = —[@(A11), A2i]e = —[T11 + T2z, Azt ]e.
It follows that
Az]ZTA]] = —T;2A21 +A21Tik].

T;2A21 = —A21Zi‘A11 +A21Tik1 = Azl(—ZikAll + Tikl)
It follows from Lemma 1.6, [13] that there exists Z; € Z(R) such that

T\ +Ty=2Z/An+2Z,,.
Therefore,
QA1) =T\ + Ty =Z 1A}, + Zy,,. (2.23)
Let Ay, € Ry; and write ©(Ay,) = Vi + Vip + Vo1 + Voo It follows from Lemma 2.3 that

©(An) P — P1p(A2)" = [p(A2), Pil. = —[¢(P1),An]. = 0. (2.24)
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Multiplying Eq (2.24) by P, from the left, we have

Via = Pig(Ax)P, = 0.
Multiplying Eq (2.24) by P, from the right, we get

Va1 = Prp(Ayp)Py = 0.

Hence, QO(Azz) =V + Vo
For any A}, € R», it follows from Lemma 2.4 that

[ZIATZ +ZpsAnle = [@(A12), Ans]le = —[@(Ax), A12]e = =[Vi1 + Va2, Az ],
which implies that
AlzzTAzz = _VT1A12 + A12V;2.

Then we have
VT1A12 = Alz(—ZikAzz + V;Z)

It follows from Lemma 1.6, [13] that there exists Z,, € Z(R) such that

% * % 5
Vll + V22 = ZlAZZ +ZA22'

$(An) = Vit + Voo = Z1AY) + Za,,.
Proof of Theorem 2.1. It follows from Lemmas 2.4 and 2.5 that
P(Ai)) = Z1Aj; + Za,; (i, =1,2), (2.25)
where Z1,Z,,; € Z(R). Forany A = Ay + App + Ayp + A, let
Ly =2Zp, +Zp, + 2, + Zgy,.
Then Z4 € Z(R). It follows from Eq (2.25) and Lemma 2.2 that

QO(A) — Z]A* — ZA = QD(A) — Z] (ATI + ATZ + A;l + A;z) - (ZA” + ZA]2 + ZAz] + ZAzz)
= @(A) = (p(A11) + e(A12) + ©(A1) + ©(Ax))

2
= p(A) - )" 9(Ay) € Z(R).

i,j=1
Now we define amap f: R — Z(R) by
fA) =¢p(A) - ZA" - Z,

for all A € R. Then
PA) =Z A" +Z4 + f(A)
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for all A € R. Since Zy4, f(A) € Z(R), we define amap h : R — Z(R) by
h(A) = Z4 + f(A)

for all A € R. Then we have
w(A) =ZA" + h(A)

for all A € R, where Z = Z, € Z(R).

As applications of Theorem 2.1, the concrete form of *—commuting maps on prime *—rings, factor
von Neumann algebras and standard operator algebras are obtained. We have the following corollaries.
Corollary 2.1. Let R be a unital prime x—ring with the unit I containing a nontrivial symmetric
idempotent P. If a map ¢ : R — R satisfies [¢(A), Ble = —[@(B),Al. for all A, B € R, then there exists
amap h : R — Z(R) such that

©(A) = ZA™ + h(A)

forall A € R, where Z € Z(R).
Corollary 2.2. Let A be a factor von Neumann algebra on a complex Hilbert apace H with dimA > 1.
If amap ¢ : A — A satisfies [(A), Ble = —[¢(B),Als for all A,B € A, then there exists a map
h : A — CI such that

©(A) = aA”™ + h(A)

forall A € A where a € CI.

Proof. Recall that A is called a factor von Neumann algebra if its center contains only scalar operators,
that is Z(A) = CI. Note that factor von Neumann algebras are prime, so Corollary 2.2 is trivial.
Corollary 2.3. Let A be a standard operator algebra on a complex Hilbert apace H, which is closed
under the adjoint operation and dimA > 1. If a map ¢ : A — A satisfies [(A), Ble = —[¢(B), Al, for
all A, B € A, then there exists a map h : A — CI such that

@(A) = aA” + h(A)

forall A € A, where a € CI.
Proof. Since A is prime and Z(A) = CI, Corollary 2.3 holds by Theorem 2.1.
Example 2.1. Let C be the complex number field. Consider

A= {(“ b)la,b,c,de@}.
c d

The map * : A — A defined by %(A) = A" is an involution, where A* is the conjugate transpose of

AeA.
Define ¢ : A — A by
a b\ (2a+i 2c
90(c d)‘( 2b 2ci+i)

a b a b a b\ a b a b ) )
for all (c d) € A. Then go(c d) = Z(c a’) + h(c d)’ where Z = 21, h(c a’) =il € Z(A). Itis
easy to verify that [¢(A), Bl. = —[¢(B), A], for all A, B € A.
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3. Conclusions

In this paper, we characterize the structure of *—commuting maps on rings with involution. As
applications, the main results are applied on prime x—algebras, factor von Neumann algebras and
standard operator algebras, the concrete form of *—commuting maps on these algebras are obtained.
This study greatly enriches the theory of commuting maps in operator algebras.
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