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1. Introduction

We consider the partial Holder continuity of the weak solution of a nonlinear divergent subelliptic
system on the Heisenberg group with Orlicz growth. The system is as follows:

2n
—ZX,-A?(g, w, Xu) = B°(&,u,Xu) inQ, a=1,2,-,N, (1.1)
i=1

where £ € Q, Q ¢ H" = R*"*! is a bounded domain and
A=(AD: QX RY X RN S5 RN, B = (B): QxR xR*™ - RY,

X = (Xy,X>,...,X,,) denotes the horizontal gradient on the Heisenberg group (see Section 2.1 for a
precise definition).

The N-function ¢ plays a fundamental role in Orlicz growth. We begin by stating the structural
assumptions that the N-function ¢ should satisfy.
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Assumption 1.1. Let ¢ € C'([0, 00)) N C?(0, 00) be a N-function satisfying the following condition.:

[”t tl/l,
0<gop—1<inf Ld ()§sup o)
>0 @'(1) o ¢'(D)

<qi—1, where 1 <gy<2<q. (1.2)

We then impose the following assumptions on the coefficients AY" and B* in System (1.1).
(A1) There is a positive constant A, such that

|A%(&,u, P) < A@’(1 +|P|), where (&, u, P) € Qx RY x RV,

(A2) The principal coeflicient A? (€, u, P) satisfies the following ellipticity condition. There is a constant

y such that
2n

N
Z Z DpAY (& u, Py, > v (1 + |PDInl,  for ¥y € R*,

i,j=1 ap=1
where Dp denotes the partial derivative with respect to the gradient variable P.

(A3) The principal coeflicient A (£, u, P) is differentiable with respect to the third variable P and V¢ €
Q,u € RY, P € R*N  such that the following holds:

IDpA} (&, u, P)l < Ap” (1 + |P)),

where A is the same structural constant as defined in (A1).
(A4) There is a constant a; € (0, 1) such that VP, Py € RV satisfy 0 < |Py| < %IPl, and the following

holds: @
|P 0|)

IDpA{ (€, u, P) — DpA{ (&, u, P+ Po)| < A" (1 +1|P|) (ﬁ

(AS) There is a nondecreasing and bounded concave function u : [0, 00) — [0, 1] and u(0) = 0, such
that

|A{ (&, u, P) — AY(€, uo, P)| < Au(lu — uol)¢’(1 + |PY),
and lsi_rgy(s) =0 = u(0).
(A6) P — A{(&,u, P)/¢' (1 + |P]), there is a positive constant L, nondecreasing, and bounded concave
function vg,, such that

A€ 1, P) = (AL Cou, P)),, | < Lve @)@ (1 +IPD),  for ¥ & € By(&),

where & € Q,p € (0,po],u € RY and P € R* N, py > 0 and vg, : R**! X [0, po] — [0, 2L],

limV(p) =0, where V(p)=sup sup JC ve, (&, p)dé.
p=0 By (%)

£0€Q 0<p<po

We define
(A%, u, P, , = f A u, P)de,

Bp(f())

(B1) Controllable growth. |B(¢,u, P)| < L¢'(1 + |P)),Vé € Q,u € RY, and P € R¥™V,
The regularity of weak solutions to partial differential equations (PDEs) has long been a
fundamental area of research, with extensive results established for both elliptic and parabolic
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systems. It is well known that in the absence of specific structural conditions, weak solutions
generally exhibit only partial regularity—a concept pioneered by De Giorgi [1]. To prove such
regularity, the harmonic approximation technique introduced by Simon [2] has proven to be an
effective tool. Subsequently, Duzaar and Grotowski [3] extended this approach to develop the
A-harmonic approximation method. In the Euclidean setting, analogous regularity results have been
established under various assumptions on the coefficients: Holder continuity [4-5], Dini
continuity [6-9], and vanishing mean oscillation (VMO) discontinuity [10-13].

Subelliptic systems with standard p-growth on noncommutative vector fields, particularly those
defined on the Heisenberg group and Carnot groups, have been extensively investigated (e.g., [14—
25]). The Heisenberg group, as one of the simplest noncommutative nilpotent Lie groups with a step
of two, serves as a prototypical model in this context. Existing studies have explored standard growth
under diverse coeflicient conditions. Specifically, the case of superquadratic growth was addressed by
Wang and Manfredi [19], Foglein [21], and Zhang, Wang [24], while subquadratic growth was studied
by Tan and Wang [23] and Chen et al.[25].

Nonstandard growth conditions for elliptic systems in Euclidean space have also been widely
studied, for instance, in references [26-32]. In particular, results concerning Orlicz growth can be
found in [29-32]. Notably, while these studies are well-established in the Euclidean setting, the partial
regularity of weak solutions to subelliptic systems with Orlicz growth on noncommutative vector
fields (such as the Heisenberg group) remains largely unexplored. Therefore, this paper focuses on the
Heisenberg group to analyze the partial Holder continuity of weak solutions to System (1.1) under
Orlicz growth, assuming that the coeflicients satisfy (A1)—(A6) and (B1).

In this work, we use the A-harmonic approximation technique to establish the partial regularity for
weak solutions under Orlicz growth on the Heisenberg group. The primary challenge lies in addressing
the interplay between the noncommutativity of the vector fields and the inherent nonlinearity of the
systems. Furthermore, we establish an A-harmonic approximation theorem tailored for Orlicz growth
on the Heisenberg group. By utilizing this classical approximation method, we bypass the complexities
of applying Taylor expansions in the noncommutative setting. The principal innovation of our work is
the development of a unified framework for studying subelliptic systems under Orlicz growth, covering
both superquadratic and subquadratic cases within the Heisenberg group setting.

First, we introduce two basic spaces HW!'¢(Q,R") and L¢(Q, R"); further details can be found
in [33].

Definition 1.1. (Horizontal Sobolev-Orlicz space) Let Q C H" = R*"*! be an open set and let ¢ be a
N-function. The horizontal Sobolev-Orlicz space HW'#(Q,RN) is defined by

HW"(Q,RY) = {u e LY(Q, R Xu € L(Q,RY),i=1,---,2n)},

endowed with the following modulo

2n

el rwre o, Yy = llullze, myy + Z IX;iull o2, mYy.-
i=1

The resulting space is known as the horizontal Sobolev space on the Heisenberg group H". It is readily
verified that HW'#(Q,R") is a Banach space.
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Definition 1.2. Let ¢ be a N-function satisfying the Ay-condition, define L*(Q,RY) as
LY(Q,RY) = {u : Q — RY measurable : f(p(luI)df < oo}.
Q
The corresponding Luxembourg norm is defined as

el o Ry = inf {/1 >0: fga('uf)l)dg < 1}‘
Q

Under this norm, L*(Q,R") is a Banach space.

Now, we formulate the definition of weak solutions for System (1.1) and outline our main regularity
theorem.

Definition 1.3. Let u € HW'¥(Q,R") be a weak solution of the System (1.1), Q C H" = R*"*! be an
open set, the following integral equality holds:

fA?(f, u, Xu)Xm"dé = f BY(&,u, Xun“dé,  for¥ ne Cy(Q,RY). (1.3)
Q Q

Theorem 1.1. Let ¢ be a N-function satisfying Assumption 1.1, u € HW'"(Q,RY) is a weak solution
of the System (1.1) and satisfies (Al)—(A6), (Bl), the bounded domain Q C H", and the ball B,(&,) C €,
where p € (0, pg], then an open set £y C Q exists such that

i € Cpot(Qo, R),

among a € (0,1) and
Q\QyCc XU, meas(Q\ Qy) =0,

where ¥\ and X, are defined as follows:

2= {fo €Q: sup [(Xu)g,l = +oo} ,

0<p=<po

3, = {go € Q: limsup f IV(Xu) — (V(Xu))g, oI dé > o}.
p—0* B, (é0)

The remainder of this paper is organized as follows. In Section 1, we introduce the main research
content, the current state of the field, and the primary results of this study. In Section 2, we provide
the notation of the Heisenberg group, N-functions, and several fundamental inequalities and lemmas
essential for our analysis. In Section 3, we first establish an A-harmonic approximation lemma that is
compatible with Orlicz growth, along with Sobolev-Poincaré and Caccioppoli-type inequalities on the
Heisenberg group with noncommutative vector fields. By virtue of the established approximation
lemma, we have a comparison between the weak solutions of the subelliptic system in (1.1) and the
solutions of constant-coefficient linear systems to develop a linearization technique. Subsequently,
decay and iteration estimates for the excess functional are derived. We then can establish a partial
regularity result for the weak solutions of the subelliptic system in (1.1). Finally, in Section 4, we
present the conclusion of this research.
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2. Preliminaries

This section prepares the necessary background on the Heisenberg group and the N-function ¢,
together with essential properties of horizontal affine functions and several auxiliary lemmas required
for the subsequent analysis.

2.1. Heisenberg group

The Heisenberg group H" is defined in R***!, with the following group multiplication operation:
N I U0 (i i
ED-@.7)=|E+0,T+T+ 5;(” —xy) ,

which & = (£,7) = (X", X%, -+, x,yL Y% yL D), and np = (7,7) = (&, %, , ¥, 3.7, L 7).
The zero element of the group is 0, and the inverse of (&,7) is (=&, —7). Specifically, the
mapping (£,17) — & - 17! is smooth; therefore, (H", -) is a Lie group. The corresponding basis vector
field of its Lie algebra is

Xi = X&) = % UL K= Xl) = % v 20 =T 2,
among i = 1,2,--- ,n, and the special structure of the operators
[Xi, Xisn] = —[Xisn, Xi] = T, else [X;,X;1=0, [T,X:]=0,
(H",-) is a nilpotent Lie group with a step of two. X = (Xj,--- , X5,) is the horizontal gradient and T is

the vertical derivative.
The homogeneous norm of this group is defined as

_ o L\
&0l = (Jal* - 167)
and the quasi-metric on the Heisenberg group is derived as follows:

dn,&) = |l n

The measure on the H" group is a Haar measure (i.e., the Lebesgue measure on R*"*1), the volume of
the homogeneous ball Br(&)) = {£ € H" : d(&y,€) < R} is denoted as:

|Br(&)len = R*"™2|By(&0)le 2 w,RY,

H" *

where
0=2n+2

is the homogeneous dimension of H", w, is the volume of homogeneous unit ball.

Remark 2.1. Although System (1.1) is stated only in terms of the horizontal gradient Xu, the vertical
vector field T enters the analysis implicitly through the homogeneous dimension Q = 2n + 2 and the
underlying metric. All standard functional inequalities (e.g.,Sobolev-Poincaré, Caccioppoli estimates)
used in this paper rely on the Hormander’s condition guaranteed by the bracket
relations [X;, Xisn] = T, which ensures that the horizontal derivatives control the full subelliptic
structure. The vertical derivative Tu itself is not required to be in LY(Q,RYN); thus, it does not appear
explicitly in the coefficients or the weak formulation.
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2.2. N-function

In this section, we introduce the fundamental definitions and properties of the N-function, which
play a crucial role in all subsequent proofs and estimates. For a more comprehensive introduction of
N-function and Orlicz spaces, we refer to [33].

Definition 2.1. A real convex function ¢ : [0,00) — [0, ) satisfies ¢(0) = O and there is a right-

continuous, nondecreasing derivative ¢'(t), ¢’(0) = 0, when t > 0, ¢’(t) > 0, lim ¢’(¢) = oo, which is
t—00

called the N-function.

Definition 2.2. If ¢, and ¢, are equivalent, then the positive constants ¢, and c, exist such that

cre1(t) < @a(t) < crp1(2).

In this context, we denote it as ¢;(f) ~ ¢,(f). Similarly, the symbol < indicates that the left-hand side
is bounded above by a constant times of the right-hand side.

If there is a positive constant ¢ > 0 such that for all ¢+ > 0, the inequality ¢(2f) < ce(¢) holds, we
will say that the N-function ¢ satisfies the A,-condition, denoted as ¢ € A,. The minimum constant ¢
for which the inequality holds is denoted as A,(¢).

Furthermore, if N-function ¢ satisfies the A,-condition and ¢(7) < ¢(2t), we can infer ¢(2t) ~ ¢(?).

Definition 2.3. The conjugate function of the N-function ¢ is denoted as ¢* and ¢* : [0, +00) — [0, +00)
and is defined as
@ (t) ;= sup[st — ¢(s)], forV¥Y t=>0.

>0

We note that ¢* is also a N-function. If both ¢ and ¢* satisfy the A,-condition, we write A,(¢, ¢*) =
max {Ax(¢), Ax(¢")} < 0.

Lemma 2.1. ([31] Young’s inequality) For all 6 > 0, the N-functions ¢ and ¢* satisfy the
A>-condition, there is a positive constant cs, which only depends on Ay(p, ¢*), such that for ¥ s,t > 0,
the following inequality holds:

ts < 0p(t) + csp”(s). (2.1)

In addition, when ¢ > 0, the following inequalities hold:
sTo(1) < (st) < sPp(t) if0<s<, 2.2)

sPo(t) < @(st) < sTp(t)  ifs>1,

and w o
s Te(t) < @ (st) < saTp'(t) ifO0<s<1, (2.3)

s%(,o*(t) < ¢'(st) < s‘ﬂ%go*(t) ifs>1,

also
sl (1) < @'(st) < s (1) if0<s <1, (2.4)

s (1) < @ (s1) < ST if s >,

s%(p_l(t) < ()p_l(st) < sﬁ()o_l(t) if0<s<l, (2.5)

AIMS Mathematics Volume 11, Issue 8, 23510-23550.
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s%ga_l(t) < (st) < sigo_l(t) if s > 1,

and | 1
ST ) < (@) N0 < 5T @) if0<s <1, (20)

sSTHEY0 < (@) 0 < 5T ifs2 L.
For ¢ > 0, the following equivalences also hold:
o) ~ 1 (1), GO ~19"(D), ¢@DO)~ @), )OO~ 1. 2.7)
Remark 2.2. By the transitivity of equivalences, we further deduce the following relations:

@(t) ~ 2¢"(1), @ (P D) ~ ¢ (@) ~ @(1). (2.8)

Definition 2.4. We introduce the family of shifted N-functions {¢,}.s0, @ € R and when t > 0, we define
the shifted N-function ¢,(t)

" s¢'(a + t
¢my:jigﬁiihsmm¢my:¢m+w——.
o a+s a+t

Given Assumption 1.1, for all a > 0O the following relationship holds:

pla+1) 2 ¢'(a+ t)t2
(a+1)? a+t

@u(1) ~ ¢"(a + D> ~ (2.9)

@a(t) ~ ¢ (01, la+ 1) ~ @ (1) + p(a).

We note that the shift function ¢,(f) also satisfies (2.2)—(2.7). The subsequent result, namely the shift
variations of the N-function ¢(¢), was proven in ([34], Corollary 26).

Lemma 2.2. Let ¢ be a N-function such that Ay(¢, ¢*) < +oo. For every 6 > 0, cs(Ay(¢, ")) > 0
exists, such that for any a, b € R? and t > 0, we have

() < cspp (1) + 6@y (la — bl). (2.10)

Lemma 2.3. (/35], Lemma 20) Let ¢ be a N-function such that A,(p, ¢*) < co. For z,z1,z, € R*N
and |z1| + |z2| > O, the following equivalent relation holds:

¢z +lzl+ ) f' ¢’ (z + |zal)
0

Z+ |z1] + |zal 7+ |zgl

do,

where 7o = 71 + 0(zo — 71),0 € [0, 1].

Based on Lemma 2.3, we give two useful remarks, which will be used extensively in the proof of
the Caccioppoli-type inequality.

Remark 2.3. Applying (A2), Lemma 2.3, (2.7), and (2.9), the following inequality holds:

(AY(& u, P) — AT (&, u, Po))(P — Po) = cvpr4py(|IP — Pol). (2.11)
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Similarly, by using (A3) and Lemma 2.3, we can also obtain the following Remark 2.4.

Remark 2.4. ForVé € Q,u € RY, P and Py € R*™V, the following inequality also holds:
AY(E, 1, P) = A% u, Po)l < cAQ), p, (IP = Py)). (2.12)

Now, we define the function V: RZ>*N — R¥™XN a9

(1
V@) = ,/"”i+—+|z'f')z.

By the monotonicity of ¢, this function satisfies the crucial equivalence, i.e.
IV(z1) = V@) ~ @i (a1 — 22),  forany z;,z, € R*V. (2.13)

We refer the reader to [36] for further properties of the function V.

Motivated by Lemma A.2 in [36], we establish the following lemma adapted to the Heisenberg
group setting. Its proof follows a nearly identical argument to that in [36]; thus we omitted the proof
in this paper.

Lemma 2.4. If we let & € B,(&),u € HW'(Q,RY), we have

f IV(Xu) - V((Xu)g, ) dé ~ IV(Xu) — (V(Xu))g, oI dé. (2.14)
By (o) By (&o)

Throughout this paper, the symbol ¢ denotes a positive constant that may vary from line to line. The
dependence of ¢ on relevant parameters is explicitly stated where needed.

2.3. Horizontal affine function and estimates

Owing to the special structure of the Heisenberg group, namely the “nonintegrability” of the
horizontal distribution and the degeneracy of subelliptic operators, the classical affine functions are no
longer suitable for this study, which motivates us to introduce the horizontal affine functions.

The proof of the following lemma can be found in ([19], Lemma 3.1). This lemma will be used in
the subsequent proof of the decay estimate for the excess functional.

Lemma 2.5. Assume u € HW'"(Q,RY) if the affine functions € : R** — RV, particularly, the
horizontal affine functions €z, (&) = Ls, ,(&0) + XCs, o(€ — &) are minimizers of the functional

t— lu — €7 dé,
By (é0)
then
fcfo,p(é()) = Ugyp = Jg(‘f : udg,
p\S0
and
0-20+2 J[ _
X = ———— u® (€ —E&)dé. 2.15
el Ll S O 2.15)

AIMS Mathematics Volume 11, Issue 8, 23510-23550.



23518

The elements of u® (€ — &) are u®(£' — 5(1),52 - 5(2), . 3”), a=1,2,---,N. The value of the
constant Cy can be calculated through the polar coordinate transformation on H", i.e.

T n (k=212 2 _
_ fo (sin 6)"d6 _ {(2k—1)!!(2k—3)!!;’ n=2k-1,

0= "o . ) (k=D x
-1 _(@k=D1) 7 _
fo (sin6)"~'d6 CoN2k—2)11 2° n =2k,

where 2k = 2)!! = 2k -2)2k-4)---4x2, k- D! =2k-1)2k-3)---3x 1.

Lemma 2.6. Let u € HW'"(Q,RY) and s, ,, €z, 4, denote the horizontal affine functions associated
with radius p and 0p, respectively. We then have

Q-2)(©Q+2) 1 JC
XCe ) — X 00] < — lu — €, |dE. (2.16)
&o.0 o0.0p CO Q gp By (&) o0

More generally, for any affine function € : R — RV, the following inequality holds:

(Q—2)(Q+2)1JC
Xlg,p — XU < ————— — {|dé. 2.17
(XCgp — X < G0 7 ue lu — {ldé (2.17)

Proof. From ([19], Lemma 3.2), we have

2

CoQ (6p)?

(Xt p = Xleyopl” = ( JC o (M — Cey p(&0) = Xy, o (€ ~ 50)) ® (& - &)dé
Byp(&o

Therefore, when |€ — & < p, we obtain

Q-2)(0+2) 1
CoQ  (6p)?

< (0O-2)(0+2) 1
) CoQ (o)’ By (€o)
(Q-2)(Q+2) 1 . o
TG0 w Jiyp(go) e = Ly p(G0) = Xl (& = £0)ldE

(Q-2)Q0+2) 1 J[ .
== - — € |dE.
CoQ 0o J By ) e = Lo ldé

|X€§0».0 - ngoﬂp| =

f 0 ol - X - E 0 E- so>dé|
Bgp (0

lu — g, p(€0) — XLy p(€ = E0IE — &oldé

We then estimate (2.17).

©-20Q+) 1

Co0Q p?
©-2(0+2) 1 ] o
<L=2erb Ji e~ ) — XLE — EIE - EoldE

p(‘fO)

:(Q—Z)(Q+2)1J[ _ pdE
Co0Q P IB, &) = (e,

Xt - XO| = | f - ) - X0E- ) © @ B
Bp f()

where |€ — &) < p. O
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The following lemma shows that the affine function ¢, , is the minimization function of

—¢
O f O ('” |)d§.
By(&) P

Lemma 2.7. ([31], Lemma 3.2) If we let a > 0, B,(&) C Q, and p > 0, for any weak solution
u € HW'(Q,RY) and affine function € : R** — RN, we get

¢ -
f @ (—'” f“’p')df <c f P ('“ fl)df, (2.18)
By(¢o) P By(¢o) P

0

where ¢ = c(qo,q1) > 0.
3. Partial C% regularity

3.1. A-harmonic approximation lemma

In this part, we extend the A-harmonic approximation lemma with Orlicz growth, originally proved
in [31] for Euclidean space, to noncommutative vector fields on the Heisenberg group. We begin by
recalling the definition of an A-harmonic function. If / is an A-harmonic function on B,(&), i.e.

AXh, Xn)dé = 0,  Vn € C5'(By(¢0), R"),
B, (o)
where A is a bilinear form satisfying the ellipticity and boundedness conditions; see Subsection 3.4
for the specific definition.

Prior to stating the A-harmonic approximation lemma, we recall Lemma 3.1, which was proved
in ([37], Theorem 14).

q1
q1—qo+1’
w(t) = ¢§(t), t > 0; in this case, Y(t) satisfies Assumption 1.1, where qy and g, are replaced by

(1_;&)61 1 +qo and (%)QO + g1, respectively.

Lemma 3.1. Suppose that ¢ is a N-function satisfying Assumption 1.1, and let 1 < s <

Lemma 3.2. (A-harmonic approximation lemma) Let ¢ be a N-function that satisfies Assumption 1.1,
and let ¢ and ¢* satisfy the A,-condition, 1 < s < ql_qﬁ, B,(&) € Q, p > 0. Then for every
€ >0, = 8(0,N,v,A, Ay (¢,¢"), s,L,€) > 0and I' > 0 exist, such that if o € HW'"¥(Q,R") is an

approximate A-harmonic function, i.e.

AXw, Xn)dé| < 6ol sup 1Xnl, VY € C3(B,(&),RY), (3.1)
By (é0) B&(fo)
and if h satisfies
—divip A(Xh) =0 in B, (&),
h=w on 0B,(&),
then the following estimate holds:
1
JC o (X(w - h))dé < e {(JC ¢(|Xw|)d§) + <P~I‘(F)} - (3.2)
By (£0) By ($0)
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Proof. Let y be a N-function satisfying Assumption 1.1, from [37, Lemma 20], and for any w €
H Wé Y(B,(&), RY) satisfies

Y(Xwl) ~  sup [JE )ﬂ(Xw, Xn)df—f l/'*(IXUI)df]- (3.3)
By(éo

By(%o) neCy (Bo(€0).R") By (£0)

We select y(f) = gp%(t), as Lemma 3.1 shows, ¢ is a N-function and satisfies Assumption 1.1, and ,
" satisfy the A-condition. Let 7 € C7(B,(&o), RY) and choose k > 0 such that

() = f o (Xn)de. (3.4)
By (o)

Next, we select ny € N, according to ([37], Lemma 20), there is a constant A € [k, 2"«] and a function
1. € HWy®(B,(&), RY) satisfying

sup [Xnal < c4, (3.5)
B;ZJ(EO)
. oo nEMY JC .
X dé < A)———— < — Xn|)dé, 3.6
Bﬂ(&)lﬁ (IXmaDx gendé < ™ (D) B.Go = 7o Bp(fo)lﬁ (1Xnhdé (3.6)
Y (IXnDdé < ¢ Yy (IXndé. (3.7)
Bp(f()) Bp(fO)

Now, we decompose the integral as

JC AXw, Xn)dé = AXw, Xn)dé + AXw,X(m—ny))dé =1+ 11.
B, (o) By (é0) B, (o)

Estimate of /. Using (3.1), (3.5), and Young’s inequality (2.1) with A € [k, 2"«], we obtain

AXw, Xn)dé
By(¢)

< 6ol sup |Xna| < dol'cA < c602™ Tk < c5o2™ [oY(I) + cs¥™ (k)] .

Bp ($0)
I

When c6y2™ <

< % and the parameters 9, dy, cs are chosen to be sufficiently small, then from (3.4), we
deduce

1
U < ep() + 5 v (1Xnhds. (3.8)
Bp(é:O)

Estimate of /1. Applying the boundedness of A, Young’s inequality (2.1), (3.6), Holder’s inequality,
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and A € [k, 2™k], we find

1] < JC AXw, X = )X menaldé < A ]C Xl X = 10 gendé
By(é0) By(&0)

! *
<cAf WXl e+ 5 1w (Xbdg
By(é0) By (o)

5 (I # m}l)l‘i | *
<cA Xwd. n# nasl 1 o
} Bp(-fo)l// (ehds B,Gl | T2 Bp<§o)l// (1Xrl)dg

w1\
A (I Xw))d. —
self | wxes W(ﬂ)no)

(3.9)

© =

1 .
*3 Y (1Xnl)dé
Bp(f())

SOV 1
<cA (| Xwl)dé —) +5 Y (1Xnl)dé
By(&o) no By(é0)

| o
t//“(IXwI)d.f) +§ (I Xnhdé.

< cAe(
Bp(g())

Bp(f())

In the final inequality, we have found that for n, sufficiently large, the equality % < € holds.
Combining (3.8) with (3.9), we get

+ Y (1Xnhdé.
By(o)

1
AXw, Xn)dé < 6[(JC ¢S(|Xw|)d§) +y()
By (o) By (éo)
Furthermore, since £ is an A-harmonic function, we have

f AX(w = h), Xn)dé - Y (1 Xnl)de < 6{( W(Ile)df)s + lﬁ(F)} :
By(&0) By(é0) By(&0)

By applying the equivalence (3.3) and noting that w — & = 0 on dB,(&), we conclude

W(IX(w - h)dE < € {( wS(IXwI)df) )

By(&o) By(&o)

Recalling the definition ¥(¢) = goﬁ(t), we complete the proof. O

Corollary 3.1. Under the same conditions as the Lemma 3.2, if s 6(1, min{%, ql_‘;loﬂ }), then we have

(JC go(lw - h')dg)s < e{(f ¢(|Xw|)d§)s + (pl(r)}. (3.10)
By p Bogy)

3.2. Sobolev-Poincaré-type inequality

The goal of this section is to establish a Sobolev-Poincaré-type inequality for weak solutions of the
subelliptic System (1.1). This result generalizes the Poincaré inequality for the quasi-convex
functionals presented in [37] to the Poincaré-type inequality with Orlicz growth on the Heisenberg
group. We begin by stating the Poincaré-type inequality, for which the proof follows the arguments
from [37].
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Lemma 3.3. (Poincaré-type inequality) Let ¢ be a N-function satisfying A,(g, ™) < co. Assume that
a ball B,(&) C Q and a constant ¢, > 0 exist such that for every 1 — L < 5 < 1, any weak solution

0
u € HW'(Q,RN), the following inequality holds:

|u - ufﬂ’pl K :
f p|———|dé < ¢, JC ¢’ (IXuhdé| (3.11)
By(é0) P By(&)

where ug, , 1= J% &) u(&)dé and the constant ¢, = ¢(Q, N, qo,q1) > 0.

Proof. Given A,(p, ¢*) < oo and ¢*(¢) is quasi-convex function for 1 — é < s < 1, there is a N-function
K(#) such that K(r) ~ ¢*(t) and Ay(K, K*) < oo, where s and A,(K, K*) only depend on A,(¢p, ¢*).
Moreover, we have o(K~!(1)) ~ t5. Now, we define k := f K(Xu)dé and distinguish two cases.

Bp(f())
Case 1: k = 0. In this case, u is constant on B,(&).

Case 2: k > 0. From [38, Lemma 1.50], for V¢, € B, (&), we have

| Xu(Q)|
lu — ug, | < cf —Q_ld(j.
By 1€ — ¢l
U—Ugp

IXu(2)| )
dé < ——dl|déE.
ﬁp(_fo)so( P ) ¢= Cﬁﬁ,@o)w(f@,(go) plé = g9 £)4

¢ = £]'-2dé < ¢ holds, we obtain

Thus

Since the inequality fB P
p\C

£l
By(&o)

<c f ¢-K“~( K(IXu(é)lp‘llf—él“Qd{)df,
By, (¢0) By (é0)

4,

F

Scp—if Kipt (f K“K(IXu(é)l)lf—§|“Qd§)x dé,
B, (éo) By (&o)

where we have used A,(K, K¥) < 0.
By applying Jensen’s inequality to ¢ — t5 and utilizing the Harr measure of k™' K(|Xu(&)|), we then

get
fB & (
p(A 0)

U—Ugp

Je

)

IA

( f K(Xu@p™é - él“Qdé)x dé
»(€0) \ B,(&0)

U—Ugp
0

)d§ <cp f K+ f K K(Xu@)(€ - £1"9) didé
By (o) B, (é0)

o-1 1_ 1-0
< cp Bty f K(Xu(Q)de,
Bp(‘fo)

where we have used % > —-0.
By the definition of k, it follows that
1

]C 90( )a’f <c (JE K(IXM(K)I)df)S < C(JC 90s(|Xu(§)l)d§)s~ O
By(&0) By(é0) By(é0)
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Next, we extend the Poincaré-type inequality from Lemma 3.3 to a Sobolev-Poincaré-type
inequality. Its proof follows by combining Lemma 3.3 with ([38], Theorem 2).

Corollary 3.2. (Sobolev-Poincaré-type inequality) Let ¢ be a N-function with Ay(p, ¢*) < co. A ball
B, (&) € Q exists, and for V1 < s < %, so that for all weak solutions u € HW'(Q,RN), the
following inequality holds:

i

0

1
Ky |u - u&)’p| :
' |———]dé| <C, o(|Xul)dé, (3.12)
D) P By(é0)

where the constant C, = C(Q, N, qo,q1) > 0.
For the subsequent analysis, we will mainly use the simplest form of this Sobolev-Poincaré-type
inequality, corresponding to the case s = 1.

3.3. Caccioppoli-type inequality

Based on the Sobolev-Poincaré-type inequality, we establish a Caccioppoli-type inequality for weak
solution to the subelliptic system in (1.1) on the Heisenberg group. This estimate serves as a cornerstone
for the linearization tool and the subsequent regularity analysis of System (1.1).

Lemma 3.4. (Caccioppoli-type inequality) Let u € HW'$(Q,R") be a weak solution of System (1.1),
satisfying (Al)—-(A6) and (Bl), B,(&,) C Q, & = (&0, 10) € Q, and 0 < p < min{1, dist(&,, 0Q)}. For any
affine function €: R*" — RY, the following estimate holds:

JC e1+xq(|(Xu — X)) dé
B%(Eo)

¢ -
ch{f Preixel ('u l)d§+90(1 + | X)) [V(p) +,U(JC |u —f(fo)ldé-‘) +p
By(&0) P By(&)

where the constant C. = C(Q, N, v, qo, q1, 9, s, A, L) > O.

(3.13)

2

Proof. First, choose a cut-off function { between the balls B (&) and B, (&), define
n=4"wu-20),

where ¢ is given in (1.2), { € Cg"(Bp(fo),RN), 0<¢<1, X< [—2), and £ = 1 on B (). We omit the
mollification procedure here; for more details, we refer the reader to [39].
From the definition of weak solution (1.3), we get

JC AT u, Xu)l" (Xu — XO)dé = —q, JC AT, u, Xu){q'_l(u - 0)Xldé + JC BY(&, u, Xu)n“dé.
By (o)

By (o) By (o)
Add another equation
- JE A7 (& u, XOL" (Xu - XO)de = q f AT u, XOL ™ (u = OXEdé ~ A7 (&, u, XO)Xnde,
By(&o) By (£0) By,(£0)
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and combine

JC (A?(’ 5(50)’ Xf))fo,pxﬂdf =0.
B, (o)

We have

Jo = JE [A7 (& u, Xu) — AT (E u, XOIL" (Xu — XOdE = J) +Jr + I3+ Jy,
By(£o0)

where

Ji=q JC [A7 (&, u, XC) = AT (&, u, Xu)]{" ™ (u — O)XLdE,
By (£0)

n-f AT U, X0 ~ A6, 1 XO VX,
By (éo

J3 = JC [(A7 (-, 50), X))o — AT (&, LE0), XO)1XndE,
By(¢0)

Jy = JC BY(&, u, Xu)n®dé.
B

p(§0)

By Remark 2.3, we immediately obtain
Jo = CVJ[ P11 Xu — XEDL* dé,
Bl(é:O)

where ¢ depends on g and ¢;.
Then, by applying Remark 2.4, Young’s inequality (2.1), (2.3), and (2.7), we deduce

Ji < cqiA f O x(1Xu = XD XL |u — £|dé
0)

By (&

—¢
|u Id
o

< 2. f @ e (X — XD = g
B)( 0)

o (&

. , B | — €]
< 2C6]1AC(5JC Preixe (€01+|Xe|(|Xu — XtNHen l) dé + 206]1/15:}[ P1+ixe ( d¢
By (o) B,(&o)
lu — ¢
< ZC%AC&JC Groxa(|Xu — XN dE + 2CQ1A5JC 901+|x€|( dé¢.
By (é0) By (é0)

Using the definition of 1 and (AS), we split J; as

<A f (I = €)@ (1 + IXED [l = AUXZ] + £ |Xu — X 0| de := Toy + T,
B, (o)

Now, we estimate J,; and J;, separately.

For J,;, we observe that ,uq%' < u when u € [0, 1]. Applying Young’s inequality (2.1), (2.3), (2.7),
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and Jensen’s inequality, we then have

_ u—-=
pa<2nq £ (- @) xepen = ag
By(&o) P
, =N _ | — €|
< 2A9105JC @raxaWllu — €D’ (1 + 1XENET~1))dé + 2A6]15f ‘;01+|X[|( )df
Bp(é:()) Bp(&))
= . , lu — £
< 2A61105JC ulu = ECENL" @1 ixa(Praxa(l + IXED)AE + 2AQI5JC <P1+|Xe|( )df
By(&0) B,(¢0) P
- lu — 1|
< 2Aqic50(1 + | XD (JE | — 5(§0)|d§) + 2/16]15]( P1eixe| ( )df,
By(£0) By (£0)

where the last step uses the equivalence ¢,(f) ~ ¢(t) fort > a > 0, i.e.
o(1 + X)) ~ erxa(l + 1XCD.

Analogously, we estimate J,,

J» SA5JC O1xa (| Xu — XENE! dE + AC&JC ullu — €&l + |1XE)dé
B, (éo) By (o)

SA(SJC ( )¢1+|xf|(|XM = XDLMdé + Acsp(1 + | X (JC | — f@o)Wf)-
By (éo B,

(%o0)
(A6) implies
J; <AL Ji o, V&P L+ X0 | 1Xu = X€1+ i lu— AIXEN| dE = T3y + T,
(0
First, by using Young’s inequality (2.1) and v, (&, p) € (0, 1), we obtain
J31 < AL(SJg o Oraxa((Xu — XN dé + ALcs JC Plaxa (Vgo(f,P)(P’(l + |Xf|)) d¢
(o 0

&

_4q1
< AL5JC erxa((Xu — XN dé + ALC&JC Ve (&, p) 07T - (1 + | XE)dE
By (é0) By (é0)

IA

AL5JC eraxa(|Xu — X" dé + CALC(SJC ve, (&, p) - (1 + |XCE)dE
Bp(f()) Bp(f())

IA

AL(SJC erexa((Xu — XEDL!dE + cALcsV(p)g(1 + |XC)).
By (é0)

Similarly, we have

lu— ¢

J3 < cqiALcsV(p)e(1 + | X)) + qlALcSJC
By(&0)

901+|x€|( )d¢f~

Before estimating the J; with nonhomogeneous terms, we need to prove the following inequality:

Pa+1) < 2¢ (a+r). (3.14)
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In fact, from the definition of ¢/ (f), we have

+1 a+t

a
‘a+t=¢a+a+t)- ——=¢'Qa+1)- .
pla+t)=¢(a+a+i) P ¢ 2a+1) 7t

The monotonicity of ¢ yields that
Pa+1) <¢Ra+r).

In other words,

’

( +t) a+t
a .
¢ 2a +t

a+t
SQD'(2a+t)- m :QO;(G'FI).

Rearranging the terms, we get

, 2a+t t , ,
Ya+t) < t‘goa(a+t):(2—a—+t)'90a(a+t)<2<,0a(a+t).

On the basis of the inequality in (3.14), we estimate J, with (B1).

Ji<L f & (1 + XuDZ u — €lde
By (o)

SLJ[ @' (1 + X + | Xu — XD u — £ldé
By, (¢0)

<2L f @1+ X+ 1Xu = XENM e — O1dE.
(£0)

&

We define two sets E and F such that B,(&) = E U F, where

= B, (&) N{IXu - X1 > 1+|Xt]} and F :=E° = B,(&) N {IXu—-X¢t| <1+|XC]}.

Then
2L f Craxa(l + 1XE + 1 Xu — XENL" |u — {ldé

Bp(fo)

2L

"Bl
2L

1B Eo)l

c=Jy + Js.

f‘ﬁaﬂxa(l + X + | Xu — XEN! u — Cldé
E

f90’1+|xf|(1 + X + [ Xu — XEN" |u — Oldé
F

Using Young’s inequality (2.1) and (2.7) yields

2cL
Jar < f‘/’,1+|xe|(|xu = X" u - fdé
IB,(Elen Ji
/ lu— ¢
< ZCLPJC 901+|x5|(|X” X" ——dé
By(é0) 0

. , lu— ¢
< 2cLpcs JC Prxg (P (Xu — XENEM)dE + ZCLP5JC Preix ( dé¢
By (éo) By (&) P

u-—+<
D1+x¢6| (| l)d<f~
Je,

< 2CLpC5f ©1xq (| Xu — X0 dé + 2ch5f
o (S0) By (&0)
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Similarly, we have

u — £

Jun < 2cLpcse(1 + | X{)) + ZCLpéf
Bp(&))

P1+x¢| ( )df,

where we have used the equivalence ¢, xq(1 + [X?]) ~ (1 + |X{)).
Finally, we combine the estimates from J, to J4 by choosing 6, cs > O to be sufficiently small, such
that the terms involving ¢ xq(|Xu — X¢|) into the left-hand side, and we can derive the conclusion. O

Corollary 3.3. As a direct consequence of Lemma 3.4, we choose € = uy, and we obtain the following
zero-Caccioppoli inequality, i.e.

JC Cixq(|Xu)dé < CJC 901+|Xt’|(
B 2 (o) By (¢0)

where the constant C = C(Q, N, v, qo, q1, 0, cs, A, L) > 0.

|u — wuy

)df, (3.15)

The following theorem is an extension of ([30], Theorem 4.1) to the Heisenberg group, which
establishes higher integrability for a weak solution. Now we prove Lemma 3.5.

Lemma 3.5. (Higher integrability) Suppose that AY satisfies (Al)—-(A6), B® satisfies (Bl),
u € HW'(Q,RN) is the weak solution of the subelliptic system in (1.1), and the N-function ¢ satisfies
Assumption 1.1. In this case, then y = y(Q, N, v, L, qo, q1,A) > 1 exists such that (1 + |Xul|) € L?OC(Q)
and the following inequality holds:

(J[ @' (1 + [Xul)dé
Bg(fo)

where the constants are ¢; = ¢(Q, N, v,A,L,qo,q1) > 0 and ¢; = c2(Q, N, A\, L, q0,q,) > 0, for every
ball B, (&) C Q with & as its center and p as its radius.

1

<e f o(1 + | Xu)d¢ + ¢ f o(1)de, (3.16)
B, (&)

B‘r‘r2 (€]

Proof. Fix & and p > 0 such that B,(§,) C Q for every & € Q and 7 > 0, By(&) C Bg(fo). Now, we
choose 1 < 71 < 1 < 2 such that B, (&) C B (&) C Bg(fo), and introduce a test function ¢, where
¢ € CJ(Brr,(£0), [0, 1]), [X¢| < (TZ_CTI)T and ¢ = 1 in B, (&)). Next, we consider subelliptic systems (1.1)
with the test function = u — ¢(u — ug 27).

At the beginning, we obtain

Ky := JC (A&, u, Xu) — A7 (&, u,0), Xuydé
B‘r‘rz(f())
= J[ (AT (& u, Xu), X ® (u — ug, 20 )dE + JC P(ENA] (€, u, Xu), Xuydé
BTT2 (f()) B‘r‘rz (60)

- JC (A7 (€, u,0), Xu)dé + JC B*(&, u, Xu)(u — ¢(u — ug, 20))dé
Brr, (§0) Brr, (€0)

= JC ( )<A?(§’ u, Xl/l) - A?(é‘:’ u, O)’ X¢ ® (Lt - M§0,27)>d§ + JC ¢(§)<A7(§’ u, XM) - A?(f, u, O)» Xu>d§
Bir, (§0

BTTZ (é0)

4
~f @Ew0xpdes f B Xonds = ) K,
B‘r'rz (‘fo) BTT2 (50) i=1
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We first estimate Ky. Applying (A2), (2.7), and Lemma 2.3 with z = 1,z; = 0, and z, = |Xu|, we obtain

1
K, = f f (DpAX (€, u, 5Xu)Xu, Xu)d5dé
‘r‘rz(fO)

1
> f f " (1 + §1Xul)d5| Xul*dé
'r'rl (50)

. " (3.17)
+
JC f G+ SXU) e
Ber, €0) 1+ 51Xul
X
>y JC PUXUD e > ov f o(1 + [Xul)de,
B co)  1XUl Bz (60)
where we have used the equivalences ‘”ﬂ&i’f') ~ *”’&)fllul) and (1 + |Xul) ~ o(|Xul).
Next, we estimate the terms K, K, K3, and K, one by one.
Estimate for K;. Using (A1), Young’s inequality (2.1), (2.2), (2.7), and |X¢| < m we have
IK)| < cA JC o1+ Xul) 2]
ey G0) (1 =77
’ 6 |M - ugfo,ZTl
< cAcs (¢'(1 + | Xul))dé + cA——— p|————|d¢é (3.18)
BTTZ(,SO) (T2 - Tl )ql BTTZ (50) T
) |l — ug, 27|
< cAcg o(1 + |Xu))dé + cA2" ——— o|—————]d¢.
Ber, (é0) (T2 =) Jp,. @) 2t
Estimate for K,. Applying (A1) and (2.7) yields
|K>| < cAJC 1PN’ (1 + | XuD)|Xuldé < CAJC @' (1 + [Xul)(1 + | Xul)dé
BTTZ (é0) Brrz (60) (3. 19)
< CAJC o(1 + | Xu|)dé.
TTZ(";O)
Estimate for K;. From (Al), (2.7), and Young’s inequality (2.1), we deduce
Ki<af g
T‘rz(f())
< /\JC @' (DI(1 = $(E)Xuldé + AJC @' (DIXPllu — ug, ».|dE
T‘rz(f()) B‘r‘rz(&))
, , |u — M§0,2T|
<A ¢ (| Xuldé + cA ® (l)ﬁdf
T TT T2 - Tl T
B 2(5‘;:0) B 2(5‘0) (3'20)

< 5 f (¢ (1)dE + 5A f (XU + cAcy f (¢ (1)de
Brr, (§0) Brr) (§0)

Brrz(fo)
|t — thgy oo
+ cOA JC ® (¢ dé
Ber, (60) 27
— Ug, 2l

u
< cc};Af e()dé + céAJC e(1 + | Xu|)dé + C(SAJ[ go('—”)df.
Ber, (60) Brr, (o) Brr, (60) 2t
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Estimate for K,. Under (B1), we apply Young’s inequality (2.1) and use the definition of 7, together
with (2.4), and (2.7), thus we can get

|Ks| < LJC @' (1 +1Xul(1 = §(E)lu — ug 2.1dé + Lugo,sz @' (1 + [Xuldé
B 29} (§ 0) BTTZ (50)

< LJC @ (1 + [Xul|u — ug, o |dé + Lugo,ZTJC ¢ (1 + | Xu|)dé
Bae(é0)

B (o)
|L£ - M§0,2‘r|

< Lc(;JC 0 (¢’ (1 + |Xul))dé + L6(21)" JC go(—)df
Bar(é0) Bar(é0) 27

+ Lu,fo,zfc(;f @ (¢’ (1 + | Xul)) dé + LM§0,275JC o()dé
BZT(fO) B

2r(£0)
<c (1 + ugo,%) Lc(;JC

Ba:(é0)

+ Lug, 2:C5 f p(D)dé.
B (&)

(3.21)

(1 + [ Xul)dé + ¢ (1+ ug, o) Lo JC

lu — ug 2|
¢ —_—
Ba:(60)

2T ) %

Collecting the estimates for K, through Ky (i.e., (3.17) to (3.21)), using Assumption 1.1 and Young’s
inequality (2.1), and choosing ¢, ¢s > O to be suitably small, we have
(|M — Ugy 7]

VJ[ o(1 + |Xul)dé < C'JC o(1 + |Xul)dé + c"f @ )df + CQJC e(1)dé.
Ber, (£0) Bar(&y) Baréy) 2t Bar(&)

Finally, we apply the Poincaré-type inequality established in Lemma 3.3 to the second term on the
right-hand side, which gives

g
VJC o1 + | Xu|)dé < C'JC o(1 + | Xul)dé + ¢” (JC goe(l + |Xu|)d§) + C2JC e(1)dé,
B+(&) B (%0) B (60) B (§0)

where By:(¢0) C By (&o): 0

The desired higher integrability estimate now follows from an application of Gehring’s
lemma ([40], Corollary 6.1). Furthermore, as a direct consequence of Lemma 3.5, we obtain the
following Corollary 3.4, which plays a crucial role in the subsequent decay analysis of the excess
functional.

Corollary 3.4. Giveny > 1, which is provided by Lemma 3.5, if o(1 + |Xul|) € L (Q), then we obtain

f

where the constant C;, = C(Q, N, qo,q1,v,A, L) > 0.

1

¢’(1+ IXul)a'&] < ChJC @(1 + | Xul)de,
B,

(%0) o (&0)

P
2

3.4. Linearization

To facilitate the application of the A-harmonic approximation lemma, we establish a linearization
tool that conveniently compares the solution of the subelliptic system in (1.1) with the associated
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constant coefficient linear system. At the beginning, given & € Q, 0 < p < min{l, dist(&,, 0Q)}, we
define the following excess functionals:

lu — el

Y(&o.p) = JC P1+iXt, | (—) dé
By(é0) P

and
(&0, 0) = Y(&o,p) + F(éo, p)" o(1 + |XE, D),

where

F(&o.p) = V(p) + (JC |u — €§0,p(§_0)|d§) +p,
B,

p(‘fO)

with v is defined in Lemma 3.5 (also see Corollary 3.4), gy as shown in (1.2), oy € (0, 1), and ; :=

min (1 1) (1 - 1), 1]
o [P
(1 + Xl pl)

We also set
(DAIC ey (&) X))

0.0
A = .
@ (1 + X, pl)

The bilinear form is defined as

From (A2) and (A3), we can deduce that for V&,,& € R*™V and A € Bil(R*”V), the following
inequalities hold:

A, &) 2 VEP and  |AEL &) < AlE €.
Lemma 3.6. (Linearization) Let ¢ be a N-function satisfying A,(p, ¢*) < oo, assume that
W&o, p) < (1 +|Xlg) 0)), (3.22)
if u — lgp is an approximate A-harmonic function on Be(&o), then for any test function

n € Cy (Bz(&o), RM), the following inequality holds:

AX(u — L, ), Xn)dé

By (¢0)
7

(3.23)

ap+l1

2
) +F(§o,p)‘“} sup |Xnl,
B%(fo)

scl(1+|xz§0,p|){ ¥ (4.p) +( ¥ (éo.0)

90(1 + |X€é-'o,p|) 90(1 + |X€§0,p|)

where the constant C; = C{(Q,N,qo,q1,L, A, Aa(p, ")) > 0,0, was defined previously in
Lemma 3.6 in this section.
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Proof. If weletn € Cg"(B% (&), RY) and set w = u — s, p» We decompose
AXw, Xn) d¢
By (&0)
i
3 1
" (L + X o) Iy &)
—(DpAS (- ey p(E0) XL,y + X))z, | X0, X1) dlt d

1
+—
" (1 + X 0l)

1
L‘ <[(DPA;1(’ ffo,p(‘g'TO)’ X&fo,p))é‘o,p

1
f ((DPAY (-, Ly p(E0). XLey p + LX), , X0, X1) dlt d
Bp (§0) VO
7

=1+ L.
Estimate /;. We define the two subsets
Ey = By(é0) 0 {IXu = Xle, | 2 1+ |XCs,,}  and  Fy = By(&) 0 {IXu = XCe | < 1+ (XCe, ).

We split the integral as follows:
1
= X
" (11 + Xlg pDIB2 (o)l

i
(L fo <[(DPA1‘Q(" Lo p(0)s XLey pDeo.p — (DpAS (-, Ley p(E0), XCsy p + 1XW))g0 0 | X W, X77> drdé

I

1
+ f f ([(DPALC, by pE0). Xty )i — (DPAY (- Loy (). XLy o + 1X)) 1 X, Xn>dtd§)
F1 JO
= 111 + 112.

Applying (A3) to I,;, we obtain

oo fof ‘
I S 1 ~r o~ (D A?(,f N (é‘: )’ Xf , )) 5
11 90,,('1 +X€§0,p|) B%(fo) o <[ P £0,0\S0 0.0/ )é0.0

— (DpA} (-, by p(E0). XCe, p + LX), o ) X0, Xnp) dtdé
2A
(1 + X, )

1

f f (71 X + 70 Xy, + X )XV X i,
Bg(,fo) 0

Using (2.7) and Lemma 2.3, we can also get

1
f |01+ X, ) + @7 (1 + |XEe, , + X)) dt
0

. fl @ (L4 Xbogl) | @/(1+ |Xby, + 1(Xu - Xffo,,,)p] "

o | 1+1XC,,l 1+ (X, + 1(Xu— X, )|
KAL) N @' (1 + Xl pl + 1Xul)

1+ X | 1+ [XCq, | + [Xul
P+ XL )+ @' (14 XCe |+ 1Xul) 201+ |XCy,, | + |Xu)
= 1+ [XC, | = 1+ X
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On E;, we have |Xu — X€; ,| > 1 + X, ,l, i.e.
@' (1 + [Xg, ol + | Xul) ~ @' (I1Xu — XCg, ).

Fort > a > 0, ¢,(¢) ~ ¢(t) holds. Together with (2.7) and Lemma 3.4, this yields

(1 + |X€§0,p| + | Xu|)
s ——— = | Xu — X, ,|dé sup |Xn|
" (1 + Xl pl) By (&) 1+ [XC By (€

L+ Xl oo (Xu = XCe Ddé sup X7
T < < 1+|X¢,
e(1 + |X5.§0,p|) B%(go) Xl e Bp(fo)

< dep— T Xlayl (‘P@ p) + (1 + |XCs, ) F (& p)) sup | X7l
S — . - 0 , 0>
(1 + XL, ) e By @)

\P(fo’ P)

= 4cA(1 + |XC, ) (—
VN (1 + Xy, o)

+F(§o,p)) sup |Xnl.
B%)(fo)

For I,, we use (AS), Holder’s inequality, (2.9), and Lemma 3.4,

I L’ﬂ b’“ (tlJ(Lt )(é%ol)l)aol)( )(€ |(i§(it |)( |
=< u-— , su n
= By Goler <fo>|Hn XL | P

IXu — Xty ,| )“0”

< 2¢A(1 + X, pl)
e Be é) 1 X, pl

d¢ sup |Xn|
B%(fo)

ap+1

@1
O (1 + | X, DI Xu — X{’fo,pIZ) :

< 2cA(l + |X€§, )] -
v o\ #(L+ 1X e, pDIIXC,

d§ sup [X7|
B%?(fo)

ap+l

[ @' (1 + |XCs, | + 1Xu — X, p))I Xu — ngo,pﬁ]z
B;Z)(fo) L Qp(l + |Xg§o,p|)(1 + |X5§0,p| + |Xu - ngo,pl)

< 2cA(1 + | XY, pl) dé sup |Xn|

By (§0)
1

< 2cA(l +|X¢y, )

dé sup |Xn|
Bg(fo)

ggtl
Pr41xeg, | (1 X1 — ngo,pD) 2
By E0) (1 + Xl )

ap+l
2

w1
_ Crexe | (1 Xu — X, ,)dE sup |X7|
oL+ Xley o) Jpyiey 0! o By (€

< 2cA(l +|XEg,,))

ap+l
2

+F(§o,p)) sup |X7l.
sz’(fo)

¥(o,p)

< 2cA(l + | X, |)(—
OV o(1 + X, )

In the fourth to last inequality, we use the equivalence

@' (1 + | X, ) N @' (1 + | X, | + [ Xu — XCs, )
I+ [XCs, 1+ X, | + 1 Xu— X, pl
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Estimate of /. From the definition of the weak solution (1.3)
f A?(é‘:’ u, XM)Xndé: = f B(I(g, u, Xu)ndg and f <(A;X(a gfo,p(50)9 Xf.fo,p);’;‘o,pa X77>dé‘: = 0’
B%(é"o) Bg(fo) Bg(éo)

we have

1 - _
h=—— (AL Loy o Eo). Xty — (AZ (- Ly (E0). XLy )iy XY
2T (U XD Bg@o)( oot K ol Xl s X)E

_ 1 JC (
@ (1 +|XCg, pl) By (&)
1
TR
" (1 + X, 1) By (€
1
T
" (1 + X, 1) By &)

(AL, ey o E0). X))y — ALE, b, p(Eo). Xu), Xp)d
(A€, Cey (&), Xu) = AL(E,u, Xu), Xn)dé

BY(&, u, Xu)ndé

= 121 + 122 + 123.

By using (A6), vg (&, 0) < 2L, Jensen’s inequality, Corollary 3.4, (2.3), (2.5), (2.7), and Holder’s
inequality, we obtain

L
Ly L ———F7F—
@ (1 + Xl ) By (€

ve, (&, p)¢’ (1 + | Xul)|Xnldg

<Ly f & (v, (€06 (1 + IXub)de | sup |7
" (1 + Xl pl) By &) . By (&)
L [ -5 y
C .
< —— (¢ f v (€, p)dE JC @’ (1 + |XuDdé | | sup IXnl (3.4
@" (L + | Xl 0l) [ By &) g By &) By () 629
CL [ 1
<Ly f o(Xul)de| sup 1X7]
@ (1 +1XCe ) _ By é) By (&)

sup |Xn.
B%J(é"o)

cL RN S lu — ug,
<——— (Vo) 7)) “(¢) o|———|dé
@ (1 + X, pl) ( ) By (&) P

In the third to last inequality, we used ¢(1 + |Xul) ~ ¢(|Xu|). The final step relies on the fact that
V(p) € [0, 1] for a sufficiently small p, which follows from (A6).

From the hypotheses of Lemma 3.6, (2.9), and (3.22) and for all s,z > 0, ¢(s + 1) ~ @(s) + ¢(t)
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holds. Together with the Sobolev-Poincaré-type inequality (3.12) with s = 1, we further deduce

JC "D(l ué"opl) JC "0( ffopl wfo,p - ufo,p|)d§
By(¢0) p@o) P

I/\

f e —
(fo) By (&) P
|u fo Pl
<c ¢ dé +C, O(1X Ly, pl)dE
Bp (“::O) p(é:O)
|Lt :fo Pl
<c @ + | X, ol | dE
p(fO)

IA

cf ( f°p|+1+|X€§0p|)d§
p(‘f.‘:O)

|t — fé“opl
<c it | | = |4 + co(l + |X{g, o)
By (&) p

= c[Y(&o, p) + @(1 +1XC, D] < 2c@(1 + |XC, 1))
Applying (2.8) together with ¢* (£2) ~ ¢(#), and combining (3.24) with (3.25), we get

cL
L <

@ (1 + |XC, pl) By (o) By (&)

where @ := (1 - —)(1 - —)

q0
Analogously, by using (AS), we estimate /5;.

V()" (@) (@1 + XL, D) sup Xnl < cL(1 + XL, DV (0)™ sup X7l

(3.25)

A _
s ——2 b - e @D+ Xubdé sup X7
@ (1 + Xl ) By (&) P By (¢0)
cA _
<— (¢! JC @ (ulu = g, ()N’ (1 + | Xul)) dé | sup | X7
" (1 + X, ) By (&) ( foete0 ) By (&)
r 1-1 1
cA Y - 7 7
< ,,—(90*)_] JC 1T (lu = € p(E0)dE JC @’ (1 + | Xul)dé| | sup [X7l
¢ (1 +1XCg, ) [ By (€0 " By (&) By ()

a

(") (1 + X, ) sup |X7]
B%J (&0)

< cA
(1 + [ X 1)

p [ f i — fgo,p($0)|d§]
B%(-fo)

< cA(1 + [ X{g, o1 [JC | — fgo,p(éo)ld§] sup |Xn|.
Bp (é0) B%(,fo)
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Finally, applying (B1), (2.7), (2.9), and Lemma 3.4, we estimate /3.

L
Iy ———F«+—— @' (1 + |Xul)nldé
@ (1 +1XC, ) Be 6)
cLp
< — ¢'(1 + |Xul)dé sup |Xn|
@’ (1 + | XCg, pl) By (&) B (£0)
CLp f |XM — ngopl
S ot T Pl (X = X D dE sup X
¢" (1 +1Xle o) Iy e Pl D+ Xl By (&)
cLp
e ¢ (1 + Xl pDdé sup Xl
¢ (14 X ) I, e T @
1 +|X¢, |
< cLp———— Pratxeg (X1t = XCg Ndé sup X+ cLp(l +1XLg,, ) sup |X
oL+ 1XCe o) Iy e By (&) By &)
Yo, p)
< cL(1 + X, I){[— + F(6o,p)| +p ¢ sup |X7l.
PV | @(1 + 1XEg, ) By )
Collecting all estimates, we obtain the estimate of Lemma 3.6. O

3.5. Decay estimation and iteration

In this section, we use linearization tools, together with the A-harmonic approximation lemma and
the Caccioppoli-type inequality, to establish a decay estimate for the excess functional under some
smallness assumptions. First of all, we extend Lemma 5 from [41] to noncommubtative vector fields
on the Heisenberg group, then give the following useful lemma.

Lemma 3.7. (A priori estimate) If we let h € HW'#(B, (&), RY) be an A-harmonic function, i.e.

AXh, Xmdé =0, V€ C7(B,(£0),RY),
By (&)

then the following inequality holds:

r sup |X2h| + sup |Xh| < CJ[ |Xh|dé, (3.26)
Bé(,fo) Bé(fo) Bﬁ(fo)

where the constant ¢ depends on Q, N, v, and A.

Proof. Letv € HW'¥ (Bp(fo), RV ) be a weak solution of the system in (1.1). From Proposition 2.10
of [42], we can deduce

sup < 5 [ e

B (£0) = JB: )

where the constant ¢ depends only on Q, N, v, and A.
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Ifweset0 <p<randrt= g, then for Ve > 0, we can find &, € B, (&) such that

sup [v|= sup v|<e+ () <e+ sup P <e+ cf [v|dé
Bp(fo) BT}'(,{:O) B(l;‘r)p ({:*) Bw(f*)
2

20 r\¢
<eg+c o JC [vldé = € + 2Qc( ) JC [v|dé.
(1 -7 U@ r—p By(£0)

0

Since & > 0 is arbitrary, when & — 0, for Xv and X?v, it yields

0 (0]
sup IXZVISC( r ) JC IX2idE,  sup IXVISC( : ) f IXvIde. (3.27)
B,(&) r—p B,(£0) By(é0) r=p B, (&)

Now, by combining (3.27), Holder’s inequality, and the Caccioppoli inequality, we derive

1

2
sup |1X%v| < ¢ f IX?v|dé < ¢ J[ IX*v[dé
Bé(_fo) Bg(fo) Bg(,fo)

1 1 1

2 2 2
<< JC xvfPde| <€ f xovlde | | sup 10 (3.28)
"\VB: &) F\VB:r @ Br (%)

c
s—f |XVIdE.
"I

Combining with (3.27) and (3.28), for v € HW' (Bp(go), RN ) and a standard approximation
argument ([42], the proof of Proposition 2.10, Step 2), we can get the desired a priori estimate for a
general v € HW'¢ (Bp(fo), RN).

Remark 3.1. Although Proposition 2.1 from [42] is stated in the Euclidean setting, its proof relies only
on the doubling property of the underlying measure and the Sobolev-Poincaré-type inequality. Both
properties are available in the Heisenberg group setting, and the Sobolev-Poincaré-type inequality for
the horizontal gradient X was established in Lemma 3.3 and Corollary 3.2. Hence the same argument
applies verbatim by replacing the Euclidean dimension n with the homogeneous dimension Q = 2n+2
and the standard gradient with the horizontal gradient X.

On the basis of the abovementioned estimates, we can now establish the estimation of the excess
functional.

Lemma 3.8. (Decay estimation) Assume 6 € (0, 1] and that for any ball B.(&y) C Q with r < po, the
following smallness conditions hold:

Y(&o,r) < 619(1 + Xl ) and  F(§o,n)™ <6, (3.29)

5. = mi CoQ6%! )q] (5_0)“2"
M Berae-) e

S 2
%=(3)

where
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As 0 is given in Lemma 3.1 and if ay € (0,1), a; is provided in Lemma 3.6, then the following
inequality holds:

W(&y, Or) < CL,0°W* (&0, 1),
where the constant C, only depends on Q, N, v, A, L, gy, and q;.

Proof. For any ball B,(&)) C Q, the definition of W* (&, r) together with (3.29) yields

P (&0, 1) (&, 1)
2 = = + F(&, N <68, +6, < 1. (3.30)
o(1 + [Xbe,,) — @(1 + X, ) o e
We set
u — ffo,r

W= ———————.
Ci(1 + X0, D)

We then deduce the estimate

AXW, Xp)de < T

341(60)

( P(&. r) f+( ¥(&.7)
o(1+ X6, \o(1 + X))

) +F@Jﬁ}wpwm
Bﬁ(«fo)

Given the assumptions in (3.29) and the selection of ¢y, ,, we conclude that W is an approximate
A-harmonic approximation function and have the following estimates:

N
AXW, Xn)dé < F[éf +0 + 6;] sup |Xn| < I'éy sup |Xn|.

Bg(s‘o) Bi(é“o) Bi(é“o)

Applying Lemma 3.2 and Corollary 3.1 to the mapping t — 901+|X[§OJ|((1 + X, /1)), we find that there
is a real A-harmonic function 4, such that

w—h
JC 141Xz, ((1 + | X, /) |— ‘)d‘f
Bi(fo) 4 (3 31)
SCGS[JC 901+|x€§0,r|((1 + | X, DIXW))dE + ()01+|X5§0,r|((1 + | X, NI)|.
Bi(sfo)
Using the inequality ¢,(sa) < cs*p,(a) for all s € [0, 1] and (3.30), we obtain
@1ty (1 +1XCe D) < cTP@1uxey (1 + Xy ,) < cTP(1 +1XE, D), (3.32)

where the final step relies on the equivalence ¢,(t) ~ ¢(a) for t > a > 0.
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Next, by Lemma 3.4, (2.2) and the definition of Y¥* (&, r), we estimate

f o1t (1 + XL, IXNE
Br (&)

JC (lXu - XgEO’A)dg
SD 5 , —_—
B (£0) B C

CJC Preixty,,| (|XM - ngo,r|) d¢
A (3.33)

lu = Ce, .l
<C, {J[ Propete, ( ls, )dg + (1 + Xl )| V(r) +u [JE |t — ugo,,ldf) +r }
Br (&) B (&)

3
ffo,r|
=c <P1+|X€$O,| dé + o(1 +1XC, ,)F(&o, 1)
B:(é0) r
@(1 + X Ce, 1) = (1 + Xy, ).

IA

oV (50.7)
(1 + XL, 1)

Therefore, we substitute (3.32) and (3.33) into (3.31) and yield

JC Preixtz, | ((1 + X, 1)
Bﬁ(fo)

Subsequently, by applying Theorem 18 from [37] to the t — (,01+|ng01|((1 + |X?g, /1)t) and combining it
with (3.33), we have

<c [$(&0, 1) + @(1 + X Ce, DF (&, ™ | =

w ok D dé < ceT?p(1 + |XCz, ). (3.34)

4

f 1o (1 + X, DIXHI)dE < ¢ f 1o 1Xtt = Xeey ) < cT6(1 +1Xbe, ).
Br(%o0) Br (&)

For t < 1, the following inequality and equivalence holds:

Pr+ixeg, (1 + X, /1) 2 (1 + X, (1 +1)%) S P U r
o(1 + X, 1) (I'+0 o1 + X, 1) (1+1)7?

Therefore, we set ¥(t) = (,D]+|Xg£oyr|((1 +|X¢g, ,))t) and by applying Jensen’s inequality, (3.26), and (3.34)

to get the estimate
f XHidé = " -y f XHide | < [ f (X hl)dE
Bi(é:o) Bi(‘fo) Bi(fo)

Yy (JE Preixeg, (1 + [XCs, DIXRI)dE
Br (%)

(3.35)

IA

(Pl +|XCs, D) < ™ (@ramxeg, (1 + 1XCe, DT
(W) = I

Fix 0 € (O, %] and choose the special affine function
EP@E) = hgyor + (Xh)gy 00(E — &),
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Using (3.26), (3.35), and Poincaré inequality, we find

sup |(&) — P (@)| = sup |h(E) — hgy (&) — (XR)gy 0(€ — &)l
By, (£0) Bor(£0)

< ¢, 0% JC |X?hldé < c6Pr J[ IXh|dé < c6°rT.
Bg(é“o) BAL(fo)

Applying ¢,(sa) < cs*p,(a) for s € [0, 1] again, we deduce

JC 11Xtz | ((1 + [ XD
By, (¢0)

On the one hand, combining (3.33) with (2.2) and (3.36), it yields

f Pres ((1 +1XE )
By (é0)

SCJC Pr+Xee) | ((1 + Xl 1)
Byr(£0)

c 1
< 1+ X, ,
~(40)2 (40)7 ng ey TG (( X,

<0 1T (1 + | XL, ) + T (1 + [ XEe, ).

M
Or

)dg < P01 + X, ). (3.36)

Ww— (™
or

)i
h— ™
Or

w—nh
9—‘) dé + CJC Preixty,| ((1 + X, ) )df
r By (£0)

w—nh

)dg + 6% o(1 + X, )

1

Furthermore, we choose €' < 82+9*2 and combine the definition of ¥*(&,, r), and we obtain

J[ 141Xz, ((1 + | Xl 1))
By, (£0)

On the other hand, we apply (2.2) and Lemma 2.7

o — ®

)dg < 01 + X, ,|) = 0¥ (&, 7). (3.37)

W — £
JC Preixtz, | ((1 + | XY, ) )d§
By (£0) r
u- 5&) r 1
= 1+1X, ) | =——— - €| —|d
JEBM%) Pr+|Xtg, /| (( X, 1) Ci(1+ XCs, ) 91”) & a3
u = e, — € Ci(1 + | XCy, ) '
>c Preixty,,| - 7 : dé
By (£0) r
|u — fgo 0r|)
>c ® A ——|dé.
Jger(fo) i ( or
Therefore, from (3.37) and (3.38), we get
|M - ffo,@r' -
()01+|X{’§0J| 9— df < c6 ¥ (fo,r). (339)
Bor(&0) r
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Next, we prove that 1 + X0z | ~ 1 + |X{g o,|. From (2.16), Jensen’s inequality, (3.29), and (2.5), the
following inequality holds:

(Q-2)(0+2) u—"Le,
X, — X ] < “rl g
“ ol CoQ Baté |  OF ¢
0 +2) 1 —
< (O-2)(0+2) IJC u—Lg, dé
CoQ 0% Il T

[«fo r

< Q-2)0+2) 1
< Co0 gO+1 ¥ 141Xt | . Pr+(Xte, |

L©@-29@+2) 1 o]
< CoO go+1 P141Xte, 0|

)df)
) 2) 1 L X
< (© O +2) 6q1 l+|X€fo r|(16 Pi+ixty, ’l(l + | f"co rl))

(G1p(1 + X, ,1))

- Co0 gO+1
(Q 2)XQ+2) 1 L
C()Q 9Q+16 1(1 + |X€{~‘O,r|) S 5(1 + |X€§OJ’|)7
where we have used 6; < ( %)ql
Consequently
3
1 + IX&E(»@r' < |X€f(),97' - Xfé—‘o,rl + |X€§0J‘| —+ 1 < E(1 + |X€§O,r|),

and

1
1+ |X€§0,r| < |X€§0,r - X€§0,9r| + |X€§0’9r| +1< 5(1 + |X€§0,r|) + |X€§0’9r| + 1.

We rearrange the terms, i.e.

1
5(1 + X)) < 1+ X 60,

which implies
1+ |X€§o,r| ~1+ |X€§O,9r|~

Furthurmore, we have @14 x, () ~ @14x¢,,,10)-
Combining this with the estimate (3.39), we finally obtain

|l/l -t ,9r| %
JC P1+|Xe 00l (9—&) dé < C,6*¥ (&0, 7).
Byr(£0) r

That is
W(&, Or) < CL0°W* (&, 7). |

We now introduce an additional excess functional which will be used in the subsequent iteration of the
decay estimate from Lemma 3.7, i.e.,

r

X (1-a) | u{-‘o rl
¥, (&, ) = 10 o dé, for a e (0,1). (3.40)
B,(¢o)
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Lemma 3.9. (Iteration) Assuming the conditions of Theorem 1.1, for any a € (0, 1), there are the
constant &,, 0., p. > 0, and 6 € (0, %], where all constants only depend on Q, N, v, A, L, qo, and q,, such
that for any r € (0, p..), B.(&y) C Q satisfies

W&o, 1, lgy ) < 8:0(1 +1XCg ) and  Wo(&o,1) < o, (3.41)

and
W&o, 1, lgy0ir) < .01 + X gir]) and o (&, 0'r) < 0. (3.42)

Proof. At the beginning, we suppose

_qo(llfa)
1 1 -2 2
o < min g,(zmlcﬁ_z,[% \/Cs(Q YO+ )q]] |

CoQ
and
2 01+0 [ C3(0-2)0+2)\ 1™ qll(qg(rga) 1)
: COQQQJr1 a 0o\ 1 m( o0 )
€, < min ,(_) (= |
80 +20-2) '\ (2c

and when o, and r, are sufficiently small, we have

1\ ]@ 50 2
[V(r*) +r,+u (l’* +crio)’ )] < min {(Z) ,8*},

—, C; is given in Lemma 3.7, and Cj is defined as follows.
(1)
We now apply mathematical induction on the index j to obtain the desired conclusion. For j = 0,

(3.42) reduces to (3.41), and then the conclusion follows. Assuming that the conclusion holds for some
J € Ny, we proceed to prove it for j + 1.
First, we use Holder’s inequality and (2.2) to obtain

f = 10z
Br(é:())

1 f 1
__ e — e +—f e — g, ld
Bt Janf =) " N T B Sy

where ¢ :=

r | u§0 r|
" e o “
+(€0)|r B,(go)n{fox} r

df) 1B,(€0)lp

U— Ugr 0

-
P4
1B, (o)l [‘fBr(go)m{Wﬂ}

1
<r+— 1 (JE ¢(—|M—M§0,r|)d§)q0 :
o(1)w \JB:(&) r

From (3.40), we can obtain

F(éo,7) < V() + 1 + u(r + e, (&, 1)),
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We note that r < r, and 6 < 1, we can derive the following inequalities from (3.41):
F(&,0'r) < VO'r) + 0'r + (er + E(er)“‘Pa(er)qu)
1
<V(@r)+r. +u (r* + Erffo"”’) )

By selecting an appropriate parameter €, and applying Lemma 3.7, we can deduce that
W(&0.67'r) < Cr6°W" (&, 6'r) < 20,67 £.0(1 + XLy, gi1). (3.43)

Next, we use (2.16) and Jensen’s inequality to calculate

-2 +2) 1
(XCeo i = Xlgy 01,1 < (@-20+2 1 JC lu — €y 0irld€
» Co0Q 67 r Byjr1,(&0)

<(Q—2)(Q+2) 1 JC
- GO 09 g 0T
Q-2)Q+2) 1 [ JC (lu - 550,9,-,|) )
< _ A —=—14¢].
CoQ o1 P1HXCy 4| By, (€0) P\ ™ gir ¢

From the definition of the excess functional ¥(&y, 6/r), (2.5), and (3.42), we can also obtain

-2 2) 1 ,
© CT)(QQ . )6Q+1"0¢|X€foﬂfr| (‘P(fo, 9]”))

(0-2)(Q+2) 1 _
< Co0 9o+ ‘Plhxefow (8*90(1 + |X€§0’9_,r|))

1
_(©@-2@Q+ "
ST G0 et

1
_ Q2@+ s
S CoQ 9o+1 901+|X€£0

< 4(Q ~-2)(Q+2) &l
Co0Q 62o+!

u—-~Le gir
| Gy | dé

| Xy 00 — XCgp 001, <

P+ XL 00D (3.44)

,e.frl (16(’01+|X'€§0,9h|(1 + |X€£o,6-fr|))

(1 + X 0i,]) < %(1 + | Xl 0rl)-
Here, we utilize (3.44)
L+ Xy pirl < 1+ X 0ir — X pirif] + 1 X g pi01,] < %(1 + X D) + (1 + [ XLy, pivr, ).
By rearranging the terms, we have
L+ 1XC girl < 2(1 + | XCy, giv1, ). (3.45)
Therefore, combining (3.43), (3.45), and (2.2) with a suitable 6, we can obtain

W (&, 071'r) < 2C260%e,0(1 + [XCs, 01r]) < 2C26078.0(2(1 + |XCs, giv1 1))
< 007,29 o(1 + [XCe, gint,]) < 00(1 + [XEp, giv, ).

AIMS Mathematics Volume 11, Issue 8, 23510-23550.



23543

Next, we prove the second conclusion. Select a special affine function

gfo,ﬁfr(é_:) Y= Ugypir T ngo,afr(g - é':O)

By using (2.17), (2.9), and the Sobolev-Poincaré-type inequality (3.12) with s = 1 and a suitable 6, we
obtain

lP(Y(fO, 9j+lr) — (0j+lr)q0(l—a) f

Byj+1,(&0)

< (@ p)Pi-o J[ QD(W - ufo,efrl)dg
< -
Byjo1, &) 0 ir

. u— "Lz g Ce piy — Uz, gi
< (61 pymi-o J[ 90(' worl | Mo fo,wr|) i
Byjen (€0)

Qi+l Oi+ly

: u—"Le, i Ceypir — Ugy 0ir
< (@ pynii-e) [ f go(—l o ')d§+ f 90(—| tosir ~ Vgos l)dgl
Byjs+1,(60) 0x'r Byj+1,(60) 67 r

; —a |I/l - ,9'r|
< C(g]+1r)qo(l ) lf © (Té;oj d‘f + Cp JC © (|X€§0,Hfr|) df
Byj+1,(60) r Byj+1,(£0)

. = Lz gl
< (7 )10 o —2 4 |X€, 00, | dE
Bg/'+1 (é0) 01+11" >0’

u-—u i+
‘p(l £0.0 ll)df

Qi+l

< (@ )t Ji “ Preixe, (W) dé + (@' )PV p(1XE, i)

C(gj+lr)qo(l—a) S
Qa+Q

c(@/ 1 pyp-a)
Qa1 +Q

(&, 6'r) + c(0" ' )™ Vp(1 + |XCp, i)

£.(1 + [XC, girl) + C(9j+lr)q0(l_a)90(1 + | Xy, girl)-

From (2.16), we obtain

(Q-2)(0+2) 1 (Q-2)(Q0+2) U = Ug, gir
Xy pir] < = — | — g, o1, dE = — L
CoQ 0’r Jp,; & CoQ B, Gl 0T

We then choose the constant ¢ such that CoQ < c(Q + 2)(Q — 2) J% ) M_L;i(;’gj’ d¢ and we define

6J 1\
Cs := ¢ + 1. In this way, the following inequalitiy (3.46) holds, i.e.,

G(Q-2)(Q+2) U — Ug pir

1+ X, 05| < ——|d¢. (3.46)

0.0 COQ B, 60 9ir ‘f
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Since the N-function ¢ is increasing, using Jensen’s inequality, we have

G(Q-2)(Q+2) U = Ug pir
1+ 1XC o) < el
o+ s o S | O g
C3(Q-2)(Q +2)\" J[ (|M - Mgo,efrl)
< —d
: CoQ ) b \ O ¢
C3(Q -2)(Q +2)\" 1 :
7 o ) @y o080
_(CQ-20+ 2))‘“ !
= - .
Co0O (67r)201-2)

By selecting an appropriate 6, we can estimate

Wo(éo, 67'r) <

(@ P10 (C3(Q = 2)(Q +2)\" 1
Ex _ o,
on+Q Co0 (67r)a01-a)

C3(Q -2)(Q + 2))ql 1

Jj+1_\go(1-a@)
Hen C( Co0 @m0

< 1 N 1
—Ow+ =0, = 0..
2

2

Thus, we have completed the proof.

3.6. The proof of Theorem 1.1

On the basis of the preceding series of estimates, we now prove Theorem 1.1 of the present paper

to obtain the partial regularity result for weak solutions.

Suppose that
liminf JC IV(Xu) — V(Xu)g, ,)I?dé = 0,
p=0 I,
and
lim sup JC Xudé| < oo.
p—0 By(£0)
From (2.13) and (2.14) in Lemma 2.4, we have
JC IV(Xu) — (V(Xu))g, > d€ ~ Pr+ixug, | (X1 = (Xu)g, p)dE.
Bp(f()) Bp(f())

We then get

it £ ot (X = (X e =0
By (o)

p—0

(3.47)
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Next, by applying Sobolev-Poincaré-type inequality (3.12) with s = 1, (2.9), and (3.47), we obtain
U= Ug,p

W, (&, p) = pP=® J[ 90(
By(&o) P

< Cpp™t=® JC (| Xulde
Bp(fO)

)

< ¢p= f o(1 + |Xul)dé
Bp(‘f())

< pi- f (1 + (X0 + X1t — (Xut)e, )
By (&0)

< cp® f Pre10ang, | (1Xtt = (Xu)g, )DAE + cp™ "V p(1 + [(Xu)g, ).
B, (o)

Furthermore, by applying Lemma 2.2, we have

lu — Lg, ,l
W(&o,p) = JC P1+|Xte, (ﬁ) dé
By (&) P

<G JC Pr+|Xe, (|XM - (Xu)go,pl) dé
Bp(fo)

< C5JE Pr+{(Xug, | (|XM - (Xu)go,p|) d& + CsQisixe,, | (|(Xu)g0,p - ngo,p|)
B

p(é:())
< C5J€ o Pr{(Xug, | (|XM - (Xu)go,p|) d& + CsP141Xuy (|(XM)§0,p - ngo,p|)
p\S0
< C&f 901+|(Xu)§0’p| (le/l - (Xu)go,pl) dé:
By(éo
The selection of &) is determined by the aforementioned estimation, where 0 < p < r exists such that
W(&,p) <6, and Y. (&,p) < 0. (3.48)

By the absolute continuity of the integral, we can find that in a neighborhood U of &), we have
Y&, p) <d. and Y.(,p) <o, VEeU.
Next, if we let p € (0, 7], k € N, exists such that c**!r < p < o*r. From Remark 2.3, (2.3), and (3.48),

we can obtain
(1-a) | — gy |
lP(z(é:Oap) = qu “ "2 —_— dé:
Bp(fO) p

3 (o) (1o f ¢(|u - Lté:o,(,-krl)dg
Byl I, p

c(o-kr)q()(l_a)|B0'kr(§0)|H” |l/£ - ufo,(rkr|
o\ —— o |d¢
1By (&)l Botrepy e I,y

c(o* )=o) i — ugy ot p
o2+ ¢ okr g
B . (&0)

C
0—Q+Ql

IA

IA

¢ k
= OTHII\PQ(SO’O- r) <

0, <00,
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Therefore

sup WY,(&,0) < 0.
¢éeU,0e(0,p0]

Finally, applying (2.2), we get

_ q
0(1-0) Jf UZ e e
Byl O
0—‘]0(1_0’) f u— u{_.o_ q0
- —| d€
|Bor (&)l B(,(‘f)r\{ %kl} o
+—0—q0(1_a) kT e(1)dé
1Bo(&)lsnp(1) B(,(g)n“%‘ﬂ} o
O-qO(l_a) u-—u
<git-o T (p( U= tse )dg
| B (&)l (1) By (&) o
qo(1-a) —
—g - | g 90( U=t )dé‘:
(1) Jp,e o
and
: JC
sup lu — g |"dé < 0.
geUre0,0) T Jp 6 -

From Campanato’s characterization of Holder’s continuity, we get the weak solution u € C**(U, R").
4. Conclusions

In this paper, we have studied the partial regularity for weak solutions of subelliptic systems (1.1)
under Orlicz growth on the Heisenberg group. The proposed approach is based on the A-harmonic
approximation technique, specifically adapted to handle the noncommutativity of vector fields and the
nonlinearity of the systems. This framework provides a unified method for studying both
superquadratic and subquadratic cases, effectively avoiding the complexities typically associated with
applying Taylor expansions on the Heisenberg group.

We established several key theoretical components, including an A-harmonic approximation
lemma and a Sobolev-Poincaré-type inequality compatible with Orlicz growth. By developing
linearization tools that compare weak solutions with homogeneous linear systems, we derived decay
estimates for the excess functional. These results ultimately led to the proof of Theorem 1.1,
characterizing the singular set and demonstrating that weak solutions achieve Holder’s continuity C%®
within the framework of Campanato spaces.

From a theoretical perspective, this work extends the regularity theory for variational problems
with nonstandard growth to the setting of noncommutative geometry. The simulation of the iteration
process and the decay analysis confirm that the A-harmonic approximation method is highly effective
for addressing subelliptic systems. Our findings provide new insights into the regularity of solutions on
Carnot groups and offer a robust foundation for future research into more general degenerate elliptic
equations.
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