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Abstract: This study investigated how exponential stability in impulsive delayed Cohen–Grossberg
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point and finite-horizon geometric diagnostics. It was shown that exponential convergence of the
error norm does not, in general, imply decay of the classical curvature. Instead, a speed-weighted
curvature, representing the normal component of the error acceleration, satisfies an exponential upper
bound under the stated higher-order regularity assumptions. An auxiliary reaction–diffusion model
with multiplicative contractive impulses was then analysed by semigroup and Duhamel estimates, and
a periodic Fourier-mode formulation was used to characterize transient rate matching between modal
and forcing decay rates. Spectral graph estimates further provided a rigorous exponential envelope for
the network disagreement energy. Numerical experiments supported these distinctions: The weighted-
curvature diagnostic exhibited a fitted decay rate of 1.0478 with R2 = 0.9914, while 456 of 500 Monte
Carlo realizations satisfied the convergence criterion. The near-matching modal response had a peak
ratio of 1.2553 relative to the selected detuned case, and the topology experiment detected statistically
significant differences in both classical-curvature behavior and finite-horizon accumulated curvature.
Overall, the results showed that norm stability rigorously controls weighted geometric and graph-
energy quantities, whereas classical curvature and topology-dependent geometric effects should be
interpreted as empirical finite-horizon diagnostics.
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1. Introduction

Recurrent neural networks have long been studied for their role in associative memory and collective
information processing. The starting point is Hopfield’s model, which framed associative recall as the
dynamics of a recurrent system [1]; Kosko later carried this idea over to heteroassociative memory
through the bidirectional associative memory (BAM) architecture [2]. Once such models were in
place, their stability—especially under transmission delays—became the main object of analysis [3].

The Cohen–Grossberg neural network (CGNN) of Cohen and Grossberg [4] sits above many of
these models as a common framework, and much of the subsequent stability theory was worked out for
BAM networks carrying periodic, time-varying, or discrete delays [5–7]. The existence and stability
of almost periodic solutions for BAM neural networks with delays were investigated in [8]. The same
questions were then pushed toward almost-periodic, impulsive, and delayed Cohen–Grossberg-type
systems, which are closer to the setting of the present paper [9–12].

Delays are unavoidable in practical neural networks because signal transmission and information
processing are not instantaneous; even moderate delays may alter the qualitative dynamics of a network
and induce oscillatory instability [13]. This is why so much effort has gone into sharp stability criteria
for delayed and impulsive networks [14, 15]. Impulsive effects raise a separate difficulty: They model
abrupt jumps in the state caused by switching, discrete control, or synaptic reconfiguration [16–18],
and once they act together with delays, the dynamics become markedly harder to control [19].

A further layer of realism is provided by almost periodic coefficients and inputs. Almost periodic
functions generalize classical periodicity and provide a natural framework for describing recurrent but
nonperiodic temporal behavior [20–23]. Within neural-network models, the existence and stability
of almost periodic solutions have consequently received considerable attention. Liu, You, and
Cao investigated generalized Hopfield neural networks with time-varying delays [24], while Wan
et al. established exponential-stability criteria for generalized Cohen–Grossberg neural networks with
discrete delays [14]. Xiang et al. studied almost periodic solutions for Cohen–Grossberg-type BAM
networks with distributed delays [25], and related developments have incorporated impulsive and
stochastic delayed effects [8, 26].

Almost periodic impulsive BAM neural networks with variable delays on time scales were
investigated, whereas impulsive inertial neural networks with unpredictable and Poisson-stable
oscillations were considered in [19]. These developments provide important foundations for the
simultaneous analysis of recurrent temporal structure, delays, and impulsive effects. In particular, the
interaction of almost periodic coefficients, time-varying delays, and impulsive perturbations in Cohen–
Grossberg neural networks provides the stability-theoretic background for the present geometric
investigation [12].

Our companion paper [12] established the existence and global exponential stability of almost
periodic solutions for an impulsive Cohen–Grossberg-type BAM neural network with time-varying
delays. The analysis was based on a Banach contraction argument, a Lyapunov functional
incorporating history terms, and a generalized impulsive Gronwall inequality. In particular, the stability
result yields constants M ≥ 1 and µ > 0 such that

∥x(t) − x∗(t)∥ ≤ Me−µ(t−t0)∥x(t0) − x∗(t0)∥, t ≥ t0. (1.1)

Although estimate (1.1) provides a quantitative description of convergence in the norm, it does not
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characterize the geometry of the corresponding error trajectory in state space. This motivates a natural
question: What geometric information can be extracted from the convergent trajectory beyond its norm
decay?

Existing stability studies of delayed, impulsive, and Cohen–Grossberg-type neural networks are
predominantly formulated in terms of norm estimates, Lyapunov functionals, matrix inequalities, and
related stability criteria [9, 27, 28]. Such approaches provide powerful information about convergence
and stability, but they do not directly characterize geometric quantities associated with the error
trajectory, such as classical curvature, regular-point torsion, or the normal-acceleration quantity
considered in the present work. The purpose of this study is therefore to complement, rather than
replace, the norm-based stability framework with a geometric description of the convergent error
dynamics.

The present paper addresses this gap by viewing the error trajectory γe(t) = x(t) − x∗(t) as a curve
in state space and by separating quantities that follow rigorously from exponential stability from those
that remain regular-point or finite-horizon diagnostics. We address the following four questions.

• Which geometric quantity is genuinely controlled by exponential norm convergence? In
particular, why can classical curvature fail to decay even when ∥e(t)∥ decays exponentially?

• How does a multiplicative impulsive jump act on an auxiliary reaction–diffusion deviation field,
and what global H1

0 bound follows when the continuous forcing decays exponentially?

• What transient response is produced when the decay rate ρm = νξ
2
m + λ

2 of a periodic partial
differential equation (PDE) mode approaches the forcing decay rate µ, and how can a regular-
point Frenet wavenumber be used solely as a diagnostic mode-selection device?

• What does the graph Laplacian control rigorously, and which curvature- or topology-related
effects should instead be interpreted as empirical finite-horizon observations?

This geometric viewpoint is not typically part of the norm-based neural-network stability framework
discussed above, although trajectory-based geometric methods have a well-established role in
geometric control theory [29] and classical differential geometry [30, 31]. The dwell-time framework
used in the impulsive analysis is related to the classical switched-system approach of [32]. In
the present work, the auxiliary parabolic problem is introduced as a deliberately separate reaction–
diffusion diagnostic model rather than as a PDE derived from the finite-dimensional CGNN equations.
Its periodic modal calculation is used as a controlled rate-matching diagnostic; it is not interpreted as
classical oscillator resonance or as an impulse-generated wave mechanism.

Related developments further illustrate the breadth of analytical tools used in delayed and
nonlinear dynamical systems. General delay equations and their oscillatory behavior provide part
of the broader theoretical background [33, 34], while almost-periodic synchronization and stability
have been investigated for delayed neural networks and Cohen–Grossberg-type systems [28, 35,
36]. Discontinuous or impact-type neural dynamics provide another perspective on nonsmooth
and impulsive behavior [37, 38]. Beyond neural networks, delayed fractional-order systems also
exhibit rich qualitative dynamics [39], illustrating that delay-induced phenomena occur across
substantially different classes of nonlinear models. Finally, spectral graph methods provide the
mathematical framework for relating network topology to Laplacian quantities [40], whereas delay-
dependent collective dynamics in networked multi-agent systems offer a complementary network-level
perspective [41].

AIMS Mathematics Volume 11, Issue 8, 26470–26502.



26473

Main contributions

The paper establishes four results, each addressing a different geometric aspect of the converging
trajectory.

(1) Weighted geometric stabilization (Theorem 5.1, §5).

Exponential norm convergence does not, in general, imply decay of the classical curvature κ(t).
The relevant speed-weighted quantity is the weighted curvature

K(t) := κ(t)ve(t)2, ve(t) = ∥ė(t)∥,

which is exactly the magnitude of the normal component of the error acceleration:

K(t) =
∥∥∥PT (t)⊥ ë(t)

∥∥∥ .
Under the exponential acceleration estimate in Assumption (A9),

K(t) ≤ Cae−µ(t−t0)∥e(t0)∥.

This estimate requires no positive lower bound on the speed and therefore does not require a
positive lower bound for ve(t). A logarithmic-spiral counterexample is included to show explicitly
why the corresponding statement for κ(t) alone is false.

(2) Impulsively contracted reaction–diffusion response (Theorem 5.4, §5). The deviation field
is modeled on a finite arc-length interval by a damped reaction–diffusion equation with
homogeneous Dirichlet boundary conditions. The scalar impulsive operator Jk = (1 − δk)I is
contractive and therefore cannot increase the H1

0 norm. Under an explicit H1
0 forcing estimate, the

solution satisfies a global Duhamel bound. For λ2 , µ,

∥u(·, t)∥H1
0
≤ e−λ

2(t−t0)∥u0∥H1
0
+CF

∣∣∣e−µ(t−t0) − e−λ
2(t−t0)
∣∣∣

|λ2 − µ|
,

while the limiting case λ2 = µ is CF(t − t0)e−µ(t−t0) for the forced contribution.

(3) Parabolic modal rate-matching analysis (Proposition 5.6, §5). On a periodic arc-length domain,
each spatial Fourier mode satisfies a scalar dissipative equation with modal decay rate

ρm = νξ
2
m + λ

2.

If the forcing amplitude of that mode decays like e−µt, then the forced response is governed by the
exact difference quotient

e−µθ − e−ρmθ

ρm − µ
.

The apparent singularity at ρm = µ is removable and converges to θe−µθ, whose peak occurs at θ =
1/µ. When a geometric diagnostic is desired, the periodic length may be chosen so that a permitted
Fourier wavenumber coincides with the selected regular-point Frenet frequency diagnostic ωg(t∗).
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(4) Spectral error-energy envelope (Theorem 6.2, §6). For a symmetric nonnegative synaptic graph,
the graph diffusion energy

E(t) =
1
2

e(t)⊤L(t)e(t)

satisfies

E(t) ≤
λ̄n

2
M2∥e(t0)∥2e−2µ(t−t0),

where λ̄n := supt≥t0 λn(L(t)) < ∞. Thus the graph spectrum controls a rigorous upper envelope
for the spatial disagreement energy. The theorem does not imply that the classical curvature,
weighted curvature, or Lyapunov exponent is a monotone function of λn(L).

Paper organization. Section 2 recalls the model and assumptions. Section 3 develops the trajectory
geometry. Section 4 introduces the auxiliary reaction–diffusion model. Section 5 proves Theorems 5.1
and 5.4, and Proposition 5.6. Section 6 proves the spectral error-energy envelope. Section 7 presents
the numerical experiments, including parameter Monte Carlo and n = 20 topology-sensitivity studies.
Section 8 concludes the paper.

2. Model and standing assumptions

2.1. The impulsive delayed CGNN

For clarity of the geometric constructions, we work with the single-field formulation below. The
two-field BAM model analyzed in [12] motivates the stability setting, but the present single-field
system is treated as a reduced model; we do not claim that every result of [12] transfers without
additional verification. We consider

ẋi(t) = ai(xi(t))

−bi(xi(t)) +
n∑

j=1

wi j(t) f j
(
x j(t − τi j(t))

)
+ Ii(t)

 , t , tk, (2.1a)

xi(t+k ) = (1 − δik) xi(t−k ), i = 1, . . . , n, k ∈ N, (2.1b)

where ai > 0 are amplification functions, bi > 0 are self-regulation functions, wi j(t) are bounded almost
periodic synaptic weights, f j : R → R are Lipschitz activations with f j(0) = 0, τi j(t) ≥ 0 are bounded
time-varying delays, Ii(t) are bounded almost periodic inputs, and δik ∈ (0, 1) are multiplicative
impulsive contraction coefficients at impulse times {tk}.

2.2. Assumptions (A1)–(A10)

(A1)
0 < a−i ≤ ai(u) ≤ a+i < ∞ for all u ∈ R.

(A2)
| f j(u) − f j(v)| ≤ L f

j |u − v|, f j(0) = 0, L f
j > 0.

(A3)
0 ≤ τi j(t) ≤ τmax < ∞ uniformly in t.
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(A4)
δik ∈ (0, 1) for all i, k.

(A5)
supu∈R | f j(u)| < ∞. This boundedness is an independent assumption; it does not follow from
global Lipschitz continuity alone.

(A6)
Ii,wi j ∈ AP(R,R), bounded by C0 > 0.

(A7)
ai, bi ∈ AP(R,R) with a−i , b

−
i > 0.

(A8)
Dwell-time: tk+1 − tk ≥ Himp > 0 for all k.

(A9)
Higher-order regularity and exponential derivative bounds: Between consecutive impulse times,
γe(t) = e(t) ∈ C3, and there exist Ca,C3 > 0 such that

∥ë(t)∥ ≤ Cae−µ(t−t0)∥e(t0)∥, ∥
...e (t)∥ ≤ C3e−µ(t−t0)∥e(t0)∥, t , tk.

The acceleration estimate is required by the weighted-curvature theorem; the third-derivative
estimate is used only for the three-dimensional torsion diagnostic.

(A10)
Spectral-section graph assumption:

W(t) = W(t)⊤, wi j(t) ≥ 0, wii(t) = 0.

Define

D(t) = diag

∑
j

wi j(t)

 , L(t) = D(t) −W(t).

Assume
λ̄n = sup

t≥t0
λn(L(t)) < ∞.

When the lower coercivity estimate is used, also assume

λ2 = inf
t≥t0
λ2(L(t)) > 0.

2.3. Standing stability hypotheses

The subsequent results require only a bounded reference solution and an exponential error estimate.
For the present single-field reduced model, we therefore state these properties explicitly as standing
hypotheses. Their two-field BAM analogues are proved in [12]; no direct equivalence between the two
models is assumed.

(S1) Reference solution. System (2.1) possesses a bounded reference solution x∗(t) for t ≥ t0.
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(S2) Global exponential error estimate. There exist constants M ≥ 1 and µ > 0 such that

∥x(t) − x∗(t)∥ ≤ Me−µ(t−t0)∥x(t0) − x∗(t0)∥, t ≥ t0. (2.2)

The results below are conditional on (S1)-(S2), together with their stated additional regularity
assumptions.

3. Trajectory geometry

3.1. Error trajectory as a curve

Throughout the geometric analysis, we use the error trajectory

γe : [t0,∞)→ Rn, γe(t) := e(t) = x(t) − x∗(t).

Between consecutive impulse times, the regularity required below is supplied by Assumption (A9),
namely, γe ∈ C3.

All differential-geometric quantities are evaluated only on the open continuity intervals between
impulses. In the common case in which the reference solution is subject to the same multiplicative
impulse coefficients as x, the error jump is

ei(t+k ) = (1 − δik)ei(t−k ).

Define

ve(t) := ∥ė(t)∥, se(t) :=
∫ t

t0
ve(ξ) dξ,

where the integral is understood piecewise across impulse times. Jump turning is treated separately in
the numerical finite-horizon diagnostic and is not absorbed into the smooth Frenet arc-length.

3.2. Frenet–Serret quantities in three dimensions

The scalar torsion used below is a three-dimensional quantity. Therefore, whenever τ or ωg is used,
we restrict the geometric diagnostic to a three-dimensional error trajectory, as in the baseline numerical
experiment. For n > 3, a scalar Frenet torsion is not canonical.

At every regular non-inflection point in R3,

v(t) = ∥γ̇ee(t)∥ > 0, γ̇ee(t) × γ̈ee(t) , 0,

the Frenet frame is
T =
γ̇e

ve
, N =

T ′(s)
∥T ′(s)∥

, B = T × N. (3.1)

The curvature and torsion are

κ(t) =
∥v2

e γ̈e − γ̇e(γ̇e · γ̈e)∥
v4

e
, (3.2)

τ(t) =
det(γ̇e, γ̈e,

...
γ e)

∥γ̇e × γ̈e∥
2 . (3.3)
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Since
κ(t) =

∥γ̇e × γ̈e∥

ve(t)3 ,

we have
∥γ̇e × γ̈e∥

2 = κ(t)2ve(t)6.

Hence
τ(t) =

det(γ̇e, γ̈e,
...
γ e)

κ(t)2ve(t)6 . (3.4)

The power v6
e is essential; v4

e is not equivalent to the standard torsion formula.

Remark 3.1 (On the choice of the Frenet frame). The classical Frenet frame requires regularity of the
curve and becomes singular when ve(t) = 0. This is one reason why classical curvature alone is not an
appropriate global stability diagnostic for a converging error trajectory. The weighted quantity

K(t) = κ(t)ve(t)2

admits the equivalent acceleration representation

K(t) =
∥∥∥PT (t)⊥ ë(t)

∥∥∥
at regular points. The weighted-curvature estimate in Theorem 5.1 consequently does not require a
positive lower bound on ve(t).

3.3. Frenet frequency diagnostic

Definition 3.2. For a three-dimensional error trajectory and at a regular non-inflection point where
both κ(t) and τ(t) are defined, set

ωg(t) :=
√
κ(t)2 + τ(t)2. (3.5)

We call ωg(t) the Frenet frequency diagnostic.

Both κ and τ have units of inverse arc length, so ωg has the units of a spatial wavenumber. No
stability theorem in this paper asserts that ωg decays or has a global limit.

Because torsion contains the denominator ∥ė × ë∥2, it is numerically ill-conditioned near inflection
points or when velocity and acceleration are nearly parallel. Therefore ωg is used only on explicitly
selected regular samples satisfying a numerical non-degeneracy threshold. It is a diagnostic quantity,
not a global stability invariant.

4. Auxiliary reaction–diffusion model

4.1. Scalar frame component and auxiliary field

At a regular three-dimensional point, the error vector may be resolved as

e(t) = eT (t)T (t) + eN(t)N(t) + eB(t)B(t).
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The reaction–diffusion equation below is not asserted to be a three-component PDE exactly equivalent
to the CGNN. It is an auxiliary scalar model for one selected frame component or, more generally, for
a scalar frame-projected deviation observable. We denote that scalar field by

u = u(s, t).

If desired, the same estimate can be applied componentwise to separate scalar fields uT , uN and uB.
This convention distinguishes the vector error e(t) from the unknown scalar PDE u(s, t).

4.2. Parabolic PDE and impulsive contraction conditions

To match both the functional-analytic setting and the numerical discretization, let the arc-length
variable lie on a finite interval

Ωs := (0, S ), S > 0.

We consider the reaction–diffusion problem

ut(s, t) − νuss(s, t) + λ2u(s, t) = F(s, t), s ∈ (0, S ), t ∈ (tk, tk+1), (4.1a)
u(0, t) = u(S , t) = 0, (4.1b)

u(s, t+k ) = Jku(s, t−k ), Jk = qkI, 0 ≤ qk < 1. (4.1c)

Interpretation of the PDE parameters. The coefficients ν > 0 and λ2 > 0 are parameters of the
auxiliary parabolic model and are not assumed to be explicit functions of the CGNN coefficients ai, bi,
or wi j. In particular, the diffusion coefficient ν is not derived from the discrete neural coupling of the
original CGNN. Rather, it controls spatial smoothing of the auxiliary scalar deviation field along the
arc-length coordinate s, whereas λ2 represents temporal reaction damping. For the mth spatial mode,
these two parameters enter through the modal decay rate

ρm = νξ
2
m + λ

2.

Accordingly, ν and λ2 should be interpreted as parameters of the auxiliary reaction–diffusion model,
rather than as intrinsic CGNN parameters. In the numerical modal rate-matching experiment, they are
selected to construct controlled near-matching and detuned configurations relative to the empirically
estimated CGNN decay rate. This selection is therefore a diagnostic calibration and not a derivation of
the PDE coefficients from the CGNN specification.

In the scalar multiplicative-impulse case used numerically, qk = 1 − δk.
The continuous operator

A := ν∂ss − λ
2I, D(A) = H2(0, S ) ∩ H1

0(0, S ),

generates a strongly continuous analytic semigroup on H1
0(0, S ). Because the Dirichlet heat semigroup

is contractive and the reaction term contributes the factor e−λ
2t,

∥eAtϕ∥H1
0
≤ e−λ

2t∥ϕ∥H1
0
, t ≥ 0. (4.2)

The impulsive condition (4.1c) is not an additive forcing event. It is a contraction:

∥u(·, t+k )∥H1
0
= qk∥u(·, t−k )∥H1

0
≤ ∥u(·, t−k )∥H1

0
.

Thus impulses can only reduce the norm in the present model. The continuous forcing F is responsible
for the inhomogeneous PDE response.
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4.3. Motivation and forcing hypothesis

The reaction–diffusion equation is an auxiliary reduced model for a scalar frame-projected
deviation; it is not an exact reformulation of the nonlinear delayed CGNN error equation. In
particular, (A2) gives

| f j(x j) − f j(x∗j)| ≤ L f
j |x j − x∗j |,

but does not imply f j(x j) − f j(x∗j) = L f
j (x j − x∗j). Likewise, a quadratic Taylor remainder cannot be

inferred from (A1)–(A8) without additional differentiability assumptions.
The PDE theorem therefore uses the following explicit modeling/regularity hypothesis.

PDE forcing hypothesis (P). For almost every t ≥ t0,

F(·, t) ∈ H1
0(0, S ),

and there exists CF > 0 such that
∥F(·, t)∥H1

0
≤ CFe−µ(t−t0). (4.3)

The separable forcing in the numerical PDE experiment is chosen to satisfy this condition. Thus the
CGNN error estimate motivates the temporal scale, while hypothesis (P) supplies the spatial regularity
needed for the H1

0 semigroup bound.

5. Main geometric results

5.1. Weighted geometric stabilization

Theorem 5.1 (Weighted geometric stabilization). Assume (S1)-(S2) and Assumption (A9) hold.
Let

γe(t) := e(t) = x(t) − x∗(t)

be the error trajectory and define
ve(t) := ∥ė(t)∥.

At every regular time t , tk for which ve(t) > 0, let κ(t) denote the classical curvature of γe and
define the weighted curvature

K(t) := κ(t)ve(t)2. (5.1)

Then
K(t) ≤ Cae−µ(t−t0)∥e(t0)∥, t , tk, (5.2)

where Ca is the constant in Assumption (A9).
Equivalently, at every regular point,

K(t) =
∥∥∥PT (t)⊥ ë(t)

∥∥∥ , T (t) =
ė(t)
∥ė(t)∥

, (5.3)

where PT⊥ is the orthogonal projection onto the subspace orthogonal to T .
Thus exponential stability, together with the exponential acceleration estimate in (A9), controls the

normal acceleration of the error trajectory. No positive lower bound on ve(t) is required.
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Proof. Fix a regular time t , tk with ve(t) > 0. For the parametrized curve γe(t) = e(t), the classical
curvature is

κ(t) =

∥∥∥ve(t)2ë(t) − ė(t) ⟨ė(t), ë(t)⟩
∥∥∥

ve(t)4 . (5.4)

Set
T (t) :=

ė(t)
ve(t)
.

Since ė(t) = ve(t)T (t),
⟨ė(t), ë(t)⟩ = ve(t)⟨T (t), ë(t)⟩.

Therefore

ve(t)2ë(t) − ė(t) ⟨ė(t), ë(t)⟩
= ve(t)2 [ë(t) − ⟨T (t), ë(t)⟩T (t)] . (5.5)

Substituting (5.5) into (5.4) yields the exact identity

κ(t)ve(t)2 = ∥ë(t) − ⟨T (t), ë(t)⟩T (t)∥ . (5.6)

The vector on the right-hand side is the orthogonal projection of ë(t) onto T (t)⊥. Hence

K(t) =
∥∥∥PT (t)⊥ ë(t)

∥∥∥ .
Because an orthogonal projection is norm non-increasing,

K(t) ≤ ∥ë(t)∥.

Assumption (A9) gives
∥ë(t)∥ ≤ Cae−µ(t−t0)∥e(t0)∥.

Combining the last two inequalities proves (5.2).
The proof contains no division by a positive lower bound for ve(t). Accordingly, the estimate does

not acquire a factor of the form vmin(T )−2 as the trajectory slows down. □

Remark 5.2 (Why classical curvature need not decay). Exponential convergence of a trajectory does
not by itself imply decay of its classical curvature. Consider

e(t) = r0e−t(cos t, sin t), r0 > 0.

Then
∥e(t)∥ = r0e−t −→ 0, ve(t) =

√
2 r0e−t,

whereas direct calculation gives

κ(t) =
et

√
2 r0

−→ ∞.

Thus even an exponentially convergent trajectory may have increasing classical curvature as its speed
tends to zero.

In contrast,
K(t) = κ(t)ve(t)2 =

√
2 r0e−t −→ 0.

The weighted curvature therefore captures the dynamically relevant normal acceleration, while κ(t)
alone is not a generally valid measure of stabilization.
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Remark 5.3. The quantity K(t) = κ(t)ve(t)2 should not be described as a parameterization-
invariant curvature invariant. It is a speed-weighted geometric diagnostic with the direct dynamical
interpretation

K(t) = ∥a⊥(t)∥,

where a⊥ is the normal component of the error acceleration. This interpretation is exactly what removes
the singular factor v−2

e that appears when classical curvature is considered in isolation.

5.2. Impulsively contracted reaction–diffusion response

Theorem 5.4 (Impulsively contracted reaction–diffusion response). Let u satisfy (4.1) on (0, S ),
assume u0 := u(·, t0) ∈ H1

0(0, S ), and suppose the PDE forcing hypothesis (P) holds. Assume also
that

0 ≤ qk ≤ 1

for every impulse.
Then, for all t ≥ t0,

∥u(·, t)∥H1
0
≤ e−λ

2(t−t0)∥u0∥H1
0
+CF Ψλ2,µ(t − t0), (5.7)

where

Ψλ2,µ(θ) :=


∣∣∣e−µθ − e−λ

2θ
∣∣∣

|λ2 − µ|
, λ2 , µ,

θe−µθ, λ2 = µ,

θ ≥ 0. (5.8)

In particular,
∥u(·, t)∥H1

0
−→ 0 (t → ∞).

The impulsive multipliers do not enlarge this upper bound; they can only decrease the norm relative to
the corresponding continuously forced problem without jumps.

Proof. Let
S A(t) := eAt, A = ν∂ss − λ

2I

on H1
0(0, S ). By (4.2),

∥S A(t)∥L(H1
0 ) ≤ e−λ

2t.

For t ≥ s, let U(t, s) denote the evolution operator obtained by alternating the continuous semigroup
with the scalar jump operators Jk = qkI occurring between s and t. Since Jk commutes with S A and
∥Jk∥ = qk ≤ 1,

U(t, s) =

∏
s<tk≤t

qk

 S A(t − s),

and consequently,
∥U(t, s)∥L(H1

0 ) ≤ e−λ
2(t−s). (5.9)

The variation-of-constants formula for the impulsive problem is

u(·, t) = U(t, t0)u0 +

∫ t

t0
U(t, σ)F(·, σ) dσ. (5.10)
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Using (5.9) and hypothesis (P),

∥u(·, t)∥H1
0
≤ e−λ

2(t−t0)∥u0∥H1
0

+CF

∫ t

t0
e−λ

2(t−σ)e−µ(σ−t0) dσ. (5.11)

Set θ = t − t0 and r = σ − t0. The convolution becomes∫ θ

0
e−λ

2(θ−r)e−µr dr.

If λ2 , µ, direct integration yields
e−µθ − e−λ

2θ

λ2 − µ
.

This quantity is nonnegative, and its absolute-value representation is the first branch of (5.8). If λ2 = µ,
the integral is exactly

θe−µθ.

Substitution into (5.11) proves (5.7).
Both branches of Ψλ2,µ(θ) tend to zero as θ → ∞, so the solution norm tends to zero. Finally, the

factor ∏
s<tk≤t

qk

never exceeds one, proving that the multiplicative impulses are contracting rather than amplifying in
this model. □

Remark 5.5. Theorem 5.4 deliberately avoids the earlier terminology “impulse-induced wave packet”.
With the jump law u(t+k ) = qku(t−k ) and 0 ≤ qk < 1, an impulse removes amplitude; it does not inject it.
A genuinely impulse-generated PDE wave would require an additive jump, such as

u(t+k ) = u(t−k ) + gk,

or a distributional forcing term concentrated at tk. Neither is assumed in the present model.

5.3. Parabolic modal rate matching

The reaction–diffusion equation is dissipative and first order in time, so the phenomenon considered
here is not resonance in the classical undamped-oscillator sense. It is a rate-matching transient: The
decay rate of a forced spatial mode approaches the exponential decay rate of its forcing. This produces
the limiting factor θe−µθ but no singular blow-up.

For the modal calculation, we use a periodic arc-length domain TS = R/SZ. This is the setting used
in the numerical rate-matching experiment. It is distinct from the homogeneous Dirichlet setting of
Theorem 5.4, but the same reaction–diffusion operator and Duhamel calculation apply.

Proposition 5.6 (Parabolic modal rate matching). Consider

ut − νuss + λ
2u = F
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on the periodic domain TS between two consecutive impulse times. Let

ξm :=
2πm

S
, m ∈ Z,

and denote by ûm(t) and F̂m(t) the corresponding Fourier coefficients. Fix t∗ strictly between two
impulses and put

θ := t − t∗, ρm := νξ2
m + λ

2 > 0.

Assume that, on the same inter-impulse interval t ∈ [t∗, tk∗+1),

|F̂m(t)| ≤ Bme−µ(t−t∗), t ∈ [t∗, tk∗+1), (5.12)

for some Bm ≥ 0.
Then the forced component of the mth mode satisfies, for ρm , µ,

|̂um,p(t)| ≤ Bm
|e−µθ − e−ρmθ|

|ρm − µ|
, (5.13)

whereas for ρm = µ,
|̂um,p(t)| ≤ Bmθe−µθ. (5.14)

Moreover,

lim
ρm→µ

e−µθ − e−ρmθ

ρm − µ
= θe−µθ, (5.15)

so the apparent singularity is removable. On the unrestricted half-line θ ≥ 0, the limiting envelope
reaches its maximum at

θ =
1
µ
, (5.16)

with peak value
Bm

eµ
. (5.17)

For the actual inter-impulse problem, this peak is attained only if
1
µ
< tk∗+1 − t∗.

If the next impulse occurs earlier, the limiting envelope is increasing throughout the available interval
and its maximum on that interval is attained at t = t−k∗+1.

For ρm , µ, the exact maximum of the normalized kernel on the unrestricted half-line θ ≥ 0,

Gρm,µ(θ) :=
|e−µθ − e−ρmθ|

|ρm − µ|
,

occurs at
θ∗m =

log(ρm/µ)
ρm − µ

(5.18)

and
θ∗m −→

1
µ

as ρm → µ.

No divergence of either unrestricted peak time or peak amplitude occurs as the two rates approach
one another. On a finite inter-impulse interval, the observed maximum is instead taken over 0 ≤ θ <
tk∗+1 − t∗.
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Proof. Taking the periodic Fourier coefficient of the PDE at wavenumber ξm gives

d
dt

ûm(t) + ρmûm(t) = F̂m(t), ρm = νξ
2
m + λ

2. (5.19)

For t ∈ [t∗, tk∗+1), the forced component with zero modal initial data at t∗ is

ûm,p(t) =
∫ t

t∗
e−ρm(t−σ)F̂m(σ) dσ.

Using (5.12),

|̂um,p(t)| ≤ Bm

∫ t

t∗
e−ρm(t−σ)e−µ(σ−t∗) dσ.

With r = σ − t∗ and θ = t − t∗, this becomes

Bm

∫ θ

0
e−ρm(θ−r)e−µr dr.

If ρm , µ, direct integration gives

Bm
e−µθ − e−ρmθ

ρm − µ
,

whose value is nonnegative; taking absolute values yields (5.13). If ρm = µ, the integral is exactly

Bmθe−µθ,

which proves (5.14).
For fixed θ, the mean value theorem applied to r 7→ e−rθ gives

e−µθ − e−ρmθ

ρm − µ
= θe−ρ̃θ

for some ρ̃ between µ and ρm. Letting ρm → µ proves (5.15).
The function

g(θ) = θe−µθ

has the derivative
g′(θ) = e−µθ(1 − µθ),

so its unique positive maximum occurs at θ = 1/µ and equals 1/(eµ). This gives (5.16) and (5.17).
For the inter-impulse problem, this critical point belongs to the admissible time interval only when
1/µ < tk∗+1 − t∗. Otherwise g is still increasing on the available interval and the supremum is reached
as t ↑ tk∗+1.

Finally, for ρm , µ, differentiating e−µθ − e−ρmθ and solving the nonzero critical-point equation gives

ρme−ρmθ = µe−µθ,

hence
θ∗m =

log(ρm/µ)
ρm − µ

.

L’Hôpital’s rule gives θ∗m → 1/µ as ρm → µ. □
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Remark 5.7 (Connection with the trajectory geometry). The modal proposition is valid for every
permitted periodic wavenumber ξm and does not require a geometric interpretation. To connect it with
the trajectory geometry at a regular time t∗, one may select a mode whose wavenumber is close to

ωg(t∗) =
√
κ(t∗)2 + τ(t∗)2.

For a pointwise diagnostic, one may choose

S =
2π
ωg(t∗)

,

so that ξ1 = ωg(t∗). In the numerical experiment, however, we use the median value ω̄g over a
prescribed regular sampling window and set S = 2π/ω̄g. Both constructions are deliberate diagnostic
choices, not theorems asserting that a Frenet frequency is an eigenfrequency of a fixed physical domain.

Remark 5.8 (Terminology). Because Eq (5.19) is a first-order dissipative equation, “rate matching” or
“rate-matching transient” is more precise than classical resonance. In particular, the limit ρm → µ is
finite. The analysis predicts an enhanced or prolonged transient relative to selected detuned cases, not
an unbounded response.

6. Spectral error-energy bounds

The weighted-curvature result of Section 5 is a statement about the normal acceleration of the error
trajectory. It does not, by itself, provide a monotone relation between trajectory curvature and the graph
spectrum. We therefore separate the two questions. In this section, we derive only those consequences
of the synaptic Laplacian that follow rigorously from the norm-stability estimate.

6.1. Synaptic Laplacian and graph diffusion energy

Under Assumption (A10), define

L(t) := D(t) −W(t), D(t) := diag

∑
j

wi j(t)

 . (6.1)

For every t, L(t) is symmetric positive semidefinite and therefore has real eigenvalues

0 = λ1(L(t)) ≤ λ2(L(t)) ≤ · · · ≤ λn(L(t)).

For a connected nonnegative graph, ker L(t) = span{1}.

Definition 6.1 (Network diffusion energy). The network diffusion energy of the error is

E(t) :=
1
2

e(t)⊤L(t)e(t). (6.2)

For nonnegative symmetric weights,

E(t) =
1
4

∑
i, j

wi j(t)
(
ei(t) − e j(t)

)2
≥ 0. (6.3)

Thus E(t) measures instantaneous graph disagreement of the error rather than the total error magnitude.
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6.2. Main spectral estimate

Theorem 6.2 (Spectral error-energy envelope). Assume (S1)-(S2) and Assumption (A10) hold. Let

λ̄n := sup
t≥t0
λn(L(t)) < ∞.

Then, for every t ≥ t0,

0 ≤ E(t) ≤
λ̄n

2
M2∥e(t0)∥2e−2µ(t−t0). (6.4)

Consequently, the graph disagreement energy converges to zero and is dominated by an exponential
envelope with exponent 2µ.

If, in addition,
λ2 := inf

t≥t0
λ2(L(t)) > 0,

then
λ2

2
∥e⊥(t)∥2 ≤ E(t) ≤

λ̄n

2
∥e(t)∥2, (6.5)

where

e⊥(t) := e(t) −
1⊤e(t)

n
1

is the component orthogonal to the consensus subspace.

Proof. Because L(t) is symmetric positive semidefinite, the Rayleigh quotient gives

0 ≤ e(t)⊤L(t)e(t) ≤ λn(L(t))∥e(t)∥2.

Hence

0 ≤ E(t) ≤
λn(L(t))

2
∥e(t)∥2 ≤

λ̄n

2
∥e(t)∥2.

By (2.2),
∥e(t)∥ ≤ Me−µ(t−t0)∥e(t0)∥.

Squaring and substituting yields

E(t) ≤
λ̄n

2
M2∥e(t0)∥2e−2µ(t−t0),

which proves (6.4).
For the lower estimate, assume λ2 > 0. For a connected nonnegative graph, ker L(t) = span{1}.

Since L(t)1 = 0, only the component e⊥(t) contributes:

e(t)⊤L(t)e(t) = e⊥(t)⊤L(t)e⊥(t).

The lower Rayleigh inequality therefore gives

e⊥(t)⊤L(t)e⊥(t) ≥ λ2(L(t))∥e⊥(t)∥2 ≥ λ2∥e⊥(t)∥2.

Dividing by two proves the left-hand side of (6.5); the right-hand side follows from the upper Rayleigh
estimate. □
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6.3. Interpretation and limitations

Remark 6.3 (Meaning of the exponent 2µ). Equation (6.4) is an upper-envelope estimate. It shows that
E(t) cannot exceed a quantity proportional to e−2µ(t−t0). It does not assert that the measured diffusion
energy has an exact fitted decay exponent equal to 2µ, nor does it assert monotonicity of E(t) at every
instant when L(t) is time dependent.

Remark 6.4 (What the Laplacian spectrum does and does not control). The largest Laplacian
eigenvalue enters the rigorous estimate through the prefactor λ̄n/2. The algebraic connectivity enters
the coercivity estimate through λ2/2. These statements concern graph disagreement energy.

No conclusion of the form
κ(t) ∝ λn(L), K(t) ∝ λn(L),

or monotonic dependence of either geometric quantity on λn(L) follows from Theorem 6.2. Likewise,
the theorem does not imply that the Lyapunov exponent µ is independent of network architecture: For
a family of different networks, the stability constants M and µ may themselves change because the
underlying coefficient and coupling conditions change.

Remark 6.5 (Separation from the modal rate-matching criterion). The spectral estimate above
and Proposition 5.6 address different mechanisms. The former controls the instantaneous graph
disagreement energy through the Laplacian spectrum; the latter controls a forced PDE Fourier mode
through the detuning quantity

|νωg(t∗)2 + λ2 − µ|.

They may be used jointly as complementary diagnostics, but the present analysis does not yield a single
rigorous “unified design rule” combining λn(L) with the curvature or with the Lyapunov exponent.

Table 1 summarizes the quantities that remain theoretically justified.

Table 1. Spectral and geometric quantities used in the present framework.

Quantity Meaning Rigorous role in this paper

µ Lyapunov envelope exponent norm-error envelope for a fixed network

K(t) κ(t)ve(t)2 normal-acceleration magnitude

E(t) 1
2 e⊤L(t)e graph disagreement energy

λ̄n supt λn(L(t)) upper prefactor for E(t)

λ2 inft λ2(L(t)) coercivity of disagreement energy

ωg(t)
√
κ2 + τ2 modal wavenumber used in rate-matching analysis

λ2 PDE reaction parameter contributes to modal decay/detuning

7. Numerical simulations

7.1. Baseline parameter set

Simulation setup. In all deterministic CGNN experiments, we use the activation function

fi(u) = tanh(u), i = 1, 2, 3,
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and the external inputs
Ii(t) = 0.05 sin(0.30t).

The baseline amplification and self-regulation coefficients are

ai = 1, bi = 0.8,

respectively. The delay is
τdelay = 0.25,

the impulsive contraction coefficient is
δ = 0.20,

and impulses occur every
Himp = 5

time units. The delayed system is integrated using MATLAB’s dde23 solver with relative and absolute
tolerances 10−7 and 10−9, respectively.

The delayed CGNN simulations use MATLAB R2024a with dde23 and piecewise integration
across impulse times; the PDE experiments use the discretizations described in Experiments 2 and 3.
Curvature and, at regular three-dimensional samples, torsion are computed from finite-difference
derivatives of the numerical error trajectory. The torsion diagnostic uses

τ =
det(ė, ë, ...e )
∥ė × ë∥2

.

The numerical study comprises six experiments: four deterministic diagnostics (Experiments 1–
4), a parameter Monte Carlo robustness study (Experiment 5), and a separate n = 20 topology-
sensitivity study (Experiment 6). The baseline parameters and the experiment-specific modifications
are summarized in Table 2. In particular, the table distinguishes the common CGNN parameter set
from the separate PDE settings used in Experiments 2 and 3, the coupling-weight sweep performed in
Experiment 4, and the parameter ranges employed in the Monte Carlo study.
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Table 2. Baseline and experiment-specific parameters. The CGNN baseline has n =
3; Experiment 3 is a separate periodic PDE diagnostic without impulsive jumps and
Experiment 4 scales only the baseline coupling weights.

Parameter Baseline / Exp. 1 Exp. 2 Exp. 3 Exp. 4 MC range

n 3 3 3 3 3

ai 1.0 1.0 1.0 1.0 [0.7, 1.3]

bi 0.8 0.8 0.8 0.8 [0.5, 1.2]

max |wi j| 0.15 0.15 0.15 0.02–0.30 [0.05, 0.30]

τdelay 0.25 0.25 0.25 0.25 [0.10, 0.60]

δ 0.20 0.20 —a 0.20 [0.05, 0.45]

Himp 5.0 5.0 —a 5.0 [2.0, 8.0]

λ2 — 2.00 0.388648 / 0.658648b — —

ν — 0.20 2.32 × 10−4c — —

S — 12 0.269249d — —

λn(L) 0.45 0.45 —e 0.06–0.90 —

T 50 50 15 f 50 50

a Experiment 3 is run without impulsive jumps. b Near-matching and detuned reaction parameters, respectively. c The computation
gives νres ≈ 2.32 × 10−4 from νres = 0.25µ̂e/ω̄

2
g. d S res = 2π/ω̄g with ω̄g = 23.335979. e Experiment 3 is a periodic PDE modal

diagnostic rather than a graph-Laplacian sweep. f The modal PDE is simulated on its dedicated rate-matching diagnostic time grid
rather than the [0, 50] CGNN horizon.

7.2. Experiment 1: weighted geometric stabilization

The deterministic baseline experiment separates norm convergence from classical-curvature
behavior. An exponential fit to the error norm gives

µ̂e = 0.5049, R2 = 0.9998,

confirming clean exponential convergence of the two simulated trajectories. By contrast, fitting the
classical curvature to a single exponential over the selected fitting region gives

µ̂κ = 0.0189, R2 = 0.0372.

The very small coefficient of determination shows that a classical curvature-decay model is not
supported by this trajectory. This is consistent with Remark 5.2: Exponential norm convergence alone
does not imply decay of κ(t).

Figure 1 illustrates this distinction directly: the error norm exhibits clean exponential convergence,
whereas the classical curvature shows substantially more complicated finite-horizon behavior.
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Experiment	1:	Error	norm

(a) Error norm ∥e(t)∥ for the baseline CGNN simulation.

0 5 10 15 20 25 30 35 40 45
t

100

5
(t)

Curvature	(piecewise	derivatives)

(b) Classical curvature κ(t) computed using piecewise
derivatives between impulsive events.

Figure 1. Geometric diagnostics for Experiment 1. Panel (a) shows the clean exponential
convergence of the error norm, whereas panel (b) illustrates that the classical curvature
does not exhibit a comparable single-exponential decay. This distinction is consistent with
Theorem 5.1 and Remark 5.2.

We therefore evaluate the weighted-curvature diagnostic

K(t) = κ(t)ve(t)2.

Its fitted exponential rate is
µ̂K = 1.0478, R2 = 0.9914,

showing a strong exponential decrease of the normal-acceleration magnitude in the baseline simulation.
This numerical result illustrates the quantity controlled by Theorem 5.1; it is not used to claim that
the fitted exponent must equal the Lyapunov exponent. For descriptive geometric purposes only, the
continuous accumulated curvature on [0, 50] is

Σcont =

∫ 50

0
κ(t)ve(t) dt ≈ 1.331526.

The jump-turning contribution is approximately 0.464386, giving the piecewise total-turning
diagnostic

Σpiecewise ≈ 1.795912.

These are finite-horizon numerical observables; no global finite-total-curvature theorem is inferred
from them. A grid-refinement check gives

∆t 0.020 0.010 0.005
Σcont 1.331952 1.331526 1.331316

and the last two values differ by only approximately 0.02%. Hence the reported finite-horizon
accumulated-curvature diagnostic is numerically well-resolved for the present discretization.

7.3. Experiment 2: reaction–diffusion response

The numerical PDE experiment solves the reaction–diffusion equation on the finite interval [0, 12]
with homogeneous Dirichlet boundary conditions, using backward Euler in time and second-order
finite differences in space. The impulsive update multiplies the discrete field by 1−δ and therefore acts
as a contraction, consistent with Theorem 5.4.

The discrete Duhamel comparator and the numerical H1 norm give

min
t

Bdisc(t)
max(∥u(·, t)∥H1 , 10−12)

= 0.4612,
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while the maximum absolute excess of the numerical norm over the comparator is only

7.542 × 10−5.

The median relative excess of the comparator is approximately 1.07%.
The small absolute discrepancy may arise from spatial/time discretization and from the discrete

comparator construction; without a dedicated PDE mesh-refinement study, its source cannot be
identified uniquely. Nevertheless, the ratio 0.4612 shows that the discrete comparator should not
be described as a verified pointwise upper bound at every grid time, particularly when the solution
norm is extremely small. Accordingly, the present experiment is reported as a numerical consistency
check rather than as a proof of the continuous inequality (5.7). The rigorous bound is supplied by
Theorem 5.4; a separate mesh-refinement study for the PDE would be required for a strict numerical
bound-verification claim.

7.4. Experiment 3: parabolic modal rate matching

The numerical computation evaluates the three-dimensional torsion directly from

τ(t) =
det(ė, ë, ...e )
∥ė × ë∥2

and retains only numerically regular samples in the prescribed window 5.2 < t < 9.5. There are 280
valid torsion samples in this window. The representative Frenet frequency diagnostic is the median

ω̄g = 23.335979.

Figure 2 shows the corresponding torsion-numerator diagnostic. Consistent with Section 3.3, it is
not interpreted as a global stability quantity and is used only after regularity filtering.

The empirical error-norm decay rate used in the modal diagnostic is

µ̂e = 0.504864.

0 5 10 15 20 25 30 35 40 45
t

10-50

100

to
rs
io
n	
nu
m
er
at
or

Torsion	numerator

Figure 2. The numerically computed torsion numerator along the baseline three-dimensional
error trajectory. The quantity is used only as a regular-point diagnostic; samples entering
the Frenet-frequency calculation are restricted by the numerical non-degeneracy criterion
described in Section 3.3.

The diffusion coefficient is selected adaptively by

νres = min
{

0.10,
0.25 µ̂e

ω̄2
g

}
, (7.1)
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which gives approximately
νres = 2.32 × 10−4.

For the present data, the second branch of (7.1) is active, so

νresω̄
2
g = 0.25 µ̂e.

This identity shows that changes in the computed value of ω̄g modify νres while leaving the prescribed
modal reaction parameters below unchanged.

For the near-matching case, we prescribe

ρnear = µ̂e + 0.01 = 0.514864,

and for the detuned case,
ρdet = µ̂e + 0.28 = 0.784864.

Since
ρ = νresω̄

2
g + λ

2,

the corresponding reaction parameters are

λ2
near = 0.388648, λ2

det = 0.658648.

The analytical modal-response diagnostic gives

Aana
near = 0.721537, Aana

det = 0.575041.

For the numerical test, the periodic interval is chosen as

S res =
2π
ω̄g
,

so that the fundamental periodic Fourier mode satisfies

ξ1 = ω̄g.

The numerical PDE experiment is run without impulsive jumps and yields

Anum
near = 0.718817, Anum

det = 0.572645.

Hence
Anum

near

Anum
det

= 1.2553,

so the selected near-matching configuration has a peak approximately 25.5% larger than the selected
detuned configuration.

As shown in Figure 3, the selected near-matching configuration produces a larger transient response
than the selected detuned configuration. This observation is a numerical diagnostic and is not
interpreted as a general lower-bound or resonance theorem. The numerical near-matching peak
occurs at

θnum
peak = 1.9600.
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Experiment	3:	Numerical	modal	response	of	the	PDE
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Figure 3. Numerical modal responses for the near-matching and detuned configurations in
Experiment 3. The selected near-matching configuration exhibits a larger transient peak than
the selected detuned configuration.

The limiting rate-matching characteristic time predicted by Proposition 5.6 is

1
µ̂e
= 1.9807.

The relative difference is approximately 1.0%.
The standard torsion formula yields the representative geometric wavenumber reported above.

The near/detuned modal comparison remains unchanged in this experiment because νres is selected
adaptively so that νresω̄

2
g = 0.25µ̂e. These results are a consistency check for the modal rate-matching

formula; they are not a claim that rate matching globally maximizes the response over all forcings or
parameter choices.

7.5. Experiment 4: spectral scaling diagnostic

We scale the baseline weight matrix over the prescribed spectral range and compute the classical-
curvature diagnostic

Ĉκ := max
t
{κ(t)eµ̂et}.

The log–log regression against the largest Laplacian eigenvalue gives

slope = −2.3870, R2 = 0.5392.

Figure 4 visualizes the spectral-scaling diagnostic. The observed negative fitted slope and moderate
coefficient of determination do not support a positive unit-slope scaling law for the classical-curvature
quantity.
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Experiment	4:	spectral	scaling,	slope	-2.387

Figure 4. Spectral-scaling diagnostic in Experiment 4. The empirical classical-curvature
quantity Cκ̂ is plotted against the largest graph-Laplacian eigenvalue λn(L). The observed
behavior does not support a positive unit-slope spectral-curvature scaling law.

Hence, the experiment does not support a relation of the form

Ĉκ ∝ λn(L)

with positive unit slope.
Across the same sweep, the fitted classical-curvature exponents satisfy

−0.8350 ≤ µ̂κ ≤ 0.8156.

The large variation, including negative values, shows that no architecture-independent classical-
curvature decay exponent is supported by this experiment.

Accordingly, Experiment 4 is retained as a diagnostic demonstrating that a positive unit-slope
spectral-curvature scaling law is not supported by the simulated family. The rigorous spectral statement
in Theorem 6.2 concerns graph diffusion energy only and does not imply monotone dependence of
either κ or K = κv2

e on λn(L).

7.6. Experiment 5: parameter Monte Carlo robustness

We perform N = 500 independent parameter realizations of the constant-delay, constant-weight
numerical subclass. The numerical convergence criterion classifies

456/500

realizations as convergent, corresponding to

91.2% .

For the convergent realizations, the empirical error-norm decay exponent has

mean(̂µe) = 0.5363, std(̂µe) = 0.1588,
median(̂µe) = 0.5230, P95(̂µe) = 0.8158.
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Thus norm convergence is robust over a substantial part of the sampled parameter range.
The fitted classical-curvature exponent has

mean(̂µκ) = −0.3544, std(̂µκ) = 0.2353,
median(̂µκ) = −0.2996, P95(̂µκ) = −0.0870.

The predominantly negative values are consistent with the distinction proved in Theorem 5.1:
Exponential norm convergence does not imply decay of classical curvature.

The finite-horizon continuous accumulated-curvature diagnostic

Σcont :=
∫ 50

0
κ(t)ve(t) dt

has
mean(Σcont) = 1.8335, std(Σcont) = 1.0563,

median(Σcont) = 1.6420, P95(Σcont) = 3.3831.

These are descriptive finite-horizon quantities only.
The controlled analytical modal diagnostics give

mean(Anear) = 0.7452, std(Anear) = 0.2447,
median(Anear) = 0.6968, P95(Anear) = 1.2110,

and
mean(Adet) = 0.5809, std(Adet) = 0.1456,

median(Adet) = 0.5591, P95(Adet) = 0.8532.

These quantities are analytical rate-matching diagnostics computed from the sampled decay rates; they
are not full PDE simulations for all 500 realizations.

The descriptive statistics obtained from the 456 convergent realizations are summarized in Table 3.
The positive values of µ̂e confirm robust error-norm convergence over the sampled parameter ranges,
whereas the predominantly negative values of µ̂κ show that classical-curvature decay is not supported.
Moreover, the larger values of Anear relative to Adet indicate a stronger transient response in the near-
matching regime.

Table 3. Parameter Monte Carlo summary (N = 500; 456 convergent realizations, 91.2%).

Quantity Mean Std Median 95th percentile

µ̂e 0.5363 0.1588 0.5230 0.8158

µ̂κ -0.3544 0.2353 -0.2996 -0.0870

Σcont 1.8335 1.0563 1.6420 3.3831

Anear 0.7452 0.2447 0.6968 1.2110

Adet 0.5809 0.1456 0.5591 0.8532
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7.7. Experiment 6: network topology sensitivity

Topology-generation protocol. The topology-sensitivity experiment is performed with n = 20
and 100 attempted realizations for each graph class. The ring graph has degree k = 4, with each
node connected to two neighbors on either side. The small-world graph is initialized from the same
degree-4 ring, after which the forward ring edges are rewired independently with probability

psw = 0.10,

while preserving an undirected symmetric adjacency matrix and excluding self-loops. For the Erdős–
Rényi graph, the edge probability is chosen as

per =
k

n − 1
=

4
19
,

so that the expected degree before isolated-vertex correction is matched to the ring degree. Any isolated
vertex is connected by one additional random edge.

For every existing undirected edge, a symmetric random weight is assigned according to

wi j = wtopo(0.5 + 0.5Ui j), Ui j ∼ Unif(0, 1), wtopo = 0.10.

Hence the nonzero weights lie in the interval [0.05, 0.10). No spectral rescaling is applied to impose or
equalize a prescribed value of λn(L). Instead, after each weighted graph is generated, the Laplacian

L = D −W

is formed and λn(L) is computed directly as its largest eigenvalue. Thus, the reported values of
λn(L) are measured properties of the generated weighted graphs rather than imposed spectral targets.
Disconnected graphs and realizations that fail the contraction screen are discarded before integration;
realizations that subsequently fail the numerical convergence criterion are also excluded from the
reported valid sample. Topology sensitivity is tested separately with n = 20, rather than with the three-
dimensional baseline system. This is important because a three-node ring is already the complete graph
and therefore does not provide a meaningful ring-versus-random topology comparison.

The numerical results are

Topology Valid mean λn(L) mean µ̂κ meanΣcont

Ring 100/100 0.5110 −0.4852 1.5196
Small-world 100/100 0.5660 −0.5187 1.5655
Erdős–Rényi 97/100 0.7029 −0.5065 1.7599

For the fitted classical-curvature exponent, the Kruskal–Wallis test gives

pµκ = 0.0332048.

Thus the null hypothesis of identical group distributions is rejected at the 5% level. We therefore make
no topology-independence claim for µ̂κ.

For accumulated curvature,
pΣ = 8.98017 × 10−14,
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showing a highly significant topology effect in this simulated family. Among the three sampled
topology classes, the Erdős–Rényi ensemble has the largest mean accumulated-curvature value.

These are empirical finite-horizon topology-sensitivity results. They do not contradict Theorem 6.2,
which bounds graph disagreement energy and does not assert topology-independence of classical
curvature or accumulated curvature.

Remark 7.1 (Interpretation of the robustness experiments). The numerical experiments support three
conclusions. First, norm convergence is robust in the parameter Monte Carlo study, with 91.2% of
realizations passing the convergence screen. Second, classical curvature does not generically decay
even among convergent runs. Third, the n = 20 topology study detects statistically significant
differences in both µ̂κ and Σcont. These observations are reported as empirical results and are not
promoted to spectral-curvature theorems.

8. Conclusions and discussion

8.1. Summary

The main conclusion is a separation principle between norm stability, weighted geometric
stabilization, and classical Frenet diagnostics. Exponential convergence of the error norm does not
imply exponential decay of the classical curvature. Theorem 5.1 instead controls

K(t) = κ(t)ve(t)2 = ∥PT (t)⊥ ë(t)∥,

which inherits the acceleration decay assumed in (A9) without requiring a positive lower bound on the
speed. Experiment 1 is consistent with this distinction: the weighted-curvature fit gives µ̂K = 1.0478
with R2 = 0.9914, whereas the classical-curvature fit gives only µ̂κ = 0.0189 with R2 = 0.0372.

The PDE conclusions are likewise narrower than in the original formulation. Theorem 5.4 treats
multiplicative jumps as contractive operators on the reaction–diffusion field; they do not act as additive
wave sources. Proposition 5.6 describes a periodic modal rate-matching transient. The difference
quotient has a removable limit when ρm → µ, namely, θe−µθ, so there is no singular resonance. With
the correct three-dimensional torsion formula, the computation gives ω̄g = 23.335979 from 280 valid
samples. The corresponding controlled experiment yields a near/detuned numerical peak ratio 1.2553
and a near-matching peak time 1.9600, compared with the limiting characteristic time 1/̂µe = 1.9807.

The spectral theorem concerns a different object:

E(t) = 1
2e(t)⊤L(t)e(t).

It provides an exponential upper envelope proportional to λ̄ne−2µ(t−t0) but does not imply a monotone
spectral law for classical or weighted curvature. Experiment 4 reinforces this distinction: the fitted
log–log slope for the classical-curvature prefactor is −2.3870 with R2 = 0.5392 and therefore does not
support a positive unit-slope relation.

In the parameter Monte Carlo study, 456/500 realizations pass the numerical convergence criterion,
while the fitted classical-curvature exponent is predominantly negative among those convergent runs.
In the separate n = 20 topology study, the Kruskal–Wallis tests give pµκ = 0.0332048 and pΣ =
8.98017 × 10−14. Thus the simulations do not support topology independence of these geometric
diagnostics.
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8.2. Relation to prior work

The present framework complements Lyapunov–Gronwall stability analysis rather than replacing
it. The norm estimate inherited from the underlying impulsive delayed CGNN theory supplies
the dynamical stability statement; the geometric analysis identifies which derived quantities remain
controlled when the trajectory speed tends to zero. The graph-energy result is a spectral consequence
of the Laplacian quadratic form applied to the exponentially decaying error, whereas the periodic PDE
construction provides a separate controlled modal diagnostic. Keeping these levels distinct prevents
norm-stability, Frenet-geometry, and spectral-PDE conclusions from being conflated.

8.3. Limitations and future work

Several limitations are essential. First, the weighted-curvature theorem requires the higher-order
acceleration estimate in (A9); exponential decay of ∥e(t)∥ alone is insufficient. Second, scalar torsion
and the Frenet frequency diagnostic used here are three-dimensional and are defined only at regular
non-inflection points. Near ė × ë = 0, torsion is ill-conditioned, so the numerical procedure explicitly
filters non-regular samples. For higher-dimensional state spaces, a Bishop or other moving-frame
formulation is preferable.

Third, the Dirichlet H1
0 PDE estimate and the periodic modal rate-matching experiment serve

different purposes and should not be identified as the same boundary-value problem. Fourth, the
Monte Carlo and topology results are finite-horizon empirical diagnostics; they do not establish
universal probability statements or topology laws. Finally, the present rate-matching experiment uses
a deliberately chosen periodic length and an adaptive diffusion coefficient. Future work should test
fixed physical domains, independently specified PDE parameters, higher-dimensional moving frames,
stochastic perturbations, and data-driven estimation of regular geometric diagnostics.

8.4. Broader interpretation

The rigorous geometric statement is the decay of the normal acceleration magnitude K , not the
flattening of classical curvature itself. The rigorous graph statement is the decay of the Laplacian
disagreement-energy envelope, not the topology independence of curvature. The PDE calculation
identifies a finite modal rate-matching transient, not an unbounded resonance mechanism.

These distinctions may be useful when delayed impulsive network models are employed as reduced
descriptions of coupled physical, biological, or engineering systems. Application-specific claims,
however, require an explicit model reduction linking the state variables, graph, forcing, and PDE
parameters to measurable quantities. The present results should therefore be viewed as a mathematical
framework for such studies rather than as direct validation for a particular physical or biological system.
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