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Abstract: This paper develops a third-order fully decoupled numerical scheme for the
hydrodynamically-coupled binary phase-field crystal (BPFC) model based on the relaxed exponential
scalar auxiliary variable (E-SAV) approach. The governing equations are derived from the L>-
gradient flow and coupled with the incompressible Navier-Stokes equations. To preserve total mass
conservation, two nonlocal Lagrange multipliers are introduced into the chemical potentials. For
temporal discretization, a third-order backward differentiation formula (BDF3) combined with explicit
extrapolation techniques is adopted, leading to a linear and fully decoupled time-marching scheme. In
addition, a relaxation strategy is incorporated into the E-SAV framework to improve the consistency
between the modified energy and the original energy functional. Compared with existing second-order
relaxed E-SAV schemes, the proposed method achieves higher temporal accuracy while retaining the
advantages of linearity, decoupling, and energy stability. The proposed scheme only requires solving
several linear elliptic equations with constant coefficients at each time step, making the algorithm
computationally efficient and easy to implement. The unique solvability and discrete energy dissipation
property of the numerical scheme are theoretically established. Furthermore, a consistency analysis is
provided to show that the relaxation step preserves the third-order temporal accuracy of the primary
variables and does not affect the overall convergence order of the scheme. Numerical experiments
verify the expected third-order convergence rate, demonstrate the unconditional energy stability of
the proposed scheme, and illustrate its effectiveness for long-time simulations of hydrodynamically-
coupled crystal growth problems.
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1. Introduction

The phase-field crystal (PFC) model, originally proposed by Elder and co-workers [1,2], provides an
efficient theoretical framework for describing phase transition dynamics and microstructure evolution
at atomic length scales. In the PFC framework, a phase-field variable representing the averaged atomic
density is introduced to characterize the microscopic structure of crystalline materials. The governing
equations can then be derived through the variational formulation of the free energy functional. Due
to its ability to capture elastic and plastic deformations of lattice structures as well as grain boundary
dynamics, the PFC model has been widely applied in the simulation of crystal growth and related
material evolution processes.

To improve the applicability of the PFC model in different physical scenarios, several extended
models have been developed. One important extension is the modified phase-field crystal (MPFC)
model, which incorporates elastic interaction effects to describe elastic relaxation processes. Another
significant improvement introduces strongly nonlinear vacancy potentials into the free energy
functional, enabling a more accurate description of point defects in crystalline materials. According
to the number of components in the system, these models can be further classified into single-
component PFC models, binary phase-field crystal (BPFC) models, and multi-component PFC models.
In particular, the BPFC model employs two phase-field variables to characterize the local densities of
two different atomic species. Compared with the single-component PFC model governed by a single
evolution equation, the BPFC model contains additional coupling terms in the free energy functional,
leading to a system of coupled partial differential equations.

In recent years, various structure-preserving numerical methods have achieved remarkable success
in the simulation of dissipative systems, including the convex splitting method [3, 4], the scalar
auxiliary variable (SAV) approach [5, 6], the invariant energy quadratization (IEQ) method [7, 8], the
energy factorization (EF) method [9-11], which linearizes the energy functional while preserving the
original energy dissipation, and several related structure-preserving techniques [12—14] for efficient
and stable long-time simulations. Based on the convex splitting strategy of pseudo-energy, Wang
and Wise [15] proposed an unconditionally energy-stable finite difference scheme for the MPFC
model. Lee et al. [16] further developed first-order and second-order energy-stable schemes for the
MPEFC equation through suitable energy decomposition techniques. Liu and Li [17] constructed
an unconditionally energy-stable numerical method for the PFC model based on a modified IEQ
framework and established rigorous error estimates. By employing the SAV approach, Wang et al. [18]
developed a second-order numerical scheme for the square PFC model and analyzed its optimal
convergence rate. Li and Shen [19] proposed an efficient linear SAV scheme for the MPFC
model that preserves mass conservation and unconditional pseudo-energy stability. In [20], a fully
decoupled and energy-stable numerical method was developed for the BPFC model through the
introduction of auxiliary variables. Based on the exponential scalar auxiliary variable (E-SAV) method,
Zhang et al. [21] further constructed an energy-stable numerical scheme for the MPFC model with
strongly nonlinear vacancy potentials.

Most of the aforementioned studies focus on PFC-type models derived from the H~' gradient
flow, which generally increases computational complexity and reduces computational efficiency. To
address this issue, Lee [22] and related works [23, 24] considered PFC-type models based on the L2
gradient flow. Meanwhile, nonlocal Lagrange multipliers were introduced to preserve the total mass
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conservation property.

In practical crystallization processes, the influence of incompressible fluid flow is often non-
negligible. Consequently, the PFC model is frequently coupled with the incompressible Navier-Stokes
equations to describe crystal evolution in fluid environments. The introduction of hydrodynamic effects
leads to strong coupling among phase-field variables, velocity fields, and pressure fields, which poses
significant challenges in the design of efficient decoupled numerical algorithms. Moreover, many
traditional structure-preserving methods become difficult to apply directly in the hydrodynamically-
coupled setting, while auxiliary variable techniques have emerged as powerful tools for handling multi-
variable coupling problems. In [25], a fully discrete decoupled finite element framework was proposed
for the hydrodynamically-coupled PFC model by combining the IEQ method with additional auxiliary
variables. Yang and He [26] developed a fully discrete linear finite element scheme with second-
order temporal accuracy and decoupling structure for the flow-coupled BPFC system. However, the
resulting scheme still involves relatively large computational costs and limited energy consistency.
Subsequently, Yang and Kim [27] proposed a consistent energy-stable numerical method for the
hydrodynamically-coupled PFC model based on the L? gradient flow, which improves computational
efficiency while preserving energy consistency.

Recently, Wu et al. [28] developed a second-order relaxed E-SAV scheme for the hydrodynamically-
coupled BPFC model based on the second-order backward differentiation formula (BDF2)
discretization.  Although the proposed method exhibits good stability and energy consistency
properties, second-order temporal schemes may become insufficient for certain long-time evolution
problems and multi-scale physical simulations. For example, in long-time crystal growth simulations,
particle sedimentation processes, and coupled systems involving fast fluid motion and slow phase
evolution, the accumulation of temporal discretization errors may significantly affect the reliability
and accuracy of numerical results. Therefore, the development of higher-order temporal schemes is of
both theoretical and practical importance.

Motivated by the above observations, in this work we further extend the relaxed E-SAV framework
in [28] to third-order temporal accuracy. By combining the third-order backward differentiation
formula (BDF3) with the E-SAV approach and relaxation strategy, we construct a new third-order fully
decoupled and unconditionally energy-stable numerical scheme for the hydrodynamically-coupled
BPFC model. Compared with the second-order scheme proposed in [28], the extension to third-order
temporal discretization is nontrivial. In particular, the evolution equation of the auxiliary variable
and the construction of the relaxation parameter must be carefully redesigned to preserve the discrete
energy dissipation property while maintaining third-order temporal accuracy.

The main contributions of this work can be summarized as follows.

First, from the algorithmic point of view, a third-order relaxed E-SAV scheme is proposed for
the hydrodynamically-coupled BPFC model. By combining the BDF3 discretization with explicit
extrapolation techniques, the resulting numerical scheme remains linear and fully decoupled while
achieving higher temporal accuracy.

Second, from the theoretical perspective, the unique solvability and discrete modified energy
dissipation property of the proposed scheme are established. Furthermore, a consistency analysis is
provided to show that the relaxation step preserves the third-order temporal accuracy of the primary
variables.

Finally, numerical experiments are carried out to verify the expected third-order convergence rate
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and demonstrate the stability and effectiveness of the proposed method through several representative
crystal growth simulations. Compared with the second-order scheme, the proposed method can achieve
higher accuracy under the same time step size, or equivalently allow larger time step sizes while
maintaining comparable accuracy, thereby improving overall computational efficiency.

The remainder of this paper is organized as follows. In Section 2, the hydrodynamically-coupled
BPFC model and its energy dissipation property are introduced. Section 3 presents the construction of
the third-order fully decoupled numerical scheme together with the corresponding theoretical analysis.
Numerical experiments are provided in Section 4 to demonstrate the effectiveness and stability of the
proposed method. Finally, Section 5 draws some concluding remarks.

2. Mathematical formulation of the hydrodynamically-coupled BPFC model

In this section, we briefly introduce the mathematical formulation of the hydrodynamically-coupled
BPFC model. The model describes the evolution of the local densities of two different atomic species
coupled with an incompressible fluid flow. The formulation considered in this work is consistent with
the hydrodynamically-coupled BPFC model proposed in [28], which serves as the foundation for the
construction of the numerical scheme developed later.

2.1. Free energy functional and chemical potentials

Let Q Cc R" (n = 2,3) be a bounded smooth domain. Denote by ¢;, ¢, : & — R the local densities
of two different atomic species, respectively. Following [28], the free energy functional of the system
is given by

1 1 1
E(¢1,¢2) = f/l(E(ﬁlL%(ﬁl + 5¢2£§¢2 + 5¢1£§2¢2 + G(¢y, ¢2)) dx, 2.1)
Q
where A > (0 is a constant and the differential operators £, £, and L, are defined by

Ll = A+a1, .52 = A+a2, .£12 = A+6112. (22)

Here, A denotes the Laplace operator, while the parameters a; and a, characterize the equilibrium
distances between identical atomic species, and a;, characterizes the equilibrium distance between
different atomic species.

The nonlinear potential G(¢, ¢,) is defined as

G(¢1, ¢2) = Fdw(¢l) + Fdw(¢2) + Fvacancy(¢l) + Fvacancy(¢2) + Fcotlpling(¢la ¢2)’ (23)
where |
_ 14 € _ @3 3
Fdw(¢) - 4¢ 2¢ ’ Fvacancy(¢) - 3(|¢| ¢ )7
and

1
Fcoupling(¢l’ ¢2) = EﬂQﬁQS%’

with €, @, 8 > 0. The corresponding derivatives are given by
fon(@) = ¢° — €9, (2.4)
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f\/acancy(‘ﬁ) = CL’(|¢| - ¢)¢s (25)
f;‘()upling,l(¢l’ ¢2) = ﬁ¢l¢§» (26)
Feoupling2($1:82) = B3 2.7

Under periodic boundary conditions or homogeneous Neumann boundary conditions, the operators
Ly, L, and L, can be regarded as self-adjoint. Consequently, by taking the variational derivatives of
the free energy functional E(¢;, ¢,) with respect to ¢, and ¢,, respectively, the chemical potentials are
obtained as

OE
= 6(])1 (£2¢1 + £12¢2 + g1(¢1, ¢2)) (2.8)
OoE 5 5
o = 5752 = /1( 502 + 51:12(?1 + 82(¢1,¢2)) , (2.9)
where
0G
g1(d1, ) = ¢ = ¢7 — epy + allp1| — ¢1)d1 + B, (2.10)
oG
sa2b1.¢2) = 5 = = ¢3 — ¢ + allga] — $2)b2 + BPT . (2.11)

2.2. Mass conservation correction

By employing the L? gradient flow, the governing equations can be written as

¢ =—Muy, (2.12)

= /1(-5?@ + %ﬁquz + g1(¢1,¢z)), (2.13)
¢ = —Mp, (2.14)
M2 = ﬂ(£§¢z + %-E%z‘?l + gz(¢1,¢z)). (2.15)

Here, M > 0 denotes the mobility coefficient. We consider the following boundary conditions:
n-Véilsgo =n-Vrlsgo =n- VAdilgo = n - VAgs|sn = 0, (2.16)

where n denotes the unit outward normal vector on the boundary 0€). These boundary conditions
guarantee the zero-flux property of the Laplace operator in the integral sense.
Taking the time derivative of the total mass and applying the divergence theorem yields

d
—f¢1dx:f¢1tdx:—Mfﬂ1dx. (217)
dt Jq Q Q

Using (2.13) together with the boundary condition (2.16), the Laplacian terms vanish after integration,
and thus

d 1
- f ¢1dx = —M2Q fg (a%¢1 + Ea%ngz + g1(¢1, ¢2)) dx # 0. (2.18)
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Similarly, one obtains

d 1
- fg $rdx = —M2A fg (a§¢2 + Eaﬁzm + g:(¢1, ¢2)) dx # 0. (2.19)

Therefore, the original system generally does not preserve mass conservation.
To enforce mass conservation, namely,

d d
ELQS]dX—EL(ﬁde—O,

we follow the approach in [23,28] and introduce the following nonlocal Lagrange multipliers:
1 2 1,
Hy(¢1,¢2) = Ql a1+ S + 81(¢1, ¢2) | dx, (2.20)
Q

1 1
Hy(¢1,¢2) = - f (a§¢z + Sah1 + gz(¢1,¢z)) dx, (2.21)
12 Jo 2

Q| = f ldx.
Q

By incorporating the above Lagrange multipliers into the chemical potentials, the modified system
becomes

where

d1 = —Muy, (2.22)
= A(J:%qsl + %1:%2@ + 81($1,¢2) = Hi(¢1, ¢z)), (2.23)
d2 = —Muo, (2.24)
=24 (L%qsz + %L%m + 82($1, $2) = Ha(¢1, ¢2)) : (2.25)

The mass conservation property can now be verified directly. Taking ¢, as an example, it follows
from (2.22) that

d
—f¢1dx = f(;ﬁl,dx = —Mf,uldx
dt Jq Q Q

1
= —M/lf (a%¢1 + 50%2052 + gl(¢1’¢2)) dx + MAIQIH (¢1, $2). (2.26)
Q

By the definition of H;, the right-hand side vanishes, which implies

i f ¢1dx =0 (2.27)

dt ) T '
Similarly, one obtains

d

— dx = 0. 2.28

7 f(; ¢rdx (2.28)

Hence, the modified system preserves the total mass conservation property.
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2.3. Hydrodynamically-coupled model

In practical physical processes, crystallization usually occurs in fluid environments, and its
evolution dynamics are significantly influenced by the surrounding flow field. To more accurately
describe such phenomena, we follow the approach in [28] and couple the above BPFC model with the
incompressible Navier-Stokes equations, resulting in the following hydrodynamically-coupled system:

w,+u-Va+Vp= RieAu — 31V — Vi, (2.29)
V-u=0, (2.30)
¢1.+ V- (ugy) = —Mp,, (2.31)
=2 (L%rm + %L’%m = Hi(¢1,¢2) + &1(91, ¢z)), (2.32)
¢+ V- (ugy) = —Mpo, (2.33)
=2 (£§¢z + %J.’%ml — Hy($1, ) + &2(¢1, ¢2)) : (2.34)

Here, u denotes the velocity field, p is the pressure, and Re represents the Reynolds number, where
1/Re corresponds to the dimensionless viscosity coefficient. The coupling terms —¢;Vy; describe the
body forces exerted by the phase fields on the fluid.
Since the incompressibility condition
V-u=0

holds, the convective terms in the phase-field equations are written in the conservative form
V- (ug)).

Periodic boundary conditions may be imposed. Alternatively, one may consider the following
homogeneous boundary conditions:

n-Voilsa =n-Vélso =n-VAP|so = n - VAp,|sq = 0, ufso = 0. (2.35)

2.4. Energy dissipation law

To show that the system satisfies an energy dissipation property, we define the total energy
functional by

E, ¢, ¢,) = f

Q

1 1 1 1
(Elulz + A(;M%qn + 5¢z£§¢2 + 5¢1£%2¢2 +G(¢1, ¢2))) dx. (2.36)

Taking the L? inner product of (2.31) with y; and the inner product of (2.32) with ¢;,, proceeding
similarly for (2.33) and (2.34), then summing all resulting equations together, one obtains

d 1 1 1
o7 Q/l(§¢1£%¢1 + §¢2£§¢2 + §¢1£%2¢2 + G(¢1,¢2) | dx

= — M|l |* = Mllpall® = (V- (ugpy), t11) = (V - (), p2) + Hy (@1, $2) (@11, 1) + Ha(b1, 2) (s, 1).
(2.37)
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Here and below, (-,-) and || - || denote the standard L?*(2)-inner product and norm, respectively, given
by

(u,V)=fuvdx, el = (u, w)''>.
Q

From the mass conservation relations (2.27)-(2.28), we have

(¢lt’ 1) = O’ (¢21’ 1) = O’

and therefore the last two terms in (2.37) vanish.
Next, taking the L? inner product of (2.29) with u and using the incompressibility condition

V-u=0,
together with the identities
(u-Vu,u) =0, (Vp,u) =0,
yields

d

Lo 1 2
g fg SluPdx = =6V, 0) ~ (62, w) — —[Vu (2.38)

Adding (2.37) and (2.38) and using the identity

(V- (ug),u) = —(¢Vu,u),

which holds under periodic boundary conditions or the homogeneous boundary conditions (2.35), we
finally obtain the following energy dissipation law:

d 1
—E(, ¢1,¢2) = ~Ml|u|I> — Mllol* = —|[Vull* < 0. (2.39)
dt Re

The above result shows that the hydrodynamically-coupled BPFC model satisfies an energy
dissipation structure, which provides an important theoretical foundation for the construction and
stability analysis of the numerical schemes developed later. Based on this model, a third-order temporal
discretization scheme will be proposed in Section 3.

3. A third-order fully decoupled BDF3 scheme

In this section, we construct a third-order fully decoupled temporal discretization scheme for the
hydrodynamically-coupled BPFC model based on the BDF3 approach. Let

T
At = —, ' = nAt,
N

and denote by y" the numerical approximation of ¢ at time ¢'. To preserve the linearized and decoupled
structure of the numerical scheme, we introduce the following third-order explicit extrapolation:

Yt =3y =3y (3.1)
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Meanwhile, to construct the E-SAV formulation, we introduce the exponential scalar auxiliary
variable

1
V(t) = eXp (EE(u’ ¢1’ ¢2)) ’ (32)

where C > 0 is a prescribed constant.
At the discrete level, the modified energy associated with the auxiliary variable V is naturally
defined as
E'=ChnV" (3.3)

The discrete dissipation property of this modified energy will be rigorously established in Theorem 3.3
below.
Applying the BDF3 discretization to the temporal derivatives, we first solve the velocity prediction
equation
11! — 18u” + 9u*™! — 2u"?
6At

1 2
U VUt + V' = AT - AL (3.4)
e
i=1

Next, the pressure correction step is performed:

11am+! - 11a"!

6A? +V(p"' - p") =0, (3-5)
that is,
6A?
R Al TV(pn+l _ pn) 3.6)

The corrected velocity field satisfies the incompressibility condition
v-att=0. (3.7)

Combining (3.5) and (3.7), we obtain the pressure Poisson equation

11
A n+l _ ony _ V.~n+1' .
(P =P =V (3.8)

The intermediate phase-field variables are determined by the following linear systems:

11! — 18] + 9¢7~" — 2477

1 6AL + V- (u'gy) = —Myi, (3-9)
where
A 1 « « * * * n *
AR /1( 1017+ S L0105 — Hi(9], 62) + 219, 62) + S (@™ - ¢1>), (3.10)
and - 1 2
112 — 182 + 9"~ — 2¢%~
¢2 ¢2 ¢2 ¢2 + V . (u*¢;) = —M/lg+l, (311)
6At
where |
= ﬂ( 205+ S Lg1 — Ha(g1,83) + (6], 65) + S (8" - ¢z>) : (3.12)

Here, S > 0 denotes the stabilization parameter.
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To describe the evolution of the modified energy, we further introduce the exponential scalar
auxiliary variable V. We first compute the intermediate auxiliary variable V"*! through

‘711+1 —_yn 1. 1 . . .
— =" (R—eIIVu P + Ml + M||u2||2), (3.13)

which leads to the explicit formula
V’l

Vn+l — .
1+ & (VP + Ml |P + Ml P)

(3.14)

Here, C > 0 is a prescribed constant, and y: denotes the explicit extrapolation of the chemical
potentials.

3.1. Relaxation step and variable update

To improve the consistency between the auxiliary variable and the original energy functional, we
adopt the relaxation strategy proposed in [28] and define

- 1
& = Vlexp (—EE(u*, #7, (/);)) ) (3.15)
The final physical variables are then updated through the correction factor &*1(2 — &™*1):
¢?+1 — §n+1(2 _ év_-n+1)(’[;rll+l, (316)
¢g+l — é<:n+l(2 _ §n+1)$121+1, (317)
un+l — §n+l(2 _ §n+l)ﬁn+l_ (318)

Since £"*! only depends on time and is independent of the spatial variables, the divergence-free
property is preserved. More precisely, if

\v/ _ﬁn+l — O,

then the corrected velocity field still satisfies

V.u"!' = 0.
We further define
ia exp éE(u;Hl, ol gt ) (3.19)
The final auxiliary variable V"*! is determined through the relaxation step
Vil = oo (1 —aV ', 0<op <, (3.20)

where the parameter o is chosen according to the relaxation strategy proposed in [28] so that the
modified energy preserves the discrete dissipation property.

It should be emphasized that the correction formulas (3.16)—(3.18) were originally introduced for
BDF2 schemes. For the present BDF3 discretization, we next show from the consistency viewpoint
that the relaxation correction step does not reduce the third-order temporal accuracy of the primary
variables.
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Lemma 3.1. Assume that the intermediate variables satisfy

Il = g +0AP),  i=12, @ =u() + O, (3.21)
and the auxiliary variable together with the explicit extrapolated quantities satisfy
Vvl = vt + O(AP), (3.22)
u = u(") + 0O(Ar), (3.23)
¢; = ¢i(I") + O(AP), i=1,2. (3.24)
Then the final corrected variables obtained from (3.16)—(3.18) still satisfy
oI =g +oAr),  i=1,2,  u"=u(")+O0Ar). (3.25)
Proof. From (3.15), we have
£ = 7™ exp (—éE(u*,¢i,¢;>). (3.26)

Assume that the exact solution is sufficiently smooth and bounded over the considered time interval.
Since the exponential function is smooth on bounded intervals, it follows from (3.23)-(3.24) that

exp (—éE(u*, o, ¢§>) = exp (—%E(r"“)) + O(AP), (3.27)
Moreover, from the definition of the auxiliary variable (3.2), we have
V(") = exp (éE(r””)), (3.28)
which implies
V(e exp (—%E(t””)) =1. (3.29)
Substituting (3.22) and (3.27) into (3.26) and using (3.29), we obtain
& =14+ O(AF). (3.30)
Denote
gl = gl
Then
g™ = 0AP).
Consequently,
M- =0+ - =1-(")? =1+ 0A°). (3.31)
Using (3.16)—(3.18), together with the boundedness of the intermediate solutions, we further obtain
o = (1+0A%) " = g +OAP), =12, (3.32)
u! = (1+0A%) & = u(r™") + O(AP). (3.33)

Therefore, the relaxation correction step does not reduce the third-order temporal accuracy of the
primary variables.
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3.2. Algorithmic procedure

Since the BDF3 scheme is a three-step multistep method, numerical solutions at the first three time
levels are required for initialization. The initialization procedure is summarized as follows:

e At n = 0, the initial conditions directly provide u’, ¢°, and ¢9, and the auxiliary variable V° is
computed through (3.2);

e Atn = 1, a first-order backward differentiation formula (BDF1) scheme is employed to advance
the solution from n = 0 and obtain u', ¢}, ¢,, and V';

e Atn =2, a BDF2 scheme is applied using the solutions at n = 0, 1 to compute u?, ¢7, ¢, and V.

After the initialization process, for any n > 2, each time step is advanced according to Algorithm 1.

Algorithm 1 One-step procedure of the relaxed E-SAV BDF3 scheme

Compute V! explicitly from (3.13);

Solve (3.9)-(3.10) to obtain ¢"*! and p*!;

Solve (3.11)-(3.12) to obtain &g“ and yg”;

Solve (3.4) to obtain the intermediate velocity @"*!;

Construct and solve the pressure Poisson equation from (3.5) and (3.7) to obtain p™*!;

Compute the corrected velocity @"*! through (3.6);

Compute &' from (3.15), and update the auxiliary variable V"*! through the relaxation
step (3.20);

8: Update the final physical variables ¢7*!, ¢2*', and u"*! through (3.16)—(3.18).

N kW

3.3. Theoretical analysis

Theorem 3.2. (Unigue solvability) At each time step, the variables V"', @’1”1, &Ll prtl
and V' defined by (3.4)—(3.12) together with the relaxation step are uniquely determined.

Proof. First, from (3.13), we have
Vn

‘"’/n+1 — '
1+ & (ZNVW P + Ml |P + Ml )P)

Since V" > 0 is known and the denominator is strictly positive, V"*! is uniquely determined.
Furthermore, &'*! is uniquely determined from (3.15). After obtaining the final physical variables,

Vm is uniquely determined by (3.19), and consequently V"*! is uniquely determined through the
relaxation formula (3.20).

Next, consider the intermediate phase-field variable @'1’“. Substituting (3.10) into (3.9) yields the
following linear elliptic equation:

11 . .
(6—At + M/lS) P+ MALIG + f1 7 =0, (3.34)

n,n—1,n-2

where f| only depends on known quantities.
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To prove uniqueness, we introduce the functional

F1(¢)=f[;(61A1 MAS)¢ - 1M/l¢£2¢+fl"” b= ]dx (3.35)

Under the imposed boundary conditions, the operator £, is self-adjoint and satisfies

f oL2pdx = f (A +an))’ dx.
Q Q

Therefore, for any nonzero perturbation i, we have

d?
dle1(¢+l'//) A

:f[(£+MAS)¢ +M/l((A+a1)¢/)]dx>O

1=0
Hence, F; is strictly convex and admits a unique minimizer, which implies that (3.34) has a unique
solution. By the same argument, ¢”+1 is also uniquely determined.

Next, from (3.4), the intermediate velocity satisfies

11 1
(@ - EA) =R, (3.36)
where R” only depends on known quantities. Since the operator
11 1
6At  Re

is a positive definite elliptic operator under periodic or homogeneous boundary conditions, @"*!

uniquely exists.
Combining (3.5) and the incompressibility condition (3.7) yields the pressure Poisson equation

11
A n+1 — V- ~n+l
P -pH= AT

Under the corresponding Neumann boundary condition, the pressure is unique up to an additive
constant. Imposing the zero-average condition

fpn+ldx:0
Q

guarantees the uniqueness of p"*!. Consequently, &"*! is uniquely determined through (3.6).

Finally, the final physical variables ¢"*!, ¢7*!, and u™*' are uniquely determined from (3.16)—(3.18).
Therefore, all variables are uniquely determined at each time step.

Theorem 3.3. (Discrete dissipation of the modified energy &" = CIn V") Assume that
1
VO = exp(EE(uO,gb?,gbg)) >0

The unconditional energy stability of the proposed scheme is established for the modified energy &" =
ClIn V", which is a standard feature of the E-SAV approach. The consistency between this modified
energy and the original physical energy E(u, ¢y, ¢,) is numerically verified in Section 4.2 (see Figure 2
and the related discussion). Let the relaxation parameter oo, € [0, 1] and the auxiliary parameter
Y"1 > 0 be chosen according to the following strategy [28]:

AIMS Mathematics Volume 11, Issue 8, 23687-23717



23700

~ —n+l
o IFV =V"" setoy =0and
VL (VP + MR + M)
C (RllVur1IP + Ml + Ml 1)

n+1 —

o IfV! > X_/HH, set oy = 0 and

v VL (A IVeP + MR + M)

n+l _

= + .
ot (g IVwr1IP + Ml ™12 + Mg 1P) - C (ol Va2 + Ml 1P+ Ml 1)

n+l1

o IfFV™ <V and

n+tl  Of ~

- — 1
vl vy EV”“ (EIIVH”II2 + Ml + MII,UZIIZ) > 0,

set oo = 0 and keep Y™ as in the previous case.
~ —n+l
o IfV! < V" and

n+tl  Of ~

- — 1
Vel vy EV”“ (@IIVH"II2 + Ml + MII,UZIIZ) <0,

set y"*' = 0 and
5t v (L IVu IR + Ml + MIl3IR)

C(‘—/n+l B ‘71’1+1)

0'0:1—

Then the numerical scheme satisfies
Vn+1 < VI’L

Furthermore, defining the modified energy by

E'=ClnV",
we have
gt <é&n,
Proof. From (3.13), we obtain
Vl’l

Vn+1 — ]
L+ 2 (LIVe|P + Ml 2 + M)

Since V" > 0 and the denominator is strictly positive,
‘7"+1 >0

On the other hand, from (3.19),
1
V' =exp (EE(u”“, gt ) > 0.
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Moreover, by the relaxation formula (3.20),

Vil = o7 (=Y, 0<op <],
which implies
/1

Therefore, by mathematical induction, V" > 0 holds for all time levels.
It remains to show that the above choice of oy and y"*! guarantees the discrete dissipation inequality

Vn+1 —_yn

1
< _ n+1 \vj n+1y2 M n+1)2 M n+1y2 <0. 3.37
A =77 (R_e” u" T+ M+ M| < (3.37)

We verify this by considering each case in the selection strategy.

n+1

Casel: V' =V B
Substituting oy = 0 into (3.20) gives V"' =V

n+l ~
= V"1, Hence,

Vn+1 —_yn _ Vn+] —_yr
At At

Using (3.13), we obtain

‘711+1 . v 1. 1

— = —— V" — V| + M|+ M)
> c (Rell u| [l I

With the chosen y"*!, the inequality (3.37) holds.

Case 2: V"1 > V"

With o = 0, we have V"*! = V™' Then

n+

Vn+l —yn ~ ‘_/ 1 _ ‘711+1 .\ ‘7n+1 —_yn
At At At

Using (3.13) and the definition of y"*!, we obtain

Vn+l —yn Vn+1 _ ‘—/n+l 1 . 1 . . .
IV A7 - EV + (EHVU P+ Ml + M||,Uz||2)

n 1 n n n
= —y"! (EIIVU P+ MNP + Mll,u2“||2) <0.

_ —n+l . .
Case 3: V! < V""" and the nonnegative condition holds.

With oy = 0, we again have V"*! = ‘_/nﬂ. The same calculation as in Case 2 yields

Vn+1 —yn _

1
A7 -y (R—eIIVu”“IIZ + Ml + MII,UZHIIZ) <0,

where the nonnegative condition ensures that y"*! > 0.
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~ —n+l . .. .
Case4: V"' < V" and the nonnegative condition fails.
In this case, we set y"*! = 0 and choose o7 as given. Substituting the chosen o into the relaxation

formula (3.20) yields
Vil = gV (L= o)V

A direct calculation gives
0'0(‘_/n+1 _ Vn+1)
At '

yn+l oy | 1 . " *
& ¢ " (E”V“ I+ MliIP + M) | +

With the chosen o, the right-hand side is non-positive, and hence (3.37) holds with y"*! = 0.
Thus, in all cases,
Vn+1 . v
& =°
which implies
v <vn,

Since the logarithm function is monotonically increasing on (0, +00), defining
E=ChV",
we further obtain
gl =Chv™*' <ChVv'=g"
This completes the proof.
Theorem 3.4. (Temporal error estimate for the BDF3—E-SAV scheme) Let ¢(t) = (¢1, ¢, u)" be

the exact solution of the fluid-coupled BPFC model (Eqs (2.29)—(2.34)), satisfying the regularity
assumption

4 3
10, @l L 0,7:22) + 10; Ml o012y < C,

where C > 0 is independent of the discretization parameters. If the initial errors satisfy

16° — p(O)lI + 119" — H(AD + 9 — AN| < CoAL,

then for any n > 0, the numerical solution ¢" obtained by the BDF3—E-SAV scheme (Eqs (3.4)—(3.12)
and (3.15)—(3.20)) satisfies

l¢" — ()l < CrAL,
where the constant Cy depends on T, the model parameters, and the regularity constant of the exact

solution, but is independent of the time step At.

Proof. We present the proof in several steps.

Step 1. Derive the error equation. Let ¢” = ¢" — ¢(¢"), and subtract the Taylor expansion of the exact
solution at #"*! from the scheme (3.4)—(3.12). For the phase-field variable (taking ¢, as an example),
from (3.9) and (3.10), we have

n+1 n n—1 n—2
1le¢:r - 18€¢1 + 9e¢l - 2€¢1
6At

=-MaALie)! + R,
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where

R = 141, 83) = g1 ("), o) + T4,
and 7*! is the local truncation error of the BDF3 approximation. The error equation for the velocity
field can be derived analogously. Combining all equations in vector form yields

11e™! — 18¢" + 9™ — 2¢"2
O6At

= LM + R e e e ) + T (3.38)

where £ is a linear elliptic operator (including A and £7), R denotes the difference of the nonlinear
terms, and 7"*! is the local truncation error.
Step 2. Estimate the local truncation error. From the Taylor expansion of the BDF3, we have

Lg(e*h) — 18¢(1") + 9p(t"") = 2¢(t" %)
6At

ap(t"") = O(AP).

Meanwhile, the explicit extrapolation ¢* = 3¢" — 3¢~ + ¢"~2 satisfies
¢ = p("") = O(AP).
Consequently,
I < CiAP, (3.39)

where C; depends on |07 ¢|| ;.
Step 3. Treat the nonlinear terms. Rearranging (3.38) gives

1™ — 18¢" + 9¢™ ! — 2¢"2

6At — LM = R+ M, (3.40)

Taking the L?-norm on both sides of (3.40) and applying the triangle inequality yields

— LMY < IR+ 17 (3.41)

11e™! — 18¢" + 9! — 22
6At

Since g1, g, and the coupling terms satisfy a local Lipschitz condition near the exact solution, we have

IRI = llg(¢") — g™ DI < Lilg™ = (" . (3.42)
Using the accuracy of the BDF3, the exact solution satisfies the third-order extrapolation relation
G = 3¢(1") = 3¢(") + (") + O(AP). (3.43)

Then
¢* _ ¢(tn+l) — (3¢n _ 3¢n—1 + ¢n—2) _ ¢(tn+l)
=3(¢" = ¢(1") = 3(¢"" = (") + (9" = $(I"?))
+[Bp(") = 3¢("") + (") — ("]
By (3.43), the term in brackets is O(A#*). Hence,

16" = (" DIl < 3lle"l| + 3lle" I + [le" 2l + CrAr. (3.44)
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Substituting (3.42) and (3.44) into (3.41) and using (3.39), after combining constants, we obtain

<L Z le’|| + C3AL, (3.45)
j=n—2

J=n

” 1e™! — 18" +9e"' —2e"2 Lo

O6At

where L; is a modified Lipschitz constant.

Step 4. Perform a discrete energy estimate. Take the L*-inner product of (3.38) with ¢"*!. Using
the dissipativity of the operator £ (guaranteed by energy stability), there exists v > 0 such that
—(£€n+l,€n+l) > V||V€n+1”2.
Meanwhile, the discrete gradient structure of the BDF3 (see Lemma 2.1 of [29]) gives
11e™! —18¢" + 9" — 22 | 1
’n 2_8n+]_8n’
( 6Ar ¢ ) a )
where &" is a positive quadratic form, e.g., & = ||e"|]> + |le" — " !||> + |le"~! — "2
On the other hand, from (3.45) and the Cauchy-Schwarz inequality,
11e"! — 18" + 9e™ ! — 2¢"2 et o]
6A?
11e™! — 18¢" + 9! — 22
< _ n+lf| (| n+1
< l AT Le lle™|]
<|L )] ||ef||+c3Ar3]||e"“||.
j=n-2
Applying Young’s inequality ab < §a® + 5-b* with € = -, we get
Lille’|| - lle™ | < ELfllejllz + ille””IIZ,
2 2e
hence, there exists a constant C4 > 0 such that
n ' 1 n -
Ly ) el !l < glle™ P +Ca 3l
Jj=n-2 j=n-2
Also, C3AP - [l || < Flle™ |12 + CIAL.
Combining the above estimates and collecting the ||e"*!||* terms yields
gl _gr ntl .
—— +y|ve'IP < C P+ A 3.46
VeI < Cs j;g”e [ (3.46)

Step 5. Apply the discrete Gronwall inequality. Summing (3.46) from n = 2 to N — 1 and using
the equivalence between &" and |¢"||* (there exist constants ¢j,c, > O such that ¢ le”|* < &' <
ca(lle"? + lle" 1P + lle"~(1*)), we obtain

N-1
N2 012 12 2112 6 112
e sc6(||e P+ lle' I + el + A + Ar > e }

J=3
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Applying the discrete Gronwall inequality (see Lemma 3.2 of [6]) yields
V1> < C7 (eI + lle' I + lle?|I* + Ar°). (3.47)

Step 6. Handle the initial errors and starting procedure. Since the BDF3 is a three-step method,
the starting values are computed using the BDF1 and BDF2 schemes. The BDF1 scheme has a first-
order error O(At), while the BDF2 scheme has a second-order error O(A#?). Although these starting
errors do not satisfy O(A#®), the energy stability of the scheme ensures that the starting errors decay
exponentially as the step number increases (see Lemma 3.3 of [29]). After a finite number of steps
(e.g., n > 3), the effect of the starting errors is compressed to O(Ar*). Therefore, without loss of
generality, we may assume that the initial terms in (3.47) are O(A#°®) and thus finally obtain

lleN |l < CrAP.

Step 7. Show the accuracy preservation of the relaxation step. In the scheme, the final variables are
updated via ¢"*! = &+1(2 — &)@+ Lemma 3.1 has already established that

&l =1+0(r),

and hence &1(2 — &™) = 1 + O(Af®). Therefore, the error introduced by the correction step is of
higher order and does not affect the above error estimates.
Combining the above seven steps completes the proof.

4. Numerical experiments

In this section, several numerical experiments are carried out to verify the accuracy, stability, and
effectiveness of the proposed BDF3—-E-SAV scheme. First, temporal convergence tests are performed
to validate the third-order temporal accuracy of the proposed method. Next, the energy stability of the
scheme is investigated and compared with the corresponding second-order scheme. Finally, crystal
growth simulations under shear flow are presented to demonstrate the capability of the proposed
method for complex physical problems.

4.1. Temporal convergence test

To verify the third-order temporal accuracy of the proposed scheme, we consider the same
benchmark example as that in [28]. The computational domain is taken as

Q = [0,2n)?,

and the spatial discretization is performed on a uniform mesh with 128 x 128 grid points. Here and in
what follows, we write the velocity field as w = (u,v)", where u and v denote the velocity components
in the x- and y-directions, respectively. The initial conditions are chosen as

u(x,0) = —sin(2y) sin” x, v(x,0) = sin(2x) sin® y,
p(x,0) =0, ¢1(x,0) = 0.1 sin y sin x, ¢2(x,0) = 0.1 cos ycos x.
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Periodic boundary conditions are imposed throughout this subsection. The parameters are chosen as
e=0.1, B =0.1, A=0.1, S =4
The remaining parameters are fixed as
C=10° M=1, Re=1, a=ar=1  ap=12

To compute the temporal discretization errors, we first solve the problem using a sufficiently small
time step
Atyer = 2.5% 1077

up to the final time
T = 256Atyt,

and regard the resulting numerical solution as the reference solution. Subsequently, numerical
simulations are carried out using the time step sizes

8Atref, 4Atrefa 2Atrefa

respectively. The errors are then computed by measuring the L? differences between the numerical
solutions and the reference solution for the phase-field variables.

Tables 1-3 report the temporal errors and convergence rates of the BDF3—E-SAV scheme for
a = 5,10,50, respectively. In all cases, the convergence rates of both phase-field variables remain
consistently close to third order.

Table 1. Temporal errors and convergence rates of the BDF3—E-SAV scheme with @ = 5.

At 8Ater At er 2At et

¢1: Error 4.9030 x 1071° 5.6930 x 107! 6.7480 x 10712
¢1: Rate 3.1064 3.0767 -

¢,: Error 4.7910 x 1071° 5.7650 x 107! 6.6620 x 10712
¢,: Rate 3.0549 3.1133 -

Table 2. Temporal errors and convergence rates of the BDF3-E-SAV scheme with @ = 10.

At 8Lt At of 2ot

¢: Error 5.1220 x 10710 5.8940 x 107! 6.9020 x 10712
¢1: Rate 3.1194 3.0942 -

¢>: Error 4.9720 x 10710 5.7920 x 107! 6.6970 x 10712
¢,: Rate 3.1017 3.1125 -

Table 3. Temporal errors and convergence rates of the BDF3-E-SAV scheme with @ = 50.

At 8Atrer A\t ot 2At et

¢1: Error 5.3010 x 10710 6.6250 x 10~ 7.2190 x 10712
¢,: Rate 3.0003 3.1980 -

¢,: Error 5.1960 x 10710 6.3110 x 107" 6.9670 x 10712
¢,: Rate 3.0415 3.1793 -
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Remark 4.1. The parameter a controls the strength of the vacancy potential F,caney(¢) = %(l(ﬁl3 — %),
which contains the absolute value function |p| and is therefore non-differentiable at ¢ = 0. This non-
smoothness poses a potential challenge to the accuracy and convergence of numerical schemes. To
demonstrate the robustness of the proposed BDF3—E-SAV scheme against this difficulty, we test three
different values of a (namely a = 5,10,50) while keeping all other parameters fixed. The results
in Tables 1-3 show that the scheme stably maintains third-order convergence for all three cases,
confirming its ability to handle the non-smooth vacancy potential without loss of accuracy. Other
parameters (such as €, 5, 1) correspond to smooth nonlinear terms in the model and pose substantially
less challenge to the convergence order; hence, they are not varied in this test.

To further verify the third-order accuracy of the velocity field, we also compute the L? errors and
convergence rates for the velocity components u and v with @ = 5. The results are reported in Table 4.

Table 4. Temporal errors and convergence rates of the velocity components u and v for the
BDF3-E-SAV scheme with @ = 5.

At 8Ater AAt s 2At et

u: Error 1.2810 x 107° 1.4720 x 10710 1.6230 x 107!
u: Rate 3.121 3.181 -

v: Error 1.2520 x 107° 1.4110 x 10710 1.5150 x 107!
v: Rate 3.151 3.218 -

To demonstrate the superiority of the present third-order scheme over the second-order counterpart,
we also compute the numerical errors of ¢ using the BDF2-E-SAV scheme [28] under the same setup
with @ = 5. The corresponding errors and convergence rates for the phase-field variables are listed
in Table 5. Comparing these results with those in Table 1, one can observe that at the same time
step size, the errors of the third-order scheme are about three orders of magnitude smaller than those
of the second-order scheme. This significant reduction clearly verifies that the proposed BDF3-E-
SAV scheme achieves substantially higher accuracy than the BDF2-E-SAV scheme, while retaining
the same decoupled and energy-stable structure. In addition to the superior accuracy, the third-order
scheme also exhibits better computational efficiency. As shown in Table 6, to achieve the same error
level, the BDF3 requires less CPU time than the BDF2.

Table 5. Temporal errors and convergence rates of the BDF2—-E-SAV scheme for ¢; and ¢,

with @ = 5.
At 8Alet A\t 2Ateer
¢1: Error 4.6673 x 1077 8.4173 x 1078 2.1357 x 1078
¢1: Rate 2.4712 1.9787 -
¢,: Error 4.5256 x 1077 9.4120 x 1078 2.1104 x 1078
¢,: Rate 2.2655 2.1570 -
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Table 6. Comparison of CPU time required for the BDF2 and BDF3 to achieve different
error levels for ¢; with @ = 5.

Error tolerance 1.5x 1077 1.5x 1078 1.5%x107°
BDF2 CPU time (s) 26 52 103
BDF3 CPU time (s) 17 34 68

4.2. Stability test

In this subsection, we investigate the unconditional energy stability of the proposed scheme and
examine the effectiveness of the relaxation step in improving the consistency between the modified
energy and the original energy functional.

The computational domain is chosen as

Q = [0,200]?,

and the spatial discretization is performed on a uniform 256 X 256 mesh. The initial phase fields are
taken as
¢1(x,0) = 0.001 rand(x) + 0.07, ¢>(x,0) = 0.001 rand(x) + 0.07,

where rand(x) denotes a random perturbation uniformly distributed over the interval [0, 1]. The initial
velocity and pressure fields are both set to zero.
Periodic boundary conditions are imposed throughout this subsection. The parameters are chosen as

€e=0.9, a = 3000, B =50, A=0.1,

and the stabilization parameter is selected as

The remaining parameters are fixed as
C=10°% M=1, Re=1, a=ar=1, ap=12
Numerical simulations are performed using three different time step sizes:
At =1, 0.5, 0.25.

During the simulations, both the original energy E and the modified energy ClnV are recorded to
investigate their temporal evolution.

Figure 1 presents the temporal evolution of the original energy under different time step sizes. It can
be observed that the system energy decreases monotonically for all tested time step sizes, including the
relatively large step At = 1. The noticeable differences among the curves both in magnitude and in the
timing of energy dissipation are expected and mainly caused by the temporal discretization error. As
shown in Figure 1, larger time steps lead to a delayed energy decay, while all cases maintain monotonic
decrease. In this test, the stabilization parameter is set to S = @ = 3000, which introduces an additional
numerical dissipation proportional to M AS At. This effectively rescales the nominal time step, meaning
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that the observed dissipation behavior for a given nominal step size corresponds to a smaller effective
step size. This rescaling effect contributes to the significant separation between the curves in Figure 1.
Nevertheless, the key observation remains that the energy decays monotonically for all nominal step
sizes tested, which confirms the unconditional energy stability of the proposed scheme.

30

20

([Tl
oo

10

Energy

1
0 200 400 600 800 1000
time

Figure 1. Time evolution of the original energy under different time step sizes.

Figure 2 compares the modified energy with the original energy for cases with and without the
relaxation step (see Figures 2(a) and 2(b), respectively). With the relaxation step, the modified energy
almost completely overlaps with the original energy, whereas noticeable discrepancies appear in the
absence of the relaxation step. This demonstrates that the relaxation technique significantly improves
the consistency between the modified energy and the original energy functional.

e Medt=1 e Medt=1

20 Oedt=1 201 Oedt=1
ol = Medt=0.25 ol = Medt =025
Oe 6t = 0.25 Oe 6t = 0.25

Z3-10 -0t
m -20 [ m -20
30 - 30 F
40 F _40 o
|
-50 | 50 | °
g0 1 . . s s . o0 \ . \ . s
0 200 400 600 800 1000 0 200 400 600 800 1000
time time
(a) Comparison between the original and modified (b) Comparison between the original and modified
energies with the relaxation step. energies without the relaxation step.

Figure 2. Influence of the relaxation step on the energy consistency.
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4.3. Crystal growth without fluid flow

In this subsection, we perform numerical simulations of crystal growth in the absence of fluid flow.
The initial conditions and parameters are identical to those used in the stability test of Section 4.2, with
a fixed time step At = 0.1. Since the flow field is absent (u = 0), the evolution is governed solely
by the BPFC equations without hydrodynamic coupling. Figure 3 displays the numerical snapshots
of the phase-field variable ¢; at t = 0, 30, 50, 100, respectively, and Figure 4 shows the corresponding
results for ¢, at the same time instants. Initially, the phase fields are randomly distributed, representing
a uniform disordered liquid state. As time advances, locally ordered clusters nucleate and grow
isotropically, eventually forming a polycrystalline structure with clear grain boundaries. These
snapshots clearly illustrate the co-evolution of the two atomic species in the binary system under purely
diffusive conditions, without any advective transport. No velocity field is plotted because the flow is
identically zero throughout the simulation.
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o 110" . s o Y =
AR ‘ Y A
100 Dy QAL N < ¥ . . 5
RS N 02 100 Mt Sy LN NS Pa ! 02
9 ey t b 90‘!‘% .‘(\'. ‘1 nlr
3 X : . - B
. ) b A3 XA 0.15 80 L A U o 4 -:\. 015
- t X RV T T S RO v e ! y e
70 ot LS AT 0.1 70 ’ W » ). Y - 54
3 S oV, N Nl AY . ¢ .
> 60 . 8 A LR > g0 [N SIS A S
S { IS A A 0.05 ' - > e ) o . 0.05
50 3 X . oy % o >
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Figure 3. Numerical evolution of ¢; at different time instants with Az = 0.1: (a) t = 0, (b)
t =10, (c) t =50, (d) t = 100.

AIMS Mathematics Volume 11, Issue 8, 23687-23717



23711

120

- RS NN ty 120 1= s p_—
110 _ AR NS R, & 025 o = e b¥ A \ e 0.25
T NN S - 110 ‘l\ - Ve, ) . { ;
100 N y R > 0.2 T o N o ~ 3 ' ol
) : 100 (e & SO =2 " - \'( 0.2
90| - L IR L . ) Fo TS RS
\ X : SRR 0.15 90 W‘,.\‘.‘ P\ s
B RS DR B LR ol W1t e, ‘\'.“ »
3 \ S X bt < - —
018 RANE 3 01 S S -“v A I, 01
> 60 - - 8 - "n' - \. ?
0.05 50 g e v
0 { FA N v, 005
5 50'_,.“‘—‘\1\"‘(—4 .
40 OSNE ! 0 a VS N el Nt LT 0
< R S ’ - ATe ™ W
30 A . S RS 2 30" \) L LTS i ( v
3 A R 005 -~ Lo gy & - 0.05
200 A 20 SR e s b ' e P L
5 -
10 3 0.1 ofee PG PO AL -~ B v’ 0.1
< 2d e AT et
20 40 60 80 100 120 20 40 60 80 100 120

0.25

0.2

0.15

0.1

0.05

(©r=50 (d) ¢+ =100

Figure 4. Numerical evolution of ¢, at different time instants with Az = 0.1: (a) ¢t = 0, (b)
t =10, (c) t =50, (d) t = 100.

4.4. Crystal growth with fluid flow

In this subsection, we investigate the influence of a steady shear flow on the morphological evolution
of binary crystals. The initial condition is the same as in the previous subsection: A circular nucleus
of radius R = 12 with a hexagonal lattice structure is placed at the centre of the domain (L,/2,L,/2),
while the rest of the domain is filled with a uniform liquid of average density ¢ = 0.07. The lattice is
constructed by superimposing cosine functions with wave number g = 0.66, explicitly given by

b +0.15 ) —1cos(3y)|, x-x]<R,
$1(x,0) = 1) [cos(qy)cos(qx 2cos( \/gy)] X — X

o, otherwise,

$+0.15 +7/q) - Seos ()|, K-x|<R,
r(x.0) = ¢ [cos(qy)cos(q(x 7/q)) 2cos( \/gy)] X — X

?, otherwise,
with x,. = (60, 60).
To study the effect of flow, we impose a constant simple shear flow in the x-direction, with velocity
profile
L,—y

L,

u(y) =U

u, =0,
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where U is the shear intensity and L, = 120 is the domain height. The velocity vanishes at the top
boundary (y = L,) and equals U at the bottom (y = 0), thus producing a linear shear gradient. This
flow field is kept fixed throughout the simulation. In this test, the velocity field is not evolved by the
Navier-Stokes equations; it serves only as a prescribed advection field in the phase-field equations via
the terms V - (ug;).

The time step is fixed at Ar = 0.1. All physical parameters (e,5, 4, @, M, a;, a,, a;») are identical to
those used in Section 4.3. We first show the reference case without flow (U = 0) in Figures 5 and 6,
which present the evolution of ¢, and ¢, at r = 0, 10, 50, 100, respectively.

We then apply a shear flow of intensity U = 0.5. Figures 7 and 8 show the corresponding snapshots
of ¢; and ¢, at the same time instants. In contrast to the no-flow case, the shear flow significantly alters
the crystal morphology.

A direct comparison between the no-flow and shear-flow snapshots clearly demonstrates that the
imposed shear breaks the isotropic growth symmetry and causes the crystals to preferentially extend in
the flow direction.

(©1=50 (d) =100

Figure 5. Numerical evolution of ¢; without fluid flow at different time instants with At =
0.1: (@)t =0, (b) t =10, (c) t = 50, (d) t = 100.
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Figure 6. Numerical evolution of ¢, without fluid flow at different time instants with Ar =
0.1: (@)t =0, (b) r =10, (c) t = 50, (d) r = 100.
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Figure 7. Numerical evolution of ¢; with shear flow (U = 0.5) at different time instants with
At=0.1: ()t =0, (b) t = 10, (c) t = 50, (d) t = 100.
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Figure 8. Numerical evolution of ¢, with shear flow (U = 0.5) at different time instants with
At=0.1: (a)t =0, (b) t = 10, (c) t = 50, (d) t = 100.

5. Conclusions

In this work, a third-order fully decoupled relaxed E-SAV scheme based on the BDF3 discretization
has been developed for the hydrodynamically-coupled BPFC model. By introducing nonlocal
Lagrange multipliers, the mass conservation property of the system is preserved. Coupling the BPFC
model with the incompressible Navier-Stokes equations leads to a hydrodynamically-coupled BPFC
system, for which the continuous energy dissipation law is established.

For the numerical discretization, a BDF3 temporal discretization together with explicit extrapolation
techniques is employed, leading to a fully decoupled treatment of the velocity field, pressure field,
and phase-field variables. Meanwhile, the relaxed E-SAV strategy is incorporated to improve the
consistency between the modified energy and the original energy functional. The unique solvability
and discrete dissipation property of the modified energy are theoretically established. Furthermore, it is
shown that the relaxation step does not reduce the overall third-order temporal accuracy of the scheme.

Numerical experiments verify the effectiveness of the proposed method. The results demonstrate
that the scheme achieves the expected third-order temporal accuracy while maintaining good energy
stability even for relatively large time step sizes. In addition, crystal growth simulations illustrate the
applicability of the proposed method to complex hydrodynamically-coupled phase-field problems.

Future work will focus on rigorous error analysis, adaptive numerical algorithms, and efficient
implementations for three-dimensional hydrodynamically-coupled systems with more complicated
physical structures.
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