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Abstract: In this paper, we studied a (2 + 1)-dimensional variable-coefficient nonlinear
evolution equation that generalizes several well-known models, including the Kadomtsev–Petviashvili,
generalized second-order Benjamin–Ono, and Boussinesq equations. The integrability of the equation
was investigated using Painlevé analysis, leading to explicit conditions on the variable coefficients.
These conditions were shown to be consistent with the existence of multi-soliton solutions. By
applying Hirota’s bilinear method, we explicitly derived and verified one-, two-, three-, and four-
soliton solutions. Their pairwise interaction structure motivates a proposed general N-soliton form.
In addition, breather waves, lump solutions, and hybrid lump–soliton interactions were derived using
appropriate ansatz methods. The effects of variable coefficients on wave behavior were illustrated
through different solution structures. The results showed that variable coefficients play an important
role in shaping wave dynamics and interaction patterns. This work extends existing results on nonlinear
evolution equations and provides useful insight into wave propagation in inhomogeneous media.
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1. Introduction

Nonlinear evolution equations (NLEEs) play a central role in modeling complex dynamical
systems where nonlinear effects and dispersion interact intricately. These equations emerge in a
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variety of scientific and engineering domains, including plasma physics [1], fluid dynamics [2],
quantum mechanics [3], nonlinear optics [4], and many more [5, 6]. Understanding exact solutions of
NLEEs is essential for describing physical phenomena and for predicting the behavior of both natural
and engineered systems. A wide array of mathematical methods has been developed to study NLEEs
and construct their exact solutions. The Darboux transformation [7] provides a systematic approach
for generating new solutions from known ones, particularly for integrable systems. Bäcklund
transformations [8] establish relations between different solutions and are useful for obtaining
nonlinear wave structures. The inverse scattering transform [9] offers a powerful framework for
solving integrable equations by connecting them with linear spectral problems. The sine-Gordon
approach [10] and traveling-wave reduction [11] transform NLEEs into simpler forms, enabling the
derivation of solitary wave solutions. Expansion methods, such as the

(G′
G

)
- and

( 1
G

)
-expansion

techniques [12–14], provide direct algebraic procedures for constructing exact solutions, while recent
data-driven approaches, including neural networks [15, 16] and generative adversarial networks [17],
offer alternative strategies for approximating and discovering nonlinear wave solutions. The
M-fractional derivative method [18] has also been applied to investigate nonlinear models involving
fractional effects.

Among these techniques, the Hirota bilinear method [19–21] stands out due to its flexibility in
analyzing both integrable and non-integrable systems. By transforming nonlinear equations into
bilinear forms, it provides a systematic framework for constructing various exact solutions, including
multi-soliton, breather, lump, and hybrid wave structures. Moreover, it effectively describes nonlinear
wave interactions, such as elastic collisions and energy localization. Owing to these advantages, the
Hirota bilinear method has become a powerful tool for studying NLEEs, including
variable-coefficient, higher-dimensional, and generalized dispersive systems. The fundamental
solutions of NLEEs often involve nonlinear localized waves, such as solitons, breathers, and lumps.
In integrable models, solitons are localized waves characterized by shape-preserving propagation and
particle-like interactions. Their robustness has made them relevant in diverse fields, including
nonlinear optics [22], oceanography [23], and plasma physics [24]. Breathers, in contrast, are
nonlinear waves with energy concentrated in a localized, oscillatory pattern [25], while lump
waves [26] represent high-energy solitary structures that can propagate as intense localized pulses. In
oceanic contexts, lump waves are particularly important for predicting potentially destructive
phenomena. Investigating the integrability properties of NLEEs is important for identifying equations
that may support systematic families of exact solutions and rich nonlinear wave structures. Tools such
as Painlevé analysis allow one to assess whether an equation can be consistently solved. Techniques
including Ablowitz-Ramani-Segur (ARS) [27], Weiss-Tabor-Carnevale (WTC) [28], and Kruskal’s
simplification [29] facilitate checking the Painlevé property, which is closely tied to the existence of
exact solutions. Moreover, the presence of N-soliton solutions typically signals integrability, as
solitons are hallmark features of integrable systems.

Recently, variable-coefficient NLEEs have attracted significant interest because they model
inhomogeneous media and systems with varying boundary conditions more accurately than
constant-coefficient equations [30–32]. In many realistic physical environments, the properties of the
medium are not uniform and may vary spatially or temporally due to changes in material parameters,
external forces, geometrical effects, or environmental conditions. Consequently, variable coefficients
provide a more realistic description of wave propagation in non-uniform media, where dispersion,
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nonlinearity, and coupling effects may evolve along the propagation direction. Such models have been
widely employed to describe complex phenomena in fluid mechanics, plasma physics, nonlinear
optics, and other areas where spatial inhomogeneity plays a crucial role. Compared with their
constant-coefficient counterparts, variable-coefficient NLEEs exhibit richer dynamical behaviors
because the varying coefficients can significantly influence wave amplitude, velocity, localization, and
interaction properties. The study of exact solutions for these equations is therefore important not only
from a mathematical perspective but also for understanding how environmental variations modify
nonlinear wave structures. In particular, investigating the integrability conditions of
variable-coefficient models provides valuable information about whether fundamental nonlinear
structures, such as solitons and breathers, can persist in non-uniform media.

Motivated by these considerations, we investigate a generalized variable-coefficient NLEE that
captures the effects of spatial inhomogeneity on nonlinear wave propagation and interaction. In this
work, we focus on the following variable-coefficient nonlinear equation:

uxxxx +K1(y)(u2)xx +K2(y)utt +
(
K3(y)ut +K4(y)uy +K5(y)ux

)
x = 0. (1.1)

Here, x and y denote the two spatial coordinates, while t represents time. The dependent variable
u = u(x, y, t) describes the wave field or wave amplitude in the corresponding two-dimensional spatial
domain as it evolves in time. The functions Ki(y), i = 1, . . . , 5, are variable coefficients. The
coefficient K1(y) represents the strength of the quadratic nonlinearity, K2(y) modulates the temporal
dispersive contribution utt, K3(y) and K4(y) control the mixed space-time and transverse coupling
terms, respectively, whereas K5(y) modifies the longitudinal dispersive term uxx. Hence, each variable
coefficient corresponds to a spatially varying physical or geometric property of the underlying
medium. When all coefficients are constant, Eq (1.1) reduces to the generalized second-order
Benjamin–Ono-type equation studied in [33]. By swapping y and t and setting
K1(y) = 3, K2(y) = 3σ, K4(y) = 1, and K3(y) = K5(y) = 0 with σ2 = ±1, the equation transforms into
the Kadomtsev–Petviashvili (KP) equation. Introduced in 1970, the KP equation generalizes the
Korteweg-de Vries (KdV) model to two dimensions, describing small-amplitude ion-acoustic waves
in plasmas and finding applications in shallow-water waves, nonlinear optics, plasma physics,
Bose-Einstein condensates, and sound propagation in ferromagnetic media [34, 35]. The KP equation
is integrable and can be solved via methods such as the inverse scattering transform, Hirota bilinear
method, and Darboux transformation. Other reductions of Eq (1.1) reproduce well-known models.
Setting K1(y) = constant, K2(y) = 1, and K3(y) = K4(y) = K5(y) = 0 yields the second-order
Benjamin–Ono equation, which is Painlevé-integrable [36] and admits N-soliton solutions [37]. This
equation has been explored via conservation law reductions, Lenard recursion hierarchies [38], and
algebro-geometric solutions using theta functions [39], while rogue wave, breather, and lump
solutions have been analyzed through homoclinic/heteroclinic limits, Hirota’s method, and
perturbation techniques [40, 41]. Similarly, choosing K1(y), K5(y) = constants, K2(y) = 1, and
K3(y) = K4(y) = 0 reduces Eq (1.1) to the classical Boussinesq equation. Formulated in 1871 to
model long waves in shallow water, this integrable system supports soliton solutions via the inverse
scattering transform and has relevance in describing nonlinear string vibrations and one-dimensional
lattice waves [42–45].

Given these connections, it is expected that Eq (1.1) will have applications in oceanography, fluid
dynamics, and nonlinear wave theory. Although Painlevé and Hirota-based approaches have been
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widely used for NLEEs, the novelty of this work lies in establishing the specific integrability
conditions of Eq (1.1) and showing that two independent analyses lead to the same result. Through
Painlevé analysis, we demonstrate that the equation possesses the Painlevé property within the Set 4
branch when K1(y) and K2(y) are constants. Under exactly the same conditions, the equation admits
explicitly verified one-, two-, three-, and four-soliton solutions, whose pairwise factorization structure
motivates a proposed general N-soliton representation. The remaining variable coefficients are
retained in the Set 4 Painlevé-compatible equation and enter the wave phases explicitly, allowing us to
examine how coefficient variations affect wave propagation and interaction patterns while preserving
the soliton structure. Furthermore, we employ the Hirota bilinear method to derive a variety of
solutions, including breather waves, lump solutions, and hybrid lump–soliton waves, and investigate
their interactions. Graphical comparisons between constant- and variable-coefficient cases further
illustrate the distinct wave dynamics generated by different coefficient profiles. Throughout the paper,
all graphical results are presented in dimensionless variables. Accordingly, the axes in all figures are
labeled by the independent variables x, y, and t, and the dependent variable u, without physical units.
The structure of this paper is as follows: Section 2 addresses the Painlevé analysis of Eq (1.1).
Section 3 derives the one-, two-, three-, and four-soliton solutions and presents a proposed general
N-soliton form. In Section 4, the bilinear form is used to construct breather, lump, and hybrid
lump–soliton solutions. Section 5 concludes with a summary of the findings.

2. Integrability in the framework of Painlevé analysis

Painlevé analysis is a method for studying the integrability and singularity behavior of nonlinear
differential equations. Named after Paul Painlevé, this technique helps determine if solutions to an
equation remain regular and avoid unexpected singularities under certain conditions. It is useful for
identifying equations with special solutions that suggest integrability. This analysis is important in
fields like physics and engineering for understanding nonlinear systems. In this section, we use the
framework from [46] to examine the integrability properties of Eq (1.1). In this context, the term
“integrability” refers specifically to the Painlevé property, i.e., the absence of movable critical
singularities in the solutions of Eq (1.1). The Painlevé test is a well-known necessary condition for
integrability and is widely used to identify equations likely to possess rich mathematical structure.
However, it does not by itself guarantee the existence of a Lax pair or other features associated with
complete integrability. Consequently, this section focuses solely on determining when Eq (1.1)
satisfies the Painlevé property, without claiming full Lax integrability. We explore the possibility that
Eq (1.1) admits a Laurent expansion around a singular manifold Ψ = Ψ(x, y, t) in the form

u =
∞∑
ȷ=0

u ȷΨ ȷ+γ, u0 , 0. (2.1)

Here, u ȷ = u ȷ(x, y, t) and Ψ = Ψ(x, y, t) are analytic functions, and γ denotes a negative integer. The
Painlevé test involves three steps: determining the dominant behavior and leading-order coefficient,
locating the resonance indices, and checking the compatibility conditions. To determine the leading-
order behavior, we consider

u = u0Ψ
γ. (2.2)
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Substituting this expression into Eq (1.1), the dominant contributions arise from the terms uxxxx and
K1(y)(u2)xx, since they have the lowest powers of Ψ near the singular manifold. The corresponding
powers of Ψ are γ − 4 and 2γ − 2, respectively. Requiring these dominant terms to balance gives

γ − 4 = 2γ − 2, (2.3)

which yields γ = −2. Then, balancing the coefficients of the dominant terms gives

120u0Ψ
4
x + 20K1(y)u2

0Ψ
2
x = 0. (2.4)

Solving this algebraic equation for the nonzero leading coefficient yields

u0 = −
6
K1(y)

Ψ2
x, K1(y) , 0. (2.5)

We now determine the resonant indices by perturbing the leading-order solution as

u = −
6
K1(y)

Ψ2
xΨ
−2 + u ȷΨ ȷ−2. (2.6)

Here, ȷ denotes the resonances related to the dominant behavior γ. By substituting this solution into
Eq (1.1) and setting the coefficient of Ψ ȷ−6 equal to zero, we obtain

( ȷ − 6)( ȷ − 5)( ȷ − 4)( ȷ + 1)u ȷΨ4
x = 0. (2.7)

Therefore, the resonance points are ȷ = −1, 4, 5, 6. As is commonly observed, the resonance at ȷ =
−1 underscores the inherent ambiguity of the singular manifold Ψ = 0. To assess the compatibility
conditions, we will analyze the Laurent expansion in Eq (2.1) in the following manner:

u =
6∑
ȷ=0

u ȷΨ ȷ−2. (2.8)

By substituting Eq (2.8) into Eq (1.1) and setting the coefficients of Ψ ȷ−6 equal to zero, we derive an
explicit expression for the non-resonant level in terms of u1, u2, and u3:

Ψ−5 : u1 =
6Ψxx

K1(y)
,

Ψ−4 : u2 =
−K5(y)Ψ2

x − K4(y)ΨxΨy − K3(y)ΨxΨt − K2(y)Ψ2
t − 4ΨxΨxxx + 3Ψ2

xx

2Ψ2
xK1(y)

,

Ψ−3 : u3 =
1

2Ψ4
xK

2
1 (y)

[
K1(y)

(
Ψ2

xΨxxxx − 4ΨxΨxxΨxxx + 3Ψ3
xx −

(
Ψx

(
K4(y)Ψy +K3(y)Ψt

)
+K2(y)Ψ2

t

)
Ψxx

)
+ Ψ2

x

(
K1(y)

(
K2(y)Ψtt +K3(y)Ψxt +K4(y)Ψxy

)
− K4(y)K1,y(y)Ψx

)]
,

(2.9)

where K1 , 0. The coefficients of Ψ−2 and Ψ−1 vanish identically, indicating that u4 and u5,
respectively, remain arbitrary at the corresponding resonance levels. However, at the resonance point
ȷ = 6, the recursion relation for u6 yields a compatibility condition given by

K1(y)
(
4K1,y(y)K2(y) − K2,y(y)K1(y)

) (
Ψ2

xΨtt − 2ΨxΨtΨtx + Ψ
2
tΨxx

)
+ Ψ3

x

(
K4,y(y)K1,y(y)K1(y) − 3K2

1,y(y)K4(y) +K4(y)K1(y)K1,yy(y)
)
= 0.

(2.10)
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Since Ψ is arbitrary, the coefficients multiplying the independent structures involving Ψ must vanish
separately. Therefore, the compatibility condition requires:

Set 1: K1(y) = 0,
Set 2: K2(y) = c1K1(y)4, K4(y) = 0,

Set 3: K2(y) = c2K1(y)4, K4(y) =
c3K1(y)3

K1(y)y
,

Set 4: K1(y) = c4, K2(y) = c5,

(2.11)

where ci, i = 1, . . . , 5, are constants and K1 , 0. The four sets above represent different possibilities
for satisfying the Painlevé compatibility condition. However, Set 1 requires special consideration.
The derivation of the leading-order coefficient Eq (2.5) already assumes K1(y) , 0. Therefore, the
case where K1(y) = 0 does not belong to the nonlinear Painlevé branch analyzed above. Instead, it
corresponds to a separate linear reduction in which the nonlinear term (u2)xx vanishes. Consequently,
Set 1 should be regarded as a degenerate linear case rather than a nonlinear Painlevé-integrable case.

Furthermore, Sets 2 and 3 preserve the nonlinear structure of Eq (1.1), but they impose specific
functional relationships among the variable coefficients, namely, K1(y), K2(y), and K4(y). Therefore,
these cases correspond to constrained variable-coefficient integrable subclasses rather than the most
general form of the model. Such reductions may possess their own exact solutions and integrable
structures; however, their investigation is beyond the scope of the present study. In contrast, Set 4
retains the nonlinear term while assigning constant coefficients to the dominant nonlinear and temporal-
dispersive contributions. We therefore focus on Set 4 and obtain the following Painlevé-compatible
form studied in the remainder of the paper:

uxxxx + C1(u2)xx + C2utt +K3(y)uxt +K4(y)uxy +K5(y)uxx = 0, (2.12)

where C1 and C2 are constant coefficients. The present analysis assumes that the coefficientsKi depend
only on y. Extending the calculation to coefficients depending on t, or jointly on (t, y), may produce
different compatibility conditions and lies beyond the scope of this study. We now demonstrate that
the Set 4 Painlevé-compatible equation given in Eq (2.12) can be transformed into a Hirota bilinear
form. To this end, we recall the definition of the Hirota bilinear operator [47]. For two sufficiently
differentiable functions f and g, the Hirota operator is defined by

Dm
x Dn

yDp
t ( f · g) = (∂x − ∂x′)m(∂y − ∂y′)n(∂t − ∂t′)p f (x, y, t)g(x′, y′, t′)

∣∣∣
x′=x, y′=y, t′=t

, (2.13)

where m, n, and p are nonnegative integers. In particular, the fourth-order x-derivative satisfies the
identity

D4
xξ · ξ

2ξ2 = (ln ξ)xxxx + 6(ln ξ) 2
xx. (2.14)

This identity is consistent with the structure of Eq (2.12), which contains the fourth-order term uxxxx

and the nonlinear term (u2)xx. Therefore, we introduce the dependent-variable transformation

u = R(ln ξ)xx, (2.15)

where ξ = ξ(x, y, t) is an auxiliary function and R is a constant to be determined. The choice u ∝ (ln ξ)xx

allows the linear and nonlinear terms of the equation to be expressed through the same Hirota structure.
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To determine the dispersion relation, we first consider the linear part of Eq (2.12) and use the
exponential trial function

u = ehi x+qi(y)+wit+ζi , (2.16)

where hi, wi, and ζi are arbitrary constants, while qi (y) is an unknown function of y to be determined.
Afterward, we solve the resulting equation to obtain the dispersion relation, which is expressed as

qi(y) = −
∫ (

h4
i + w2

iC2 + wihiK3(y) + h2
iK5(y)

hiK4(y)

)
dy, (2.17)

where hi , 0 and K4(y) , 0. Consequently, the dispersion variable can be written as

Θi = hix −
∫ (

h4
i + w2

iC2 + wihiK3(y) + h2
iK5(y)

hiK4(y)

)
dy + wit + ζi. (2.18)

Next, substituting the transformation Eq (2.15) into Eq (2.12) along with

ξ = 1 + eΘi , (2.19)

and solving for R, we find that R = 6
C1

. Consequently, the dependent-variable transformation becomes

u =
6
C1

(ln ξ)xx. (2.20)

Substituting Eq (2.20) into Eq (2.12) and integrating twice with respect to x, we impose the
localized/decaying boundary conditions used for the wave solutions considered here. Under these
conditions, the two functions of integration depending on (y, t) vanish, and we obtain

(ξxxxxξ − 4ξxxxξx + 3ξ2xx) + C2(ξttξ − ξ2t ) +K3(y)(ξξxt − ξtξx) +K4(y)(ξxyξ − ξxξy) +K5(y)(ξxxξ − ξ
2
x) = 0, (2.21)

which can be written in the following compact form by utilizing the definition of the Hirota bilinear
operator given in Eq (2.13):(

D4
x + C2D2

t +K3(y)DxDt +K4(y)DxDy +K5(y)D2
x
)
ξ.ξ = 0. (2.22)

This equation represents the bilinear form of the Set 4 Painlevé-compatible Eq (2.12). We remark that
the bilinear equation given in Eq (2.22) can also be derived by means of the Bell polynomial method
[48]. In this approach, motivated by the leading-order analysis in the Painlevé test, one introduces the
dependent-variable transformation u = 6

C1
qxx, where q = q(x, y, t). Integrating the resulting equation

twice with respect to x and imposing the same localized/decaying boundary conditions makes the two
functions of integration depending on (y, t) vanish. The resulting equation can then be expressed in
terms of the P-polynomials. By exploiting the correspondence between the Bell P-polynomials and
Hirota bilinear operators, the bilinear form Eq (2.22) is obtained directly. The compatibility analysis
identifies several branches. In the remainder of this work, we focus on the Set 4 branch, for which
K1(y) = C1 and K2(y) = C2. We next examine the explicitly constructed multi-soliton solutions under
these same coefficient conditions.
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3. Existence of soliton solutions

In integrable-systems theory, the existence of multi-soliton solutions with factorized interactions is
commonly regarded as an important indicator of an underlying integrable structure, often associated
with conservation laws, symmetry hierarchies, or inverse-scattering formulations [49]. In this section,
we use soliton solutions as a constructive indicator of integrability, in the same spirit as the Painlevé
analysis, which provides a singularity-based indicator. More precisely, we explicitly construct and
verify one-, two-, three-, and four-soliton solutions under the Set 4 coefficient conditions obtained
from the Painlevé analysis. Their agreement provides mutually consistent evidence for a special class
of the equation possessing the Painlevé property and supporting multi-soliton structures.

The single-soliton solution is taken to be

u = R(ln ξ1)xx, (3.1)

where R is a real parameter, and the auxiliary function ξ1(x, y, t) is defined as

ξ1 = 1 + eΘ1 , (3.2)

with the phase variable Θ1 defined by

Θ1 = h1x −
∫ (

h4
1 + w2

1K2(y) + w1h1K3(y) + h2
1K5(y)

h1K4(y)

)
dy + w1t + ζ1, (3.3)

where h1 , 0 andK4(y) , 0 throughout the domain considered. Substituting Eq (3.2) into Eq (1.1) and
solving for R, we find that R = 6

K1(y) . To determine a constant value for R, we impose the coefficient
condition

K1(y) = C1, (3.4)

where C1 is a real constant. The constraint in Eq (3.4) is part of the Set 4 conditions obtained from the
Painlevé analysis. We will show that, together with K2(y) = C2, it supports the explicitly constructed
one-, two-, three-, and four-soliton solutions and the proposed general N-soliton structure. The single-
soliton solution is obtained by substituting Eq (3.2) into Eq (3.1) and applying the condition in Eq (3.4)
as follows:

u =
6h2

1eΘ1

C1(1 + eΘ1)2 . (3.5)

The signed extremal value of the one-soliton solution is 3h2
1

2C1
, while its absolute amplitude is 3h2

1
2|C1 |

.
Hence, the amplitude is independent of the coefficients Ki(y), i = 2, . . . , 5. For centuries, water waves
have captivated the interest of mathematicians, physicists, and engineers. While the ocean hosts
numerous wave types, this study specifically examines solitary waves, oceanic solitons, and localized
waves in shallow water. To demonstrate the single-soliton solution, we analyze various variable
coefficients and parameter choices, revealing a range of physical structures, as depicted in Figure 1.
When the variable coefficients are chosen as constants (Figure 1(a)), the resulting solution forms a
bell-shaped solitary wave. However, when the coefficients are selected as functions of y, the resulting
solutions produce different wave forms, such as periodic (Figure 1(b)), curved (Figure 1(c)), and
V-shaped (Figure 1(d)) waves. In all scenarios, the wave amplitude remains unchanged because it is
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independent of the variable coefficients. These different wave profiles demonstrate that the variable
coefficients mainly influence the propagation characteristics rather than the amplitude of the solitary
wave. In particular, K3(y) modifies the propagation direction through the mixed space-time coupling,
K4(y) governs the transverse phase evolution and consequently changes the wave trajectory, while
K5(y) alters the effective dispersive properties, producing curved or periodically modulated wave
fronts. Thus, within the plotted parameter sets, the variable coefficients modify the geometry and
trajectory of the localized wave while leaving its analytical peak magnitude unchanged.

(a) (b) (c) (d)

Figure 1. Evolution of the one-soliton wave Eq (3.5). The plots show the corresponding
solution u(x, y, t) with t = 0. The common parameters are h1 = 1, w1 =

1
5 , ζ1 = 0, C1 =

2, C2 = 1. The parameters used for each panel are: (a) K3(y) = 2, K4(y) = 3, K5(y) = 1, (b)
K3(y) = 2, K4(y) = 3, K5(y) = sin

(
4y
5

)
, (c) K3(y) = sin( y

5 ), K4(y) = 1
2 , K5(y) = tanh

(
y
3

)
, and

(d) K3(y) = y
5 , K4(y) = 1

y , K5(y) = tanh
(

y
5

)
.

For the two-soliton solutions, we introduce the auxiliary function

ξ2(x, y, t) = 1 + eΘ1 + eΘ2 +A12eΘ1+Θ2 . (3.6)

Here, the arguments Θi are given by

Θi = hix −
∫ (

h4
i + w2

iK2(y) + wihiK3(y) + h2
iK5(y)

hiK4(y)

)
dy + wit + ζi, i = 1, 2. (3.7)

By substituting

u =
6
C1

(ln ξ2)xx, (3.8)

along with Eq (3.6) into Eq (1.1) and solving for the phase shiftA12, we derive

A12 =
−K2(y)(h1w2 − h2w1)2 + 3h2

2h2
1(h1 − h2)2

−K2(y)(h1w2 − h2w1)2 + 3h2
2h2

1(h1 + h2)2
. (3.9)

The two-soliton solution is then derived. To satisfy solution Eq (3.8) in the main Eq (1.1), the following
condition must be applied to the solution:

K2(y) = C2, (3.10)
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where C2 is a real constant. The conditions in Eqs (3.4) and (3.10) constitute the coefficient restrictions
used for the Set 4 soliton construction identified in Eq (2.11). The two-soliton solution for various
choices of variable parameters is shown in Figure 2. In all instances, the largest wave has an amplitude
of 1

12 , while the smallest wave has an amplitude of 3
64 . In Figure 2(a), the plotted profiles merge and

subsequently separate. Figure 2(b) exhibits a more curved interaction pattern for K3(y) = sin2
(

y
3

)
.

Figure 2(c) shows additional periodic modulation for K3(y) = 4 cos(5y), whereas Figure 2(d) displays
a strongly asymmetric profile for K3(y) = y

4 . These plots illustrate changes in waveform geometry
and trajectory under the stated coefficient choices; they do not, by themselves, establish stability or
energy-transfer properties.

(a) (b) (c) (d)

Figure 2. Evolution of the two-soliton wave Eq (3.8). The plots show the corresponding
solution u(x, y, t) with t = 0. The common parameters are h1 =

1
3 , h2 = −

1
4 , w1 =

1
5 , w2 =

1
2 , ζ1 = ζ2 = 0, C1 = 2, C2 = 3, K4(y) = 4. The parameters used for each panel are: (a)
K3(y) = 1, K5(y) = 1, (b) K3(y) = sin2

(
y
3

)
,K5(y) = y

6 , (c) K3(y) = 4 cos(5y), K5(y) =

3 cos
(

y
2

)
, and (d) K3(y) = y

4 , K5(y) = sin(ey).

For the three-soliton solutions, we define the auxiliary function as

ξ3 = 1 + eΘ1 + eΘ2 + eΘ3 +A12eΘ1+Θ2 +A13eΘ1+Θ3 +A23eΘ2+Θ3 +A123eΘ1+Θ2+Θ3 . (3.11)

By substituting

u =
6
C1

(ln ξ3)xx, (3.12)

along with Eq (3.11) into Eq (1.1), we obtain

A123 = A12A13A23, (3.13)

where Θ j are given in Eq (3.7) and

Ai j =
−C2(hiw j − h jwi)2 + 3h2

jh
2
i (hi − h j)2

−C2(hiw j − h jwi)2 + 3h2
jh

2
i (hi + h j)2

. (3.14)

As in the two-soliton case, the three-soliton solution satisfies Eq (1.1) under the coefficient
condition in Eq (3.10). This calculation establishes the two- and three-soliton cases. Together with the
verified one- and four-soliton solutions, it provides supporting evidence for the proposed general
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N-soliton structure. The physical representation of the three-soliton solution is shown in Figure 3,
with different parameter values. Figure 3(a) exhibits sharp peaks and steep wavefronts. Figure 3(b)
shows a curved, periodically modulated profile for the stated sinusoidal coefficient choice. Figure 3(c)
contains multiple overlapping peaks when K5(y) = 3 cos

(
y
2

)
, while Figure 3(d) presents a stretched

and asymmetric profile for K5(y) = 2 tanh
(

y
3

)
. These visualizations demonstrate coefficient-dependent

changes in propagation geometry and interaction patterns without making a separate claim about
dynamical stability or energy exchange.

The identity A123 = A12A13A23 shows that the verified three-soliton interaction factorizes into
pairwise interactions. This is the characteristic three-soliton condition used in Hirota’s direct
method [47]. Based on the explicitly verified one-, two-, three-, and four-soliton cases and this
pairwise factorization property, we propose the following N-soliton form for N > 1 under the
conditions K1(y) = C1 and K2(y) = C2. Although the expression follows the standard Hirota
binary-sum structure, a complete proof for arbitrary N is beyond the scope of the present work:

u =
6
C1

(ln ξN)xx, (3.15)

where

ξN =
∑
τ=0,1

exp

 N∑
i=1

τiΘi +

N∑
i< j

τiτ j ln(Ai, j)

 . (3.16)

Here, the notation
∑
τ=0,1

denotes the summation over all possible combinations of τi = 0, 1 for i =

1, 2, . . . ,N. The phase variablesΘi are given in Eq (3.7) and the interaction coefficientsAi, j are defined
in Eq (3.14).

(a) (b) (c) (d)

Figure 3. Evolution of the three-soliton wave Eq (3.12). The plots show the corresponding
solution u(x, y, t) with t = 0. The common parameters are h1 = −

1
4 , h2 = −

1
5 , h3 =

1
7 , w1 =

1
5 , w2 = 2, w3 = −

1
3 , ζ1 = −7, ζ2 = 20, ζ3 = 10, C1 = 2, C2 = 3, K4(y) = 4. The parameters

used for each panel are: (a) K3(y) = 1, K5(y) = 3, (b) K3(y) = y
4 , K5(y) = sin(ey), (c)

K3(y) = 4 cos(5y), K5(y) = 3 cos
(

y
2

)
, and (d) K3(y) = 3 sin(2y), K5(y) = 2 tanh

(
y
3

)
.

Setting N = 4 in the proposed form Eq (3.15) gives the four-soliton expression. We have directly
verified the four-soliton solution by substituting it into Eq (1.1). The resulting expression satisfies the
equation identically under the conditions K1(y) = C1 and K2(y) = C2. This verification, together with
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the previously obtained two- and three-soliton solutions, provides further support for the pairwise
interaction structure and verifies the N = 4 case of Eq (3.15). Figure 4 illustrates four-soliton profiles
under different coefficient choices. Figure 4(a) contains multiple sharp and overlapping peaks.
Figure 4(b) exhibits a periodically modulated structure, Figure 4(c) shows a strongly curved profile,
and Figure 4(d) displays a stretched and asymmetric configuration. These plots demonstrate
coefficient-dependent changes in waveform geometry and spatial organization but do not
independently establish collision dynamics, stability, or shape preservation.

(a) (b) (c) (d)

Figure 4. Evolution of the four-soliton wave. The plots show the corresponding solution
u(x, y, t) with t = 0. The common parameters are h1 = −

1
5 , h2 = −

1
5 , h3 =

1
5 , h4 =

1
5 , w1 =

−1
6 , w2 = 2, w3 = −

1
3 , w4 =

2
5 , ζ1 = −20, C1 = 2, C2 = −2, K4(y) = 4. The parameters

used for each panel are: (a) ζ2 = 10, K3(y) = 1, K5(y) = 3, (b) ζ2 = 10, K3(y) = 1, K5(y) =
3 cos

(
y

15

)
, (c) ζ2 = 0, K3(y) = 3 sin(y), K5(y) = y

5 , and (d) ζ2 = 0, K3(y) = tanh(y), K5(y) =
− tanh(y).

We conclude that the Painlevé analysis and the explicitly verified one-, two-, three-, and
four-soliton solutions provide mutually consistent evidence for the special mathematical structure of
the variable-coefficient equation under the Set 4 conditions. The proposed general N-soliton form is
supported by the observed pairwise factorization property and the direct verification of the
four-soliton case, but it has not been proved for arbitrary N. These results are understood in the
Painlevé and soliton senses and do not constitute a proof of complete Lax integrability. Henceforth,
we focus on the resulting Eq (2.12). It should be noted that the conditions K1(y) = C1 and K2(y) = C2

characterize the Set 4 Painlevé branch and the corresponding N-soliton structure investigated in this
work. Although other Painlevé-compatible subclasses, such as Sets 2 and 3, may exist, they
correspond to different constrained variable-coefficient structures and are not considered further here.
Other coefficient choices may still allow particular exact or localized solutions under suitable
restrictions. A systematic classification of such solutions remains an interesting direction for future
work.

4. Exact solutions via the ansatz method

The ansatz method is a widely used technique for finding exact solutions to NLEEs. It begins with
an educated assumption about the solution’s form, guided by the equation’s symmetry and structure.
By substituting this assumed solution into the transformed or bilinear form of the equation, the
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complexity of the original problem is significantly reduced. This substitution often yields a set of
solvable algebraic or lower-order differential equations, enabling the determination of key parameters.
Once a solution is obtained, it is validated by reintroducing it into the original equation to confirm its
accuracy. This approach is particularly useful in the study of nonlinear wave dynamics, as it not only
simplifies intricate mathematical problems, but also reveals fundamental properties of solitons, rogue
waves, and other complex wave phenomena. Below, we define the test function ξ to derive a broad
class of exact solutions to Eq (2.12). All solutions presented in this section were checked by direct
symbolic substitution into both the bilinear equation given in Eq (2.22) and the original nonlinear
equation (2.12), after imposing the stated parameter restrictions. In each case, the corresponding
residual simplifies identically to zero.

4.1. Breather wave

To construct breather-wave solutions of Eq (2.12), we employ the dependent-variable
transformation u = 6

C1
(ln ξ)xx, where the auxiliary function ξ is defined as follows:

ξ = e−λθ1 + δ1eλθ1 + δ2 cos(βθ2), (4.1)

where, θ1 = x+ a1ω1(y)+ a2t + a3 and θ2 = x+ b1ω2(y)+ b2t + b3. The parameters λ, β, δ1, δ2, ai, and
bi, i = 1, 2, 3, and functions ω1(y) and ω2(y) are unknown and need to be determined. By substituting
the test function Eq (4.1) into the bilinear Eq (2.22) and setting all the coefficients of e±λθ1 , cos(βθ2),
and sin(βθ2) to zero, we obtain a system of equations. Solving this system yields

ω1(y) = −
∫
β2C2b2(2a2 − b2) + β2(a2K3(y) − 3β2 +K5(y) − 2λ2) + λ2(a2K3(y) + C2a2

2 +K5(y) + 1)
a1K4(y)(β2 + λ2)

dy,

ω2(y) = −
∫
C2β

2b2
2 + β

2(b2K3(y) − β2 +K5(y) + 2λ2) + λ2(b2K3(y) − C2a2
2 +K5(y) + 2a2b2C2 + 3λ2)

b1K4(y)(β2 + λ2)
dy,

δ1 = −
β2δ22

(
(β2 + λ2)2 −

λ2C2(a2−b2)2

3

)
4λ2

(
(β2 + λ2)2 +

β2C2(a2−b2)2

3

) .
(4.2)

For the breather solution, all parameters are chosen so that the expressions in Eq (4.2) are real
and well-defined. In particular, λ, β, a1, b1 , 0, K4(y) , 0 throughout the domain, and β2 + λ2 > 0.
Moreover, the denominator in the expression for δ1 must not vanish; hence,

C2 , −
3
(
β2 + λ2

)2

β2 (a2 − b2)2 , (4.3)

whenever a2 , b2. The remaining parameters and functions of y may be selected freely subject to
these restrictions and to the requirement that every displayed square root, logarithm, or denominator
be real and nonzero. The integrals in Eq (4.2) are understood as y-integrals over intervals on which
their integrands are finite, with arbitrary constants of integration absorbed into the phase parameters.
By substituting these results back into the test function Eq (4.1) and applying the logarithmic
transformation Eq (2.20), we obtain the breather solution. The resulting auxiliary function ξ is then
substituted into the bilinear equation given in Eq (2.22), and the corresponding residual vanishes
identically, confirming the validity of the solution. Through the transformation, this also verifies that
the obtained breather solution satisfies Eq (2.12).
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Breather solutions are important in many areas of physics and applied mathematics, such as optics,
condensed matter physics, and fluid dynamics. They have been observed in various physical systems,
like optical fibers and other wave-propagating media [50,51]. The study of breather solutions provides
insight into nonlinear wave phenomena, particularly in understanding how energy can be confined and
sustained within localized structures in a larger wave environment. These solutions are essential for
investigating situations where localized, periodic disturbances can persist and influence the system’s
overall behavior. In Figure 5, the breather solution is shown with the corresponding parameters chosen.
Variations in parameters influence the shape, amplitude, periodicity, and localization of the breathers.
These breathers are localized oscillatory structures that preserve their shape as they propagate, typically
emerging from a balance between nonlinearity and dispersion. While some breathers remain symmetric
(Figure 5(a)), others become skewed or tilted (Figure 5(b)–(d)), revealing directional propagation and
the effects of the underlying parameters.

(a) (b) (c) (d)

Figure 5. Evolution of the breather wave Eq (4.1). The plots show the corresponding solution
u(x, y, t) with t = 0. The common parameters are β = 1, λ = −1

2 , δ2 =
2
5 , a2 = 2, a3 =

1
3 , b2 = −1, b3 = 0, C2 = −1. The parameters used for each panel are: (a) C1 = 1, K3(y) =
5
2 , K4(y) = −10, K5(y) = 1, (b) C1 = 4, K3(y) = 3y

5 , K4(y) = 3, K5(y) = cos( y
2 ), (c)

C1 = 4, K3(y) = y2

5 , K4(y) = 3, K5(y) = cos
(

y
10

)
, and (d) C1 = 4, K3(y) = 2, K4(y) =

3, K5(y) = 4 tanh
(

y
10

)
.

Figure 5(a) shows a symmetric profile with periodic peaks in both spatial directions. In
Figure 5(b), the peaks are shifted, and the plotted amplitude is reduced, producing a V-shaped
wavefront. Figure 5(c) displays an elongated and tilted profile under cosine modulation, while
Figure 5(d) shows a more directional, tilted wave packet for the stated hyperbolic-tangent coefficient.
These descriptions concern the geometry of the exact plotted solutions and do not constitute an
independent stability or energy analysis. The coefficients of the selected variables directly influence
the propagation and localization of the breather wave. In particular, the coefficient K3(y) modifies the
coupling between the spatial and temporal derivatives and therefore affects the direction of
propagation and wave tilt. The choice of K4(y) controls the accumulation of phases dependent on y,
leading to changes in the orientation and spatial location of the breather. Meanwhile, K5(y) modifies
the dispersive contribution and can introduce additional modulation of the wave profile. Thus, the
different coefficient choices in Figure 5 produce symmetric, skewed, or tilted breathers while
preserving their localized oscillatory character.
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4.2. Lump wave

The following quadratic function is applied to derive the lump solution u = 6
C1

(ln ξ)xx.

ξ = (a1x + a2ω1(y) + a3t + a4)2 + (a5x + a6ω2(y) + a7t + a8)2 + a9, (4.4)

where parameters ai, i = 1, . . . , 9, and functions ω1(y) and ω2(y) are initially undetermined and must
be determined. By substituting this function into Eq (2.22) and solving for the unknown constants, we
obtain the following results:

ω1(y) = −
∫ a1C2(a2

3 − a2
7) + a3(a2

1K3(y) + a2
5K3(y) + 2a5a7C2) + a1K5(y)(a2

1 + a2
5)

a2K4(y)(a2
1 + a2

5)
dy,

ω2(y) = −
∫
C2(2a1a3a7 − a5a2

3 + a5a2
7) + a7K3(y)(a2

1 + a2
5) + a5K5(y)(a2

1 + a2
5)

a6K4(y)(a2
1 + a2

5)
dy,

a9 = −
3
(
a2

1 + a2
5

)3

C2 (a1a7 − a3a5)2 .

(4.5)

For the lump solution to be a regular real solution, it is necessary that ξ > 0 throughout the
considered domain. Since ξ is the sum of two squares and the constant a9, this requires a9 > 0. From
Eq (4.5), this condition implies C2 < 0, provided a1a7 − a3a5 , 0. Therefore, in this family of
solutions, K4(y) and the parameters C2, a2, and a6 are nonzero. Moreover, (a1, a5) , (0, 0), while the
remaining parameters and functions of y may be chosen freely.

Similarly, after substituting the parameters obtained in Eq (4.5) into the quadratic ansatz Eq (4.4),
direct substitution into the bilinear equation (2.22) gives an identically vanishing residual. Therefore,
the resulting lump solution is verified in the bilinear form and, through the transformation Eq (2.20),
satisfies the original equation Eq (2.12). Figure 6 illustrates lump waves, which are localized rational
solutions of Eq (2.12) characterized by a single non-dispersive peak that decays algebraically in all
spatial directions. Unlike solitons, lump waves typically remain localized while preserving their
overall structure. In Figure 6(a), where the coefficients are constant, the solution exhibits the classical
symmetric lump profile with isotropic decay. In Figure 6(b), the periodic coefficient introduces
oscillatory background modulation around the lump, while the central profile remains well-localized.
In Figure 6(c), the hyperbolic coefficient tanh

(
y
5

)
generates a gradual spatial variation, resulting in an

asymmetric stretching and tilting of the lump profile. In Figure 6(d), the coefficient 3 sin(ey) produces
a stronger periodic modulation, giving rise to a more structured background and a pronounced
deformation of the localized wave. These observations demonstrate that the variable coefficients
primarily control the geometry and background modulation of the lump rather than its existence. In
particular, periodic profiles of K3(y) and K5(y) enhance the oscillatory modulation surrounding the
lump, whereas gradually varying profiles modify its symmetry and orientation through changes in the
local phase and effective dispersion. Consequently, within the analytical solution family and plotted
parameter ranges, the variable coefficients modify the geometry, orientation, and background
modulation of the localized rational-wave profiles.
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(a) (b) (c) (d)

Figure 6. Evolution of the lump wave Eq (4.4). The plots show the corresponding solution
u(x, y, t) with x = 0. The common parameters are a1 = 1, a3 = −

2
3 , a4 = 1, a5 =

1, a7 =
1
2 , a8 = 1, C1 = 1, C2 = −1. The parameters used for each panel are: (a)

K3(y) = −1, K4(y) = 2, K5(y) = 1, (b) K3(y) = sin(4y), K4(y) = 3, K5(y) = tanh
(

y
2

)
,

(c) K3(y) = tanh
(

y
5

)
, K4(y) = 3, K5(y) = sin2

(
y
3

)
, and (d) K3(y) = 3 sin(ey), K4(y) =

3, K5(y) = cos(y).

4.3. Interaction between a lump and two soliton waves

To derive the mixed solution u = 6
C1

(ln ξ)xx which describes the interaction between one lump and
two soliton waves, we define the auxiliary function ξ as a combination of quadratic and exponential
functions.

ξ = (a1x + a2ω1(y) + a3t + a4)2 + (a5x + a6ω2(y) + a7t + a8)2 + λ1e−ρθ1 + λ2eρθ1 + a9, (4.6)

where θ1 = a10x+a11ω3(y)+a12t+a13. The parameters ai, i = 1, . . . , 13 and λ1, λ2, and ρ are unknown
and must be identified. Similar to the previous steps, by substituting this function into Eq (2.22) and
solving the resulting equation, we can derive the relationships between the unknowns as follows:

ω1(y) = −
1

a1a2

∫
C2(a2

3 − a2
7) + a2

1K5(y) + a1a3K3(y)
K4(y)

dy, ω2(y) = −
a7

a1a6

∫
2a3C2 + a1K3(y)

K4(y)
dy,

ω3(y) = −
a10

3a2
1a11

∫ 3a2
3C2 − a2

7C2 + 3a1a3K3(y) + 3a2
1K5(y)

K4(y)
dy, ρ =

a7
√
−3C2

3a10a1
,

a5 =0, a12 =
a3a10

a1
, λ1 = −

3a4
1(C2a2

7a9 + 3a4
1)

C2
2a4

7λ2
.

(4.7)

For the obtained hybrid solution to be a regular real solution, it is necessary that ξ > 0 throughout
the considered domain. Since ξ is the sum of two squares, two positive exponential terms, and the
constant a9, we require λ1, λ2, a9 > 0. From Eq (4.7), this implies C2 < 0 and a9 >

3a4
1

−C2a2
7
. Therefore,

a1, a2, a6, a7, a10, C2, and K4(y) are nonzero, while the remaining parameters and functions of y may
be chosen freely. Similarly, after substituting the parameters obtained in Eq (4.7) into the ansatz
Eq (4.6), the corresponding test function is obtained. Applying the transformation Eq (2.20) then
yields a hybrid solution consisting of two soliton waves and one lump wave. Substitution of the
resulting auxiliary function into the bilinear equation confirms that the corresponding residual
vanishes identically. Therefore, through the transformation Eq (2.20), the obtained hybrid solution
satisfies Eq (2.12).
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Figure 7 illustrates hybrid profiles containing lump and exponential-wave components under
different parameter and coefficient choices. Figure 7(a) shows a localized lump together with
approximately symmetric V-shaped structures. Figure 7(b) presents more tilted components and a
slightly stretched localized peak. Figure 7(c) exhibits a localized structure embedded in a periodically
modulated background, while Figure 7(d) displays a strongly deformed cross-like configuration.
These profiles illustrate coefficient-dependent changes in geometry, orientation, and background
modulation. They do not, by themselves, establish energy exchange, dynamical stability, bound-state
formation, or interaction strength.

(a) (b) (c) (d)

Figure 7. Evolution of the interaction between one lump and two soliton waves described
by the hybrid solution Eq (4.6). The plots show the corresponding solution u(x, y, t) with
x = 0. The common parameters are a1 =

1
2 , a3 =

1
8 , a4 = 0, a6 = 1, a7 =

1
2 , a8 = 0, a9 =

1, a10 = 6, a13 = 0, λ2 =
1
5 , C2 = −1. For the individual panels, the parameters are:

(a) C1 = 1, K3(y) = 1, K4(y) = 2, K5(y) = 1 , (b) C1 =
1
2 , K3(y) = tanh

(
y
5

)
, K4(y) =

3, K5(y) = sin2
(

y
5

)
, (c) C1 =

1
8 , K3(y) = tanh

(
y
5

)
, K4(y) = 3, K5(y) = sin3

(
y
5

)
, and (d)

C1 =
1
8 , K3(y) = sin

(
y
3

)
, K4(y) = 3, K5(y) = tanh

(
y
5

)
.

Overall, the graphical results presented in Figures 1–7 consistently demonstrate that the variable
coefficients K3(y), K4(y), and K5(y) provide a mechanism for modifying the displayed wave profiles
in the proposed variable-coefficient model. Although these coefficients do not alter the integrability
conditions established in this work, they significantly influence the geometry and propagation of the
resulting localized waves through the phase functions appearing in the Hirota formulation. In
particular, the coefficient K3(y), associated with the mixed space-time derivative, primarily affects the
propagation direction, wave inclination, and interaction behavior. The coefficient K4(y), multiplying
the mixed spatial derivative, governs the accumulation of the transverse phase and consequently
controls the spatial orientation, bending, and rotation of the wave profiles. Meanwhile, the coefficient
K5(y), which modifies the longitudinal dispersive contribution, influences the effective dispersion of
the system, leading to changes in wave width, localization, and modulation. These effects are
consistently observed in the one-, two-, three-, and four-soliton solutions, as well as in the breather,
lump, and hybrid lump–soliton solutions. Therefore, within the analytical solution families and
parameter ranges considered here, the variable coefficients provide a mechanism for modifying
propagation, geometry, and interaction patterns while preserving localization under the derived
coefficient conditions.
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5. Conclusions

In this work, we investigated a (2+1)-dimensional variable-coefficient nonlinear evolution equation.
The Painlevé analysis identified several compatibility branches, and we focused on the Set 4 branch,
in which K1(y) = C1 and K2(y) = C2, while K3(y), K4(y), and K5(y) remain variable. Under these
conditions, we explicitly derived and verified one-, two-, three-, and four-soliton solutions. The three-
soliton pairwise factorization property A123 = A12A13A23, together with the verified four-soliton
case, motivates the proposed general N-soliton expression in Eq (3.15). However, a complete proof for
arbitrary N remains an open problem.

The present framework also has some mathematical limitations. In particular, the Painlevé test
provides a strong necessary indication of integrability but does not by itself establish a complete
integrable structure, such as a Lax pair. Similarly, the explicitly verified multi-soliton solutions and
the proposed general N-soliton form provide constructive evidence but do not fully characterize all
possible integrable properties of the equation. Therefore, important future directions are to investigate
whether a Lax pair, conservation laws, and Darboux transformations can be constructed while
preserving the special structure identified here: only K1(y) and K2(y) are required to be constant,
whereas K3(y), K4(y), and K5(y) remain variable. This special constant/variable coefficient balance
may impose additional restrictions on the deeper integrable structure of the equation. Higher-order
rogue-wave and rational solutions are also worth studying under the same coefficient condition. These
problems may provide a clearer understanding of the unique integrability features of
variable-coefficient systems.
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