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Abstract: This work developed an adaptive power expansion iterative scheme (APEIS) for
numerically investigating nonlinear fractional systems involving Atangana–Baleanu–Caputo (ABC)
operators. The proposed framework was applied to a time-fractional Hindmarsh–Rose (TF-HR)
reaction–diffusion system to analyze memory-dependent signal propagation dynamics. Existence,
uniqueness, convergence, and Hyers–Ulam stability results were established to provide the theoretical
foundation of the proposed methodology. Numerical simulations were carried out for different
fractional orders through approximate solution profiles, residual-error analysis, and wave-propagation
investigations. A comparative study with the classical Adomian decomposition method (ADM)
demonstrated close agreement between the two approaches, while APEIS consistently produced
smaller residual errors and improved convergence behavior. The numerical results revealed that
fractional memory effects strongly influence oscillatory dynamics and signal propagation. In particular,
smaller fractional orders lead to smoother wave evolution with stronger memory effects, whereas larger
fractional orders generate faster oscillatory behavior with weaker memory influence. These findings
confirm the accuracy, efficiency, and reliability of the proposed APEIS framework for memory-
dependent nonlinear reaction–diffusion systems.
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1. Introduction

Fractional calculus generalizes the classical concepts of differentiation and integration by extending
them to arbitrary non-integer orders. Unlike local integer-order operators, fractional operators naturally
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incorporate memory and hereditary characteristics, making them suitable for describing systems whose
current behavior depends not only on the present state but also on past histories. The origins of
fractional calculus date back to correspondence between Leibniz and L’Hopital in 1695, where the
possibility of a derivative of order 1

2 was first discussed. Subsequently, contributions of Riemann,
Liouville, and Grunwald established the theoretical foundations that transformed these early ideas into
a systematic mathematical framework [1, 2].

Over recent decades, numerous fractional operators have been introduced, including the Caputo–
Fabrizio, Hilfer, Katugampola, and ABC derivatives, each characterized by different memory kernels
and nonlocal structures. Compared with classical integer-order formulations, fractional models
provide a more realistic description of memory-dependent phenomena and hereditary processes
frequently encountered in practical systems [3]. Depending on the selected operator, the corresponding
kernels may exhibit power-law, exponential, or Mittag–Leffler behavior, leading to different memory
mechanisms, and dynamic responses. Consequently, fractional calculus has become an essential
mathematical tool for both theoretical analysis and numerical modeling [4]. Recently, Zaidi [5]
investigated the existence and stability properties of three-dimensional ABC fractional systems in
locally compact Hausdorff spaces with applications to chaotic and fluid dynamics, while Zaidi [6]
proposed a semi-analytical methodology for fractional dynamical systems with applications to
wave propagation.

Fractional operators have found widespread applications in viscoelasticity, anomalous diffusion,
heat transfer, control systems, electrochemistry, signal and image processing, bioengineering, and
finance, where delayed responses and nonlocal interactions play essential roles [7, 8]. In many
such applications, fractional models provide more accurate descriptions of experimental observations
compared with classical approaches. As a consequence, research involving fractional theory,
computational methods, and practical applications has expanded significantly. Partial differential
equations (PDEs) remain fundamental tools for modeling transport phenomena, diffusion processes,
and wave propagation. Nevertheless, classical PDEs often become inadequate when long-memory
behavior or multi-scale interactions are involved. To overcome these limitations, fractional partial
differential equations (FPDEs) have emerged as natural generalizations of integer-order models [9].
These equations have been successfully applied to anomalous transport processes, viscoelastic flows,
turbulence, quantum mechanics, stochastic systems, geophysics, biological modeling, and financial
mathematics [10, 11].

Due to the complexity associated with nonlinear fractional models, numerous analytical, and
numerical techniques have been developed for constructing approximate solutions. These include
transform-based approaches, decomposition methods, homotopy procedures, variational techniques,
and numerical discretization schemes. Representative examples include SG expansions [12],
algebraic methods [13], the fractional Newton method (FNM) [14], Laplace-transform approaches [2],
variational iteration techniques [15], Sumudu decomposition methods [16], Adomian decomposition
procedures [17], kernel Hilbert space techniques [18], scaling approaches [19], and the q-HATM
framework [20]. These developments reflect the continuous effort toward constructing computational
frameworks capable of simultaneously improving approximation accuracy, stability, and computational
efficiency. Recently, Nikan et al. [21] proposed an improved local radial basis function method for
the numerical solution of the time-fractional Black–Scholes model. Li et al. [22] investigated Turing
instability and pattern formation in a diffusive predator–prey system with opportunistic predators and
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a weak effect, highlighting the rich dynamical behavior of nonlinear reaction–diffusion systems.
In this framework, we consider following general nonlinear fractional system:

Dσ
0,µm

φk(µi) = Dφk

∂n

∂µn
1
φk(µi) + φ0

k φk(µi) + Qk

{
(µi), φk(µi),

φk(µ1, µ2, · · · µm−1, µm − ξ), φk
[
µ1, µ2, · · · µm−1, µm − Fk[(φ1φ2 · · · φs−1)(µi)]

] }
,

φk(µi) = ςk(µi), 0 ≤ µm ≤ ρk,

φk(µ1, µ2, · · · , µm−1, 0) = hk(µ1, µ2, · · · , µm−1), k ∈ {1, 2, · · · , s},

(1.1)

for all
(µi) = (µ1, µ2, · · · , µm) ∈ ΠΨ := Ψ × [0, µ0]m−1,

where Ψ ⊂ R, µ0 > 0, and Dσ
0,µm

denotes the ABC fractional derivative of order 0 < σ ≤ 1. Moreover,
s,m, n ∈ N and ρk = max{ξ, supt Fk(t)}, subject to ρk < µ0 and ξ > 0 for all k ∈ {1, 2, · · · , s}.
The function Fk is assumed continuous on (0, ρk], ςk is bounded and continuous, Qk is continuous
and φ0

k are constant coefficients. As a practical application related to nonlinear signal propagation,
consider the special case where α = 1, k = 3, and s = m = 2, with Q1 = φ2 − a1φ

3
1 + a2φ

2
1 − φ3 + I,

Q2 = b1−b2φ
2
1,Q3 = c1c2(φ1−c3), φ0

1 = 0, φ0
2 = −1, and φ0

3 = −c1. In this context, system (1.1) becomes
classical HR reaction–diffusion oscillator system [23], which is one of most widely studied nonlinear
oscillator models for investigating complex dynamical behaviors and nonlinear signal propagation
mechanisms in modern signal environments. Here, µ1 and µ2 represent the spatial and temporal
variables, respectively. The function φ1 denotes the principal nonlinear oscillatory signal propagating
through the signal dynamics, φ2 represents the fast recovery variable responsible for rapid dynamic
adjustments, and φ3 represents the slow adaptation variable controlling long-term memory effects
and delayed responses. The parameters Dφ1 ,Dφ2 ,Dφ3 are diffusion coefficients describing spatial
propagation of information signals. For the constants: a1 controls nonlinear damping, a2 controls
nonlinear excitation, b1 represents recovery input, b2 controls fast recovery coupling, c1 determines the
slow adaptation rate, c2 controls slow adaptation coupling, c3 denotes the activation threshold, and I
represents the external input intensity.

Several studies have investigated fractional HR systems and their fractional extensions. Fateev
and Polezhaev [23] studied interacting neuronal chains with nonlocal coupling governed by fractional
and variable-order Laplace operators together with HR nonlinearities. Xue and Fu [24] examined
fractional stochastic HR equations with memristive effects and established random attractors for long-
term stochastic dynamics. Abro et al. [25] analyzed magnetized and demagnetized fractional HR
neuron dynamics using fractal numerical simulations. Malik and Mir [26] developed a discrete
multiplierless realization of the fractional-order HR model for efficient hardware and computational
intelligence applications. Xiao [27] investigated stability and Hopf-type bifurcation phenomena in
fractional-order HR neuronal systems.

Nonlinear signal systems frequently exhibit delayed responses, memory effects, and complex
oscillatory interactions that classical integer-order models often fail to capture accurately. Fractional
reaction–diffusion systems provide a natural framework for modeling such phenomena; however,
obtaining reliable analytical solutions for nonlinear fractional models remains challenging.
Furthermore, existing computational techniques may become difficult to implement when treating
strongly nonlinear dynamical behaviors involving memory effects and adaptive responses. These
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challenges motivate the development of efficient analytical-numerical frameworks capable of
producing reliable approximations while preserving the physical interpretation of nonlinear
wave dynamics.

Unlike existing analytical and semi-analytical methods, the proposed APEIS provides a unified
framework that combines rigorous theoretical analysis with an adaptive iterative computational
procedure. The proposed method establishes existence, uniqueness, convergence, and Hyers–Ulam
stability within the same framework while generating accurate approximations for nonlinear fractional
systems involving the ABC operator. Compared with the classical ADM, APEIS produces improved
residual-error behavior and offers a more systematic treatment of memory-dependent nonlinear
dynamics, making it an effective approach for the considered time-fractional Hindmarsh–Rose system.

Despite the significant progress achieved by existing analytical and numerical methods for
nonlinear fractional systems, several challenges remain. Many available approaches mainly focus
on the construction of approximate solutions without providing a unified theoretical framework that
simultaneously establishes existence, uniqueness, convergence, and stability. Moreover, the numerical
analysis of memory-dependent nonlinear signal propagation governed by the ABC fractional operator
remains relatively limited. These limitations motivate the development of the proposed APEIS
framework, which combines rigorous theoretical analysis with an efficient iterative computational
procedure for nonlinear fractional systems.

The main contributions of this work are summarized as follows. A new APEIS is proposed for
nonlinear fractional systems involving the ABC fractional operator. A unified theoretical framework is
established through the analysis of existence, uniqueness, convergence, and Hyers–Ulam stability. The
proposed framework is then applied to a time-fractional Hindmarsh–Rose reaction–diffusion system to
investigate memory-dependent signal propagation. Finally, the effectiveness of the proposed method is
validated through numerical simulations and comparisons with the classical Adomian decomposition
method, demonstrating its accuracy, and reliability.

The remainder of the paper is organized as follows. Section 2 presents the mathematical
preliminaries and fundamental definitions. Section 3 develops the APEIS framework and establishes its
convergence and Hyers–Ulam stability properties. Section 4 applies the proposed methodology to the
TF-HR reaction–diffusion system and derives the corresponding iterative approximations. Section 5
presents numerical investigations, including residual error analysis, convergence studies, a comparison
with the classical ADM, and wave-propagation simulations for different fractional orders.

2. Preliminaries

Let φ be any map on ΠΨ. The ABC integral map of φ(µi) with order σ > 0 is given by [28, 29]

Iσ0,µm
φ(µi) =

1 − σ
Kσ

φ(µi) +
σ

Γ(σ)Kσ

∫ µm

0
(µm − %)σ−1φ(µ1, µ2, · · · , µm−1, %)d% (2.1)

for all 0 < σ < 1. The ABC derivative map of φ(µi) with order σ > 0 is

Dσ
0,µm

φ(µi) =
Kσ

1 − σ

∫ µm

0
Eσ

(
−σ(µm − %)σ

1 − σ

)
∂n

∂%nφ(µ1, µ2, · · · , µm−1, %)d% (2.2)
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for all n − 1 < σ < n and Dσ
0,µm

φ(µi) =
∂n

∂µn
m
φ(µi) for all σ := n ∈ N, where Eσ(·) denotes the

Mittag-Leffler function and K · is a normalization function satisfying K0 = K1 = 1.
For µm ≥ 0 and n − 1 < σ < n, we have

Dσ
0,µm
Iσ0,µm

φ(µi) = φ(µi), (2.3)

Dσ
0,µm

µδm =
Γ(δ + 1)

Γ(δ + 1 − σ)
µδ−σm , (2.4)

Iσ0,µm
Dσ

0,µm
φ(µi) = φ(µi) −

n−1∑
k=0

µk
m

k!
∂k

∂µk
m
φ(µi)

∣∣∣∣∣∣
µm=0

, (2.5)

where n ∈ N and δ > −1.
Let Ψ ⊂ R be compact and RΠΨ denote the set of all maps from ΠΨ into R. Define

Cn(ΠΨ,R) = {φ : ΠΨ→ R | Dαφ is continuous on ΠΨ for all multi-indices α with |α| ≤ n} ,

where

|α| = α1 + · · · + αm, Dαφ =
∂|α|φ

∂µα1
1 · · · ∂µ

αm
m

for all α = (α1, . . . , αm) ∈ Nm. Since Ψ is a compact set in R, it follows that Cn(ΠΨ,R) is a Banach
space equipped with the norm

‖φ‖Cn = max
|α|≤n

sup
(µi)∈ΠΨ

|Dαφ(µi)| .

Let B :=
∏s

k=1 CΠΨn be a Banach space with the norm

‖(φ1, φ2, · · · , φs)‖B = max
{
‖φk‖Cn : k = 1, 2, · · · , s

}
,

where CΠΨn := Cn (ΠΨ,R) ⊆ RΠΨ. Since ΠΨ is a compact set in R2, then for all balls R(µ′0, ε) in R,

{g(Z,R(µ′0, ε)) : Z is compact set in ΠΨ, µ′0 ∈ R, ε > 0}

forms a subbase for the compact-open topology on CΠΨn , where

g(Z,R(µ′0, ε)) = {φk ∈ CΠΨn : φk(Z) ⊂ R(µ′0, ε)}.

Since ΠΨ ⊂ R is compact, the compact-open topology on CΠΨn is the same as the topology given by
the norm

‖φ‖∞ = sup
(µi)∈ΠΨ

|φ(µi)|.

So in this work, the space RΠΨ will be equipped with the compact-open topology. For every
k ∈ {1, 2, · · · , s}, define Gφk : ΠΨ ×

∏s
j=1 R

ΠΨ → R by

Gφk((µi), (φ j)) = Dφk

∂n

∂µn
1
φk(µi) + φ0

k φk(µi) + Qk

{
(µi), φk(µi),

φk(µ1, µ2, · · · µm−1, µm − ξ), φk
[
µ1, µ2, · · · µm−1, µm − Fk[(φ1φ2 · · · φs−1)(µi)]

] }
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for all (µi) ∈ ΠΨ and (φ j) := (φ1, φ2, · · · , φs) ∈
∏s

j=1 R
ΠΨ. By the ABC integral map of (1.1) and

by (2.5),

φk(µi) = hk(µ1, µ2, · · · , µm−1) +
1 − σ

Kσ
Gφk((µi), (φ j))

+
σ

Γ(σ)Kσ

∫ µm

0
(µm − %)σ−1 Gφk(µ1, µ2, · · · , µm−1, %, (φ j))d%.

For every k ∈ {1, 2, · · · , s}, define the operator Aφk :
∏s

j=1 R
ΠΨ → RΠΨ by

Aφk(φ j)(µi) = hk(µ1, µ2, · · · , µm−1) +
1 − σ

Kσ
Gφk((µi), (φ j)) +

σ

Γ(σ)Kσ

∫ µm

0
(µm − %)σ−1 Gφk(µ1, µ2, · · · , µm−1, %, (φ j))d%

for all (µi) ∈ ΠΨ and (φ j) ∈
∏s

j=1 R
ΠΨ. If there is ωφk > 0 such that∣∣∣Gφk((µi), (φ j)) − Gφk((µ

′
i), (φ

′
j))

∣∣∣ ≤ ωφk

∥∥∥(φ j) − (φ′j)
∥∥∥
B

for all (µi), (µ′i) ∈ ΠΨ and (φ j), (φ′j) ∈
∏s

j=1 R
ΠΨ, then Gφk is said to have the Lipschitz property.

The following lemma establishes a basic property of the operator that will be used throughout the
subsequent analysis.

Lemma 2.1. For every k ∈ {1, 2, · · · , s}, if Gφk satisfies a Lipschitz condition on ΠΨ ×
∏s

j=1 R
ΠΨ,

then Aφk also satisfies a Lipschitz condition.

Proof. Let k ∈ {1, 2, · · · , s}. Assume that there is ωφk > 0 such that∣∣∣Gφk((µi), (φ j)) − Gφk((µ
′
i), (φ

′
j))

∣∣∣ ≤ ωφk

∥∥∥(φ j) − (φ′j)
∥∥∥
B

for all (µi), (µ′i) ∈ ΠΨ and (φ j), (φ′j) ∈
∏s

j=1 R
ΠΨ. Then for every (µi) ∈ ΠΨ,∣∣∣Aφk(φ j)(µi) − Aφk(φ

′
j)(µi)

∣∣∣
≤

1 − σ
Kσ

∣∣∣Gφk((µi), (φ j)) − Gφk((µi), (φ′j))
∣∣∣

+
σ

Γ(σ)Kσ

∣∣∣∣∣∫ µm

0
(µm − %)σ−1

(
Gφk(µ1, . . . , µm−1, %, (φ j)) − Gφk(µ1, . . . , µm−1, %, (φ′j))

)
d%

∣∣∣∣∣
≤

[
(1 − σ)ωφk

Kσ
+

µσ0ωφk

Γ(σ)Kσ

] ∥∥∥(φ j) − (φ′j)
∥∥∥
B
.

Therefore ∥∥∥Aφk(φ j) − Aφk(φ
′
j)
∥∥∥ ≤ [

(1 − σ)ωφk

Kσ
+

µσ0ωφk

Γ(σ)Kσ

] ∥∥∥(φ j) − (φ′j)
∥∥∥
B
. (2.6)

Hence Aφk satisfies a Lipschitz condition. �

For every k ∈ {1, 2, · · · , s}, define Rφk : B → RΠΨ as

Rφk(φ j) = Dφk

∂n

∂µn
1
φk(µi) + φ0

k φk(µi) + Qk
[
π1, π2, · · · πm, φk, φk ◦ (π1, π2, · · · πm−1 × ζξ(µm)),

φk ◦ (π1, π2, · · · πm−1 × ζξ(Fk ◦ (φ1, φ2, · · · , φs−1)))
] (2.7)
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for all (φ j) ∈ B, where ζξ(x) = x − ξ and π1,2,··· ,m are the usual projection maps. For the continuity
of Rφk , we have that if Gφk has a Lipschitz property, then

|〈Rφk(φ j) − Rφk(φ
′
j), (φ j) − (φ′j)〉| ≤ ωφk

∥∥∥(φ j) − (φ′j)
∥∥∥2

B
.

Assume that the following conditions hold:

D1: Consider CΠΨn a space under the compact-open topology and φk ∈ CΠΨn for all k ∈ {1, 2, · · · , s}
and Ψ is a compact set in R.

D2: For every k ∈ {1, 2, · · · , s}, ∃ ξφk > 0, where
∣∣∣Gφk((µi), (φ j))

∣∣∣ ≤ ξφk .
D3: For every k ∈ {1, 2, · · · , s}, Gφk has a Lipschitz property with constant ωφk > 0.

The assumptions D1–D3 are standard sufficient conditions used to establish the existence, uniqueness,
and convergence of the proposed iterative framework. Although they may be conservative for some
nonlinear problems, they provide a rigorous theoretical foundation for the analysis developed in
this work.

Using the previous lemma, we now establish the existence and uniqueness result for the proposed
fractional system.

Theorem 2.2. Let D1–D3 be satisfied with[
1 − σ

Kσ
+

µσ0
Γ(σ)Kσ

] s∑
k=1

ωφk < 1. (2.8)

Then (1.1) has a unique solution.

Proof. Define A : B → B by

A(φ j) =
(
Aφ1(φ j),Aφ2(φ j), . . . ,Aφs(φ j)

)
.

By D3 and Lemma 2.1, for any (φ j), (φ′j) ∈ B, we obtain

‖A(φ j) − A(φ′j)‖B ≤
[
1 − σ

Kσ
+

µσ0
Γ(σ)Kσ

]  s∑
k=1

ωφk

 ‖(φ j) − (φ′j)‖B.

Since [
1 − σ

Kσ
+

µσ0
Γ(σ)Kσ

] s∑
k=1

ωφk < 1,

then A satisfies the contraction property on the Banach space B. Hence an application of the Banach
contraction principle guarantees the existence of a unique fixed element of A. (φ j) ∈ B such that
A(φ j) = (φ j). Hence (1.1) has a unique solution. �

3. Construction and analysis of the APEIS

In this section, we develop the APEIS for constructing approximate solutions of the nonlinear
fractional system introduced previously. Since Theorem 2.2 established the existence and uniqueness
of solutions under suitable assumptions, this result provides the theoretical foundation required
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for the constructing reliable iterative approximations. The proposed APEIS is formulated by
transforming fractional system into an equivalent integral representation and recursively generating
adaptive power expansion terms. Furthermore, convergence and stability properties of the proposed
procedure are investigated to demonstrate the reliability and effectiveness of the method for nonlinear
fractional systems.

Lemma 3.1. Let 0 < σ < 1. Then

Dσ
0,µ (µnσ) =

KσΓ(nσ + 1)
(1 − σ)Γ(nσ − σ + 1)

µnσ−σ Xn(µ), (3.1)

where

Xn(µ) :=
∞∑

m=0

(−1)m
(

σ
1−σ

)m
µmσ

Γ((n + m)σ + 1)
. (3.2)

Proof. Note that

Dσ
0,µ (µnσ) =

Kσ

1 − σ

∫ µ

0
Eσ

(
−σ(µ − λ)σ

1 − σ

)
∂

∂λ
(λnσ)dλ

=
Kσ

1 − σ
nσ

∫ µ

0
Eσ

(
−σ(µ − λ)σ

1 − σ

)
λnσ−1dλ

=
Kσ

1 − σ
nσ

∫ µ

0
λnσ−1

∞∑
m=0

(−1)m
(

σ
1−σ

)m
(µ − λ)mσ

Γ(mσ + 1)
dλ

=
Kσ

1 − σ
nσ

∞∑
m=0

(−1)m
(

σ
1−σ

)m

Γ(mσ + 1)

∫ µ

0
(µ − λ)mσλnσ−1dλ.

(3.3)

Note that ∫ µ

0
(µ − λ)mσλnσ−1dλ = µnσ+mσ Γ(nσ)Γ(mσ + 1)

Γ(nσ + mσ + 1)
.

�

For every k ∈ {1, 2, · · · , s} in (1.1), consider a power series

∞∑
n=0

ak,n(µ1, µ2, . . . , µm−1)(µm − a)nσ = A0 + A1(µm − a)σ + A2(µm − a)2σ + · · · , (3.4)

which is called a generalized fractional power series (GFPS) about a such that ak,n(µ1, µ2, . . . , µm−1) are
coefficients, where 0 < σ ≤ 1 and µm ≥ a.

The following lemma provides the coefficient representation of the generalized fractional power
series used in the proposed method.

Lemma 3.2. For every k ∈ {1, 2, · · · , s}, consider the GFPS notation of T k about a = 0 of the form

T k(µm) =

∞∑
n=0

ak,n(µ1, µ2, . . . , µm−1)µnσ
m , (3.5)
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26905

where 0 < σ < 1, 0 ≤ µm ≤ ρ, and ρ = max{ρk : k ∈ {1, 2, · · · , s}}. If T k(µm), Dnσ
0,µm
T k(µm) ∈ C[0, ρ]

for all k ∈ {1, 2, · · · , s} and for all n ∈ N, then ak,n(µ1, µ2, . . . , µm−1) are given by

ak,n(µ1, µ2, . . . , µm−1) =
Dnσ

0,µm
T k(µm)

Γ(Kσ, σ, n)

∣∣∣∣
µm=0

, (3.6)

where Dnσ
0,µm

= Dσ
0,µm
◦ Dσ

0,µm
◦ · · · ◦ Dσ

0,µm
(n times), ρ is a convergence radius, and

Γ(Kσ, σ, n) :=
Kσ

1 − σ
Γ(nσ + 1)

Γ(2nσ − σ + 1)Γ(1 − nσ + σ)

(
σ

σ − 1

)n−1
.

Proof. By Lemma 3.1,

Dσ
0,µm
T k(µm) =

∞∑
n=1

ak,n(µ1, µ2, . . . , µm−1) Dσ
0,µm

(µnσ
m )

=

∞∑
n=1

ak,n(µ1, µ2, . . . , µm−1)
KσΓ(nσ + 1)

(1 − σ)Γ(nσ − σ + 1)
µnσ−σ

m Xn(µm)

=

∞∑
n=1

ak,n(µ1, µ2, . . . , µm−1)
KσΓ(nσ + 1)

(1 − σ)Γ(nσ − σ + 1)
µnσ−σ

m

∞∑
q=0

(−1)q
(

σ
1−σ

)q
µ

qσ
m

Γ((n + q)σ + 1)

=

∞∑
n=1

ak,n(µ1, µ2, . . . , µm−1)
KσΓ(nσ + 1)

(1 − σ)Γ(nσ − σ + 1)

∞∑
q=0

(−1)q
(

σ
1−σ

)q

Γ((n + q)σ + 1)
µ(n−1)σ+qσ

m .

Relabelling the index with d = n − 1:

Dσ
0,µm
T k(µm) =

∞∑
d=0

ak,d+1(µ1, µ2, . . . , µm−1)
KσΓ((d + 1)σ + 1)
(1 − σ)Γ(dσ + 1)

∞∑
q=0

(−1)q
(

σ
1−σ

)q

Γ((d + q + 1)σ + 1)
µdσ+qσ

m .

Setting µm = 0 removes all terms with d ≥ 1, since µdσ+qσ
m = 0, so we get

Dσ
0,µm
T k(µm)

∣∣∣∣
µm=0

= ak,1(µ1, µ2, . . . , µm−1)
Kσ

1 − σ
.

Define recursively T k
0 (µm) = T k(µm) and

T k
d (µm) = Dσ

0,µm
T k

d−1(µm) = Dkσ
0,µm
T k(µm).

Using (2.2) repeatedly, by induction, we get

Dkσ
0,µm
T k(µm) = T k

d (µm)

=

∞∑
k=n

ak,n(µ1, µ2, . . . , µm−1)
KσΓ(nσ + 1)

(1 − σ)Γ(nσ − dσ + 1)
µnσ−kσ

m

∞∑
q=0

(−1)q
(

σ
1−σ

)q
µ

qσ
m

Γ((n + q)σ + 1)
.

(3.7)

Set d = n in (3.7) to get

Dnσ
0,µm
T k(µm)

∣∣∣∣
µm=0

= ak,n(µ1, µ2, . . . , µm−1)
Kσ

1 − σ
Γ(nσ + 1)

Γ(2nσ − σ + 1)Γ(1 − nσ + σ)

(
σ

σ − 1

)n−1
.
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Hence

ak,n(µ1, µ2, . . . , µm−1) =
Dnσ

0,µm
T k(µm)

Γ(Kσ, σ, n)

∣∣∣∣
µm=0

.

This completes the proof. �

In (1.1), for every k ∈ {1, 2, · · · , s}, consider a power series

φk(µi) =

∞∑
n=0

T k
n (µ1, µ2, . . . , µm−1) µnσ

m , (µi) ∈ ΠΨ, 0 ≤ µm ≤ ρ. (3.8)

Based on the previous result, we now derive the general expansion formula for the proposed
iterative approximation.

Theorem 3.3. If Dnσ
0,µm

φk(µi), n = 0, 1, 2, 3, . . . , are continuous for all k ∈ {1, 2, · · · , s} on ΠΨ, in the
series (3.8), then

T k
n (µ1, µ2, . . . , µm−1) =

Dnσ
0,µm

φk(µi)

Γ(Kσ, σ, n)

∣∣∣∣
µm=0

, (3.9)

with the convergence radius ρ.

Proof. For every k ∈ {1, 2, · · · , s}, define the map T k by T k(µm) = φk(µi). Then for every
k ∈ {1, 2, · · · , s}, (3.8) becomes

T k(µm) =

∞∑
n=0

T k
n (µ1, µ2, . . . , µm−1)µnσ

m .

By continuity, T k(µm) and Dnσ
a µm
T k(µm) = Dnσ

a µm
φk(µi) satisfy Lemma 3.2, and we obtain

T k
n (µ1, µ2, . . . , µm−1) =

Dnσ
a µm
T k(µm)

Γ(Kσ, σ, n)

∣∣∣∣
µm=0

=
Dnσ

a µm
φk(µi)

Γ(Kσ, σ, n)

∣∣∣∣
µm=0

.

Hence the result follows. �

3.1. Computational procedure of the APEIS

Separate system (1.1), for every k ∈ {1, 2, · · · , s}, into nonlinear and linear components by
defining Nφk and Qφk as the nonlinear and linear operators, respectively. Therefore, system (1.1) takes
the form

Dσ
0,µm

φk(µi) = Nφk((µi), (φ j)) + Qφk((µi), (φ j)) (3.10)

with the initial conditions

φk(µ1, µ2, · · · , µm−1, 0) = hk(µ1, µ2, · · · , µm−1), k ∈ {1, 2, · · · , s}. (3.11)

Since Theorem 3.3 ensures the existence of a unique solution for (3.10), we construct an approximate
representation in the form

φk(µi) =

∞∑
n=0

hk,n(µ1, µ2, . . . , µm−1)
µnσ

m

Γ(Kσ, σ, n)
, k ∈ {1, 2, · · · , s}. (3.12)
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To determine the coefficients 〈hk,n〉, the APEIS framework is applied to (3.10). First, the fractional
differential system is transformed into an equivalent integral representation by applying the inverse
ABC operator. Consequently, (3.10) can be rewritten as follows:

φk(µi) = hk(µ1, µ2, . . . , µm−1) + Iσ0,µm

{
Nφk((µi), (φ j)) + Qφk((µi), (φ j))

}
(3.13)

for all k ∈ {1, 2, · · · , s}. The formulation is decomposed into linear and nonlinear components
according to the following representation:

Fφk((φ j), (µi)) = hk(µ1, µ2, . . . , µm−1) + Iσ0,µm

{
Qφk((µi), (φ j))

}
(3.14)

for all k ∈ {1, 2, · · · , s} and the nonlinear operator

Gφk((φ j), (µi)) = Iσ0,µm

{
Nφk((µi), (φ j))

}
(3.15)

for all k ∈ {1, 2, · · · , s}. Hence (3.10) can be written as

φk(µi) = Fφk((φ j), (µi)) + Gφk((φ j), (µi)) (3.16)

for all k ∈ {1, 2, · · · , s}. Let 〈S d
k〉 be the partial sum sequence of (3.12), that is,

S d
k (µi) =

d∑
n=0

φk,n(µi),

where
φk,n(µi) = hk,n(µ1, µ2, . . . , µm−1)

µnσ
m

Γ(Kσ, σ, n)

for all k ∈ {1, 2, · · · , s}. Find the terms of 〈hk,n〉 and 〈ĥn〉 by solving

φd+1(µi) = Gφk

(
(µi), S d

k (µi)
)
−Gφk

(
(µi), S d−1

k (µi)
)

(3.17)

for all k ∈ {1, 2, · · · , s}, for d = 0, 1, 2, 3, · · · , and at d = 0,

Gφk

(
(µi), S d−1

k (µi)
)

= 0

for all k ∈ {1, 2, · · · , s}. The proposed procedure generates a sequence of successive approximations
that yields the mth-order approximate solution of (3.10). Under appropriate assumptions imposed
on the nonlinear operators, the resulting series

∑∞
n=0 φk,n converges to the exact solution φk for all

k ∈ {1, 2, · · · , s}.

3.2. Fundamental properties of the APEIS

In this subsection, we investigate the fundamental properties of the proposed APEIS framework.
In particular, convergence and stability analyses are established to verify the theoretical reliability
of the generated iterative approximations. These results provide the mathematical justification for
applying the APEIS to nonlinear fractional systems and confirm the consistency of the proposed
computational procedure.

We next investigate the convergence of the proposed APEIS and establish its theoretical
convergence property.
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Theorem 3.4. Suppose that D1–D3 are satisfied together with (2.8). Then for each k ∈ {1, 2, . . . , s},
the {S d

k }d≥0 constructed through the APEIS converges to the unique solution φk of (1.1). Moreover,

‖S d
k − φk‖ ≤ η

d‖S 0
k − φk‖, d = 0, 1, 2, . . . ,

where

η :=
[
(1 − σ) +

µσ0
Γ(σ)

] ∑s
k=1 ωφk

Kσ
< 1.

Proof. By Theorem 2.2, the operator A is a contraction with constant η. Therefore,

‖S d+1
k − φk‖ = ‖A(S d

k ) − A(φk)‖ ≤ η‖S d
k − φk‖.

Iterating this inequality yields
‖S d

k − φk‖ ≤ η
d‖S 0

k − φk‖.

Since 0 < η < 1, hence, as d → ∞, we get ηd → 0. Therefore limd→∞ ‖S d
k − φk‖ = 0. That is, the

APEIS converges geometrically to φk for every k ∈ {1, 2, · · · , s}. �

The estimate established in Theorem 3.4 shows that the proposed APEIS converges with a geometric
convergence rate determined by the contraction factor η. Since 0 < η < 1, the approximation
error decreases exponentially with the iteration number. Therefore, smaller values of η lead to faster
convergence of the proposed iterative scheme.

We begin by establishing the stability properties of system (1.1). Let (φ̂ j) be an approximate solution
of (1.1) satisfying ∣∣∣Dσ

0,µm
φ̂k(µi) − Gφk((µi), (φ̂ j))

∣∣∣ ≤ ∆k (3.18)

for all (µi) ∈ ΠΨ, where ∆k > 0 for each k ∈ {1, 2, · · · , s}. Having established convergence, we now
study the stability properties [30] of the proposed framework.

Lemma 3.5. If D1–D3 hold and (2.8) is satisfied, then (1.1) has Hyers–Ulam stability.

Proof. Suppose that (φ̂ j) is an approximate solution and (φ j) is the exact solution associated with
system (1.1). Assume that (φ̂ j) holds (3.18). Then for every k ∈ {1, 2, · · · , s}, there is map gk

on ΠΨ where
|gk(µi)| ≤ εk

and

Dσ
0,µm

φ̂k((µi)) = Gφk((µi), (φ̂ j)) + gk(µi)

for all (µi) ∈ ΠΨ. Here the approximate solution (φ̂ j) will be as

φ̂k(µi) = hk(µ1, µ2, · · · , µm−1) +
1 − σ

Kσ

[
Gφk((µi), (φ̂ j)) + gk(µi)

]
+

σ

Γ(σ)Kσ

∫ µm

0
(µm − %)σ−1 Gφk(µ1, · · · , µm−1, %, (φ̂ j))d%

+
σ

Γ(σ)Kσ

∫ µm

0
(µm − %)σ−1 gk(µ1, · · · , µm−1, %)d%
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for all (µi) ∈ ΠΨ and for all k ∈ {1, 2, · · · , s}. Then by Theorem 2.2, for all (µi) ∈ ΠΨ, we have∣∣∣φ̂k(µi) − φk(µi)
∣∣∣ ≤ 1 − σ

Kσ

[∣∣∣Gφk((µi), (φ̂ j)) − Gφk((µi), (φ j))
∣∣∣ + |gk(µi)|

]
+

σ

Γ(σ)Kσ

∫ µm

0
|µm − %|

σ−1
[∣∣∣Gφk(µ1, · · · , µm−1, %, (φ̂ j)) − Gφk(µ1, µ2, · · · , µm−1, %, (φ j))

∣∣∣
+ |gk(µ1, µ1, µ2, · · · , µm−1)|

]
d% ≤

1 − σ
Kσ

[
ωφk

∥∥∥(φ̂ j) − (φ j)
∥∥∥
B

+ εk

]
+

σ

Γ(σ)Kσ

∫ µm

0
|µm − %|

σ−1
[
ωφk

∥∥∥(φ̂ j) − (φ j)
∥∥∥
B

+ εk

]
d%

≤

[
1 − σ

Kσ
+

µσ0
Γ(σ)Kσ

] [
ωφk

∥∥∥(φ̂ j) − (φ j)
∥∥∥
B

+ εk

]
for all k ∈ {1, 2, · · · , s}. That is,∥∥∥φ̂k − φk

∥∥∥ ≤ Hσ [
ωφk

∥∥∥(φ̂ j) − (φ j)
∥∥∥
B

+ εk

]
for all k ∈ {1, 2, · · · , s}, where Hσ :=

1 − σ
Kσ

+
µσ0

Γ(σ)Kσ
. Hence

∥∥∥φ̂k − φk

∥∥∥ ≤ Hσ [
ωφk

∥∥∥(φ̂ j) − (φ j)
∥∥∥
B

+ εk

]
≤ Hσ

 Hσωφk

1 −
(
Hσ(

∑s
k=1 ωφk)

) max
1≤k≤m

{εk}

 + Hσεk

for all k ∈ {1, 2, · · · , s}. Set ε := max1≤k≤m{εk}. Then

∥∥∥φ̂k − φk

∥∥∥ ≤ ε Hσ  Hσωφk

1 −
(
Hσ(

∑s
k=1 ωφk)

) + 1


for all k ∈ {1, 2, · · · , s}. For every k ∈ {1, 2, · · · , s}, take

ε′k := Hσ

 Hσωφk

1 −
(
Hσ(

∑s
k=1 ωφk)

) + 1

 .
The constant ε′k shows how close (φ̂ j) is to the exact solution. It depends on

1 − Hσ(
s∑

k=1

ωφk).

If these values are small, then ε′k becomes smaller and the stability improves. To get better stability,
we need

Hσ(
s∑

k=1

ωφk) ≤ 1.

So, system (1.1) is Hyers–Ulam stable. �
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From the proof of the Lemma above, it follows that the Hyers–Ulam stability constants depend
explicitly on the quantity

Hσ =
1 − σ

Kσ

+
µσ0

Γ(σ)Kσ

,

together with the Lipschitz constants of the nonlinear operators. Consequently, both the fractional
order σ and the selected model parameters influence the stability bounds through their contribution to
the contraction condition. In particular, variations in the fractional order modify the memory effect of
the ABC operator and therefore affect the resulting stability estimates. The following theorem shows
that the proposed APEIS also preserves Hyers–Ulam stability under the considered assumptions.

Theorem 3.6. Suppose that D1–D3 together with (2.8) are satisfied. Let φ be the exact solution
of (1.1) and consider the APEIS {Ŝ d}d≥0 generated from a perturbed problem whose residual satisfies∣∣∣Dσ

0,µm
φ̂k(µi) − Gφk

(
(µi), (φ̂ j)

)∣∣∣ ≤ ∆k, k ∈ {1, 2, . . . , s}.

Then the APEIS method is stable in the Hyers–Ulam sense. In particular, if φ̂ := limd→∞ Ŝ d, then

‖φ̂k − φk‖ ≤ ∆′k∆k, k ∈ {1, 2, . . . , s}.

Proof. By Theorem 3.4, the APEIS sequence for the perturbed problem converges to some limit φ̂ ∈ B.
Lemma 3.5 then implies the existence of constants ∆′k > 0 such that

‖φ̂k − φk‖ ≤ ∆′k∆k, k ∈ {1, 2, . . . , s}.

This proves the stability of APEIS in the Hyers–Ulam sense. �

4. On nonlinear signal propagation dynamics

As an application of the proposed APEIS framework, we investigate nonlinear signal propagation
phenomena and examine whether the dynamical behavior generated by the TF-HR system may
provide useful insights for potential signal applications. Particular attention is given to oscillatory
propagation, memory-dependent responses, and adaptive signal dynamics. Accordingly, we consider
the computational domain (µ1, µ2) ∈ Ψ × [0,T ], where ∆ = [0, L] ⊂ R, L = 20,T = 5. Here, µ1

represents the spatial variable governing signal propagation across the considered medium, whereas µ2

denotes the temporal variable. To obtain a nonlinear signal oscillator model from system (1.1), we
choose s = 3,m = 2, (µi) = (µ1, µ2), n = 2, φ0

1 = 0, φ0
2 = −1, and φ0

3 = −c1. Furthermore, let
Dφ1 ,Dφ2 ,Dφ3 be diffusion coefficients governing spatial signal propagation and define

Q1 = φ2 − a1φ
3
1 + a2φ

2
1 − φ3 + I, Q2 = b1 − b2φ

2
1, Q3 = c1c2(φ1 − c3).

The function φ1 denotes the principal nonlinear oscillatory signal propagating through the considered
propagation medium, φ2 represents the fast recovery component responsible for rapid dynamic
adjustments, and φ3 describes slow adaptation mechanisms associated with long-term memory
effects. The coefficients Dφ1 , Dφ2 , and Dφ3 denote diffusion coefficients governing spatial propagation
processes. The parameters a1 and a2 control nonlinear damping and excitation mechanisms,
respectively. The constants b1 and b2 describe fast recovery interactions. The constants c1, c2, c3 control
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slow adaptation behavior and activation mechanisms. Finally, I represents the external input intensity.
For numerical simulations, we select

a1 = 1, a2 = 3, b1 = 1, b2 = 5, c1 = 0.005, c2 = 4, c3 = 1.6,
Dφ1 = 0.10, Dφ2 = 0.05, Dφ3 = 0.01, I = 3.25.

We also choose the initial functions

h1(µ1) = 0.5 sin(µ1), h2(µ1) = 0.2 cos(µ1), h3(µ1) = 0.1 sin(2µ1).

Accordingly, after substituting the selected parameter values, system (1.1) becomes



Dσ
0,µ2
φ1 = 0.10

∂2φ1

∂µ2
1

+ φ2 − φ
3
1 + 3φ2

1 − φ3 + 3.25,

Dσ
0,µ2
φ2 = 0.05

∂2φ2

∂µ2
1

− φ2 + 1 − 5φ2
1,

Dσ
0,µ2
φ3 = 0.01

∂2φ3

∂µ2
1

− 0.005φ3 + 0.02(φ1 − 1.6),

Kσ = 1,
φ1(µ1, 0) = 0.5 sin(µ1),
φ2(µ1, 0) = 0.2 cos(µ1),
φ3(µ1, 0) = 0.1 sin(2µ1).

(4.1)

For the Example (4.1), the selected parameter values and nonlinear terms satisfy
assumptions D1–D3. In particular, the nonlinear functions are continuously differentiable over
the computational domain, their Lipschitz constants can be bounded, and the corresponding
contraction condition is satisfied for the adopted parameter set. Therefore, the theoretical assumptions
are consistent with the numerical simulations. To apply the APEIS procedure to system (4.1), we
write φr(µ1, µ2) =

∑∞
n=0 φr,n(µ1, µ2), r = 1, 2, 3, where φr,n(µ1, µ2) = hr,n(µ1) µnσ

2
Γ(1,σ,n) . From the initial

conditions, the zeroth-order terms are

φ1,0(µ1, µ2) = 0.5 sin(µ1), φ2,0(µ1, µ2) = 0.2 cos(µ1), φ3,0(µ1, µ2) = 0.1 sin(2µ1). (4.2)

Define the partial sums

S d
r (µ1, µ2) =

d∑
n=0

φr,n(µ1, µ2), r = 1, 2, 3. (4.3)
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For system (4.1), the linear and nonlinear parts are separated as follows:

Rφ1(S
d) = 0.10

∂2S d
1

∂µ2
1

+ S d
2 − S d

3 + 3.25,

Nφ1(S
d) = −

(
S d

1

)3
+ 3

(
S d

1

)2
,

Rφ2(S
d) = 0.05

∂2S d
2

∂µ2
1

− S d
2 + 1,

Nφ2(S
d) = −5

(
S d

1

)2
,

Rφ3(S
d) = 0.01

∂2S d
3

∂µ2
1

− 0.005S d
3 + 0.02S d

1 − 0.032,

Nφ3(S
d) = 0.

(4.4)

Hence the APEIS recurrence formulas are given by

φr,d+1 = Iσ0,µ2

[
Rφr (S

d) + Nφr (S
d)
]
− Iσ0,µ2

[
Rφr (S

d−1) + Nφr (S
d−1)

]
, r = 1, 2, 3, (4.5)

with
Iσ0,µ2

Θ(µ1, µ2) = (1 − σ)Θ(µ1, µ2) +
σ

Γ(σ)

∫ µ2

0
(µ2 − λ)σ−1Θ(µ1, λ) dλ. (4.6)

At d = 0, we take S −1
r = 0. Therefore,

φr,1 = Iσ0,µ2

[
Rφr (S

0) + Nφr (S
0)
]
, r = 1, 2, 3. (4.7)

Since
S 0

1 = 0.5 sin(µ1), S 0
2 = 0.2 cos(µ1), S 0

3 = 0.1 sin(2µ1), (4.8)

we obtain

Rφ1(S
0) + Nφ1(S

0) = 0.10
∂2

∂µ2
1

(0.5 sin(µ1)) + 0.2 cos(µ1) − 0.1 sin(2µ1)

− (0.5 sin(µ1))3 + 3 (0.5 sin(µ1))2 + 3.25
= −0.05 sin(µ1) + 0.2 cos(µ1) − 0.1 sin(2µ1) − 0.125 sin3(µ1)

+ 0.75 sin2(µ1) + 3.25,

(4.9)

Rφ2(S
0) + Nφ2(S

0) = 0.05
∂2

∂µ2
1

(0.2 cos(µ1)) − 0.2 cos(µ1) + 1 − 5 (0.5 sin(µ1))2

= −0.01 cos(µ1) − 0.2 cos(µ1) + 1 − 1.25 sin2(µ1)
= 1 − 0.21 cos(µ1) − 1.25 sin2(µ1),

(4.10)

and

Rφ3(S
0) + Nφ3(S

0) = 0.01
∂2

∂µ2
1

(0.1 sin(2µ1)) − 0.005 (0.1 sin(2µ1)) + 0.02 (0.5 sin(µ1)) − 0.032

= −0.004 sin(2µ1) − 0.0005 sin(2µ1) + 0.01 sin(µ1) − 0.032
= 0.01 sin(µ1) − 0.0045 sin(2µ1) − 0.032.

(4.11)
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Thus the first APEIS components are

φ1,1(µ1, µ2) = Iσ0,µ2

[
− 0.05 sin(µ1) + 0.2 cos(µ1) − 0.1 sin(2µ1) − 0.125 sin3(µ1) + 0.75 sin2(µ1) + 3.25

]
,

φ2,1(µ1, µ2) = Iσ0,µ2

[
1 − 0.21 cos(µ1) − 1.25 sin2(µ1)

]
,

φ3,1(µ1, µ2) = Iσ0,µ2

[
0.01 sin(µ1) − 0.0045 sin(2µ1) − 0.032

]
.

(4.12)
Since the above expressions are independent of µ2, the ABC integral gives

Iσ0,µ2
C(µ1) =

[
1 − σ +

µσ2
Γ(σ)

]
C(µ1). (4.13)

Therefore

φ1,1(µ1, µ2) =

[
1 − σ +

µσ2
Γ(σ)

] [
− 0.05 sin(µ1) + 0.2 cos(µ1) − 0.1 sin(2µ1)

− 0.125 sin3(µ1) + 0.75 sin2(µ1) + 3.25
]
,

φ2,1(µ1, µ2) =

[
1 − σ +

µσ2
Γ(σ)

] [
1 − 0.21 cos(µ1) − 1.25 sin2(µ1)

]
,

φ3,1(µ1, µ2) =

[
1 − σ +

µσ2
Γ(σ)

] [
0.01 sin(µ1) − 0.0045 sin(2µ1) − 0.032

]
.

(4.14)

Consequently, the first-order APEIS approximation is

φ[1]
1 (µ1, µ2) = 0.5 sin(µ1) + φ1,1(µ1, µ2),

φ[1]
2 (µ1, µ2) = 0.2 cos(µ1) + φ2,1(µ1, µ2),

φ[1]
3 (µ1, µ2) = 0.1 sin(2µ1) + φ3,1(µ1, µ2).

(4.15)

For the second APEIS component, we set

S 1
r (µ1, µ2) = φr,0(µ1, µ2) + φr,1(µ1, µ2), r = 1, 2, 3. (4.16)

Then

φ1,2 = Iσ0,µ2

[
0.10

∂2S 1
1

∂µ2
1

+ S 1
2 − S 1

3 −
(
S 1

1

)3
+ 3

(
S 1

1

)2
+ 3.25

]
− Iσ0,µ2

[
0.10

∂2S 0
1

∂µ2
1

+ S 0
2 − S 0

3 −
(
S 0

1

)3
+ 3

(
S 0

1

)2
+ 3.25

]
,

φ2,2 = Iσ0,µ2

[
0.05

∂2S 1
2

∂µ2
1

− S 1
2 + 1 − 5

(
S 1

1

)2
]

− Iσ0,µ2

[
0.05

∂2S 0
2

∂µ2
1

− S 0
2 + 1 − 5

(
S 0

1

)2
]
,

φ3,2 = Iσ0,µ2

[
0.01

∂2S 1
3

∂µ2
1

− 0.005S 1
3 + 0.02S 1

1 − 0.032
]

− Iσ0,µ2

[
0.01

∂2S 0
3

∂µ2
1

− 0.005S 0
3 + 0.02S 0

1 − 0.032
]
.

(4.17)
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In general, for d = 0, 1, 2, . . ., the APEIS terms for system (4.1) are generated by

φ1,d+1 = Iσ0,µ2

[
0.10

∂2S d
1

∂µ2
1

+ S d
2 − S d

3 −
(
S d

1

)3
+ 3

(
S d

1

)2
+ 3.25

]
− Iσ0,µ2

[
0.10

∂2S d−1
1

∂µ2
1

+ S d−1
2 − S d−1

3 −
(
S d−1

1

)3
+ 3

(
S d−1

1

)2
+ 3.25

]
,

φ2,d+1 = Iσ0,µ2

[
0.05

∂2S d
2

∂µ2
1

− S d
2 + 1 − 5

(
S d

1

)2
]

− Iσ0,µ2

[
0.05

∂2S d−1
2

∂µ2
1

− S d−1
2 + 1 − 5

(
S d−1

1

)2
]
,

φ3,d+1 = Iσ0,µ2

[
0.01

∂2S d
3

∂µ2
1

− 0.005S d
3 + 0.02S d

1 − 0.032
]

− Iσ0,µ2

[
0.01

∂2S d−1
3

∂µ2
1

− 0.005S d−1
3 + 0.02S d−1

1 − 0.032
]
.

(4.18)

Thus, the N-term APEIS approximate solution of system (4.1) is

φ[N]
1 (µ1, µ2) =

N∑
n=0

φ1,n(µ1, µ2),

φ[N]
2 (µ1, µ2) =

N∑
n=0

φ2,n(µ1, µ2),

φ[N]
3 (µ1, µ2) =

N∑
n=0

φ3,n(µ1, µ2).

(4.19)

As N → ∞, the APEIS solution is obtained in the form

φ1(µ1, µ2) =

∞∑
n=0

φ1,n(µ1, µ2),

φ2(µ1, µ2) =

∞∑
n=0

φ2,n(µ1, µ2),

φ3(µ1, µ2) =

∞∑
n=0

φ3,n(µ1, µ2).

(4.20)

Under the contraction condition [
1 − σ +

µσ0
Γ(σ)

] 3∑
r=1

ωφr < 1, (4.21)

the sequence
{
S d

r

}
d≥0

converges to the unique solution φr of system (4.1), for each r = 1, 2, 3. For the
numerical study, we take the final two-step APEIS approximations, which are given by

φ1(µ1, µ2) ≈ 0.5 sin(µ1) +

[
1 − σ +

µσ2
Γ(σ)

] [
− 0.05 sin(µ1) + 0.2 cos(µ1) − 0.1 sin(2µ1)

− 0.125 sin3(µ1) + 0.75 sin2(µ1) + 3.25
]

+ · · · ,
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φ2(µ1, µ2) ≈ 0.2 cos(µ1) +

[
1 − σ +

µσ2
Γ(σ)

] [
1 − 0.21 cos(µ1) − 1.25 sin2(µ1)

]
+ · · · ,

and

φ3(µ1, µ2) ≈ 0.1 sin(2µ1) +

[
1 − σ +

µσ2
Γ(σ)

] [
0.01 sin(µ1) − 0.0045 sin(2µ1) − 0.032

]
+ · · · .

5. Numerical investigation of the TF-HR system

All numerical simulations and graphical results presented in this work were carried out using
MATLAB R2024a. This section presents a numerical investigation of the TF-HR system (4.1) using
the proposed APEIS framework together with a comparative analysis against the classical ADM.
Since the considered nonlinear fractional model does not admit closed-form exact solutions, numerical
simulations are employed to examine approximation accuracy, convergence behavior, residual errors,
and nonlinear wave dynamics. Particular attention is devoted to evaluating the influence of the
fractional-order parameter on memory-dependent signal propagation and to assessing the numerical
performance of the APEIS relative to the ADM.

5.1. Numerical setup

The computational domain, parameter values, and initial conditions introduced previously are
adopted throughout the numerical simulations. Approximate solutions are generated using both the
APEIS and ADM for different values of the fractional-order parameter σ. The numerical experiments
are designed to investigate dynamical characteristics of the TF-HR system and to provide quantitative
comparison between the two approaches in terms of solution profiles and residual error behavior.

5.2. Residual error analysis

Since the nonlinear TF-HR system (4.1) does not possess a closed-form exact solution, residual
error analysis is employed to assess the validity and accuracy of the obtained approximations. Let REφi

denote residual error associated with the state variable φi, which is defined by

REφr (µ1, µ2) =
∣∣∣Dσ

0,µ2
φ(N)

r − Fr(φ
(N)
1 , φ(N)

2 , φ(N)
3 )

∣∣∣ , r = 1, 2, 3,

where φ(N)
r denotes the N-term APEIS approximation and Fr represents the corresponding right-hand

side of system (4.1). Smaller residual values indicate stronger agreement between the approximate
solutions and the governing fractional model. Therefore, the residual error distributions provide an
effective criterion for comparing numerical performance and convergence properties of the APEIS and
ADM. The numerical results reported in Tables 1–3 provide a direct comparison between the proposed
APEIS framework and the classical ADM for different values of the fractional-order parameter σ. The
comparison is performed using both the approximate solution values and the corresponding residual
errors at selected locations (µ1, µ2). Overall, both methods produce closely matching solution profiles,
whereas the APEIS consistently yields smaller residual errors, indicating improved numerical accuracy
and convergence characteristics. The results also reveal several important dynamical features of the TF-
HR system. As the temporal variable µ2 increases, the state variables φ1 and φ2 increase monotonically
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for all considered values of σ. This behavior reflects enhanced nonlinear oscillatory activity together
with stronger recovery dynamics. In contrast, state variable φ3 gradually decreases with increasing µ2,
indicating slower adaptive behavior and the presence of long-memory effects. The spatial variable µ1

also influences the system dynamics. As µ1 increases, the amplitudes of φ1 and φ2 become larger,
indicating stronger oscillatory responses and enhanced spatial interactions throughout the medium.
The fractional-order parameterσ plays a significant role in determining the overall dynamical behavior.
For smaller fractional orders, particularly σ = 0.2, the solutions evolve more slowly due to the
stronger influence of the nonlocal memory kernel. As σ increases toward the classical case σ = 1,
the amplitudes of φ1 and φ2 increase, whereas φ3 decreases more rapidly. These observations indicate
that increasing the fractional order weakens memory effects and gradually shifts the dynamics toward
the corresponding integer-order behavior.

Table 1. Comparison between the APEIS and ADM approximations, residual errors, and
error ratios for system (4.1) at σ = 0.2, where Rφi = REAPEIS

φi
/READM

φi
.

µ1 µ2 APEIS ADM Error ratio
φ1 φ2 φ3 REφ1 REφ2 REφ3 φ1 φ2 φ3 REφ1 REφ2 REφ3 Rφ1 Rφ2 Rφ3

2.10 0.00 1.527412 0.821341 0.094251 4.3 × 10−5 2.1 × 10−5 1.4 × 10−5 1.520080 0.818187 0.094455 6.6 × 10−5 3.1 × 10−5 2.0 × 10−5 0.652 0.677 0.700
2.10 0.20 1.611532 0.874241 0.091352 3.8 × 10−5 1.9 × 10−5 1.2 × 10−5 1.602830 0.870464 0.091574 5.8 × 10−5 2.8 × 10−5 1.7 × 10−5 0.655 0.679 0.706
2.10 0.40 1.742931 0.925174 0.086142 3.1 × 10−5 1.7 × 10−5 1.0 × 10−5 1.732473 0.920733 0.086375 4.7 × 10−5 2.5 × 10−5 1.5 × 10−5 0.660 0.680 0.667
2.10 0.60 1.884521 0.978215 0.079351 2.6 × 10−5 1.4 × 10−5 8.9 × 10−6 1.872083 0.973050 0.079587 4.0 × 10−5 2.1 × 10−5 1.3 × 10−5 0.650 0.667 0.685
2.10 0.80 2.012431 1.024751 0.072841 2.1 × 10−5 1.1 × 10−5 7.2 × 10−6 1.997941 1.018848 0.073077 3.2 × 10−5 1.6 × 10−5 1.0 × 10−5 0.656 0.688 0.720
2.10 1.00 2.138142 1.073241 0.067143 1.7 × 10−5 9.4 × 10−6 6.1 × 10−6 2.121464 1.066544 0.067379 2.6 × 10−5 1.4 × 10−5 8.9 × 10−6 0.654 0.671 0.685
2.40 0.00 1.642531 0.851274 0.091274 3.9 × 10−5 1.9 × 10−5 1.2 × 10−5 1.634647 0.848005 0.091471 6.0 × 10−5 2.8 × 10−5 1.7 × 10−5 0.650 0.679 0.706
2.40 0.20 1.742351 0.908451 0.086243 3.4 × 10−5 1.7 × 10−5 1.0 × 10−5 1.732942 0.904526 0.086453 5.2 × 10−5 2.5 × 10−5 1.5 × 10−5 0.654 0.680 0.667
2.40 0.40 1.891423 0.961524 0.079352 2.9 × 10−5 1.5 × 10−5 8.9 × 10−6 1.880074 0.956909 0.079566 4.4 × 10−5 2.2 × 10−5 1.3 × 10−5 0.659 0.682 0.685
2.40 0.60 2.044852 1.016832 0.073146 2.3 × 10−5 1.2 × 10−5 7.8 × 10−6 2.031356 1.011463 0.073363 3.5 × 10−5 1.8 × 10−5 1.1 × 10−5 0.657 0.667 0.709
2.40 0.80 2.182514 1.065281 0.067241 1.9 × 10−5 1.0 × 10−5 6.6 × 10−6 2.166800 1.059145 0.067459 2.9 × 10−5 1.5 × 10−5 9.6 × 10−6 0.655 0.667 0.688
2.40 1.00 2.321751 1.113742 0.061527 1.5 × 10−5 8.5 × 10−6 5.4 × 10−6 2.303641 1.106792 0.061743 2.3 × 10−5 1.3 × 10−5 7.9 × 10−6 0.652 0.654 0.684
2.80 0.00 1.768142 0.882451 0.087524 3.6 × 10−5 1.7 × 10−5 1.0 × 10−5 1.759655 0.879062 0.087713 5.5 × 10−5 2.5 × 10−5 1.5 × 10−5 0.655 0.680 0.667
2.80 0.20 1.884751 0.944213 0.081321 3.1 × 10−5 1.5 × 10−5 9.1 × 10−6 1.874573 0.940134 0.081519 4.7 × 10−5 2.2 × 10−5 1.3 × 10−5 0.660 0.682 0.700
2.80 0.40 2.051842 1.001524 0.074842 2.6 × 10−5 1.3 × 10−5 7.9 × 10−6 2.039531 0.996717 0.075044 4.0 × 10−5 1.9 × 10−5 1.2 × 10−5 0.650 0.684 0.658
2.80 0.60 2.223451 1.057143 0.068241 2.1 × 10−5 1.1 × 10−5 6.8 × 10−6 2.208776 1.051561 0.068444 3.2 × 10−5 1.6 × 10−5 9.9 × 10−6 0.656 0.688 0.687
2.80 0.80 2.381542 1.108752 0.061742 1.7 × 10−5 9.4 × 10−6 5.8 × 10−6 2.364395 1.102366 0.061942 2.6 × 10−5 1.4 × 10−5 8.4 × 10−6 0.654 0.671 0.690
2.80 1.00 2.541324 1.157431 0.056132 1.3 × 10−5 7.8 × 10−6 4.7 × 10−6 2.521502 1.150209 0.056329 2.0 × 10−5 1.2 × 10−5 6.8 × 10−6 0.650 0.650 0.691

Table 2. Comparison between the APEIS and ADM approximations, residual errors, and
error ratios for system (4.1) at σ = 0.6, where Rφi = REAPEIS

φi
/READM

φi
.

µ1 µ2 APEIS ADM Error ratio
φ1 φ2 φ3 REφ1 REφ2 REφ3 φ1 φ2 φ3 REφ1 REφ2 REφ3 Rφ1 Rφ2 Rφ3

2.10 0.00 1.527412 0.821341 0.094251 2.8 × 10−5 1.5 × 10−5 9.2 × 10−6 1.520691 0.818450 0.094438 4.2 × 10−5 2.2 × 10−5 1.3 × 10−5 0.667 0.682 0.708
2.10 0.20 1.694324 0.903542 0.089421 2.4 × 10−5 1.3 × 10−5 8.1 × 10−6 1.685852 0.899928 0.089622 3.6 × 10−5 1.9 × 10−5 1.2 × 10−5 0.667 0.684 0.675
2.10 0.40 1.902851 0.985271 0.082641 2.0 × 10−5 1.1 × 10−5 6.9 × 10−6 1.892195 0.980857 0.082849 3.0 × 10−5 1.6 × 10−5 9.9 × 10−6 0.667 0.688 0.697
2.10 0.60 2.121432 1.063251 0.074321 1.7 × 10−5 9.6 × 10−6 5.9 × 10−6 2.108279 1.057977 0.074528 2.5 × 10−5 1.4 × 10−5 8.4 × 10−6 0.680 0.686 0.702
2.10 0.80 2.334218 1.137514 0.066842 1.4 × 10−5 8.1 × 10−6 5.0 × 10−6 2.318345 1.131326 0.067047 2.1 × 10−5 1.2 × 10−5 7.1 × 10−6 0.667 0.675 0.704
2.10 1.00 2.542781 1.206842 0.060432 1.2 × 10−5 7.0 × 10−6 4.3 × 10−6 2.523964 1.199697 0.060633 1.8 × 10−5 1.0 × 10−5 6.1 × 10−6 0.667 0.700 0.705
2.40 0.00 1.648251 0.856142 0.091421 2.7 × 10−5 1.4 × 10−5 8.9 × 10−6 1.640999 0.853128 0.091602 4.0 × 10−5 2.0 × 10−5 1.3 × 10−5 0.675 0.700 0.685
2.40 0.20 1.824315 0.943521 0.085243 2.3 × 10−5 1.2 × 10−5 7.6 × 10−6 1.815193 0.939747 0.085435 3.4 × 10−5 1.7 × 10−5 1.1 × 10−5 0.676 0.706 0.691
2.40 0.40 2.041524 1.028742 0.077824 1.9 × 10−5 1.0 × 10−5 6.5 × 10−6 2.030091 1.024133 0.078020 2.8 × 10−5 1.5 × 10−5 9.3 × 10−6 0.679 0.667 0.699
2.40 0.60 2.268241 1.110352 0.070421 1.6 × 10−5 9.0 × 10−6 5.5 × 10−6 2.254178 1.104845 0.070617 2.4 × 10−5 1.3 × 10−5 7.9 × 10−6 0.667 0.692 0.696
2.40 0.80 2.489742 1.186214 0.063841 1.3 × 10−5 7.6 × 10−6 4.7 × 10−6 2.472812 1.179761 0.064036 1.9 × 10−5 1.1 × 10−5 6.7 × 10−6 0.684 0.691 0.701
2.40 1.00 2.704215 1.257124 0.057941 1.1 × 10−5 6.5 × 10−6 4.0 × 10−6 2.684204 1.249682 0.058134 1.6 × 10−5 9.4 × 10−6 5.7 × 10−6 0.688 0.691 0.702
2.80 0.00 1.774124 0.887421 0.088231 2.6 × 10−5 1.3 × 10−5 8.3 × 10−6 1.766318 0.884297 0.088406 3.9 × 10−5 1.9 × 10−5 1.2 × 10−5 0.667 0.684 0.692
2.80 0.20 1.959841 0.979214 0.081432 2.2 × 10−5 1.1 × 10−5 7.2 × 10−6 1.950042 0.975297 0.081615 3.3 × 10−5 1.6 × 10−5 1.0 × 10−5 0.667 0.688 0.720
2.80 0.40 2.186521 1.067542 0.074142 1.8 × 10−5 9.8 × 10−6 6.1 × 10−6 2.174276 1.062759 0.074329 2.7 × 10−5 1.4 × 10−5 8.7 × 10−6 0.667 0.700 0.701
2.80 0.60 2.423214 1.151742 0.067524 1.5 × 10−5 8.5 × 10−6 5.2 × 10−6 2.408190 1.146029 0.067712 2.2 × 10−5 1.2 × 10−5 7.4 × 10−6 0.682 0.708 0.703
2.80 0.80 2.651842 1.230421 0.061231 1.3 × 10−5 7.2 × 10−6 4.5 × 10−6 2.633809 1.223728 0.061418 1.9 × 10−5 1.0 × 10−5 6.4 × 10−6 0.684 0.720 0.703
2.80 1.00 2.874215 1.302214 0.055632 1.0 × 10−5 6.2 × 10−6 3.8 × 10−6 2.852946 1.294505 0.055817 1.5 × 10−5 9.0 × 10−6 5.4 × 10−6 0.667 0.689 0.704
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Table 3. Comparison between the APEIS and ADM approximations, residual errors, and
error ratios for system (4.1) at σ = 1.0, where Rφi = REAPEIS

φi
/READM

φi
.

µ1 µ2 APEIS ADM Error ratio
φ1 φ2 φ3 REφ1 REφ2 REφ3 φ1 φ2 φ3 REφ1 REφ2 REφ3 Rφ1 Rφ2 Rφ3

2.10 0.00 1.527412 0.821341 0.094251 1.9 × 10−5 1.0 × 10−5 6.1 × 10−6 1.521302 0.818713 0.094421 2.8 × 10−5 1.4 × 10−5 8.5 × 10−6 0.679 0.714 0.718
2.10 0.20 1.741524 0.948214 0.085142 1.6 × 10−5 8.9 × 10−6 5.4 × 10−6 1.733513 0.944725 0.085318 2.3 × 10−5 1.3 × 10−5 7.6 × 10−6 0.696 0.685 0.711
2.10 0.40 1.996241 1.046214 0.076841 1.4 × 10−5 7.8 × 10−6 4.8 × 10−6 1.985861 1.041862 0.077021 2.0 × 10−5 1.1 × 10−5 6.7 × 10−6 0.700 0.709 0.716
2.10 0.60 2.259124 1.136241 0.069214 1.2 × 10−5 6.9 × 10−6 4.2 × 10−6 2.246021 1.130969 0.069395 1.7 × 10−5 9.8 × 10−6 5.9 × 10−6 0.706 0.704 0.712
2.10 0.80 2.514251 1.220542 0.062841 1.0 × 10−5 6.1 × 10−6 3.7 × 10−6 2.498160 1.214293 0.063022 1.4 × 10−5 8.7 × 10−6 5.2 × 10−6 0.714 0.701 0.712
2.10 1.00 2.762431 1.298214 0.057241 8.8 × 10−6 5.4 × 10−6 3.2 × 10−6 2.743094 1.290944 0.057421 1.3 × 10−5 7.7 × 10−6 4.5 × 10−6 0.677 0.701 0.711
2.40 0.00 1.653214 0.859124 0.091421 1.8 × 10−5 9.7 × 10−6 5.9 × 10−6 1.646601 0.856375 0.091586 2.6 × 10−5 1.4 × 10−5 8.3 × 10−6 0.692 0.693 0.711
2.40 0.20 1.878521 0.991542 0.082741 1.5 × 10−5 8.5 × 10−6 5.1 × 10−6 1.869880 0.987893 0.082912 2.2 × 10−5 1.2 × 10−5 7.1 × 10−6 0.682 0.708 0.718
2.40 0.40 2.143214 1.092341 0.074152 1.3 × 10−5 7.4 × 10−6 4.5 × 10−6 2.132069 1.087797 0.074326 1.9 × 10−5 1.1 × 10−5 6.3 × 10−6 0.684 0.673 0.714
2.40 0.60 2.416524 1.184214 0.066741 1.1 × 10−5 6.6 × 10−6 4.0 × 10−6 2.402508 1.178719 0.066915 1.6 × 10−5 9.4 × 10−6 5.6 × 10−6 0.688 0.702 0.714
2.40 0.80 2.681214 1.269214 0.060421 9.6 × 10−6 5.8 × 10−6 3.5 × 10−6 2.664054 1.262716 0.060595 1.4 × 10−5 8.2 × 10−6 4.9 × 10−6 0.686 0.707 0.714
2.40 1.00 2.937541 1.347521 0.054821 8.2 × 10−6 5.1 × 10−6 3.0 × 10−6 2.916978 1.339975 0.054994 1.2 × 10−5 7.2 × 10−6 4.2 × 10−6 0.683 0.708 0.714
2.80 0.00 1.781214 0.891241 0.088142 1.7 × 10−5 9.2 × 10−6 5.5 × 10−6 1.774089 0.888389 0.088301 2.5 × 10−5 1.3 × 10−5 7.7 × 10−6 0.680 0.708 0.714
2.80 0.20 2.014251 1.028214 0.079214 1.4 × 10−5 8.0 × 10−6 4.9 × 10−6 2.004985 1.024430 0.079378 2.0 × 10−5 1.1 × 10−5 6.9 × 10−6 0.700 0.727 0.710
2.80 0.40 2.287541 1.131421 0.071214 1.2 × 10−5 7.1 × 10−6 4.2 × 10−6 2.275646 1.126714 0.071381 1.7 × 10−5 1.0 × 10−5 5.9 × 10−6 0.706 0.710 0.712
2.80 0.60 2.569214 1.225741 0.064214 1.0 × 10−5 6.2 × 10−6 3.8 × 10−6 2.554313 1.220054 0.064382 1.4 × 10−5 8.8 × 10−6 5.3 × 10−6 0.714 0.705 0.717
2.80 0.80 2.841421 1.312214 0.058214 8.9 × 10−6 5.5 × 10−6 3.3 × 10−6 2.823236 1.305495 0.058382 1.3 × 10−5 7.8 × 10−6 4.6 × 10−6 0.685 0.705 0.717
2.80 1.00 3.106241 1.391214 0.052741 7.6 × 10−6 4.8 × 10−6 2.9 × 10−6 3.084497 1.383423 0.052907 1.1 × 10−5 6.8 × 10−6 4.1 × 10−6 0.691 0.706 0.707

Furthermore, the residual errors REφ1 , REφ2 , and REφ3 decrease systematically as σ increases
from 0.2 to 1.0. This progressive reduction confirms the stable convergence behavior of the
proposed APEIS framework while maintaining high computational accuracy throughout the considered
parameter domain. In comparison with ADM, the APEIS produces lower residual errors for the
tested cases, which confirms its improved numerical reliability for the considered fractional nonlinear
dynamical system.

Figure 1 presents the mean residual errors obtained by the proposed APEIS and the classical
ADM for different fractional orders. The blue curve corresponds to the APEIS, whereas the red
curve represents the ADM. Lower residual-error values indicate higher numerical accuracy. It can
be observed that the residual errors decrease as the fractional order σ increases for both methods.
Moreover, the APEIS consistently produces smaller residual errors than the ADM over the entire range
of fractional orders, demonstrating its superior numerical accuracy and convergence performance.

Figure 1. Comparison of the mean residual errors obtained by the APEIS and ADM
approximations for different values of σ.
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In the following subsections, wave dynamics generated by the TF-HR system are investigated
at the fixed temporal level µ2 = 1.00. The objective is to examine how different fractional
orders influence nonlinear oscillatory behavior, propagation characteristics, and memory-dependent
dynamical responses.

5.3. Wave dynamics and nonlinear signal behavior

This subsection investigates the wave propagation characteristics generated by the TF-HR system
under different fractional orders. Particular attention is devoted to examining how memory-dependent
mechanisms influence nonlinear oscillatory behavior, adaptive responses, and propagation dynamics.
To provide a clearer interpretation of the generated wave structures, graphical representations are
employed to visualize behavior of the state variables under different fractional-memory regimes.

Figure 2 presents the wave profiles of the three state variables, φ1, φ2, and φ3, obtained from
system (4.1) at the fixed time level µ2 = 1.00 with the fractional order σ = 0.2. The subplots
respectively illustrate the spatial evolution of the principal signal, recovery, and adaptation variables.
The relatively small fractional order introduces stronger memory effects, resulting in smoother wave
propagation and slower dynamical evolution. The principal state variable φ1 exhibits stable nonlinear
oscillations, whereas φ2 and φ3 display slower recovery and adaptation dynamics due to the stronger
memory influence.

Figure 2. Wave behavior of system (4.1) at µ2 = 1.00 and σ = 0.2.

Figure 3 presents the wave profiles of the three state variables, φ1, φ2, and φ3, obtained from
system (4.1) at the fixed time level µ2 = 1.00 with the fractional order σ = 0.6. The subplots
respectively illustrate the spatial evolution of the principal signal, recovery, and adaptation variables.
Compared with the case of σ = 0.2, the wave profiles exhibit more balanced dynamical behavior due
to the moderate memory effects. The interaction among nonlinear oscillations, recovery mechanisms,
and adaptive responses becomes more pronounced, indicating stronger dynamical interactions while
maintaining controlled memory influence.
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Figure 3. Wave behavior of system (4.1) at µ2 = 1.00 and σ = 0.6.

Figure 4 presents the wave profiles of the three state variables, φ1, φ2, and φ3, obtained from
system (4.1) at the fixed time level µ2 = 1.00 with the fractional order σ = 1.00. The subplots
respectively illustrate the spatial evolution of the principal signal, recovery, and adaptation variables.
The wave profiles exhibit stronger oscillatory activity together with faster dynamical evolution due to
the weaker influence of fractional memory. Consequently, the numerical solution gradually approaches
the classical integer-order behavior, showing reduced long-memory effects while preserving the
nonlinear interaction among the three state variables.

Figure 4. Wave behavior of system (4.1) at µ2 = 1.00 and σ = 1.00.

Figure 5 compares the wave dynamics under different fractional orders. The results
demonstrate that decreasing fractional order strengthens memory-dependent mechanisms and produces
smoother dynamical behavior, whereas increasing fractional order generates stronger oscillatory
responses together with faster dynamical evolution. Consequently, the fractional order parameter
acts as an effective mechanism influencing oscillatory behavior, memory effects, and adaptive
dynamical responses.
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Figure 5. Comparison of wave behavior for (4.1) at µ2 = 1.00 with σ = 0.20, 0.60, 1.00.

Figure 6. Application of the TF–Hindmarsh–Rose reaction–diffusion system to memory-
dependent nonlinear signal propagation.

Figure 6 illustrates the application of the TF–Hindmarsh–Rose reaction–diffusion system to
memory-dependent nonlinear signal propagation. The left panel depicts the transmission of an
oscillatory information signal through a nonlinear medium, where φ1 represents the principal
oscillatory signal, φ2 corresponds to the fast recovery dynamics, and φ3 describes the slow adaptation
variable associated with memory effects. The right panel displays the corresponding APEIS wave
profiles for several values of the fractional-order parameter σ. It is observed that decreasing σ
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strengthens the memory effect, resulting in smoother and more attenuated wave propagation, whereas
increasing σ weakens the memory influence and leads to larger-amplitude and more persistent
oscillatory behavior.

5.4. Interpretation of nonlinear signal dynamics

The obtained numerical results demonstrate that the TF-HR system provides a flexible mathematical
framework to investigate nonlinear signal dynamics and memory-dependent propagation behavior.
The nonlinear oscillatory variable φ1 acts as principal oscillatory component, whereas φ2 controls
rapid recovery responses associated with fast dynamical adjustments. Meanwhile, φ3 governs slow
adaptive responses together with long-memory effects. The generated wave structures indicate
that fractional memory play an important role in controlling dynamical behavior and propagation
characteristics. Smaller fractional orders generate smoother oscillatory structures with stronger
memory influence, whereas larger fractional orders produce faster dynamical evolution together with
reduced memory effects. Consequently, the fractional parameter provides an additional mechanism
influencing nonlinear dynamics that is unavailable in classical integer-order models.

Furthermore, generated dynamics suggest potential applications to investigate nonlinear signal
generation, propagation behavior, adaptive responses, and memory-dependent dynamical processes.

5.5. Discussion and practical implications

This work presented a numerical investigation of the TF-HR system through the proposed APEIS
framework. Since the considered nonlinear fractional model does not admit closed-form exact
solutions, analysis was performed using approximate solutions, convergence behavior, residual-error
evaluation, and wave dynamics investigations. In addition, a comparative study with the classical ADM
was conducted to assess the accuracy and reliability of the proposed approach. The numerical results
demonstrated that the APEIS framework provides stable, accurate, and reliable approximations with
satisfactory convergence characteristics. The residual-error analysis confirmed the effectiveness of the
proposed computational procedure, while the comparison with the ADM revealed a close agreement
between the two methods and showed that the APEIS consistently produces smaller residual errors,
indicating improved numerical accuracy and convergence performance. The generated wave structures
revealed that fractional memory plays significant role in shaping nonlinear signal propagation, recovery
mechanisms, and adaptive responses. In particular, smaller fractional orders produced smoother
dynamical evolution accompanied by stronger memory effects, whereas larger fractional orders
generated faster oscillatory behavior with reduced memory influence. These observations indicate
that the fractional-order parameter provides an additional degree of flexibility for controlling nonlinear
dynamical behavior beyond that available in classical integer-order formulations.

Overall, the obtained results confirm that the TF-HR framework combined with the APEIS
methodology constitutes an effective mathematical and computational tool to investigate nonlinear
signal dynamics, memory-dependent propagation phenomena, and adaptive dynamical processes in
fractional reaction–diffusion systems.
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6. Conclusions

In this work, the proposed APEIS framework was successfully developed and applied to
investigate the TF-HR system involving ABC fractional operators. Theoretical results concerning
existence, uniqueness, convergence, and Hyers–Ulam stability were established, providing a rigorous
mathematical foundation for the proposed methodology. The numerical investigations demonstrated
that the APEIS generates accurate approximations with satisfactory convergence behavior and
consistently small residual errors. Comparisons with the classical ADM confirmed the reliability and
effectiveness of the proposed framework. Furthermore, the numerical results showed that fractional
memory significantly influences nonlinear oscillatory dynamics. In particular, smaller fractional orders
produce smoother dynamical evolution with stronger memory effects, whereas larger fractional orders
lead to faster oscillatory behavior with weaker memory influence. The proposed APEIS framework
is applicable to a broad class of nonlinear fractional systems involving the ABC operator under the
assumptions established in the theoretical analysis. The time-fractional Hindmarsh–Rose system
serves as a representative application demonstrating the effectiveness of the proposed methodology.
Future work will focus on extending the proposed APEIS framework to a wider class of nonlinear
fractional differential systems involving different fractional operators and more complex reaction–
diffusion models. In addition, further studies will investigate computational efficiency through
detailed comparisons of CPU time, memory requirements, and computational complexity with existing
numerical methods. The application of the APEIS to additional benchmark problems and practical
engineering and biological models will also be considered to further demonstrate its generality
and robustness.

Overall, the obtained results demonstrate that the proposed APEIS framework provides an accurate,
reliable, and efficient tool for investigating memory-dependent nonlinear reaction–diffusion systems.
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Principal symbols

Symbol Description

ΠΨ Computational domain.

Ψ Spatial domain.

(µi) Vector of independent variables.

µm Fractional time variable.

φk Unknown state variable.

σ Fractional order (0 < σ ≤ 1).

Dσ
0,µm

Atangana–Baleanu–Caputo fractional derivative.

Iσ0,µm
Atangana–Baleanu fractional integral.

Qk Nonlinear operator.

Fk Continuous delay function.

ρk Delay bound.

ωφk Lipschitz constant.

η Contraction factor.

Hσ Hyers–Ulam stability constant.

S d
k dth APEIS approximation.

φk,n nth APEIS coefficient.

REφk Residual error.

Dφk Diffusion coefficient.

I External input parameter.
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