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Abstract: We developed a fully discrete scheme for the Allen-Cahn equation on polygonal meshes
by combining a second-order implicit-explicit (IMEX) backward differentiation formula (BDF2) with
a nonconforming virtual element method for spatial discretization. To rigorously justify the global
Lipschitz condition required in the analysis, we employed an explicitly defined truncated polynomial
potential that coincided with the standard quartic double-well potential on [-M, M] and had quadratic
growth outside this interval. Under a suitable time-step restriction, the proposed scheme satisfied a
modified discrete energy dissipation law. Optimal error estimates of order O(A**! + 72) in the L*-norm
and O(h* + 72) in the H'-seminorm were established. In particular, a discrete Laplace operator adapted
to the nonconforming virtual element space was introduced to avoid temporal order reduction in the
H'-error analysis. Numerical experiments confirmed the theoretical convergence rates.
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1. Introduction

The Allen-Cahn model, originally proposed by Allen and Cahn [1], is a fundamental phase-field
equation for describing antiphase-boundary motion and interfacial dynamics in crystalline materials.
We consider the following two-dimensional Allen-Cahn problem:

U; —6Au+]7(u) =0, (x,H)eQx(0,T],
u=>0, (x,1) € 0Q x (0,T], (1.1)
u(x,0) = u’(x), x € Q,
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where Q c R? is a bounded convex polygonal domain, £ > 0 denotes the interfacial-width parameter,
and u represents the phase variable.
The standard quartic double-well potential

Fan() = 7(° = 1?

gives the cubic nonlinear function
3
Jaw(s) = 57 = .

However,
fi(s)=3s" -1

is unbounded on R and therefore does not satisfy the global Lipschitz condition required in the stability
and error analyses.

Following Shen and Yang [2], for a fixed truncation threshold M > 1, we replace the quartic
potential by the quadratic-growth truncated potential

3M? -1 1
> s2—2M3s+Z(3M4+ 1), s>M,
~ 1
F(s) = Z(S2 - 1), Is| < M, (1.2)
3M? -1 1
§2+2M3s + 4—1(3M4 +1), s<-M.

Its derivative is
BM?> - 1)s -2M>, s> M,

fo)=FY() =45 -s, sl < M, (1.3)
BM?> - 1)s +2M?, s<-M.
The values and the first two derivatives of F match at s = +M. Consequently,
FeCXR), feC'®).
Moreover,
3M? -1, |s|> M,
P()=432-1, |s|<M, (1.4)
3IM> -1, s==+M.

It follows that _
Y oy = 3M* = 1. (1.5)

Therefore, . .
lf(r)— f(s)| < Llr — s, r,s €R, L=3M" -1. (1.6)

The truncated potential agrees exactly with the standard quartic double-well potential on [-M, M].
Therefore, if the exact solution satisfies

lellz0,7:200)) < M,
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the original and truncated Allen-Cahn equations coincide along the exact solution.
The corresponding energy functional is

E(u) = f (f|vu|2 + F(u)) dx. (1.7)
o \2
For a sufficiently regular solution, testing (1.1) by u, gives
d 2
EE(M(I)) = —[lu(®lly < 0.

The variational formulation of (1.1) is to find u € L*(0, T; Hj(€2)) such that
{m(ut, v) + ga(u,v) + (f(u),v) = 0, Yv € H\(Q), (08)

u(0) = u°,

where

m(u,v):fuvdx, a(u,v):fVu-Vvdx.
Q Q

Since analytical solutions are generally unavailable, efficient and stable numerical methods are of
considerable importance. Various approaches have been developed for the Allen-Cahn equation.
Finite difference methods were studied in [3—5] for mimetic operators, explicit stability, and discrete
maximum principles, and in [6] for exponential time differencing schemes. Finite element methods
were investigated in [7-9] for stabilized formulations, maximum-principle-preserving schemes, and
the backward differentiation formula (BDF) error analyses. Weak Galerkin methods were developed
in [10, 11] with scalar auxiliary variable and a second-order backward differentiation formula (BDF2)
approaches. Discontinuous Galerkin methods were considered in [12] on polygonal meshes.

The virtual element method (VEM), introduced in [13], provides considerable flexibility on
general polygonal meshes. It avoids the explicit construction of virtual basis functions and permits the
use of polygonal elements with complex shapes. The VEM has been applied to various problems.
Parabolic equations were studied in [14] and elasticity problems in [15]. The Stokes and
Navier-Stokes equations were addressed in [16], while Maxwell equations were treated in [17].
Allen-Cahn-type gradient flows [18] and the Cahn-Hilliard equation [19] have also been investigated
within the VEM framework.

The theoretical distinction between conforming and nonconforming VEM is crucial to our analysis.
In the conforming case,V, C Hy(Q) permits direct use of Céa’s lemma and Galerkin orthogonality.
For nonconforming VEM, V}, ¢ H}(Q), so gradients are only elementwise defined and interelement
jumps cannot be neglected. This gives rise to two major challenges: (i) The error analysis invokes the
second Strang lemma, requiring careful control of consistency errors via weak continuity (edge/face
moments); (ii) A discrete broken H'-seminorm is needed, and crucially, a modified discrete Laplace
operator A;, must be constructed to close the test procedure for optimal H'-error estimates under BDF2
without order reduction. These nonconforming-specific difficulties make our optimal error estimate for
the Allen-Cahn equation theoretically nontrivial and methodologically significant.

Analogous to nonconforming finite element methods, the nonconforming VEM relaxes the
interelement continuity requirements. The nonconforming VEM was introduced in [20]. It was
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subsequently extended to the Stokes equations in [21], the Navier-Stokes equations in [22], and the
divergence-free formulation for Navier-Stokes in [23]. The Darcy-Stokes problem was considered
in [24], coupled Ginzburg-Landau equations in [25], plate-bending problems in [26], linear elasticity
in [27], and the Cahn-Hilliard equation in [28].

To the best of our knowledge, the optimal broken-H' error analysis of an implicit-explicit (IMEX)
BDF2 nonconforming VEM for the Allen-Cahn equation has not yet been established.

The proposed method has several advantages. First, the VEM permits general polygonal meshes
and therefore offers considerable geometric flexibility. Second, the nonconforming formulation
relaxes global continuity requirements and uses computable edge and element moments as degrees of
freedom. Third, the IMEX BDF2 discretization treats the diffusion term implicitly and the nonlinear
term explicitly, so that only a linear algebraic system is solved at each time level. Finally, the discrete
Laplace operator introduced in this work leads to an optimal second-order temporal estimate in the
H'-seminorm.

The method also has several limitations. Its modified energy stability is conditional and requires
a sufficiently small time step. The theoretical analysis uses the truncated polynomial potential (1.2),
assumes sufficient regularity of the exact solution, and is currently restricted to constant time steps
and two-dimensional polygonal meshes. Moreover, no discrete maximum principle is established.
Unlike (scalar auxiliary variable)- and (invariant energy quadratization)-type formulations, which can
often provide unconditional stability with respect to an associated modified energy, the present method
emphasizes a simple linear IMEX implementation and optimal nonconforming VEM error estimates.

The remainder of the paper is organized as follows. Section 2 introduces the nonconforming
virtual element space and the discrete bilinear forms. Section 3 presents the fully discrete IMEX
BDF2 scheme. Section 4 establishes the conditional dissipation of a modified discrete energy.
Section 5 derives optimal L?>-norm and H'-seminorm error estimates. Section 6 presents numerical
experiments.  Finally, Section 7 summarizes the principal conclusions and discusses possible
extensions.

2. Nonconforming virtual element space

Let 77, be a family of polygonal decompositions of Q. For each K € 7, let hxy = diam(K),h =
maxger, k. Let &, denote the set of all edges of the mesh.

Let K™ and K~ be two neighboring elements sharing an interior edge e, and let n, be the unit normal
directed from K" to K~. For a piecewise regular function v, its jump across e is defined by

[v] = vig+ — VIg- -

On a boundary edge e C 0Q2, we set [v] = v|,.
For k > 1, let P;(K) denote the space of polynomials of degree at most k on K. The augmented local
virtual element space (see [29]) is

V(K) = {v e H'(K) - :V

€ Py_i(e), Ve COK, Ave Pk(K)} .

e

The set of local degrees of freedom (D) consists of:
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e The edge moments
1
H qudsa q € Pr_i(e), eciK;
e e

e The element moments |

— dx, € P,»(K).

Let a®(-,-) denote the restriction of a(-, -) to K. The elliptic projection
I} : V(K) — Pu(K)

is defined by
a“(Igv.q) = a*(v.q), g € Bu(K),

fHZvds:fvds.
oK oK

The local virtual element space is defined by

together with

V(K) = {v e V(K) : (v, @)k = (Tgv, gk, q € Pu(K)/Pia(K)}

The linear functionals collected in (D) constitute a unisolvent set of degrees of freedom for the local
virtual element space V(K). Here, Py (K)/P_»(K) is understood as the L*(K)-orthogonal complement
of Py_»(K) in Pi(K). These degrees of freedom permit the polynomial projections ITy, and IT% to be
computed without explicitly constructing the virtual basis functions.

The global nonconforming virtual element space is

V, = {v € L*(Q) : vk € V(K), VK € T, f[v]qu =0Vq € Pri(e), Ve e Sh}-

Since V), ¢ H}(Q), we use the discrete seminorm

1/2
2
[Vli = [Z |v|1,K) :

KeTy,

For each K € 7, define
ak(,w) = a* Mgy, gw) + SK(U - TIY)v, (I - TT)w)

and
mi (v, w) = (5w, TISw)k + [KIS (I = TT%)v, (I - TT3)w).

We choose a symmetric positive definite stabilization SX(, -) of the form

NK
SKw,w) = ij(v)xj(w), N = dim V(K),

J=1
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where X;(v) denotes the jth scaled degree of freedom of v on K.
The discrete bilinear forms satisfy the polynomial consistency properties

af(,p) =d“(v,p), mf,p) =, pk,

for all v € V(K) and p € Pi(K).
Moreover, there exist positive constants ., a”, B., 5", independent of A, such that

a.af(v,v) < ahK(v, v) < a*af(v,v)

and
2 K 2
Billlox < my (v,v) < BVl ¢

The global discrete bilinear forms are

ap,(v,w) = Z af(v, w), mu(v,w) = Z mf(v, w).

KeTy, KeT)

Consequently,
lan(v, w)l < @[V aIwlin

and
lm;, (v, w)l < B¥[Vllolwllo-

Lemma 2.1. (/30]) Let P*: H**'(Q) N Hy(Q) — V), be the energy projection defined by
ap(P'u,vy) = (=Au,v), Vv, € V.
Then, for every u € H*"'(Q) N Hé(Q),
ju = Pulyy < CH lulie 2.1)

and
llu — Pully < CH** [ulyss. (2.2)

Here and below, C > 0 denotes a generic constant independent of h and 1, although it may depend on
the domain, mesh regularity, g, T, and appropriate norms of the exact solution.

3. Fully discrete scheme

Let -
O=t<t;i<---<ty=T, t,=nrt, T:N.
We write
un = l/t(-, tn)
and denote the fully discrete solution at #, by u € V.
For v, € V,,, define the discrete nonlinear function elementwise by
o] =Ty (Fwn), K € T 3.1)
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The fully discrete IMEX BDF2 (see [31]) nonconforming VEM scheme is to find uZ“ eV, for
n > 1, such that

n+l _ n n—1
(3uh duy + u,
my,

> , vh) + 8ah(uz+l , V) + (2};:(112) - ﬁ(uz_l), vh) =0, Vv, € Vy,

(3.2)
ug = Phy0,

The first value u, is computed using the first-order backward differentiation formula (BDF1)

initialization described in Remark 5.1.

Lemma 3.1. ([25]) Assume that
uy € L*(0,T; LZ(Q))-

Then,
3t — 4yt + u!
M?H - 5 < CT2||uttt||L°°(O,T;L2(Q))~ (3.3)
T 0
4. Conditional modified energy stability
For v, € V), define the discrete potential energy by
Fivn) = > f F(Tgvy) dx, (4.1)
KeT, VK
and the discrete physical energy by
g
Enn) = Zan(vi, vi) + Fn(vn)- (4.2)

Define the discrete mass norm by

2
Wally, = mu(Va, vi).

The stability of m,, gives
Belvallg < vall, < B lvalls. (4.3)
Forn > 1, let
art = ut -l

The modified discrete energy is defined by

n+l _ n+1 n+l||2 _ 1 L
7—{h+ — Eh(uh+ )+ T]T dh+ ||mh , 177_ = 4—T + 2—3*, (44)
where L = 3M? - 1.
Theorem 4.1. If
2.
< , 4.5
T< 37 (4.5)
then the solution of (3.2) satisfies
H < H, n>1. (4.6)

Thus, the proposed IMEX BDF?2 scheme is conditionally stable with respect to the modified discrete
energy (4.4).
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Proof. Taking

v = dZ+1
in Eq (3.2) gives
3dZ+l —dy n+l  gn+l n—-1y gn+l
my | =5 A |+ e di + (2fiup) — fuy™). i) = 0. 4.7)
The symmetry of a;, gives
ah(l/ln+l dn+l) — [ah(un+l MZH _ ah(”z, MZ) +ah(dz+l’dz+l)]- (48)
By Taylor’s theorem and II(f)'HLw(R) <L,
Fauy™) = Fady) < (fie), dy') + ||H°d"“||0. (4.9)
The global Lipschitz continuity of fyields
-~ L
(et = Futaty ™, )| < LIl o < 5 (151 + 11 15) (4.10)

For the BDF2 term, the Cauchy-Schwarz and Young inequalities in the m;, inner product give

3d;1l+1 dZ n+1 5 n+1 1 n||2
G e G e I w1
Combining (4.7)—(4.11) and using (4.3), we obtain
En(u*y — E(ul) + 5ah(dh“,dh“) + (E - ﬁ_*) a|
€ n n & n n & n n 5 L n 2
= Eah(u * +1) - Eah(uh, Mh) + 7’7:(“ +1) 7:11(”;,) + Eah(dhﬂ,th) + (E - ﬁ_*) dh+1||
L 5 L
< Sah(un+1 dn+1) + tr(un)’dn+1 + _||H0dn+1||2 + (_ _ _) n+l
( h \"h h ) 2 h 10 4T B* ||mh (4 12)
3d;ll+1 dZ n r n r n— n L n 5 L l’l .
- -mh(T 4 ) (7 = frad . i) + S + (4— - ﬁ—*) 7L
<Ly S |2 dn+l|| 2\, L n+1|| 5 n+1||
= g4 Whllmy, g W lmy, 2,8 mh my 28, mh B. my
1 L 2
=|—+ =4}l .
(47’ Zﬁ*) ellm,
Condition (4.5) implies
5 L 1 L
— = > — =17,
4t B. 47' 2.
Dropping the nonnegative diffusion-increment term gives
2 2
Ey(u;™) +1; dZHHm,, < Ey(uy) +11c ||dyf],,
This is exactly (4.6). O
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Remark 4.1. The stability result concerns the modified energy H', which differs from the physical
energy E,(uy) by a consistent BDF2 increment term. Such modified energies are commonly used in the
stability analysis of higher-order multistep schemes. The stability is conditional because (4.5) imposes
an upper bound on the time-step size.

5. Error estimates

5.1. Error estimate in the L*-norm

We assume that

u € L0, T; H*'(Q), w, € L¥(0,T; H*' (),

_ 5.1
Uy € L¥(0,T; L*(Q)), f e L™, T; H'(Q) N W0, T; L*(Q)). S

Define

k+1 =
Ry = Ch" (||M||L°°(0,T;Hk+1(g)) + ||l oo, 1041 (@) + ||f||L°°(0,T;Hk+'(Q))) (5.2)

5 —
+Ct (||Mm||L°°(o,T;L2(Q)) + ||ftt||L°°(o,T;L2(Q)))-

Theorem 5.1. Let ™' = u(-, t,11) be the exact solution of (1.8), and let u*' be the solution of (3.2).
Under (5.1), and for sufficiently small t, there exists a constant C > 0, independent of h and t, such
that

e = M lo < C (lhap, = u'llo + Rie) (5.3)
Proof. We set
uz+l (un+1 Phun+l) + (Phbln+1 _ un+1) éA’H—] + Bn+1. (54)
Utilizing (2.2), we obtain
1B |p < Chk+1”u”L"O(O,T;H‘(“(Q))‘ (5.5)

To estimate ||A"*!||y, we first undertake some preparatory work. Let
Un+l — 3un+1 —4y" + unfl

and by the compatibility of my, (-, ), we have

Ph Un+1 Un+1 Un+1 _ HO Un+1
W i) = my, ( ,vh) = (ui’“ - ,vh) + ( R Vh)

2T 2T 2T (5.6)
(H(I)(Unﬂ _ PhUn+l ) :
+ my, RUAR
2T
Based on the definition of f,, we can obtain
f n+1 f(l/ln+1) f(HO n+1) + f(HO n+1 H(I)((‘RHO n+l))
+ I (f(ITGu"h) — (f(H%uZ” ) + T (f (™) 5

— [f(un+l f(HO n+1 ] + [f(HO n+1 (f(HO n+l
+ Mp(f (™) = f(Tgu™)) + fh(u"“ :
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Utilizing (1.1), (3.2), (5.6), (5.7), and the definition of U™*! and P", we observe that

3A™ —4A" + A"
2T

3ttt — 4y + !
= [mh( h > h_ h oy, +8ah(u"+1 Vi)
T

[ (3Phun+1 _4Phun + Phun—l
my,
27

ny

) Vh) + 8ah(A"+1, Vi)

, vh) + ean(P"u™!, vh)]

hrn+1

= (<2fuu) + ™) vi) = (

,Vh) + @t + Fa™,vy)

~ ~ —_ PhUn+1
= (f@"™") = 2f(u) + Sty ), va) + @ vy) = ( 7 ’Vh)]

= (F@™) = FAu" ), vy) + (FATR™ ) = TIG(FITS 1)), vi)
+ (MG PGy = FOGu 1Y), vi) + (Fulul™) = 2l + fulud™), vi)

el Un+1 Un+1 _ PhUn+1 H(I)(UYH']
+\u - V| + 2—, |+ my
T

! 27
2 Erry + Erry + Errs + Erry + Errs + Errg + Erry.

2T

We now estimate the terms Err;(i = 1, - -,7) on the righthand side one by one.

_ PhUn+1 )
> Vi |-

(5.8)

The bound for Err; is derived by leveraging the Lipschitz continuity of f with respect to u and the

standard approximation property of the L? projection operator, according to [32],
Erry = (f@"") = f@Qu""), v) < Lilu™" = T lolIvallo
k1
< Ch™ ull 0.2+ @y [Vallo-

Similarly,
Erry = (fF(I%u™ Yy — IO (FAIS ™)), vi) < CHY| Lozt Villos

Erry = (Ig(f(Igu™") — fTT%ur™)), vy) < 1 F ™) = FATR llolivallo
< LI "™ = i ™Dllolvallo < Ll = lolvallo
< LUIA™ o + 1B™ HIo)lvallo-
For Erry, by the definition of fj,, we have
Erry = (fh(M"H) - 2fh(uh) + fh(u ", vs)
(Mg (Mt ™) — 2fh<n‘}<uz> + FuMa"), vi)

= H‘}(( n+]ﬁ(-,t)dt— f(-,t)dt),vh)

1 —

= H(I)(( h ﬁ('7t) dt — ﬁ(',t—T)dt),Vh)

o ([ s

<T ||ftt||L°°(O,T;L2(Q))”Vh”0-

(5.9)

(5.10)

(5.11)

(5.12)
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Using Lemma 3.1, we can get

n+1

U
Errs = (ufJr1 -
-

2
, Vh) <Ct ||Mm||L°°(0,T;L2(Q))||Vh||o- (5.13)

By the property of the projection operator, we have

Un+l _ Ph Un+l

E =
e ( 2T

el _~1 1 e+ 1
’Vh) < CH U™ g @lvallo < CR gl s, 7m0 @pllvallo. - (5.14)

Err; can be approximated via the stability of the bilinear form, the property of the projection operator,
and (5.14),

HO Un+l _ PhUn+l ﬁ*
Erry = my,|—£ | < =AORUT = U Yo + 11U = PPU Io)vallo
. 2T 27 (5.15)
< —Cth”UnH||Hk+1(§2)||Vh||0 < Chk+l||ut||L°°(O,T;Hk+1(§2))||vh”0-
2T
Combining (5.9)—(5.15), we have
3AM —4A" + AT
my, ( o , Vh) +ean(A"™", vy) < Riclvallo + LIA™ lolvallo- (5.16)
Setting v, = A" in (5.16) and a,(A™!, A™*!) > 0, we have
3A™ —4A" + A
my( o LA™ < Ry AA™ Nl + LIA™G. (5.17)
By simple computation, we obtain
3A™ —4A" + AT i 1 w112 " " a2
my, AT =—([am] 1A, + |24 - A
2T 4t M M (5.18)
—|lAr - A+ [ - 247+ AL ).
Further, V 0 < s < 1, and we have
|An+] —DA" +An—]||ih — |An+l — (A" _An—]) |,2n,
— |An+1||rznh + ||2An _ An—l”fnh _ 2mh(An+l, 2An _ An—l)
n 2 n n—1]|2 n 2 1 n n—1]|2 (519)
2 flart]f,, +[a - A = s [lamt, + < [l2ar = A
h KY h
n 2 1 n n— 2
= (1 =s)flam!, + - E)||2A —A
Substituting (5.19) into (5.18) yields
3A™ — 44" 4+ AT 1 2
my A >—(@2 - s |[a] - 1AM,
2t 4t K (5.20)

+ [2A! — A7

1 _
- < [par - 4" I,
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which together with (4.3), (5.17), and multiplying both sides by 4t yields

@-s) a7, - 1amR, + oA - A - % oA - a1
< TR ANA™ o + 4LTIA™ T < (TR, + TlA™G) + 4Ll A5
<Ry + (1 +40)TIA™§ < TR+ ! ;4LT | A"“||ih 2D
= TRiT + CoT | A ih ,
where ¢ = %. Subsequently, rearranging the terms yields
@-s—cn A} A2, + [eam -] - % A -a|f <eR2. (5.22)

Setting s = 1 — %‘)T 21 —-cot,0c0 = %" for sufficiently small 7, we have 0 < s < 1, and substituting it
into Eq (5.22), we obtain the following recurrence relation

1 1 1 1
S|An+1||2 + ||2An+1 _ A" 2 1 ||A1||2 _ 2 |laa! —AO|2 <(l+—+-+ _1)TR/21T' (5.23)
my my, s my, s my, s s >
Omitting
At — A"’ >0,
and dividing both sides by s, we obtain
a1 112 Lyoe 1 { o112 1 1 1 )
Jamt]] < < lla I, + T 24t = A+ S+ TR (5.24)
Letm = N_CTOT, and we get
K N  ¢IN T
.Y = — _ <2¢T,
m N-cT 1-2
then with a simple computation, we have
1 1 1 1 1 N N
—< = ( Y =1+ =) < (lim (1 + —)™)m = en < >0, (5.25)
sno gl 1 —cor m my—o mo
By using (5.25) and 0 < s < 1, we obtain
1 1 1 1 1-s" 1 1-s" 1 1 1
—(lt =t —) = — ()= — - —— . = < (=)= (5.26)
S K s s 1= s Co T Co T
Then, substituting (5.25) and (5.26) into (5.24) yields
n+1 1 0
la,,, < cdlat],, + 4%, +Reo-
Using the second equation of (3.2), we obtain A° = 0, so
la1[l,, < cda']],, +Ruo. (5.27)
Furthermore, from the equivalence between the m,(-, -) norm and the L?> norm, we obtain
1A o < C(IA lo + Rie) < Clluay, — u'llo + R (5.28)
Combining (5.28) and (5.5), we complete the proof. O
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Remark 5.1. The first value u,ll is computed by the BDF 1, which coincides with the backward Euler
method in the present setting. We use the same step size as in the BDF2 scheme:

T =T

The variational BDF1 initialization is to find u, € V), such that

0

u —u —
my, ( hT h, Vh) + say(uy, vi) + (fi(u), vi) = 0, Vv, € Vi, (5.29)
1

where u2 = PO,

Although backward Euler is globally first-order when used repeatedly over a fixed time interval, a
single backward Euler step has an O(t?) solution error under sufficient temporal regularity.
Consequently,

luj, — u'llo < C(H*' + 7%) (5.30)

and
u, — u'l, < COHF +7%). (5.31)

These estimates provide sufficiently accurate starting values for the subsequent BDF2 recurrence.
Therefore, the single BDFI initialization does not reduce the global second-order temporal
convergence.

5.2. Error estimate in the H'-seminorm

Lemma 5.1. For every v, € V), define Ayv;, € V), by
mp(Apvi, W) = —an(vi, wi), Ywy € V. (5.32)
Since V), is finite-dimensional and my(-, -) is symmetric and positive definite, A,v;, exists uniquely. Thus,

Ap: Vi = Vy, is well-defined and computable.
Moreover, for all vy, wy, € V),

my(=Anvi, wip) = an(vi, wp), (5.33)
mu(Apvi, wi) = myu(vi, Apywy,) (5.34)
and
my(—Apvy, vy) = ap(vy, vy) = 0. (5.35)
Finally,
an(Vh, =Anvi) = mu(Dyvi, Agvn) = BullAgvillg. (5.36)

Theorem 5.2. Let u""' = u(:,t,1), and let u}™" be the solution of (3.2). Under the regularity
assumptions (5.1), there exists a constant C, > 0, independent of h and 7, such that

lup ™t — u < Co(hE + 19). (5.37)
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Proof. Since a;(-, -) is symmetric, through simple calculation, the following formula holds

2a,(3A™! — 4A" + A" AT = (A", AT — ap(A7, AT + ap2AT - AT, 24 — AT
—ap(2A" — A" 24" — AT
+ ah(ArH—l —2A" +An—1’An+1 — A" +An—1)’

and from the nonnegativity of the last term, it follows that

2ah(3An+1 — 4A" +14)1—1,14n+1) > ah(An+1,An+1) _ ah(An’An)
+ ah(ZA"+l —An, 2An+l _An)
—a,QA" — A", 24" — A",

Then, we rewrite (5.16) into a simplified form

(BA’”1 —4A" + AT
my,
2t

| !
, Vh) +eap(A", vi) < C(Rur + A" Hlo)Ivallos

substituting the result for ||A"*!||, into (5.40) yields

(3A”+1 —4A" + A"
my,
2T

,Vh) + eap(A"™', vy) < CRycllvallo-
Next, the proof proceeds similarly to Theorem 5.1. Setting v, = —A,A™*! in (5.41), we can get

1
o 2m (347! — 44" + AT —AA™) + sy (AT~ A" < CRNIARA™ o
T
By the definition of A, in Lemma 5.1,
mh(3An+l — 4A" +An_1,_AhAn+l) — ah(3An+l —4A" +An_1,An+l),
ah(An+l, _AhAn+l) — mh(AhArH—l, AhAn+l).

Therefore, by (5.36) and (5.39), we obtain
1
1o 2m (SA"“ —4A" + AT —A,,A"“) + gay (A", —A, A"

1
= 1= 2a (34" — 44" + AT AT 4 oy (A, A, ALA™Y
-

1
= I(“h(Anﬂ’AMU — ap(A", A") + @, QA" — A" 2A™ — A™)
T
—ap(2A" — A" 24" — A7) + gBLIIA A2,

Young’s inequality gives

CRyNAA™ |y <

(CRy.)? )
4—h + &8,/ AL A 2.

*

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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Combining (5.42)—(5.45) yields

a, An+l’An+l) _ah(An’An) +Clh(2An+l _An’zAn+l _An)

Cr
R? .
8ﬁ h,T

*

— ap(2A" — A" 24" — AT <

Summing (5.46) from 1 to n and using nt < T, we obtain
ap An+1’An+1) —Clh(Al,Al) +ah(2An+l _An’ZAn+l _An)

C C
5 R; .- (tn) < 3 R e

which together with a;,(2A"! — A", 2A™! — A") > (), it is easy to obtain

; Ry < Cap(A',A") +

EP«

—a,2A' — A%, 24" - A% <

ap(A™!, A" < Clap(A', AY) + ay(A°, A%) +

where A° = u? — P"u® = 0 is used. Equation (5.48) and the stability of a(-, -) yield

h

1 C
An+1 2 < _—q An+1,An+1 < CA] 2 + _RZ )
| |1,h @, h( ) | |1,h 8,3* h,T

(5.46)

(5.47)

(5.48)

(5.49)

Applying (2.1) in Lemma 2.1 and (5.31) in Remark 5.1, we have the estimate of |A1|1,h as follows

1 1 ho 1 1 1 1 ho 1 1 1 1 ho 1 k 2
|A |1,h:|uh—Pu |1,h:|l/th—u +(u —Pu)lu,sluh—u |1,h+|u — P'u |1’hSC(l’l +T). (550)

Substituting (5.50) into (5.49) yields
A4 < Colh* + 7).

Thus, we have
1 1 1 Kk, .2
lu, ™ = ulip < TA" iy + 1B ip < Coh® + 79,

which completes the proof of the Theorem 5.2.
6. Numerical experiments

6.1. Convergence test with a manufactured solution

In this subsection, we verify the theoretical convergence rates. We take
Q=0,1% T=1, &=1,

and use the lowest-order nonconforming virtual element space, namely, k = 1.
We consider _
uy = QU + uyy) — fu) + h(x,,1), (x,y) € Q,
u(x,y,0) = (1 = x°y’(1 - y)’,
w(0,y,1) = u(l,y, 1) =0,
u(x,0,1) = ulx,1,1) = 0.

(5.51)

(5.52)

O

(6.1)
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The exact solution is

u(x,y,t) = e x°(1 — x)°y’(1 — y)°.

We take

Since this exact solution satisfies
lu(x,y,Hl <1 on QxI0,T],

the truncated nonlinear function ]7(u) coincides with the original cubic nonlinear function u® — u.
Therefore, the truncation does not alter the exact solution or the convergence results in this
experiment.

The forcing term is
h(x,y,1) = e (1= 2 (1 =) [ 2200 = %01 = )° - 2]
— ey (1= y) [6x(1 — )" = 18x%(1 — x)? + 6x°(1 — )| (6.2)
— (1 = x)° [6y(1 = y)’ = 18y*(1 = y)* + 6°(1 - y)|.
Tables 1 and 2 show the spatial and temporal convergence results, respectively. More clearly, the

results are also plotted in Figures 1 and 2. The numerical results confirm the theoretical convergence
rates.

Table 1. Spatial convergence results.

h i+t = u™ i Order et — ut Order
0.1250 1.3605e-06 - 4.9450e-05 -
0.0625 2.8261e-07 2.2673 2.4586e-05 1.0081
0.0313 6.7035e-08 2.0758 1.2282e-05 1.0013
0.0156 1.7815e-08 1.9119 6.1403e-06 1.0002

Table 2. Temporal convergence results.

T lli ' — Ml Order ™t — ut Order
0.0833 5.2937e-07 - 4.3446e-05 -
0.0417 1.2059¢-07 2.1341 1.2924e-05 1.7492
0.0208 3.0218e-08 1.9967 3.2595e-06 1.9873
0.0104 9.2037e-09 1.7151 7.6730e-07 2.0868
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Figure 1. The L’-norm error (left) and the H'-seminorm error (right) for the spatial
convergence test with 7 = 1/64.

n+1_ n+l
—— [l u™

1.95
)

n+1 n+1
=8y, -,

—— -0 (tau"%)

¢ ——0 (tau
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H'-norm error estimates
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Time grid Time grid

Figure 2. The L>-norm error (left) and the H'-seminorm error (right) for the temporal
convergence test with 7 = 1/64.

6.2. Shrinking circular-interface benchmark

The manufactured-solution test verifies the convergence orders, but the artificial forcing term masks
the gradient-flow character of the Allen-Cahn equation. We therefore consider a standard source-free
shrinking circular-interface benchmark:

u,—gAu+f(u) =0, (x,y,neQx(0,T],
u = up, (x,y,1) € 0Qx(0,T], (6.3)
u(x’ Y, O) = uo(X, )’)’ (-x’ }’) € Q.

Here Q = (0, 1)%, and the initial value is the circular diffuse profile

RO - \/(x - xc)2 + (y - yc)2

6.4
Ve (6.4)

up(x,y) = tanh

AIMS Mathematics Volume 11, Issue 8, 27563-27584.



27580

For the truncated potential we take M = 1, and we set
e=5x%x10"°, (x.,y.) =(0.5,0.5), Ry=0.25 T =10.

The trace of Eq (6.4), which is already close to —1 on 0€, is held fixed during the evolution, so
the boundary does not inject energy. The quadratic nonconforming virtual element space is used on
a 16 x 16 polygonal mesh.

We employ BDF2 with the fixed time-step size

T=5x%x1073.

Thus, the computation reaches 7" = 10 in 2000 time steps.
During the computation, we monitor the discrete physical energy

E p—
Eyu}) = San(uf. ) + > f F(I%u)) dx
K

KeTy,

and the equivalent radius

: (6.5)

s

) \/ [1(x,y) € Q : T (x, ) > O}
R, =

The computed phase was numerically observed to remain in [—1, 1], so the truncated and quartic
double-well potentials coincide in this experiment.

Figure 3 shows the expected curvature-driven shrinkage and eventual disappearance of the positive
phase. The equivalent radius decreases from R = 0.250316 to R}’ = 0. Figure 4 shows that the discrete
energy decreases from Ej(u)) = 1.047135363883 x 107" to E,(u)) = 1.071191118684 x 10~>. The
largest energy increment over all 2000 steps is —2.115 x 107™; hence

E ™) < En(u))

at every accepted time level. The experiment therefore demonstrates both curvature-driven interface
motion and energy dissipation without an artificial source term.

t=0.0000

1 t=2.5000 1

t=5.0000

1

0.8 0.8 0.8

0.6 0.6 0.6

> >

04 0.4 0.4

0.2 0.2 0.2

t=10.0000
0 0
0 0.5 1 0 0.5 1 0 0.5 1

1 1
0.8
0.5
0.6
> 0
0.4
-05
0.2
0 -1
0 0.5 1
X X X X

Figure 3. Evolution of the circular diffuse interface at t = 0, 2.5, 5, and 10. The positive
phase enclosed by the zero level set shrinks and eventually disappears.

0
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Figure 4. Evolution of the physical energy Ej,(u}).

7. Conclusions

In this paper, we developed an IMEX BDF2 nonconforming virtual element scheme for the Allen-
Cahn equation on polygonal meshes. An explicitly defined truncated polynomial potential of Shen and
Yang [2] was employed to rigorously guarantee the global Lipschitz continuity of the nonlinear term.
The truncated potential coincides with the standard quartic double-well potential on [—-M, M] and has
quadratic growth outside this interval.

Under a suitable time-step restriction, the proposed method satisfies a modified discrete energy
dissipation law. By combining the nonconforming energy projection with a discrete Laplace operator
adapted to the virtual element space, we established optimal convergence rates of order O(h**! + 72)
in the L>-norm and O(h* + 72) in the H'-seminorm. The manufactured-solution experiment confirms
the theoretical spatial and temporal convergence rates. In addition, the source-free shrinking circular-
interface benchmark exhibits curvature-driven interface motion and monotone decay of the discrete
physical energy.

Future work will focus on two aspects: (i) adaptive mesh refinement with variable-step BDF2
stability and error analysis; (ii) extensions to broader gradient-flow systems, including multi-phase
and elasticity-coupled phase-field models, together with maximum-principle-preserving
discretizations and fast solvers.
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