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1. Introduction

LetH = H(D) denote the class of all analytic functions defined in the open unit disk

D = {z ∈ C : |z| < 1}.

For a constant a ∈ C and a positive integer n ∈ N = {1, 2, . . . }, we define the subclass

H[a, n] =

 f ∈ H : f (z) = a +

∞∑
k=n

akzk

 .
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Hence, H[a, n] represents the family of analytic functions in D whose power series expansion
begins with the constant term a, while the first nonconstant term appears at order n.

Let f and F belong toH . We say that f is subordinate to H (or equivalently that F is superordinate
to f ) if there exists an analytic mapping w on D such that

w(0) = 0 and |w(z)| < 1 for all z ∈ D,

with
f (z) = F(w(z)) for all z ∈ D.

In this situation, we write
f ≺ F or f (z) ≺ F(z).

If F is univalent in D, then it follows that (cf. [10, 15])

f ≺ F ⇐⇒ f (0) = F(0) and f (D) ⊂ F(D).

Let Q denote the family of functions that are analytic and univalent on D \ E( f ), where

E( f ) =

{
ζ ∈ ∂D : lim

z→ζ
f (z) = ∞

}
, (1.1)

and satisfy
f ′(ζ) , 0 for all ζ ∈ ∂D \ E( f ).

A function f ∈ H satisfying f (0) = 0, f (z)/z , 0, f ′(z)/z , 0, and f ′(z) , 0 is called a β-convex
function (note that f (z) is not necessarily normalized in the standard sense, since f ′(z) is not required
to equal 1) if it satisfies

Re
(
(1 − β)

z f ′(z)
f (z)

+ β

(
1 +

z f ′′(z)
f ′(z)

) )
> 0, (β ∈ R, z ∈ D). (1.2)

Then, we denote the corresponding class by Hβ. The notion of β-convex functions was introduced by
Mocanu [11]. It has been noted (cf. [8]) that all functions in this class are univalent and starlike, and

Hβ ⊂ Hα ⊂ H0, 0 ≤
α

β
≤ 1.

Moreover, the class H0 coincides with the class of normalized starlike functions in D, while the
classH1 coincides with the class of normalized convex functions in D. Thus, the familyHλ provides a
unified framework that connects these two fundamental subclasses of univalent functions. In addition,
several other subclasses of analytic functions associated with various notions of convexity and their
geometric properties have been extensively investigated in the literature; see, for example, [1, 20].

Example 1.1. By means of the subordination relation and the definition of β-convex functions, one
can readily obtain the following examples of functions belonging to the class of β-convex functions.

(1) f (z) =
(
tanh−1 √z

)
∈ H2,

(2) f (z) =

√
z2(3 − z)
3(1 − z)3 ∈ H 1

2
,
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(3) f (z) = z 2F1( 1
3 ,

2
3 ; 4

3 ; z) ∈ H3,

(4) f (z) = z 2F1( 1
4 ,

1
2 ; 5

4 ; z) ∈ H4,

where 2F1(a, b; c; z) denotes the Gaussian hypergeometric function.

An analytic function f in the unit disk D is called p-valent in D if every value is assumed by f at
most p times in D (counting multiplicities), and there exists a value that is assumed exactly p times.

Consider the classAp consisting of functions given by

f (z) = zp +

∞∑
k=1

ak+pzk+p, (p ∈ N),

which are analytic in the open unit disk D and p-valent in this domain.
Moreover, the function φp(b, c; z) is defined through the power series

φp(b, c; z) =

∞∑
k=0

(b)k

(c)k
zk+p, (b, c ∈ R and c < Z− ∪ {0}),

where (a)n denotes the Pochhammer symbol (or shifted factorial) given in terms of the Gamma function
by

(a)n :=
Γ(a + n)

Γ(a)
=

1, if n = 0 and a ∈ C \ {0},
a(a + 1) · · · (a + n − 1), if n ∈ N and a ∈ C.

For any f ∈ Ap, we introduce the linear operator Hp(b, c) : Ap → Ap defined by

Hp(b, c) f (z) = φp(b, c; z) ∗ f (z), z ∈ D,

where ∗ represents the Hadamard product (or convolution). It can be observed that

Hp(p + 1, p) f (z) =
z f ′(z)

p
, Hp(n + p, 1) f (z) = Dn+p−1 f (z),

where n is any real number greater than −p and Dn denotes the Ruscheweyh derivative [17] (see
also [5]). The operator Hp(b, c) was introduced by Saitoh [18] as an extension of the classical Carlson-
Shaffer operator H1(b, c), which has been extensively studied in the space of analytic and univalent
functions in D (cf. [3, 19]).

Corresponding to φp(b, c; z), let φ†p,λ(b, c; z) be defined such that

φp(b, c; z) ∗ φ†p,λ(b, c; z) =
zp

(1 − z)λ+p , (λ > −p).

Similarly, we define the linear operator Iλp(b, c) onAp by

Iλp(b, c) f (z) = φ†p,λ(b, c; z) ∗ f (z), (b, c , 0,−1,−2, . . . ; λ > −p; z ∈ D). (1.3)

Throughout this paper, for the operator Iλp(b, c) f (z), we assume that the parameters satisfy the
conditions

b, c , 0,−1,−2, . . . , λ > −p,
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unless otherwise stated.
From the definitions of Iλp(b, c) and φ†p,λ(b, c; z), together with the expansion of zp

(1−z)λ+p , (λ > −p), in
terms of the Pochhammer symbol, and by applying the Hadamard (convolution) product, we have

I1
p(p + 1, 1) f (z) = f (z), I1

p(p, 1) f (z) =
z f ′(z)

p
.

Moreover, it can be verified that

z
(
Iλp(b + 1, c) f (z)

)′
= bIλp(b, c) f (z) − (b − p)Iλp(b + 1, c) f (z), (1.4)

z
(
Iλp(b, c) f (z)

)′
= (λ + p)Iλ+1

p (b, c) f (z) − λIλp(b, c) f (z). (1.5)

In particular, the operators Iλ1(µ + 2, 1) with µ > −2 and λ > −1 were introduced by [4], which
also examined inclusion properties for classes defined via Iλ1(µ + 2, 1). For the case p = 1, b = n + 1
(n ∈ N0), and c = λ = 1, the operator Iλp(b, c) coincides with the Noor integral operator of nth order
studied by Liu [7] (see also [12, 13]).

This paper studies subordination properties of β-convex functions in the open unit disk using
the linear operator Iλp(b, c) defined in (1.3). The motivation for this study stems from the central
role of subordination theory in geometric function theory, where it serves as a powerful tool for
investigating the geometric behavior of analytic functions and establishing inclusion relationships
among their subclasses. By combining the framework of β-convexity with the operator Iλp(b, c),
we develop new subordination criteria that provide further insight into the structural properties of
this family of functions. Our aim is to derive sufficient conditions under which β-convex functions
preserve desirable geometric characteristics when acted upon by the operator. In addition, we
investigate several consequences involving the associated integral operator and demonstrate how the
obtained results naturally extend to this setting. The analysis presented herein reveals new connections
between generalized linear operators and β-convex functions, leading to a broader perspective on their
interaction within the theory of analytic functions. Consequently, the results obtained in this paper
enrich the existing framework of differential subordination and contribute to a deeper understanding of
the relationship between β-convexity, integral transforms, and operator-theoretic methods in geometric
function theory.

The following lemmas will be required in our investigation.

Lemma 1.2. [9] Suppose that p ∈ Q with the condition p(0) = a. Let q ∈ H[a, n] in the form

q(z) = a + anzn + · · ·

be analytic in D, where
q(z) . a and n ∈ N.

If q ⊀ p, then there exist points

z0 = r0 exp(iθ) ∈ D and ζ0 ∈ ∂D \ E( f ),

such that
q(Dr0) ⊂ p(D), q(z0) = p(ζ0), and z0q′(z0) = mζ0 p′(ζ0), (m ≥ n).

AIMS Mathematics Volume 11, Issue 8, 26823–26833.
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Definition 1. The function L(z, t) defined on D× [0,∞) is said to be a subordination chain (also known
as a Löwner chain) provided that it satisfies the following conditions:

• For each fixed t ∈ [0,∞), the function L(·, t) is analytic and univalent in D.
• For each fixed z ∈ D, the mapping t 7→ L(z, t) is continuously differentiable on [0,∞).
• For z ∈ D and 0 ≤ s < t, the subordination property

L(z, s) ≺ L(z, t)

is satisfied.

Lemma 1.3. [16] Consider the function

L(z, t) = a1(t)z + · · ·

with
a1(t) , 0 and lim

t→∞
|a1(t)| = ∞.

Assume that L(·, t) is an analytic function in the open unit disk D for all t ≥ 0, and let L(z, ·) be
continuously differentiable on [0,∞) for each z ∈ D.

If the function L(z, t) satisfies the conditions:

Re

z∂L(z,t)
∂z

∂L(z,t)
∂t

 > 0, (z ∈ D; 0 ≤ t < ∞),

and
|L(z, t)| ≤ K0|a1(t)|, (|z| < r0 < 1; 0 ≤ t < ∞),

where K0 and r0 are positive constants, then L(z, t) is a subordination chain.

2. Main results

We start by establishing a subordination theorem concerning the multiplier operator Iλp(b, c) defined
in (1.3).

Theorem 2.1. Let f ∈ Ap and k ∈ Hβ. Suppose that the subordination(
Iλp(b + 1, c) f (z)

)1−β (
Iλp(b, c) f (z)

)β
≺ k(z), (2.1)

holds for
Re(b) ≥ p, β ≥ 0, z ∈ D.

Then, it follows that
Iλp(b + 1, c) f (z) ≺ k(z), z ∈ D.

Proof. Define
q(z) := Iλp(b + 1, c) f (z), f ∈ Ap, z ∈ D. (2.2)
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Using (1.4) together with (2.2) and simple computations, we obtain

Iλp(b, c) f (z) =
(b − p)q(z) + zq′(z)

b
. (2.3)

Hence, combining (2.2) and (2.3), we rewrite (2.1) as

(
Iλp(b + 1, c) f (z)

)1−β (
Iλp(b, c) f (z)

)β
= q(z)

b − p +
zq′(z)
q(z)

b


β

. (2.4)

Thus, we need to prove the subordination implication

q(z)

b − p +
zq′(z)
q(z)

b


β

≺ k(z) =⇒ q(z) ≺ k(z), z ∈ D. (2.5)

Without loss of generality, we suppose that the function k fulfills the hypotheses of Theorem 2.1 on
the closed unit disk D with

k′(ζ) , 0, ζ ∈ ∂D.

Otherwise, we may consider

fr(z) = f (rz), kr(z) = k(rz), 0 < r < 1,

so that kr is univalent on D and

qr(z)

b − p +
zq′r(z)
qr(z)

b


β

≺ kr(z), qr(z) = q(rz), z ∈ D.

By letting r → 1−, the subordination (2.5) for qr implies it for q.
Suppose, to the contrary, that (2.5) does not hold. By Lemma 1.2, there exist points z0 ∈ D and

ζ0 ∈ ∂D such that
q(z0) = k(ζ0), z0q′(z0) = mζ0k′(ζ0), m ≥ 1. (2.6)

To complete the proof, define the function

L(z, t) = k(z)

b − p + (1 + t) zk′(z)
k(z)

b


β

, (z, t) ∈ D × [0,∞). (2.7)

A direct computation gives

a1(t) :=
∂L
∂z

(0, t) = k′(0)
(
b − p + 1 + t

b

)β
, 0, lim

t→∞
|a1(t)| = ∞. (2.8)

Moreover, one can verify

Re
(
z∂L(z, t)/∂z
∂L(z, t)/∂t

)
=

Re(b) − p
β

+ β(1 + t) Re
(
(1 − β)

zk′(z)
k(z)

+ β

(
1 +

zk′′(z)
k′(z)

))
, (2.9)
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Since k ∈ Hβ with β > 0 and k′(z) , 0, we have

Re


z
∂L(z, t)
∂z

∂L(z, t)
∂t

 > 0.

Using the sharp growth and distortion bounds for k ( by applying the result established in [16]),

r
(1 + r)2 ≤ |k(z)| ≤

r
(1 − r)2 ,

1 − r
(1 + r)3 ≤ |k

′(z)| ≤
1 + r

(1 − r)3 , |z| = r < 1,

and we conclude that the second condition of Lemma 1.3 is satisfied. Consequently, all the hypotheses
of Lemma 1.3 are fulfilled, which implies that the function L(z, t) constitutes a subordination chain in
D. In particular,

k(z) = L(z, 0) ≺ L(z, t), z ∈ D, t ≥ 0. (2.10)

Finally, combining (2.6) with (2.1) and applying Lemma 1.2, we arrive at a contradiction to our
initial assumption. This contradiction shows that the assumption that (2.5) fails is untenable. Hence,
(2.5) must hold, thereby completing the proof of the theorem. �

Theorem 2.2. Let f ∈ Ap and k ∈ H1. Assume the subordination

(1 − β)Iλp(b, c) f (z) + βIλp(b + 1, c) f (z) ≺ k(z), 0 ≤ β ≤ 1, z ∈ D, Re(b) ≥ p.

Then, it follows that
Iλp(b + 1, c) f (z) ≺ k(z), z ∈ D.

Proof. Define q(z) as in (2.2) and proceed similarly using (1.4) to get (2.3). Combining (2.2) and (2.3),
we have

(1 − β)Iλp(b, c) f (z) + βIλp(b + 1, c) f (z) = q(z)

 (1 − β)
(
b − p +

zq′(z)
q(z)

)
b

+ β

 , (2.11)

so for the subordination we have to prove that

q(z)

 (1 − β)
(
b − p +

zq′(z)
q(z)

)
b

+ β

 ≺ k(z) =⇒ q(z) ≺ k(z).

The remaining steps of the proof are identical, in essence, to those employed in the proof of
Theorem 2.1. Since no new arguments or techniques are required, the details are omitted to avoid
unnecessary repetition. This completes the proof.

Using relation (1.5) and proceeding in a manner analogous to the proofs of Theorems 2.1 and 2.2,
we can derive Theorems 2.3 and 2.4. The details are therefore omitted as they follow by the same line
of reasoning. �

Theorem 2.3. Let f ∈ Ap and k ∈ Hβ. If(
Iλp(b, c) f (z)

)1−β (
Iλ+1

p (b, c) f (z)
)β
≺ k(z), λ ≥ 0, β ≥ 0, z ∈ D,

then
Iλp(b, c) f (z) ≺ k(z), z ∈ D.
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Theorem 2.4. Let f ∈ Ap and k ∈ Hβ. Assume

(1 − β)Iλ+1
p (b, c) f (z) + βIλp(b, c) f (z) ≺ k(z), λ ≥ 0, 0 ≤ β ≤ 1, z ∈ D.

Then, it follows that
Iλp(b, c) f (z) ≺ k(z), z ∈ D.

By Setting β = 1 in Theorem 2.1, we have the fllowing example.

Example 2.5. Let f ∈ Ap and k(z) is a convex function. Suppose that the subordination

Iλp(b, c) f (z) ≺ k(z), (Re{b} ≥ p, β ≥ 0, z ∈ D), (2.12)

holds. Then,
Iλp(b + 1, c) f (z) ≺ k(z), z ∈ D.

By Setting β = 1 in Theorem 2.3, we have the following example.

Example 2.6. Let f ∈ Ap and k(z) be a convex function. If

Iλ+1
p (b, c) f (z) ≺ k(z), (Re{b} ≥ p, β ≥ 0, λ ≥ 0; z ∈ D), (2.13)

holds. Then,
Iλp(b, c) f (z) ≺ k(z).

By setting β = 1/2 and q(z) =

√
z2(3 − z)
3(1 − z)3 in Theorem 2.1, we have

Example 2.7. Let f ∈ Ap. Suppose that

Iλp(b + 1, c) f (z) Iλp(b, c) f (z) ≺

√
z2(3 − z)
3(1 − z)3 , (Re(b) ≥ p, β ≥ 0, z ∈ D). (2.14)

Then, it follows that

Iλp(b + 1, c) f (z) ≺

√
z2(3 − z)
3(1 − z)3 .

3. Subordination results for the generalized Libera operator

In this section, we examine the generalized Libera integral operator Fζ for Re(ζ) > −p, defined as
(cf. [2, 6, 14]):

Fζ( f )(z) :=
ζ + p

zζ

∫ z

0
tζ−1 f (t) dt, ( f ∈ Ap, Re{ζ} > −p). (3.1)

First, we establish a subordination property for this operator.

AIMS Mathematics Volume 11, Issue 8, 26823–26833.
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Theorem 3.1. Let f ∈ Ap and k ∈ Hβ. Assume the subordination(
IλpFζ( f )(z)

)1−β (
Iλp(b, c) f (z)

)β
≺ k(z),

for
Re(ζ) > 0, β ≥ 0, z ∈ D.

Then, it follows that
Iλp(b, c)Fζ( f )(z) ≺ k(z), (z ∈ D; λ ≥ 0).

Proof. Define
q(z) := Iλp(b, c)Fζ( f )(z), f ∈ Ap, z ∈ D. (3.2)

From the definition of Fζ in (3.1), a direct computation yields

z
d
dz

(
Iλp(b, c)Fζ( f )(z)

)
= (ζ + p)Iλp(b, c) f (z) − ζIλp(b, c)Fζ( f )(z). (3.3)

Hence, applying (3.2), (3.3), and using arguments similar to the proof of Theorem 2.1, we obtain
the desired subordination. The detailed steps are omitted. �

Next, we present a related subordination result using a convex combination, analogous to
Theorems 2.3 and 2.4.

Theorem 3.2. Let f ∈ Ap and k ∈ H1. Suppose that

(1 − β)IλpFζ( f )(z) + βIλp(b, c) f (z) ≺ k(z),

for
ζ > 0, 0 ≤ β ≤ 1, z ∈ D.

Then, it follows that
IλpFζ( f )(z) ≺ k(z), (z ∈ D; λ ≥ 0).

Finally, by taking b = p + 1, c = λ = 1, and β = 1 in Theorems 3.1 and 3.2, we obtain the following
corollary as a special case.

Corollary 3.3. Let f ∈ Ap and k ∈ H1. Then

f (z) ≺ k(z), z ∈ D =⇒ Fζ( f )(z) ≺ k(z).

4. Conclusions

In this paper, we have established several new subordination results for the class of β-convex
functions in the open unit disk associated with the family of linear operators Iλp(b, c). The main
results were obtained by combining the theory of differential subordination with Miller and Mocanu’s
lemma [9] and the method of subordination chains, yielding sufficient conditions that characterize
the behavior of β-convex functions under the action of the considered operator. These results
provide a unified approach for investigating the geometric properties of this class of functions and
further demonstrate the effectiveness of subordination techniques in the study of operator-induced
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transformations. As an application of the established theory, we have derived corresponding results for
a related class of integral operators, illustrating the flexibility and wider applicability of the developed
approach. The obtained results also indicate that the techniques employed in this paper are not
restricted to the present setting and may be adapted to investigate other families of linear and integral
operators arising in geometric function theory. Furthermore, it is worth noting that the results presented
herein can be extended to various subclasses of analytic and meromorphic functions whose associated
operators satisfy suitable recurrence relations such as those given in (1.4) and (1.5). Consequently,
the methods developed in this work provide a useful framework for studying subordination and related
geometric properties in a broader operator-theoretic context. We expect that the present investigation
will stimulate further research on generalized linear operators, differential subordinations, and their
applications to other subclasses of analytic and meromorphic functions.
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