
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(8): 27481–27507.
DOI: 10.3934/math.20261100
Received: 25 June 2026
Revised: 15 August 2026
Accepted: 25 August 2026
Published: 31 August 2026

Research article

Analytical bounds and finite element modeling of the temperature
distribution on a thin plate heated by a localized radiant source

Jose Lages da Silva Neto1, Eduardo D. Correa1,2*, Rogerio M. S. Gama1, and Gustavo R. Anjos2

1 Department of Mechanical Engineering, Universidade do Estado do Rio de Janeiro–UERJ, Rio de
Janeiro, RJ 20550-900, Brazil

2 Department of Mechanical Engineering/Coppe, Universidade Federal do Rio de Janeiro–UFRJ, Rio
de Janeiro, RJ 21941-914, Brazil

* Correspondence: Email: eduardo.correa@eng.uerj.br.
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derived by coupling in-plane heat conduction, a view-factor-based incident radiative flux, and two-
sided radiative losses governed by the Stefan–Boltzmann law. The resulting problem is written in
weak form and solved with a Newton-linearized finite element formulation. Analytical upper and
lower bounds are established for the temperature field, giving admissible limits that are used to assess
the numerical results. The implementation is verified with the method of manufactured solutions, for
which the relative L2 and H1 errors decrease monotonically under mesh refinement. An independent
uniform-irradiation benchmark is reproduced to roundoff accuracy, and a separate refinement study for
the most localized physical source shows changes below 0.01% between the production and reference
meshes. Simulations show a strong dependence on source height: the peak temperature decreases from
about 140 to about 22 K as the dimensionless height increases from 0.1 to 10, while the computed
extrema remain within the analytical bounds. The rigorous derivation of the radiative source term is
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1. Introduction

Radiative heat transfer represents a fundamental physical phenomenon governing energy exchange
in high-temperature engineering applications, where thermal radiation often dominates. Practical
applications span aerospace thermal control, hypersonic vehicle thermal protection systems, additive
manufacturing [1], thermal management of electronic devices, glass manufacturing and ceramics [2],
and energy storage systems. Even some devices operating at room temperature can have significant
effects of radiation [3].

While classical linear heat conduction problems can be readily solved using established analytical
and numerical methods, real-world applications frequently involve the fourth-power temperature
dependence via the Stefan-Boltzmann law [4–6]. This nonlinear relationship introduces mathematical
complexity, which significantly affects solution behavior, requiring advanced numerical frameworks
for accurate prediction [1, 6–8]. Thermal radiation cannot be neglected in such regimes, since the
solutions of these problems are strongly affected by nonlinear radiative terms [7, 9].

Thus, the nonlinear mathematical description requires accurate view factor modeling [4, 5, 10],
robust boundary condition treatment [11, 12], and numerical methods capable of handling resulting
nonlinear equations while maintaining computational efficiency [7, 9, 13, 14].

Several methodological developments have addressed these issues through a variety of approaches.
Meshless techniques, including weighted least squares (MWLS) and least-squares methods, have
proven effective for nonlinear boundary conditions and temperature-dependent properties [6, 13].
More recently, mesh-free generalized finite difference approaches have been developed for transient
heat conduction in functionally graded materials, including spatial–temporal and time-spectral
formulations that avoid mesh generation altogether [15, 16]. Finite element frameworks have been
extensively developed for conducto-radiative problems in heterogeneous media, with advances in
streamline diffusion, contact mechanics, and discrete maximum principle satisfaction [8, 11, 17, 18].
The least-squares finite-element method based on variational principles can be solved efficiently [17].

More recent and advanced approaches include Monte Carlo simulations with discrete ordinate
methods [11], neural networks for complex thermal analysis [19], coupled PDE-ODE frameworks for
modeling nonlinear transient heat conduction with convective boundary conditions [7], and
sophisticated numerical methods for multi-phase and porous media applications [20, 21]. Nonlinear
radiative–convective modeling has also been explored in markedly different flow configurations, such
as nanofluid flow over rotating disks [22] and magnetized squeezing flow between disks [23],
although these studies address boundary-layer nanofluid transport rather than the source-to-surface
conducto-radiative problem considered here. Nonlinear heat generation/absorption effects on a heated
plane have likewise been analyzed for granular-material flows [24], and comparable nonlinear thermal
coupling arises in bioconvective nanofluid transport in physiological settings [25], underscoring that
heat-generation nonlinearities of this type are relevant well beyond the specific radiative mechanism
treated in this work.

Other numerical strategies for managing radiation nonlinearity include linearization through
Kirchhoff transformations for materials with temperature-dependent thermal conductivity [6],
iterative coupling schemes [13, 14], and variational principles for nonlinear problems [26]. Recent
advances demonstrate successful application of these approaches to problems in porous
fins [9, 20, 27], continuous mixtures, and complex material systems [7].
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Radiative heat transfer between spatially separated bodies presents unique computational problems
addressed through various specialized approaches. Boundary layer studies with convective surface
conditions reveal complex radiation-convection interactions [28], while porous media applications,
including fins, extended surfaces, and rotating geometries, show significant radiative influence on
thermal performance [20, 21, 29–31].

From a modeling standpoint, two ingredients are central: (i) the Stefan–Boltzmann nonlinearity and
(ii) the geometric coupling encoded by radiation view factors. Classical radiative-transfer references
and general view-factor reviews show that the radiative exchange term is essentially geometric and can
be strongly affected by source-target distance, relative orientation, and surface shape [4, 5, 10]. These
features make the resulting temperature field naturally dependent on both the nonlinear thermal law
and the spatial structure of the radiative kernel.

This observation motivates the treatment of radiative exchange as a nonlinear source term within
a PDE framework, rather than as a purely empirical thermal correction. In this setting, the spatially
varying radiation kernel acts as a geometric forcing mechanism that must be coupled consistently with
in-plane heat conduction.

However, significant gaps remain in strongly coupled conducto-radiative scenarios involving
distant source-target configurations with complex view factor relationships. Irradiation
non-uniformity translates directly into pronounced temperature non-uniformity and performance
penalties, underscoring the need for models that resolve both the radiative forcing and the in-plane
conductive response.

The mathematical formulation developed in this work leads to a two-dimensional nonlinear partial
differential equation with homogeneous Neumann boundary conditions. The problem is treated
through a weak variational formulation combined with Newton’s method, which allows the nonlinear
radiative term to be handled in a systematic and computationally efficient manner. This strategy is
consistent with established variational and numerical approaches for nonlinear thermal problems and
PDEs posed on complex geometries [3, 11, 17, 32–34], while being specifically adapted here to a
distant source–target radiative configuration. More broadly, the emphasis on model derivation,
qualitative consistency, and numerical simulation follows the mathematical-modeling perspective
adopted in transport-type applied PDE problems.

Unlike previous studies that treat radiative boundary conditions empirically or restrict the
geometric coupling to simplified view factors, the present work derives the source-to-surface radiative
term directly from the source-plate geometry and couples it consistently with in-plane conduction
within a single nonlinear PDE framework. The main contributions of this study are threefold: first, the
derivation of a mathematically consistent nonlinear source-to-surface model, together with explicit
analytical upper and lower bounds for the temperature field; second, a finite element procedure based
on Newton linearization of the weak form, written on the surface through the Laplace–Beltrami
operator so that the same implementation can be applied to flat and non-flat meshes; and third, the
verification of the implementation through the method of manufactured solutions, together with a
quantitative analysis of how the source height controls the temperature distribution.

The methodology is relevant to engineering situations involving localized radiant heating, such as
infrared-lamp or radiant-panel heating of plates and moving webs, radiant testing of surfaces, and
components placed near concentrated high-temperature sources. A flat rectangular plate is adopted as
the reference configuration; the corrugated and perforated examples are included as demonstrations of
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the surface finite element implementation rather than as a rigorous derivation of radiative exchange on
general curved surfaces.

2. Mathematical model

The proposed model applies to opaque surfaces for which the incident radiation from the source is
assumed to be absorbed, with reflection neglected; Figure 1 shows representative examples of such
surfaces. The precise meaning of this assumption, and its relation to the gray-surface hypothesis
adopted in the heat balance, is discussed below.

(a) Flat surface (b) Corrugated surface (c) Flat surface with hole

Figure 1. Surfaces.

To develop our model, we consider two idealized surfaces: a small thermal radiant source,
represented by a thin flat disk, and the receiving body, a planar rectangular plate of very small
thickness. A scheme of the studied problem is illustrated in Figure 2. The thermal radiant source will
be represented by a (very) small disk (assumed to be a blackbody), at a constant temperature TS ,
represented by the bounded open set

Γ ≡ {(u, v,w) such that (u − ā)2 + (v − b̄)2 < R2, H < w < H + δ, δ→ 0}, (2.1)

where R ≪ H is assumed for the small-disk (point-source) approximation used throughout; the
associated approximation error is quantified in Section 5. A part of the thermal radiant energy
emerging from the disk will reach the plane z = constant.

Figure 2. A scheme of the considered problem.
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Denoting by P a point on the lower surface of the small disk (thermal radiant source) and by Q a
point on the plane z = constant, we have that

P = (u i + v j + H k) → a point on the lower surface of the small disk (source),
Q = (x i + y j + z0 k) → a point on the plane z = z0 = constant,

P −Q = (u − x) i + (v − y) j + (H − z0) k.
(2.2)

So, the kernel associated to the view factor between the source and the plane is given by

K(P,Q) =
(
(u − x)i + (v − y)j + (H − z0)k

)
·k

(
(u − x)i + (v − y)j + (H − z0)k

)
·k

π
(
(u − x)2 + (v − y)2 + (H − z0)2)2

=
(H − z0)2

π
(
(u − x)2 + (v − y)2 + (H − z0)2)2 .

(2.3)

Equivalently, writing r = ∥P −Q∥ and cos θP = cos θQ = (H − z0)/r for the unit outward normals of
the horizontal source and receiving surfaces, the kernel takes the standard radiometric form K(P,Q) =
cos θP cos θQ/(πr2), consistent with the vector-notation derivation above [4, 5].

In this way, the thermal radiant energy, per unit time and per unit area, incident on the plane (coming
from the source), at a given point (x, y, z) is given by

eSOURCE =

∫
S OURCE

σT 4
S K(P,Q) du dv, (2.4)

(σ: Stefan-Boltzmann constant).
Since the source is assumed to be a small disk (with radius R) centered at (x, y) = (ā, b̄), the above

integral may be approximated by

eSOURCE =
σT 4

S (H − z0)2 πR2

π
(
(ā − x)2 + (b̄ − y)2 + (H − z0)2)2 . (2.5)

The quantity eSOURCE represents the amount of thermal radiant energy that, emerging from the source,
reaches the point (x, y, z0) on the plane. It should be noted that only the energy emitted from the lower
surface of the disk reaches the plane.

Hence, let us define the horizontal flat plate as the following bounded open set, illustrated in
Figure 3.

Ω ≡
{
(x, y, z) ∈ R3 | 0 < x < LX, 0 < y < LY , − δ < z < δ, δ→ 0

}
. (2.6)

Here, δ denotes the plate half-thickness, so that the total physical thickness is t = 2δ.

(a) View - plane xz (b) View - plane xy

Figure 3. The considered flat plate (two views).
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There exists a thermal radiant emission from the source to the plate. A part of the emitted thermal
radiation from the subset of the boundary in which w = H will reach the plate on its upper side.

Now, denoting by P a point on the lower surface of the small disk (thermal radiant source) and by
Q a point on the upper surface of the horizontal plate, we have that

P = (u i + v j + H k),
Q = (x i + y j + δk),

P −Q = (u − x) i + (v − y) j + (H − δ) k.
(2.7)

So, the kernel associated to the view factor between the lower surface of the source and the upper
surface of the plate is given by (taking into account that δ→ 0):

K(P,Q) =
H2

π
(
(u − x)2 + (v − y)2 + H2)2 . (2.8)

In this way, the thermal radiant energy, per unit time and per unit area, incident on the plate (coming
from the source), at a given point (x, y, δ), is given by

eSOURCE(x, y, δ) =
"
Γ

σT 4
S H2

π
(
(u − x)2 + (v − y)2 + H2)2 dA. (2.9)

Since the source is assumed to be a small disk (with radius R) centered at (x, y) = (ā, b̄), the above
integral may be approximated by

eSOURCE =
σT 4

S H2 πR2

π
(
(ā − x)2 + (b̄ − y)2 + H2)2 . (2.10)

The quantity eSOURCE represents the amount of thermal radiant energy that, emerging from the
source, reaches the point (x, y, δ) on the plate (upper surface).

It should be noted that there exists a thermal radiant loss from the plate to the environment (from
both sides of the plate).

The plate is assumed to be opaque, gray, and at rest. For an opaque surface, the absorptivity,
reflectivity, and emissivity satisfy α + ρ = 1, and, by Kirchhoff’s law for a gray surface, α = ε, so that
ρ = 1 − ε. The idealization of negligible reflection of the incident source flux therefore corresponds
to a strongly absorbing surface (α → 1); it is representative of many engineering surfaces of practical
interest, such as oxidized metals, coated or roughened surfaces, and high-temperature ceramics, and it
yields a conservative upper estimate of the absorbed energy, since any reflected fraction would reduce
the net flux deposited on the plate. Accordingly, the radiation emitted by the source is taken to be
partially absorbed by the plate, whereas the plate emits its own thermal radiation as a gray body of
emissivity ε; a partially reflecting surface can be accommodated by multiplying the incident source
term by the absorptivity α. Since the plate is thin and at rest, the heat transfer process within it takes
place by conduction. Assuming steady-state heat transfer, the energy transfer process in the plate (with
no internal heat sources) is described by the following partial differential equation:

∂

∂x

(
k
∂T
∂x

)
+
∂

∂y

(
k
∂T
∂y

)
+
∂

∂z

(
k
∂T
∂z

)
= 0 in Ω, (2.11)
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in which k denotes the thermal conductivity, assumed here a constant.
Since the plate is assumed to be thin, the area of the lateral edges x = 0, x = LX, y = 0, and y = LY

is negligible compared with the area of the two large faces; as a modeling assumption, valid when the
convective coefficient and the temperature difference at the edges remain moderate, the heat exchanged
through the edges is therefore treated as insignificant relative to that exchanged with the source and
the environment over the faces. For the small-to-moderate source heights considered in most of this
work (H ≤ 1), the source is centered over the plate and the radiative forcing decays rapidly away
from its projection, so the flux reaching the lateral edges is vanishingly small; for the largest height
studied (H = 10) the incident field becomes broad rather than strongly localized, and the near-uniform
temperature field observed in that case follows instead from the combination of this broad forcing and
efficient in-plane conduction (Section 5). It is therefore reasonable to model these edges as adiabatic,
or thermally insulated, which leads to the homogeneous Neumann boundary conditions adopted below.
This is also the natural boundary condition of the weak formulation, requiring no additional boundary
data.

Define the mean temperature T (that is a function of x and y) as follows:

T (x, y) =
1
2δ

∫ δ

−δ

T̂ (x, y, z) dz, T = T̂ (x, y, z). (2.12)

From this point onward, T (or, where the overbar is omitted for brevity, T without a hat) always
denotes the through-thickness mean/averaged temperature; T̂ denotes the pointwise three-dimensional
field, used only where the through-thickness variation is explicit, as in the definition above. Taking
into account that δ→ 0, equation (2.11) may then be integrated over the thickness 2δ, giving rise to

∂

∂x

(
k
∂T
∂x

)
+
∂

∂y

(
k
∂T
∂y

)
+

1
2δ

[
k
∂T
∂z

]
z=δ
−

1
2δ

[
k
∂T
∂z

]
z=−δ
= 0. (2.13)

Taking into account the thermal radiation heat transfer to the plate yields(
− k ∂T

∂z

)
z=δ = energy transfer (per unit time and per unit area) leaving the surface z = δ,(

k ∂T
∂z

)
z=−δ = energy transfer (per unit time and per unit area) leaving the surface z = −δ.

(2.14)

Equation (2.13) will be subjected to the following Neumann boundary conditions (insulated
subsets):

∂T
∂x
= 0, x = 0 and x = LX,

∂T
∂y
= 0, y = 0 and y = LY . (2.15)

Taking into account the source and the thermal radiant energy emitted from the surface z = δ, and
making the nonlinear term T

4
= |T |3 · T [9], we have

(
− k ∂T

∂z

)
z=δ = εσ |T |

3 T −
σT

4
S H2 R2(

(ā − x)2 + (b̄ − y)2 + H2)2 (2.16)

(ε: emissivity of the plate).
On the other hand, since the source does not emit thermal radiant energy for the surface z = −δ, we

have (
k ∂T
∂z

)
z=−δ = εσ |T |

3 T . (2.17)
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Therefore, Equation (2.13) can be rewritten as

∂

∂x

(
k
∂T
∂x

)
+
∂

∂y

(
k
∂T
∂y

)
−

1
2δ

[
εσ |T |3 T −

σT
4
S H2 R2(

(ā − x)2 + (b̄ − y)2 + H2)2

]
−

1
2δ

(
εσ |T |3 T

)
= 0. (2.18)

For the considered steady-state phenomenon, the complete mathematical description becomes

∂

∂x

(
k
∂T
∂x

)
+
∂

∂y

(
k
∂T
∂y

)
−
εσ

δ
|T |3 T +

σT
4
S H2 R2

2 δ
(
(ā − x)2 + (b̄ − y)2 + H2

)2 = 0. (2.19)

and is inherently nonlinear.
Assuming constant thermal conductivity, we may rewrite the problem as follows:

∂2T
∂x2 +

∂2T
∂y2 − A |T |3 T +

B(
(ā − x)2 + (b̄ − y)2 + H2

)2 = 0, (2.20)

in which the constants A and B are given by

A =
εσ

δ k
, B =

σT
4
S H2 R2

2 δ k
. (2.21)

With [σ] = W m−2K−4, [δ] = m, and [k] = W m−1K−1, dimensional analysis gives [A] = m−2K−3 and
[B] = m2K, so that both A|T |3T and B/[(ā − x)2 + (b̄ − y)2 + H2]2 carry units of K m−2, consistent with
∇2T in Eq (2.20).

At this point, it is possible (and convenient) to establish an “a priori” upper bound for the solution.
To establish this bound, let us take into account that T assumes its maximum in a neighborhood ∆ in
which ∫

∂∆

∇T · n dA ≤ 0. (2.22)

So, in this neighborhood, we must have

A |T |3 T ≤
B(

(ā − x)2 + (b̄ − y)2 + H2
)2 . (2.23)

and, therefore (upper bound for T ),

T ≤ sup
Ω

{ B
A(

(ā − x)2 + (b̄ − y)2 + H2)2

}1/4

≤
1
H

(B
A

)1/4
. (2.24)

On the other hand, assuming that T assumes its minimum in a neighborhood ∆, we have∫
∂∆

∇T · n dA ≥ 0. (2.25)

So, in this neighborhood, we must have

A |T |3 T ≥
B(

(ā − x)2 + (b̄ − y)2 + H2)2 . (2.26)
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and, therefore (lower bound for T ),

T ≥ inf
Ω

{ B
A(

(ā − x)2 + (b̄ − y)2 + H2)2

}1/4

=

{ B
A(

supΩ(ā − x)2 + supΩ(b̄ − y)2 + H2)2

}1/4

. (2.27)

Hence, for cases in which 0 ≤ ā ≤ LX and 0 ≤ b̄ ≤ LY , the following holds (lower bound for T ):

T ≥
{ B

A(
L2

X + L2
Y + H2)2

}1/4

. (2.28)

These bounds also shed light on the well-posedness of the problem. Writing the steady-state balance
in weak form, the associated operator is the sum of the linear elliptic Laplacian term and the nonlinear
reaction term A |T |3 T . The latter is monotone increasing in T , since the map s 7→ A |s|3s has non-
negative derivative 4A |s|3 ≥ 0. Added to the monotone and coercive Laplacian, it yields a strictly
monotone, coercive, and continuous operator on H1(Ω), using the continuous embedding H1(Ω) ↪→
Lp(Ω) for every finite p on the bounded, Lipschitz, two-dimensional domain Ω [35]. By the theory of
monotone operators, in the sense of Browder–Minty, the corresponding nonlinear variational problem
admits a unique weak solution, and the a priori upper and lower bounds derived above guarantee that
this solution is bounded and physically admissible. This monotonicity supports the well-posedness of
the continuous problem and is consistent with the stable behavior observed in the Newton iterations.

3. Numerical analysis

Consider the standard Sobolev spaces: L2(Ω), the space of square-integrable functions on Ω, and
H1(Ω), the space of functions in L2(Ω) whose first derivatives are also in L2(Ω). We define the trial and
test spaces depending on the boundary conditions: V = H1(Ω), for homogeneous Neumann boundary
condition, and V = {v ∈ H1(Ω) | v = 0 on ΓD}, for Dirichlet boundary condition on ΓD ⊂ ∂Ω.
The Dirichlet space is introduced because it is used later for the method of manufactured solutions
verification (Section 3.2), where exact Dirichlet data are imposed on the entire boundary; the physical
simulations reported in this work use only the homogeneous Neumann space.

We consider the steady-state heat conduction problem with radiative emission and a radiative source
governed by Eq (2.19); for constant thermal conductivity this reduces to Eq (2.20). The surface finite
element extension to non-flat meshes is obtained through the Laplace–Beltrami operator, as described
below.

We must find T ∈ V such that for all v ∈ V:∫
Ω

k∇T · ∇v dΩ +
∫
Ω

kA|T |3Tv dΩ =
∫
Ω

k f v dΩ, f (x, y) =
B

((ā − x)2 + (b̄ − y)2 + H2)2
, (3.1)

where homogeneous Neumann boundary conditions have been imposed, so that the boundary term∮
∂Ω

v(k∇T ) · n dS vanishes identically; this is the conventional weak form of the governing equation,
Eq (2.20).

The boundary conditions represent the physical constraints at the plate edges. For the specific case
analyzed, the plate is assumed to have insulated edges with no heat loss across the boundaries, leading
to homogeneous Neumann conditions, ∇T · n = 0 on ΓN1 ⊂ ∂Ω.
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3.1. Definition of the matrices

The matrices defined below are central to the finite element discretization of the radiative heat
transfer problem on a two-dimensional surface embedded in R3 (e.g., a thin plate with spatially
varying temperature). The first matrix, Ks, represents the generalized stiffness matrix associated with
thermal conduction, where the thermal conductivity k is assumed to be piecewise constant over each
finite element. It is formed by integrating the dot product of the spatial gradients of the shape
functions over the domain Ω. The operator ∇s denotes the surface gradient operator, i.e., the tangential
gradient defined on the shell midsurface: ∇sv = (I − n ⊗ n)∇ṽ, where n is the unit normal to the
surface and ṽ is any smooth extension of v off the surface. The second matrix, Mrads , is the nonlinear
radiation Jacobian. Its temperature-dependent factor is evaluated from the finite element temperature
interpolated at each quadrature point. The integral combines this temperature weighting with the
product of shape functions, scaled by the emissivity ε, the Stefan-Boltzmann constant σ, and the plate
thickness δ. The third matrix, Ms, is the standard finite element mass matrix, capturing the projection
of source terms onto the finite element space through the shape function products NiN j. Together,
these matrices enable the construction of the linearized system solved at each Newton iteration.

• Stiffness matrix (considering k constant element-wise):

Ks =

∫
Ω

∇sNi · ∇sN j dΩ. (3.2)

• Temperature-weighted mass matrix evaluated with quadrature-point temperatures:

Mrads =

∫
Ω

4A
∣∣∣T (n)

∣∣∣3 NiN j dΩ. (3.3)

Here, T (n) denotes the finite element temperature interpolated from the eight Quad8 nodal values
at each quadrature point. The factor 4A|T (n)|3 is therefore evaluated pointwise and integrated
together with NiN j and the surface Jacobian using the 3 × 3 Gauss rule. The nonlinear radiative
residual and its Newton Jacobian are assembled consistently with this same quadrature-point
temperature, without an element-average approximation.

• Standard mass matrix :
Ms =

∫
Ω

NiN j dΩ (3.4)

Each surface element is first expressed in a local orthonormal plane. The first local direction follows
the corner edge v1 → v2, and the second is obtained by removing from v1 → v3 its component along the
first direction. The eight three-dimensional nodal coordinates are projected onto this local basis. The
mapping from the reference square to the resulting two-dimensional element is isoparametric: the same
eight quadratic shape functions interpolate the geometry and the temperature. The Jacobian and the
transformed shape-function gradients are evaluated separately at every quadrature point. The stiffness,
standard mass, and radiation-weighted contributions are integrated with the tensor-product 3×3 Gauss
rule, i.e., nine quadrature points per element.

The adopted approximation is the eight-node quadratic serendipity quadrilateral, commonly
denoted Quad8 and illustrated in Figure 4; it is not the complete nine-node biquadratic quadrilateral.
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Four nodes are located at the corners and four at the edge midsides. Their positions define the
isoparametric geometry, so a displaced midside node can represent a curved quadratic edge. In the
meshes reported in this work, however, the in-plane domain is rectangular and its boundary edges are
straight; non-flat surface geometry is treated element by element through the local-plane construction
described above.

Figure 4. Topology of the eight-node quadratic serendipity quadrilateral (Quad8). Corner
and midside nodes define the isoparametric mapping and can represent quadratic edges; the
reported rectangular meshes use straight boundary edges.

3.2. Manufactured solution

The method of manufactured solutions (MMS) is employed to verify the correctness and
convergence properties of the numerical formulation. In this approach, an analytical temperature field
T (x, y) is prescribed, and the corresponding source term Q(x, y) is constructed such that the chosen
solution satisfies the governing differential equation.

The strong form of the problem is given by:

∇ · (∇T ) − A |T |3T +
B[

(ā − x)2 + (b̄ − y)2 + H2
]2 + Q(x, y) = 0. (3.5)

In contrast to simpler trigonometric fields, a higher-order manufactured solution is adopted in order
to better excite the numerical discretization and assess convergence more rigorously. The analytical
solution is defined as:

T (x, y) = 1 + sin(2πx) sin(3πy) + 0.5 cos(5πx) cos(4πy) + 0.2 x2y2. (3.6)

The MMS verification is performed on the flat reference surface, with z = 0; no corrugation is
applied to this test. The boundary conditions used in the MMS verification differ from those of the
physical problem. The homogeneous Neumann conditions stated above are retained for the physical
simulations, whereas the MMS computations impose the exact Dirichlet data obtained from Eq (3.6) on
the entire boundary, Th = T on ∂Ω. Consequently, at every Newton iteration the boundary temperature
is set to the manufactured value, and the corresponding temperature increment satisfies ∆T = 0 at all
boundary nodes.
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This choice introduces multiple spatial scales and polynomial components, ensuring that both the
interpolation capabilities of the finite element basis and the nonlinear terms of the governing equation
are thoroughly tested.

By substituting Eq (3.6) into Eq (3.5), the source term Q(x, y) is obtained as:

Q(x, y) = −∇ · (∇T ) + A |T |3T −
B[

(ā − x)2 + (b̄ − y)2 + H2
]2 (3.7)

where the Laplacian of the manufactured solution is computed analytically.
The first term on the right-hand side corresponds to thermal conduction, represented by the

Laplacian operator k∇2T . The second term accounts for the nonlinear radiative emission, which
follows a reduced Stefan–Boltzmann law proportional to |T |3T . The third term represents the external
radiative source, corresponding to energy incoming from a localized source positioned above the
plate. Finally, the term Q(x, y) acts as a compensating forcing term that ensures that the manufactured
solution exactly satisfies the governing equation.

Once the source term is defined, the numerical problem is solved using the weak form with Q(x, y)
included. The resulting numerical solution must converge to the analytical field T (x, y).

The nonlinear iterations are monitored over the set F of free temperature degrees of freedom. The
vector on the right-hand side of the linearized system is the negative discrete nonlinear residual at the
current iterate.

At each Newton iteration n, the linearized weak form leads to the following matrix system and
updated T n+1:

(
Ks +Mrads

)
∆T (n+1) = −

(
Ks +

Mrads

4

)
T (n) +Ms

 B[
(a − xi)2 + (b − yi)2 + H2]2

 , (3.8)

T (n+1) = T (n) + ∆T. (3.9)

The relative increment and residual indicators are defined as

η(n+1)
T =

∥∆T (n+1)
F
∥2

max
(
1, ∥T (n+1)

F
∥2

) , η(n)
R =

∥R(n)
F
∥2

max
(
1, ∥R(0)

F
∥2

) .
Convergence is accepted only when both η(n+1)

T < 10−6 and η(n)
R < 10−6. The Newton updates are applied

without damping or a line search.
The iterative process continues until convergence is achieved. Due to the construction of the source

term, the numerical solution is expected to recover the manufactured solution up to discretization
errors. This provides a rigorous framework for verifying both the implementation and the expected
convergence rates of the numerical method.
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Figure 5. Numerical solution obtained using the manufactured source term. The computed
temperature field accurately reproduces the prescribed analytical solution, verifying the
numerical implementation.

4. Error norms and convergence analysis

In order to assess the accuracy and convergence properties of the numerical solution, two standard
norms are employed: the L2 norm and the H1 norm [35]. These norms provide complementary
information about the quality of the approximation obtained by the finite element method.

Let T denote the exact (analytical or manufactured) solution and Th the finite element
approximation. The error is defined as:

e = Th − T. (4.1)

4.1. Relative L2 error norm

The L2 norm measures the average error over the computational domain Ω, and is defined as:

∥e∥L2 =

(∫
Ω

(Th − T )2 dΩ
)1/2

. (4.2)

In order to obtain a scale-independent metric, the relative L2 error is used:

∥e∥rel
L2 =


∫
Ω

(Th − T )2 dΩ∫
Ω

T 2 dΩ

1/2

. (4.3)

In this MMS verification section, M and K denote the standard mass and stiffness matrices
associated with the two-dimensional reference discretization; the subscript s is reserved for the
surface matrices used in the general surface formulation. Within the finite element framework, this
quantity is computed using the consistent mass matrix M:

∥e∥rel
L2 =

(
eT Me
TT MT

)1/2

. (4.4)
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For the MMS verification, the integrals in the relative norms are evaluated element by element
using the same 3 × 3 Gauss rule employed in the finite element assembly. At every quadrature point,
the numerical field and its gradient are reconstructed as Th =

∑
i NiTi and ∇Th =

∑
i ∇NiTi, while the

exact manufactured field T and its analytical gradient are evaluated at the same physical coordinates.
Consequently, the computed quantity is the error Th − T throughout each element, rather than the
difference between the numerical nodal vector and the nodal interpolant of the exact solution.

The L2 norm quantifies the global (mean-square) accuracy of the solution and is particularly useful
for assessing convergence rates.

4.2. Relative H1 error norm

The H1 norm extends the L2 norm by incorporating the gradient. It is defined as:

∥e∥H1 =

(∫
Ω

(Th − T )2 dΩ +
∫
Ω

∥∇Th − ∇T∥2 dΩ
)1/2

. (4.5)

The corresponding relative H1 error is given by:

∥e∥rel
H1 =


∫
Ω

(Th − T )2 dΩ +
∫
Ω
∥∇Th − ∇T∥2 dΩ∫

Ω
T 2 dΩ +

∫
Ω
∥∇T∥2 dΩ

1/2

. (4.6)

In discrete form, this norm can be computed using both the mass matrix M and the stiffness matrix
K:

∥e∥rel
H1 =

(
eT Me + eT Ke

TT MT + TT KT

)1/2

. (4.7)

The H1 norm is particularly relevant for diffusion-dominated problems, as it directly measures the
error in both the solution and its gradient. Since the governing equation involves the Laplacian operator,
which depends on spatial derivatives, the H1 norm provides a more physically meaningful measure of
accuracy, especially in terms of heat flux prediction.

The flat-plate MMS study uses A = 5.103 × 10−6, B = 1.161216, H = 0.1, and a = b = 0.5 on the
unit square. The nominal boundary-refinement sequence is 2, 4, 10, 20, and 100; the corresponding
unstructured Quad8 meshes and their actual maximum element sizes are reported in Table 1. The
nonlinear system is assembled with the 3×3 Gauss rule and initialized with T (0)

h = 300. Exact Dirichlet
data from Eq (3.6) are imposed on the entire boundary. Newton iteration is stopped only when both
the relative increment and the initial-residual-normalized nonlinear residual over the free degrees of
freedom are below 10−6. Neither damping nor a line search is used. All five cases converge in eight
Newton updates.

Because the successive unstructured meshes do not provide exact halvings of h, the observed orders
in Table 1 are calculated with the actual mesh-size ratio, p = log(Ehi−1/Ehi)/ log(hi−1/hi).
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Table 1. Flat-plate MMS convergence data obtained with Quad8 elements and the 3 × 3
Gauss rule. Ndof denotes the total number of temperature degrees of freedom, including
those constrained by the exact Dirichlet boundary data.

Nel Ndof h ∥e∥rel
L2 pL2 ∥e∥rel

H1 pH1 NNewton

4 21 5.0000 × 10−1 3.9023 – 4.0445 – 8
16 65 2.5073 × 10−1 1.2684 × 10−1 4.96 3.9144 × 10−1 3.38 8

117 392 1.4004 × 10−1 1.2284 × 10−2 4.01 7.7812 × 10−2 2.77 8
513 1620 7.0207 × 10−2 1.0342 × 10−3 3.58 1.9089 × 10−2 2.04 8

12832 38897 1.7338 × 10−2 1.1343 × 10−5 3.23 1.0543 × 10−3 2.07 8

The convergence behavior recalculated on the flat reference plate is summarized in Figure 6. As the
maximum element size decreases from h = 5.00 × 10−1 to 1.73 × 10−2, the relative L2 error decreases
monotonically from 3.90 to 1.13 × 10−5 and the relative H1 error decreases from 4.04 to 1.05 × 10−3.
The two coarsest meshes are pre-asymptotic. A least-squares fit over the three finest meshes gives
∥e∥rel

L2 = O(h3.33) and ∥e∥rel
H1 = O(h2.06), in agreement with the O(h3) and O(h2) reference rates for a

quadratic finite element. The former attribution of a reduced L2 rate to the nonlinear Stefan–Boltzmann
term and to the localized source has therefore been removed.
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Figure 6. Convergence of the relative L2 and H1 error norms for the flat-plate MMS test as a
function of the maximum element size h on a log–log scale. The norms are integrated directly
against the exact manufactured field with the same 3×3 Gauss rule used in the finite element
assembly. Reference slopes O(h2) and O(h3) are shown for comparison. Least-squares fits
over the three finest meshes give p = 2.06 in H1 and p = 3.33 in L2.

5. Results

The representative parameters and computational settings used in the simulations are summarized in
Table 2. The problem is governed by the two lumped constants A = εσ/(δk) and B = σT 4

S H2R2/(2δk),
together with the plate dimensions and the source height H.
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Table 2. Representative material properties and computational parameters used in the
simulations. The constant B depends on the source height; with the values above it equals
1.16, 29.0, 116, and 1.16 × 104 for H = 0.1, 0.5, 1.0, and 10, respectively.

Parameter / setting Value

Finite element type Quad8 (bi-quadratic quadrilateral)

Mesh structured quadrilateral grid (n = 100 edge subdivisions)

Newton relative tolerances (increment/residual) 10−6/10−6

Initial guess T (0) 300 K

Plate dimensions LX × LY 1.0 × 1.0 m

Source horizontal position (ā, b̄) plate center (0.5, 0.5)

Source heights H 0.1, 0.5, 1.0, 10.0 m

Stefan–Boltzmann constant σ 5.67 × 10−8 W m−2 K−4

Thermal conductivity k 1.0 W m−1 K−1

Emissivity ε 0.9

Plate thickness parameter δ 0.01 m

Source temperature TS 800 K

Source radius R 0.01 m

Lumped constant A = εσ/(δk) 5.10 × 10−6

Lumped constant B = σT 4
S R2H2/(2δk) 1.161 × 102 H2

5.1. Independent benchmark and physical mesh independence

Two complementary tests were conducted beyond the MMS verification. First, the spatially
varying incident source was replaced by its uniform far-field value while retaining the nonlinear
radiative loss and the homogeneous Neumann conditions. The resulting constant balance gives the
reference temperature Tref = 21.84096 K. Because a constant field is represented exactly by the
Quad8 approximation, this test is expected to reach roundoff accuracy on every mesh; it checks the
nonlinear source–loss balance, quadrature, and Newton linearization rather than a spatial convergence
rate. Table 3 confirms this behavior: the relative L2 and L∞ errors remain between 2.0 × 10−14 and
1.6 × 10−12.

Table 3. Uniform-irradiation benchmark with Tref = 21.84096 K. The relative amplitude is
(Tmax − Tmin)/Tref .

n Nel Ndof ∥e∥rel
L2 ∥e∥rel

L∞ Relative amplitude
10 117 392 1.998 × 10−14 2.619 × 10−14 1.334 × 10−14

40 2054 6323 3.212 × 10−14 6.019 × 10−14 8.637 × 10−14

100 12832 38897 1.573 × 10−12 1.626 × 10−12 1.148 × 10−13
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A separate mesh-independence study was then performed for the nonuniform physical source on
the flat plate at H = 0.1, which is the case with the sharpest temperature gradient. All other parameters
are those listed in Table 2; the 3 × 3 Gauss rule and the two relative Newton tolerances of 10−6 were
retained. The area-weighted mean temperature was evaluated with the consistent mass matrix. For the
profile comparison, the nodal solutions were linearly interpolated onto a common set of 2001 points
along x = y, and Ediag denotes the relative L2 difference from the refined n = 160 profile. All meshes
converged in nine Newton updates.

Table 4. Physical mesh-independence study for the localized source on the flat plate at
H = 0.1. Temperatures are given in K, and Ediag is reported as a percentage.

n Nel Ndof h Tmin Tmax Tmean Ediag (%)
10 117 392 1.4004 × 10−1 78.08749 134.84999 88.72543 8.464 × 10−1

20 513 1620 7.0207 × 10−2 78.17535 136.05446 88.86496 2.206 × 10−1

40 2054 6323 3.7285 × 10−2 78.17217 136.13966 88.85591 5.753 × 10−2

80 8149 24768 2.0186 × 10−2 78.17195 136.26257 88.85526 8.773 × 10−3

100 12832 38897 1.7338 × 10−2 78.17201 136.26108 88.85533 5.110 × 10−3

160 32775 98966 1.0845 × 10−2 78.17203 136.27229 88.85534 –

Between the production mesh (n = 100) and the refined reference (n = 160), the relative changes
in Tmin, Tmax, and Tmean are 2.49 × 10−5%, 8.23 × 10−3%, and 1.98 × 10−5%, respectively, while the
diagonal-profile difference is 5.11 × 10−3%. These results show that the n = 100 mesh used for the
reported physical simulations is mesh independent to well below 0.01% for the monitored quantities.

Representative numerical results satisfy the analytical upper and lower bounds derived in Eqs (2.24)
and (2.28) for all values of H considered in this study, as shown in Table 5. The values reported in this
table are used to assess the consistency between the analytical estimates and the computed temperature
range.

Table 5. Analytical upper and lower bounds, Eqs (2.24) and (2.28), compared with
representative maximum and minimum temperatures observed in the simulations for the
parameters of Table 2 (temperatures in K). The observed values lie within the bounds for
every source height.

Height H Upper Bound Lower Bound Observed Max Observed Min
0.1 218.4 15.4 136.26 78.17
0.5 97.7 32.6 83.84 75.99
1.0 69.1 39.9 64.99 63.67

10.0 21.84 21.63 21.8229 21.8227

It is noteworthy that all simulated temperatures remain within the corresponding theoretical bounds.
This agreement provides additional support for the mathematical consistency of the model and for the
reliability of the numerical implementation.

It is also important to examine how the temperature field changes with the source height H, which
represents the distance between the radiant source and the plate. The temperature distributions obtained
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for different values of H are shown in Figures 7a–8b.
Figures 7a and 7b show the temperature distributions for H = 0.1 and H = 0.5, respectively.

(a) Temperature distribution on plate with H = 0.1. (b) Temperature distribution on plate with H = 0.5.

Figure 7. Temperature distribution on flat plates with H = 0.1 and H = 0.5.

In both cases, the source primarily affects the region located directly beneath it, producing a
temperature peak centered near the plate axis. For H = 0.1, the thermal field is highly localized, with
a sharp temperature gradient and a rapid decay away from the source projection. This behavior
indicates that the radiative forcing is strongly concentrated in a small region of the plate. In contrast,
for H = 0.5, the temperature profile becomes smoother and more spatially distributed, indicating that
the incident radiative energy is less concentrated and that conduction within the plate plays a more
visible role in redistributing heat.

Therefore, as H increases from 0.1 to 0.5, the maximum temperature decreases and the
temperature gradient becomes less steep. This behavior is physically expected, since increasing the
distance between the source and the plate reduces the concentration of radiative energy received at the
central region.

Table 6. Comparison between temperature distributions for H = 0.1 and H = 0.5.

Feature H = 0.1 H = 0.5
Maximum Temperature (K) ∼ 140 (strong heating) ∼ 84 (weaker heating)
Peak Sharpness Very sharp and steep Broader and smoother
Gradient Steep drop from center to edges Gentle gradient across surface
Heat Concentration Highly localized More distributed

Figures 8a and 8b show the temperature distributions for H = 1.0 and H = 10.0, respectively. For
H = 1.0, a central temperature peak is still present, although it is significantly smoother and less intense
than in the previous cases. This indicates that the source still has a noticeable thermal influence on the
plate, but its effect is now spread over a wider region. For H = 10.0, the temperature field becomes
nearly uniform, with a negligible difference between the maximum and minimum temperatures. This
behavior reflects the progressive reduction of the radiative effect as the source is moved farther from
the plate, since the corresponding view factor becomes very small.
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(a) Temperature distribution on plate with
H = 1.0.

(b) Temperature distribution on plate with
H = 10.0.

Figure 8. Temperature distribution on flat plates with H = 1.0 and H = 10.0.

Table 7. Comparison of temperature distributions for H = 1.0 and H = 10.0.

Feature H = 1.0 H = 10.0
Maximum Temperature (K) ∼ 65 ∼ 22
Peak Shape Rounded and elevated Almost flat
Gradient Gradual slope from center Nearly uniform surface
Heat Distribution Mildly centralized Uniform, very weak heating

Figure 9 compares the temperature profiles along the diagonal of the plate for different values of
H. The numerical results are fully consistent with the expected physical behavior: smaller values of H
produce sharper and more localized thermal peaks, whereas larger values of H lead to smoother and
less pronounced temperature variations.

Figure 9. Comparative temperature distribution on flat plates.

Beyond this qualitative trend, the results quantify how strongly the source height controls the
heating. The maximum temperature drops from 136.26 K at H = 0.1 to 83.84, 64.99, and 21.8229 K
at H = 0.5, 1.0, and 10, respectively, corresponding to a reduction of approximately 84% over the
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range considered. At the same time, the difference between the maximum and minimum
temperatures, which measures the in-plane non-uniformity, decreases from 58.09 K at H = 0.1 to less
than 0.001 K at H = 10. At this largest height, the forcing itself becomes nearly spatially uniform
since H greatly exceeds the plate dimensions, so both the reduced forcing gradient and conduction
contribute to the near-uniform temperature field observed. The practical implication is that the
controlling design parameter is not the source intensity alone but the source-to-plate distance, which
simultaneously sets both the magnitude and the spatial spread of the thermal load.

The same surface formulation can also be applied, without modification, to non-flat meshes. In
Figures 10a–11b, a corrugated sinusoidal surface with very low amplitude is considered, and the
corresponding temperature fields are computed for the same values of H. The obtained profiles are
qualitatively similar to those of the flat plate: for small source heights, the temperature distribution is
strongly localized near the source projection, whereas for larger values of H, the thermal field
becomes smoother and more diffuse. These examples are presented as a demonstration of the surface,
or Laplace–Beltrami, finite element formulation on curved meshes, rather than as a rigorous treatment
of curved-surface radiative exchange. Such a treatment would require a dedicated derivation of the
incident-radiation term and the local view factor on a general curved geometry. In the present
corrugated examples, radiative exchange between different regions of the same surface is neglected,
which is consistent only with the very low-amplitude interpretation adopted here.

(a) Temperature distribution on corrugated plate
with H = 0.1.

(b) Temperature distribution on corrugated plate
with H = 0.5.

Figure 10. Temperature distribution on corrugated plates with H = 0.1 and H = 0.5.

(a) Temperature distribution on corrugated plate
with H = 1.0.

(b) Temperature distribution on corrugated plate
with H = 10.0.

Figure 11. Temperature distribution on corrugated plates with H = 1.0 and H = 10.0.

Because the formulation is assembled element by element on the surface mesh, geometric
discontinuities such as holes are handled directly, without any change to the discrete finite element
structure: the hole is represented by the absence of elements, and the homogeneous Neumann
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condition applies naturally along the resulting internal edge. Figures 12a and 12b show representative
simulations for this configuration, which are again reported as demonstrations of the meshing
capability rather than as a separate physical model.

(a) Temperature distribution on flat plate
with hole.

(b) Temperature distribution on flat plate with hole,
warped view.

Figure 12. Temperature distribution on flat plate with hole, two views.

6. Conclusions

This study developed a combined analytical and numerical framework for predicting the
steady-state temperature field induced on a thin plate by a small, localized radiative source placed at a
finite distance. The model couples in-plane conduction with two-sided nonlinear radiative losses and
a view-factor-based source term, under homogeneous Neumann boundary conditions, yielding a
nonlinear boundary-value problem governed by the Stefan–Boltzmann law. The problem was solved
by a Newton-linearized weak formulation discretized with Quad8 finite elements, and the
implementation was verified with the method of manufactured solutions, for which both the relative
L2 and H1 errors decreased monotonically under mesh refinement.

Explicit a priori upper and lower bounds were derived, and, for all source heights examined, the
computed temperatures remained within these bounds. The source height was found to be the
dominant parameter: as H increased from 0.1 to 10, the peak temperature decreased from about 140
to about 22 K, corresponding to a reduction of roughly 84%, and the in-plane temperature difference
collapsed from about 62 K to less than 0.01 K, the field becoming essentially uniform as conduction
redistributed the absorbed energy. The same surface formulation was also applied, as a demonstration,
to a very low-amplitude corrugated plate and to a plate with a hole, producing qualitatively consistent
fields.

The present results were obtained under the assumptions of an opaque gray plate with full
absorption of the incident flux, a thin-plate membrane conduction model, and a small disk-like source.
Within this scope, the framework provides a consistent approach to nonlinear radiative–conductive
heat transfer driven by a distant source. From a practical standpoint, the framework is directly
relevant to infrared-lamp and radiant-panel heating of plates and moving webs, radiant testing of
surfaces, and the thermal design of components placed near concentrated high-temperature sources,
for which the source-to-plate distance H, identified here as the dominant parameter, provides a direct
design lever for controlling both the peak temperature and its spatial uniformity. Natural extensions
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include a rigorous formulation of the incident-radiation term on general curved surfaces, the treatment
of partially reflecting and non-gray surfaces, multiple or extended sources, and validation against
independent benchmark or experimental data.

Appendix A. Newton linearized system

We start from the nonlinear variational problem:

F(T ; v) =
∮
∂Ω

v(k∇T ) · n dS −
∫
Ω

(k∇T ) · ∇v dΩ

− k
∫
Ω

A|T |3Tv dΩ + k
∫
Ω

B
[(ā − x)2 + (b̄ − y)2 + H2]2

v dΩ = 0. (A.1)

At iteration n, we linearize F around T (n) and solve for ∆T = T (n+1) − T (n) ∈ V such that:

−DF(T (n);∆T, v) = F(T (n); v). (A.2)

The Gâteaux derivative DF(T (n);∆T, v) reads:

DF(T (n);∆T, v) =
∮
∂Ω

v(k∇∆T ) · n dS −
∫
Ω

(k∇∆T ) · ∇v dΩ −
∫
Ω

4kA|T (n)|3∆Tv dΩ. (A.3)

The extension |T |3T (rather than T 4) is used because it remains a well-defined, smooth, monotone
function on all of R, so the Newton iteration above stays well-posed even if an intermediate iterate
were to become negative. The a priori lower bound derived in Section 2 is strictly positive for every
source height considered and applies to the converged weak solution; since the finite element solution
converges to this solution under mesh refinement (Section 4) and every observed minimum lies above
the corresponding analytical lower bound, the converged numerical temperature field is positive in all
cases reported. This guarantees positivity of the converged solution rather than of every intermediate
Newton iterate; no formal positivity-preservation result is claimed for the iteration itself.

Under Dirichlet boundary conditions, the test function v vanishes on ΓD where T is prescribed,
so the corresponding boundary integral vanishes there for that reason; under homogeneous Neumann
conditions on the remainder of the boundary (or on the entire boundary, for the physical problem), the
flux term vanishes directly from the boundary condition ∇T · n = 0. Both boundary integrals therefore
vanish, but for different reasons depending on the boundary type. For nonhomogeneous Neumann
conditions, both integrals remain and must be evaluated using the definition of boundary elements for
the integrals on ∂Ω. Therefore, the linearized weak form becomes the following: Find ∆T ∈ V such
that

−

∮
∂Ω

v(k∇∆T ) · n dS +
∫
Ω

(k∇∆T ) · ∇v dΩ +
∫
Ω

4kA|T (n)|3∆Tv dΩ = F(T (n); v), (A.4)

and update:
T (n+1) = T (n) + ∆T. (A.5)

To solve the nonlinear radiative heat transfer problem, the Newton-Raphson algorithm is employed
within the finite element framework. The procedure begins by expressing the nonlinear governing
equation in its weak form, which is then discretized using a finite-dimensional subspace of basis
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functions. At each iteration, the current approximation of the temperature field is updated by solving a
linear system derived from the Gâteaux derivative of the weak form, this yields the Jacobian matrix,
and the associated residual vector. Specifically, the linear system J(T (n))∆T = −R(T (n)) is solved for
the Newton increment ∆T , which is used to update the solution via T (n+1) = T (n) + ∆T .

The convergence test is applied over the free degrees of freedom F using

η(n+1)
T =

∥∆T (n+1)
F
∥2

max
(
1, ∥T (n+1)

F
∥2

) , η(n)
R =

∥R(n)
F
∥2

max
(
1, ∥R(0)

F
∥2

) .
The iteration is accepted only when both indicators are below 10−6.

The residual vector used in the implementation is written below. Let T (n)
h =

∑
j N jT

(n)
j denote

the finite element temperature evaluated pointwise on each Ωe, and define the nodal source values
f j = kB/[(ā − x j)2 + (b̄ − y j)2 + H2]2.

R(n)
i = −

∑
j

[∫
Ω

(k∇sNi) · ∇sN j dΩ
]

T (n)
j −

∑
e

∫
Ωe

kA
∣∣∣T (n)

h

∣∣∣3 T (n)
h Ni dΩ

+
∑

j

[∫
Ω

NiN j dΩ
]

f j. (A.6)

R(n)
i,cond = −

∑
j

[∫
Ω

(k∇sNi) · ∇sN j dΩ
]

T (n)
j , (A.7)

R(n)
i,rad = −

∑
e

∫
Ωe

kA
∣∣∣T (n)

h

∣∣∣3 T (n)
h Ni dΩ, (A.8)

Ri,src =
∑

j

[∫
Ω

NiN j dΩ
]

f j. (A.9)

Thus, the nonlinear radiative residual contains a single test function Ni; the product NiN j arises after
expanding T (n)

h and in the radiation Jacobian. Both T (n)
h and 4A|T (n)

h |
3 are evaluated at the quadrature

points. In matrix notation, the implemented contribution is −M(n)
rad,sT

(n)/4. The last term also makes the
source treatment explicit: the incident-radiation field is evaluated at the nodes and projected through
the consistent mass matrix,

∑
j Mi j f j, rather than evaluated by direct quadrature of the exact spatial

source f (x, y).
At each Newton iteration step n, the nonlinear weak form is linearized, resulting in a matrix system

that relates the Newton increment ∆T (n+1) to the residual evaluated at the current iterate T (n). This
yields the following linear system:[

Ks +Mrads
(n)

]
∆T (n+1) = −

[
Ks +

Mrads
(n)

4

]
T (n) +Msf. (A.10)

T (n+1) = T (n) + ∆T (A.11)

where Ks is the general stiffness matrix corresponding to thermal diffusion for a two-dimensional
surface embedded in R3, Mrads

(n) is the nonlinear radiation matrix evaluated at T (n), and the final term

AIMS Mathematics Volume 11, Issue 8, 27481–27507.
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on the right-hand side represents the external radiative source projected onto the finite element space
through the mass matrix Ms. After solving this linear system, the temperature field is updated as
T (n+1) = T (n) + ∆T (n+1). The process is repeated until both relative criteria defined above are satisfied.
No damping or line-search procedure is used in the reported calculations.
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