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Abstract: Mathematical modeling of commensalism provides insights into ecological interactions
in which one species benefits while the other remains unaffected. In this study, a discrete-time
commensalism model is proposed by incorporating a saturating interaction benefit and an interaction
efficiency parameter. In contrast to related models, the proposed formulation accounts for both the
saturation of the commensal benefit and the fraction of the host population that is either ineffective or
unavailable for interaction. The existence and stability of fixed points are analyzed, and conditions for
period-doubling bifurcation are derived using the center manifold and normal form theories. Numerical
simulations, including bifurcation diagrams, maximum Lyapunov exponents, phase portraits, and
basins of attraction, confirm the theoretical results and reveal periodic, chaotic, and multistable
dynamics. The findings demonstrate the important role of interaction efficiency and saturation in
shaping commensal dynamics.
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1. Introduction

Mathematical modeling has a significant role to play in the understanding of interactions among
various species in nature. This includes commensalism, a type of interaction in which one species
benefits and the other is not affected. This is a one-sided advantage type of interaction. This type of
interaction is frequently seen in nature. For example, epiphytic plants live on a tree to get sunlight,
small fish live on a large animal for transport and food, or microorganisms live on a large animal to
get nutrients. Similarly, cattle egrets follow cattle or buffaloes and feed on insects that are disturbed
due to their movement, while the host remains unaffected. Moreover, there are insects found on tree
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bark that feed on organic matter without harming the tree. All these interactions may look simple, but
their effects on population dynamics may be complex. Such studies on simple interactions are useful
in understanding species persistence, growth regulation, and ecological stability.

Over the last several decades, a number of mathematical models have been proposed for
species interactions, including predator-prey systems [1, 2], competition systems [3, 4], amensalism
systems [5, 6], and commensalism systems [7, 8]. Although predator-prey systems have been
extensively studied, comparatively fewer studies have focused on the nonlinear dynamics and
bifurcation behaviors of commensalism systems. However, several important contributions are
available in the literature [7-10]. In general, classical commensalism systems assume that the
beneficiary species enjoys a linear or unlimited advantage from the host species. However, this
assumption is not valid in practical situations, as the advantage from the species interaction is limited
due to environmental constraints.

Several studies have been conducted to reveal the dynamics of commensalism. In the study by
Chen and Wu [11], the authors studied the commensal system of two species with a nonmonotonic
functional response and showed that the system has a unique globally asymptotically stable positive
equilibrium. In the study by Li and Wang [12], the authors studied the delayed commensalism model
and showed that the model has a Hopf bifurcation and periodic oscillations in the presence of a time
delay. In the study by He et al. [13], the authors incorporated the additive Allee effect into the Lotka
Volterra commensal model and showed that the Allee effect has a great influence on the survival of the
species and could cause the extinction of the species. Qu [14] studied a Beddington-DeAngelis type
commensalism system with delays and investigated the existence of a Hopf bifurcation and persistence.
Zhong et al. [15] studied a two-patch commensalism system with nonlinear dispersal and showed that
dispersal and the Allee effect have a cooperative role in species persistence. Patra and Maitra [16]
studied a three-species delayed commensalism system with control strategies and showed that the
system is stable under appropriate control strategies.

To obtain a more realistic description of commensal interactions, it is necessary to include the
phenomenon of saturation in the interaction term. This phenomenon of saturation implies that the
benefit provided to the commensal species will not infinitely increase with the increase of the host
population but will tend to a certain level. Furthermore, in nature, it is not uncommon to find inefficient
interactions between species, in which not all individuals of the host species contribute in the same way
to the benefit of the commensal species. This may occur because of spatial inactivity or inaccessibility.
This phenomenon of partial interactions has not been considered in the commensalism models.

Inspired by the above observations, we introduce a commensalism model that includes the effects
of saturation and the interaction efficiency parameter. The proposed continuous-time model is
presented by the following:

dx (1=r)y

E”(“‘ﬁ“m)’ (1.1)
d .
Y r-m)

dr

where x(¢) and y(7) denote the population densities of the commensal (beneficiary) species and the host
species, respectively. The parameter « represents the intrinsic growth rate of the commensal species,
while 8 measures the strength of its intraspecific competition and therefore limits its growth at high
population densities. The parameter y denotes the maximum benefit that the commensal species can
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obtain through its interaction with the host, whereas 7 is the half-saturation constant and determines
how rapidly this interaction benefit approaches its maximum level.

A notable characteristic of this model is the parameter r € [0, 1), representing the proportion of the
host species that is ineffective or unavailable for interaction. Therefore, only a proportion (1 — r)y is
available for growth of the commensal species. This represents a realistic ecological situation in which
the interaction efficiency may be reduced for various reasons. The second equation represents the
logistic growth for the host species, where o is the intrinsic growth rate and 7 represents intraspecific
competition for the host species. Thus, the host follows logistic growth independent of the commensal
population, which reflects the asymmetric nature of commensalism. Figure 1 presents a flowchart for
system (1.1).

Intrinsic growth Intrinsic growth

(+oy) (+am)

Effective part
1-ry

Host species
y(t)

Competition Competition

(=7y?) (—B=x?)

Figure 1. Schematic flowchart of system (1.1).

In [8], the authors considered a discrete model obtained from the following continuous-time system:

dx 3 vy

dr _X(a_ﬁx+W)’ (1.2)
d .
Y (O’—Ty).

dr

The main difference between the model in [8] and the present model lies in the interaction term.

In [8], the term n% first increases with y and then decreases when y becomes sufficiently large. In

y2
the present model, we use n{r((ll__’r)fy which increases with the effective interacting population (1 — r)y

and gradually approaches a saturation level. Here, r € [0, 1) represents the proportion of the second
species that does not effectively participate in the interaction. Thus, the linear dependence on y in the
denominator is used to describe a saturating commensal benefit, while the additional factor 1 —r allows
us to account for the interaction efficiency.

The main novelty of the proposed model lies in incorporating both the saturation and interaction
efficiencies into the commensal interaction. Unlike existing models, the interaction benefit depends
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on the effective host population (1 — r)y, where r € [0, 1) represents the proportion of the host
population that is ineffective or unavailable for interaction. Thus, the proposed model accounts not
only for the saturation of the commensal benefit, but also for the fact that not all individuals of the
host population equally contribute to the interaction. This formulation provides a distinct framework
to investigate how the interaction efficiency influences the stability and complex dynamics of a discrete
commensalism system.

Although the host equation independently evolves and has a logistic form, the proposed system (1.1)
is triangular rather than fully decoupled, since the dynamics of the commensal population depend
nonlinearly on the host population through the saturating term % Consequently, the long-term
behavior of the commensal population is governed by the combined effects of the host dynamics,
saturation, and interaction efficiency.

While continuous time models have their advantages, some ecological processes occur in discrete
time, such as seasonal reproduction and generational turnover. Moreover, discrete time models have
richer dynamics, including period doubling cascades and chaos [17-19], which are not possible
in two-dimensional continuous autonomous systems due to the Poincare Bendixson theorem [20].
Hence, it is of interest to consider the discrete version of system (1.1). Moreover, various
numerical and discretization techniques have been developed for nonlinear biological models to
obtain reliable discrete approximations and preserve important qualitative properties of the underlying
systems [21-24].

Using the forward Euler method [25,26], we obtain the following discrete model:

Xl = Xy + hxn(a = BXn + M)
n+(1=r)yn
(1.3)
Ynel =Yn + hyn(o- - Tyn),

where /1 > 0 is the step size. This discrete formulation enables us to explore how parameter variations
and discretization affect the system stability and bifurcation behavior.

The main aim of this research is to examine the dynamical behavior of the proposed discrete
commensalism model. Specifically, we examine the existence and stability of equilibrium points and
the existence of a bifurcation, especially a period doubling bifurcation, which is a primary mechanism
of chaos. The introduction of the interaction efficiency parameter » sheds light on the effect of
partial interaction.

The rest of the paper is outlined as follows: In Section 2, the existence and stability analyses of
equilibrium points are discussed; in Section 3, a bifurcation analysis is presented; numerical examples
are given in Section 4; and conclusions are drawn in Section 5.

2. Stability analysis of fixed points

It is vital to understand the stability of fixed points, especially when dealing with commensalism
systems, where fixed points are considered to be equilibrium points where the populations of both
species are constant over time. By understanding the stability of fixed points, it is possible to forecast
the behavior of the system over time, especially with regard to the survival of the commensal species.
From a biological perspective, fixed points can be considered to be the steady state of the ecosystem,
where their stability is vital in understanding the effects of the interaction.
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The fixed points (x, y) for system (1.3) can be obtained by solving the following system:

_ _ y{d-r)y
xX=x+ hx(a Bx + n+(1—r)y)’

y=y+ hy(O' — Ty). =y

The discrete system (1.3) admits four fixed points given by the following:

a o a+ flﬂ)w o
Ey = (0,0), E; = (—,0), E, = (o, —), E = ((—”’” —).
B T R

Each of these fixed points has a clear ecological interpretation:

e Ey = (0,0) is the extinction equilibrium, where both the commensal species and the host species
are absent from the system.

o F| = (%, O) is the survival equilibrium of the commensal species without the host species. In this
equilibrium, the commensal species is present, with its population size at its carrying capacity,
driven by its intrinsic growth rate and intraspecies competition.

o F) = (O, %) is the equilibrium where only the host species is present, driven by logistic growth,
while the commensal species becomes extinct.

e E™ is the equilibrium where both species coexist, with the commensal species benefiting from the
presence of the host species due to the saturating effect, while the host species is unaffected by
the commensal species, reflecting the asymmetric nature of commensalism.

The Jacobian matrix of the model

X1 = J(Xn, Yn)s
Yn+1 = g(xnayn)

is the matrix given below:
af  of
ox 0y
ox 9y

In order to classify the fixed points, we follow the method described in [27,28]. The Jacobian
matrix J(x,y) of model (1.3) evaluated at any point (x, y) is as follows:
(=1+r)yy h(=1+r)xyn
Pehe-228- SERY) - ]

0 1+ h(o —2y7)

J(x,y) =

Proposition 2.1. The trivial fixed point E is always a source.

Proof. We obtain the following:

1+ ha 0
J(Eo) = :
0 1 + ho
The eigenvalues of J(Ej) are given by &} = 1 + ha and &, = 1 + ho. It is evident that both eigenvalues
satisfy &, > 1. Hence, the equilibrium point Ej is unstable and behaves as a source. O
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Proposition 2.2. E is
1. never a sink,
2. a source if h > %,
3. a saddle if h < 2,
4. nonhyperbolic and (1.3) goes through period-doubling bifurcation at E\ when h = %

Proof. We obtain the following:

| — ha -M=lney

An
0 1+ ho

J(E)) =

The eigenvalues of J(E ) are §; = 1 —ha and & = 1 + ho. Itis clear that & > 1. Moreover,

<1, ifh<?2,
=1, ifh=2, (22)
>1, ifh>2
O

Proposition 2.3. E; is

1. never a sink,

2. a source if h > 2,
a

3. asaddle if h < 2

4. nonhyperbolic and (1.3) undergoes period-doubling bifurcation at E; when h = (%

Proof. We obtain the following:

(1-ryyo
1+ h(a + m) 0

J(Ez) = .
0 1 -ho

The eigenvalues of J(E,) are given by & = 1 + h(a/ + (1(:;;1%) and & = 1 — ho. Tt is evident
that & > 1. Moreover,

<1, ifh<2,
éli=1, ifh=2, (2.3)
>1, ifh>2
O

Proposition 2.4. E* is

o . —onra2ro -2
1. asinkif h< mln{g, TSI }
o’ —ant—ao—yo+aro+yro

AIMS Mathematics Volume 11, Issue 8, 27508-27528.



27514

2 =2nt+2ro—20 }
b

2. a source if h > max{ ,
o’ —ant—ao—yo+aro+yro

3. a saddle if one of the subsequent conditions is fulfilled:

. =2nt+2ro-20
(i) 2 <h< e )
o —anT-ao—yo+aro+yro
.. =2nt+2ro-20
(ii) 1 : h< 2
—anT-Qo—yo+aro+yro o

4. nonhyperbolic and (1.3) goes through period-doubling bifurcation at E* when either of the
subsequent requirements is met:

(i) h=2

o’

.. _ —2nt+2ro—20
(”) h = —ant—ao—yo+aro+yro’

Proof. We obtain the following:

h(-1+ryoc _ h(-1 +r)ynt2 (—=((=1+r)(a+y)o)+anT)

1-ha+

o—-ro+nT o—ro+nt)3
0 1-ho
The eigenvalues of J(E*) are é; = 1 — ha + % and & = 1 — ho. It follows that
< 1, ifh < - :27]7;{-2}”0’—20’ ,
anT—ao—yo+aro+yro
|§1| = 1’ if h = —an‘r:ilzz—j;;ic_js:+yra" (25)
. -2nt+2ro-20
> 1’ ifh > —ant—ao—yo+aro+yro”
Moreover,
<1, ifh<2Z,
&l{=1, ifh=2, (2.6)
>1, ifh> 2
O

3. Bifurcation analysis

In this section, we look into the bifurcation behavior of the proposed system, thereby focusing on
a period-doubling bifurcation at E*. By changing &, we examine how the stability of the equilibrium
shifts and identify the conditions that lead the system from a stable behavior to periodic dynamics.
This analysis helps explain the development of complex dynamics in the commensalism model. For a
better understanding of the bifurcation analysis, we refer readers to the references [29-31].

We examine the period doubling bifurcation at point E* based on Condition 4(ii) as described in
Proposition 2.4. The analysis proceeds through several standard steps. First, the bifurcation parameter
is perturbed near its critical value, and the coexistence equilibrium is shifted to the origin. Next,
a linear transformation is introduced to diagonalize the linear part of the system and isolate the
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critical eigendirection. Then, the center manifold theorem is applied to reduce the dynamics to a
one-dimensional map on the center manifold. Finally, the normal form theory is used to derive the

bifurcation conditions and determine the stability of the bifurcating period-2 orbit.
—2nt+2ro-20

A small perturbation € in 4 around h; = e ——————— in system (1.3) leads to the following:
Xnsl = Xy + (By + E)Xn(cv — B, + L )
(3.1
Ynel =Yn + (h + E)yn(o- - Tyn)
To shift £* to (0, 0), we introduce the following change of variables:
(1-r)yo
DY AN
n n ﬁ ’ n n T .
Consequently, system (3.1) can be rewritten in the following form:
2(-1+r)yn?
/ln+1 _ -1 _[MT._:”’?T)Z /ln N Fl(/ln’pna 6) (3 2)
il |0 11— aCmem [ | {Fy@,. 6]

- (=1+rac+(-1+ryyo—ant

where

Fi(Ans s €) = @15 + G2p;, + A3 4505 + Q4 A€ + ASPu€ + a6, + 1 A0€ + agdyp;, + Aopr€ + A1oAdupne + O(4),
Fy(Aus Pus €) = b10% + byp,€ + bipe.

The nonlinear functions F; and F, are obtained by expanding the transformed system (3.1)
about (4, pp, €) = (0,0, 0) and retaining terms up to third order. Therefore, the coeflicients a; and b;
are the corresponding coefficients of the quadratic and cubic terms in this Taylor expansion. Since
their explicit expressions are lengthy, they are provided in Appendix A. Next, we introduce a linear
transformation that converts the linear part of system (3.2) into a diagonal form. This transformation
decouples the directions corresponding to the eigenvalues of the Jacobian matrix, allowing the critical
mode associated with the eigenvalue —1 to be isolated from the stable mode. As a result, the center
manifold reduction and the derivation of the normal form become considerably simpler. system (3.2)
is diagonalized by applying the following transformation:

1 1 - (=141 ynr?(—ao+rao—yo+ryoc—ant)
L” _ Blo—ro+nm)2(—ao+rac—yo+ryo+o—ra2—ant+noT) |: ”] 3.3)
ol |0 1 On
Under the transformation (3.3), (3.2) is transformed to the following:
Kn+1 -1 0 Kn G, (Kn» Oy, €)
- 20 (o=ro+n7) + > (3 4)
On+1 0 1+ =Gl 0] [Gak, 0, €)

where

G (k,, 0,,€) = clkﬁ + 029,21 + c3K,0, + cak,€ + cseﬁ + C6K56 + c7/<,,9,3 + Cg@if + cok,0,€ + O(4),
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G (Kn» O, €) = d167 + drb,€ + d3b€.

The coefficients ¢; and d; are listed in Appendix B. Next, let QC be the center manifold of (3.4) at the
origin in a small neighborhood of € = 0. It can be computed in the following form:

0° = {(Kn, 6, ©) € R2[6, = piic + prkue + pr€l + 0(3)}.

Substituting the center-manifold representation into the invariance equation associated with (3.4) and
comparing the coefficients of 2, k€, and €* on both sides gives p; = p, = p; = 0. Consequently, the
restriction of (3.4) to the center manifold yields the following:

2B(o0 — ro + n7) )2+(—a+ (-1 +ryo

Yy
=1+ n)(a+y)o—anr/” o-ro+ UT)K"G Brye+0@).  (3.5)

F = Kp+l = — Ky +(
To verify the nondegeneracy conditions for a period-doubling bifurcation, we compute the normal-
form coefficients /; and /,. The condition /; # 0O ensures that the critical eigenvalue crosses —1
nondegenerately as the bifurcation parameter & passes through h;, whereas I, # 0 guarantees that
the leading nonlinear term responsible for the creation of the period-2 orbit does not vanish. These
coeflicients are given by the following:

. - 2((1 — -
L = F.F\ +2F, . _ (1 =ryo + a(oc — ro + n1)) (3.6)
(0,0) (—1 + }")O' —-nT
1~ 1 - 86%(0 — ro- + nr)?
l:_FKK2+_FKKK = . 3.7
2 2( ) 3 """ "oo ((=1+nrac+(-1+r)yoc—anr)? 3-7)

Under the assumed parameter conditions, /; < 0 and [, > 0, and hence, both nondegeneracy conditions
are satisfied. The nonzero value of /; confirms the transversal passage of the critical multiplier
through —1, while /;, > 0 determines the emergence of a stable period-2 orbit from E*. Hence, we
obtain the following result.

Theorem 3.1. Suppose that Condition 4(ii) of Proposition 2.4 is true. Then, (1.3) undergoes a period-
doubling bifurcation at E* as h varies through h, = 2o 29 A dditionally, since I, > 0, a

—-anT—@o—yo+aro+yro

stable period-2 orbit of system (1.3) emerges from E*.

4. Numerical examples

In this section, some numerical simulations are presented to verify the theoretical results and
to demonstrate the complex dynamics of system (1.3). The parameter sets used in the numerical
simulations are hypothetically selected to satisfy the analytically derived stability and bifurcation
conditions and to illustrate the different dynamical regimes of the model.

All numerical simulations are carried out in MATLAB R2023a. In constructing the bifurcation
diagrams, the selected bifurcation parameter is varied across the specified interval using 1500
uniformly distributed sample points. For each sampled parameter value, system (1.3) is simulated
for a total of N = 8000 iterations starting from the prescribed initial condition. The initial 6500
iterations are omitted to remove transient dynamics, while the remaining 1500 iterates are retained
to plot the bifurcation structure. The phase-plane trajectories are produced with the same initial
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conditions and simulation horizon after excluding the first 300 iterations as transient behavior. The
maximum Lyapunov exponent (MLE) is evaluated through the conventional Jacobian-based tangent
vector approach, where the perturbation vector is normalized at each iteration to maintain numerical
stability. In this computation, the first 800 iterations are disregarded as transients, and the MLE is
subsequently approximated using the following 1000 iterations.

4.1. Parameter sensitivity

A sensitivity analysis is a useful technique for mathematical modeling, and it helps us quantify how
changes in the parameters of a system affect the results. It is a useful technique for systems where
the overall stability of the system is controlled by several parameters. Some of the fields where this
technique is useful include economics, ecology, and engineering. The sensitivity index related to a
parameter p is defined as follows:

a*
S,=x L

= a5 <
where x* represents the equilibrium value of the system. A positive sensitivity index implies that the
parameter has a magnifying effect on the system’s equilibrium population, whereas a negative value
implies a suppressing effect. A sensitivity index close to zero implies that the parameter has little or no
effect on the system.

The sensitivity indices for the commensal population, as presented in Figure 2 for different
parameter sets, show that 8 has a significant negative effect on the equilibrium, thereby showing that
intraspecific competition is an important factor, thus causing the population to decrease. On the other
hand, the effect of a is positive, thereby showing that it favors the growth of the population. The
effect of the interaction parameter y is positive, while 7 and r have negative effects due to saturation
and an ineffective host proportion, respectively. The parameters o and 7 have an indirect effect on the
commensal population, thereby showing moderate effects.

For the host population, the equilibrium is y* = <, and thus, the sensitivity indices for this population
remain constant for all cases with S, = 1 and S, = —1, whereas the remaining parameters have no
influence. This suggests that the dynamics of the host are only driven by its intrinsic growth and self-
limitation, whereas the commensal population is driven by both intrinsic and interaction parameters.
Overall, Figure 2 indicates that the commensal population is most strongly affected by its intraspecific
competition, while the interaction-related parameters modify its equilibrium level to different degrees.
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Figure 2. Sensitivity analysis of the model with respect to the beneficiary species x, is
carried out for three distinct parameter sets. These three cases correspond to the following
parameter configurations: (a) @ = 1.8, =1.1,y =09,n =0.7,7 = 14,0 = 0.6,r = 0.5,
andh =098, (b)a=0.6,=12,y=18,n=03,7=1,0=1,r=0.2,and h = 0.98, (c)
a=1,=1Ly=15n=14,7r=22,0=12,r=0.8,and & = 0.98.

4.2. Bifurcation analysis varying h

To explore the dynamic behavior of system (1.3), the role of the step size 4 is analyzed, which is
very important in discrete models and might affect the stability of the system. From the biological
point of view, A is viewed as a time scaling factor to update the population system, and a larger 7 might
cause instability in the system.

The parameter values used in this example are« = 1.8, 8=1.1,y =09, =0.7,0 = 0.6, 7 = 1.4,
and r = 0.5. Under this set of parameters, a period-doubling bifurcation occurs at 7; = 0.994561.
The coexistence fixed point is E* = (1.82813,0.428571). At this fixed point, eigenvalues of J(E*)
are &, = —1 and & = 0.403263. This again proves the occurrence of a period-doubling bifurcation
in accordance with Theorem 3.1. In addition, the calculated coeflicients /;, = —4.02188 # 0
and [, = 2.39375 # O satisfy the required theoretical conditions. Since /, > 0, a stable period-2
orbit bifurcates from the equilibrium E™*.

The bifurcation diagram for x,, with respect to 4 over the range [0.8, 1.5] is shown in Figure 3(a).
This diagram clearly shows the route to chaos from stability by means of period-doubling bifurcations.
The MLE corresponding to the above is shown in Figure 3(b). The negative values correspond to a
stable or periodic behavior, while the positive values verify the chaotic behavior.

Further information about the system behavior can be found by analyzing the time series and
phase portraits presented in Figure 4. For &7 = 0.99, the system tends to the stable equilibrium E*.
For h = 1.1, the system has a stable period-2 cycle, followed by period-4 and period-8 cycles
at h = 1.25 and h = 1.27, respectively. This is the classical period-doubling route to chaos. For
slightly larger values of A, namely 4 = 1.28 and & = 1.33, the system shows irregular behaviors, thus
verifying the chaotic behavior. It is interesting to note that at 4 = 1.41, the system shows a period-3
cycle. It is well known that if a period-3 cycle exists, then the system is chaotic. This is further verified
by the chaotic behavior at & = 1.45.
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Figure 3. Bifurcation diagram of x,, and MLE plot for (1.3) varying 4 and fixing @ = 1.8, =
1.1,y =09, = 0.7,0 = 0.6,7 = 1.4, and r = 0.5, and the initial conditions are x, =
1.8,y0 = 0.4.

From an ecological point of view, the results here show that increasing the time-step parameter /4 can
cause instability in the coexistence equilibrium, thus resulting in oscillations and chaotic fluctuations in
population densities. This indicates that discrete effects, such as seasonal reproduction, play a critical
role in the dynamics of commensal systems.

Figure 5 illustrates the basins of attraction for five different parameter sets given in Table 1. The
plots demonstrate that the long-term dynamics strongly depend on the initial conditions, with multiple
attractors coexisting for the same parameter values. The basin boundaries are highly intricate and
interwoven, thus indicating a pronounced sensitivity to the initial conditions. Consequently, even
small perturbations in the initial population densities can drive the system toward qualitatively different
asymptotic behaviors, thus confirming the presence of multistability.

More specifically, Figure 5(a) shows the coexistence of a period-4 orbit and a chaotic attractor.
Figure 5(b) illustrates the coexistence of a period-2 orbit and a chaotic attractor. Figure 5(c) presents the
basins of attraction corresponding to period-2 and period-6 orbits. Figure 5(d) depicts the coexistence
of period-2 and period-12 orbits, while Figure 5(e) shows the coexistence of a period-8 orbit and a
chaotic attractor. These highlight the rich multistable behavior of the proposed system.

An important implication of Figure 5 is that the parameter values alone may not uniquely determine
the long-term population behavior. For the same ecological conditions, different initial population
densities can lead to periodic or chaotic states. Therefore, the initial abundance of the two species can
play an important role in determining the eventual dynamical regime of the system.
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Figure 4. Phase diagrams of (1.3) for different values of & by setting @ = 1.8, = 1.1,y =
09,7=0.7,0=06,T=14,r=0.5,xy = 1.8, and yy = 0.4.
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Table 1. Parameter values used for the basin of attraction plots.

Figure Parameter values

a =1.751922, B = 0.536604, y = 0.235217, n = 1.358819,
o = 1480789, 7 = 0.890885, r = 0.610368, h = 1.407425.
a =0.957929, g =1.570816, y = 0.821931, n = 1.411217,

Figure 5(a)

Figure 3(0)  _ 1878731, 7 = 1.150870, r = 0.632917. h = 2.333950.
Fiure 5(¢) @ = 0993630, f=2297181, y = 0.598378, 5 = 1.052267,
gure o = 1.013250, 7 = 1.786230, r = 0.573994, h = 2.251798.
. @ = 1399027, B = 0.518909, v = 0.262037, 1 = 1.465992,
Figure 5() - _ 1 365260, 7 = 1.137360, r = 0.420068, / = 1.725503.
Figure 5(0) = 1.65, 8= 0.62, ¥ = 035, n = 1.25, o = 1.42, 7 = 0.95,

r=0.58, h =148.
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Figure 5. Basin of attraction plots showing multistability.

4.3. Bifurcation analysis with respect to r and its ecological influence

Now, let us examine the influence of the interaction efficiency parameter r on the dynamics of
system (1.3). Recall that the proportion of the host population that is ineffective or unavailable for
interaction is represented by the interaction efficiency parameter r € [0, 1), and this plays a vital role
in governing the commensal benefit.
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We assume that = 1.8, = 1.1,y = 09, = 0.7,0 = 0.6,7 = 1.4, and h = 1. In this case,
the period-doubling bifurcation occurs when r = 0.533333, and the coexisting equilibrium is given
by E* = (1.81818,0.428571). The eigenvalues of J(E*) are &, = —1 and & = 0.4, which verifies the
occurrence of a period-doubling bifurcation as stated in Theorem 3.1.

In Figure 6(a), we plotted the bifurcation diagram of x, when the parameter r is varied in the
range [0.01,0.85]. The MLE of the system is plotted in Figure 6(b). The results clearly show that the
system loses stability for smaller values of r, and this instability is due to a period-doubling bifurcation.
For larger values of r, the coexistence equilibrium point E* is stable, and this shows that the system
becomes stable as the parameter r increases.

2.3 , . . . : . . . 0.1
0
0.1}
o .02
- E- .
1.8} / 8
0.3}
1.7} .
0.4}
1.6}
15 . . . . . . . . 0.5 ! . ! | ! . ! |
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T T
(a) (b)

Figure 6. Bifurcation diagrams and MLE plot of (1.3) varying r and fixing ¢ = 1.8,8 =
1.1,y = 09,7 = 0.7,0 = 0.6,7 = 1.4, and h = 1, and the initial conditions are x
1.8,y0 = 0.4.

From an ecological perspective, this behavior can be explained by the fact that larger values of r
reduce the effective interaction between the species, thereby weakening the nonlinear feedback that
drives the complex dynamics. Consequently, reducing the effective commensal benefit suppresses
periodic fluctuations and promotes a stable coexistence.

Furthermore, for the positive fixed point E* = (x*, y*) of system (1.3), we obtain the following:

dx* ynot dy"
dr Bt —ro+0)? dr
Since ‘%: < 0, an increase in r results in a decrease in the equilibrium density of the commensal

species. This is because the effective interacting fraction (1 — r)y is decreased, thus reducing the gain
to the commensal population.

On the other hand, the expression %: = 0 indicates that the host equilibrium is not affected by any
changes in r, since it is only governed by intrinsic growth and self-limitation. This further points to the
asymmetric nature of the commensal relationship, where the commensal is affected by the host but the
converse is not true.

The parameter r serves a dual function in that it not only reduces the equilibrium level of the
commensal population but also stabilizes the system by eliminating the complex behavior. This is an

AIMS Mathematics Volume 11, Issue 8, 27508-27528.



27523

important result in understanding the role of inefficient interactions in controlling population levels in
natural systems.

4.4. Two-parameter analysis

In order to obtain a deeper understanding of the global dynamics of system (1.3), we carry out a
two-parameter bifurcation analysis where we vary both the step size /4 and the interaction efficiency
parameter r. This allows us to investigate the combined effects of discretization and interaction strength
on the system’s dynamics.

Keeping « = 18,8 = 1.1,y = 09, = 07,0 = 0.6, and v = 14 fixed, with initial
conditions xo = 1.8 and yo = 0.4, we vary the parameters 2 € [0.8,1.5] and r € [0.3,0.7].
For each pair (h,r), the system is iterated for 6000 time steps, and the last 2500 iterates are used
for the classification of the long-term behavior. A period-p orbit is identified when the mean
absolute difference between two consecutive blocks of p asymptotic iterates is less than 107*. The
periods p = 1,2,...,12,16,32, and 64 are examined, where p = 1 represents convergence to a fixed
point. The classification is further supported by the MLE, with positive values indicating chaotic
dynamics. The two-dimensional bifurcation graph in (A, r)-plane is illustrated in Figure 7(a), where
distinct colors distinguish various dynamical behaviors such as stable equilibria, periodic solutions of
different periods, and chaotic dynamics. The associated MLE is depicted in Figure 7(b), where negative
values correspond to either a stable or periodic behavior, while positive values indicate the presence

of chaos.
T l0.5

0.7
0.65
0.6

0.55

Periods
o
MLE

0.45

(a) Bifurcation diagram (b) MLE plot

Figure 7. Two-dimensional bifurcation diagram and MLE plot of (1.3) varying & € [0.8, 1.5]
and r € [0.3,0.7]. Fixed values are « = 1.8, = 1.1,y =09, =0.7,0 = 0.6, and 7 = 1.4,
and the initial values are xo = 1.8, yy = 0.4.

The results clearly indicate a strong interaction between i and r. When & takes relatively smaller
values, the system remains stable for a very large range of ». However, when & takes larger values,
complex dynamics such as a period-doubling bifurcation and chaos are observed for smaller values
of r, while larger values of r stabilize the dynamics.

From an ecological standpoint, this analysis illustrates the role of discrete-time effects and the
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interaction efficiency. Although large values of & increase the instability by large discrete updates,
large values of r actually reduce the interaction and thus stabilize the system. This illustrates how an
inefficient interaction can actually help to stabilize a system against large fluctuations and chaos in the
commensal species.

5. Conclusions

In this work, a new discrete-time model of commensalism, including saturation effects and the
efficiency of interaction, were proposed and examined. The discrete model was obtained from the
continuous system using the forward Euler method, which provides a simple and computationally
efficient discretization framework. The introduction of the efficiency parameter, which takes the part
of the host species that does not interact effectively into account, allows for a more realistic description
of the ecological interaction, where not all individuals of a species can equally contribute to the well-
being of the commensal species. This is a distinguishing feature of the proposed model compared to
many classical commensalism models.

The existence and stability of all possible fixed points were discussed. A detailed analysis of
bifurcation was performed, and it was found that the system exhibits a period-doubling bifurcation
if the step size parameter varies around critical values. With the help of the center manifold
theory and a normal form analysis, it was shown that a stable two-period cycle emerges from the
coexistence equilibrium.

The numerical simulations were consistent with the analytical results. Bifurcation diagrams and
te time-series behavior clearly showed the dynamics from stable equilibrium to periodic oscillations
and chaos, confirming the analytical results. In addition, the basin of attraction analysis revealed the
coexistence of multiple attractors for the same set of parameter values, demonstrating the presence
of multistability in the proposed system. The intricate basin structures further indicated a strong
sensitivity to initial conditions, where small changes in the initial population densities may lead to
qualitatively different long-term dynamical behaviors. Moreover, a sensitivity analysis was used to
show the relative importance of different parameters, where intraspecific competition and interaction
efficiency play an important role in the level of populations, while saturation and host parameters affect
long-term dynamics. The two-parameter analysis further showed that the combined variation of 4 and r
strongly influences the dynamical regime: Larger values of i promote periodic and chaotic behaviors,
whereas increasing r generally has a stabilizing effect.

In comparison to the currently available commensalism models in the literature, the proposed
commensalism model provides a better and more flexible framework by taking the saturation and
partial interaction efficiencies into account at the same time. Additionally, the proposed commensalism
model provides ecological realism and tractability, unlike the classical models with unbounded
interaction terms. Moreover, the discrete-time nature of the proposed commensalism model allows
it to have richer dynamics in comparison to the continuous-time commensalism models, including
period-doubling and complex oscillations.
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Appendix

A. Nonlinear term coefficients in system (3.2):

3 2B(o — ro + 1) B 2(=1 + r)?ynr’
a= (-1+nac+(=1+ryc—agt’ > B(=1+ro—n1)?
_ 2(=1 + ryynt? _ —((=1+r)yo)+alc —ro+n1)
= (=14 o -no) (-1 + raoc + (-1 + ryyoc —ant)’ ‘T (=1+roc-nt ’

Gl (-l nec + (<L ryo —agn) 2=+ )yt
“ = (=1 + o — 17 e

ar = =P,

Blo —ro +no)*’ !

2(=1 + r)’ynt

4 = (=1 + 1o —no)*(-1 + Naoc + (=1 + ryyc —anr)’
=1+ )’y (=1 + raoc + (=1 + r)yo — anr)
ag = s
Blo—ro +nt)*
(=1 + r)yynt? 3 2t(0 — ro + n1)

=, - , by =—0, by = —-1.
10 (o —ro +n1)? ! —((-1 +ryo)+a(oc—ro+nr) 2 7 73 T
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B. Coefficients associated with the nonlinear terms of system (3.4):

2B(0 —ro +n7)
¢ = ,
! (-l +nrac+ (-1 +ryyoc—anr

¢y = ((2(—1 + )yt (=1 + (=1 + o — n7)* — a((=1 + o = nt)(=2(=1 + r)*yo + 3(=1 + r)*c?
—4(=1 + ot + 11772 + (=1 + 1)*Y*o = 3(=1 + N> yo (=1 + o — 1) + (=1 + 1o — nT)(0 — 1o

+ 777)2)))/ (/3((—1 + 1o =)oy = ry + (=1 + o = n7) + (o — ro + UT))Z)),
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