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Abstract: This paper presents two constructions of g-ary array codes that possess column local
properties; that is, any erasure can be recovered using only the remaining symbols within a single
column of a codeword. The first construction generalizes the extended Blaum-Roth codes as a special
case. An explicit formulation of Construction I is further developed, which enables the code length to
grow exponentially as 2%, where « denotes the minimum degree among the irreducible factors of m(x).
Leveraging the recursive structure of the associated polynomials and the Reed-Muller transform, we
devise two fast erasure decoding algorithms based on recursive branching: one tailored for redundancy
r < 3 and the other applicable to arbitrary r. The second family of array codes is applied to the modified
Shamir secret sharing (MSSS) scheme. Compared with the existing BR/GRDP-based MSSS scheme,
the proposed approach offers the following advantages: (i) support for a larger number of participants,
(i1) self-repairability of every share, and (iii) lower encoding complexity.
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1. Introduction

Modern storage systems, ranging from cloud data centers to edge computing clusters, demand
ever-increasing reliability, scalability, and I/O efficiency. Array codes, which organize data into
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two-dimensional arrays and rely predominantly on exclusive or (XOR) operations, have become
a cornerstone of redundant storage architectures such as redundant arrays of inexpensive disks
(RAID) [1]. Their row-column parity structure naturally supports parallel processing and low-
complexity encoding/decoding, making them highly attractive for large-scale storage systems [2].

Over the past decades, a rich family of array codes has been developed. Maximum distance
separable (MDS) array codes achieve the Singleton bound, providing optimal redundancy for a given
failure tolerance. For double-column failures, EVENODD [3] and row-diagonal parity (RDP) [4]
codes are well-known efficient solutions. For triple-column failures, Reed-Solomon-like codes [5] and
STAR codes [6] have been proposed. To tolerate more than three column failures, generalized RDP
(GRDP) codes [7], independent parity (IP) codes [8], Blaum-Roth (BR) codes [9], and more recent
constructions [10-12] have been introduced. However, when the redundancy r > 3, GRDP and IP
codes are not always MDS.

A critical limitation of the aforementioned early array codes is that their code length is bounded by
the sub-packetization parameter m. For instance, EVENODD and RDP codes can typically achieve a
code length of at most m + r. To break this barrier, recent constructions have achieved significantly
longer code lengths. Lv et al. [10] proposed a new family of g-ary MDS array codes whose length
scales exponentially in m. Subsequently, Fang et al. [11] applied similar constructions to locally
repairable array codes while maintaining sparse parity-check matrices (PCMs). More recently, Zhai
et al. [12] constructed another family of MDS array codes that achieve a code length that is a multiple of
m. Moreover, the latter three families [10—12] support a much wider range of parameters than classical
constructions: They no longer require m to be prime, can realize MDS properties under more flexible
configurations, and maintain sparse parity structures for efficient encoding and repair. These advances
make long length, high-rate MDS array codes practically deployable in large-scale storage systems.

In addition to MDS array codes, another important direction is array codes with local repair
capabilities. A related but distinct concept is (¢, k)-recoverable: any k out of £ columns can reconstruct
the whole codeword. Although MDS codes satisfy this, the converse need not hold because the parity-
check submatrix may be singular [7]. To support local repairs, Blaum et al. [13] introduced array codes
with column local properties over polynomial rings, where each column forms a cyclic code and can
be repaired independently. Hou et al. [14] generalized this framework and proved that such codes are
(¢, k)-recoverable. However, when sub-packetization is fixed to m, the maximum code length is limited
to m. Thus, we are eager to design long (¢, k)-recoverable array codes with column local properties.

Beyond this line of work, other locally repairable array codes (LRACs) have also been proposed
[11, 15], which reduce repair bandwidth and I/O by recovering a failed node from a small group of
surviving nodes. This is crucial for cloud storage, edge computing, and low-latency systems. It is
important to distinguish them from array codes with local properties: The latter confine repair to
a single column (each column is a cyclic code), incurring minimal cross-column communication;
LRAC:S allow repair groups to span multiple columns, offering flexibility at the cost of accessing several
columns. Because this paper focuses on array codes with local properties, we do not further explore
LRACS, as they represent a different design philosophy.

In parallel with the construction of array codes, efficient decoding algorithms are crucial for
practical storage sharing systems. Decoding array codes typically involves syndrome computation
and solving linear equations derived from the parity-check matrix. Under high redundancy (high-rate),
syndrome computation dominates the encoding/decoding computational overhead. Efficient decoding
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is essential for array codes in storage and secret sharing. Decoding typically involves syndrome
computation and solving parity-check equations. Extensive research has focused on efficient division
over rings for MDS array codes, such as extended BR (EBR) codes [13], IP codes [8], and generalized
EBR codes [14]. Using recursive branching approaches to compute syndromes [15—17] can reduce
the asymptotic complexity of encoding and decoding to |log, 7| + 1 XORs per data bit. In practice,
multiplications over Fj' can be implemented with cyclic shifts and XORs, whereas multiplications
over the ring F,[x]/{x™ + 1) require only cyclic shifts. Thus, array codes naturally achieve lower
encoding/decoding complexity than Reed-Solomon (RS) codes. In [10], one proposed a fast syndrome
algorithm for MDS array codes with redundancy r < 3 that approaches the asymptotic lower bound
of 2 XORs per data bit. In this paper, we extend that recursive branching fast syndrome computation
to array codes with local properties for arbitrary redundancy r.

Beyond storage systems, array codes have found promising applications in secret sharing. A
perfect (k, n — 1)-threshold secret sharing (TSS) scheme allows a secret to be reconstructed from n — 1
shares, with any k shares being sufficient and any k£ — 1 shares revealing no information about the
secret [18]. Traditional TSS schemes, such as the Shamir secret sharing (SSS) scheme based on RS
codes [19], rely on finite field arithmetic and face significant scalability and efficiency challenges
when the number of participants becomes large (e.g., in blockchain sharding or distributed ledgers).
To mitigate these issues, several works have explored replacing RS codes with XOR-based array codes
in secret sharing [20-22]. Nevertheless, these alternatives still suffer from three major limitations. The
first is limited scalability. Most schemes based on array codes [20] limit code lengths due to polynomial
degree constraints or limited field sizes, hindering applications that require thousands of participants
(such as blockchain sharding). The second is global repair overhead. Traditional erasing correction
requires access to k participants for reconstruction [21], resulting in high latency in geographically
distributed systems. The third is coding bottleneck. RS codes and even XOR-based array codes [22]
usually rely on the dense PCMs, which limit the computational efficiency of long codes. To address
existing limitations, this paper proposes a MSSS scheme based on a new g-ary array codes with local
properties.

The rest of the paper is organized as follows. Section 2 reviews preliminaries on array codes,
circulant matrices, and the MSSS scheme. Section 3 presents the generic construction of array
codes with local properties (Construction I) and its explicit form. Section 4 develops an efficient
erasure decoding algorithm for the proposed array codes, including syndrome calculation based on
recursive branching approaches and the solution of Vandermonde linear equations. Section 5 extends
the construction to an MSSS scheme (Construction II), provides encoding examples, and compares
with other MSSS schemes. Finally, Section 6 concludes the paper.

2. Preliminaries

2.1. Array codes

Let IF, denote the finite field with g elements, where g is a power of a prime. An array code C of
shape m X € is a K-dimensional linear subspace of the space of m x £ matrices over F,. The parameters
m, €, and K are called the sub-packetization, the code length, and the dimension of C, respectively.
When m | K, we define the normalized dimension k& = K/m and the redundancy r = n — k. Each
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codeword is written as
¢ =(cp,Cp,...,C1),

where each ¢; € F' is a column vector of length m. The column weight of ¢ is the number of nonzero
columns, denoted by wt,(c), and the minimum column distance d,(C) is the minimum column weight
over all nonzero codewords. Such a code is denoted by the compact notation (¢, k, d4; m),.

When the entries of ¢ are read column by column (and within each column from top to bottom), the
array can be flattened into a row vector of length m¢, thereby relating array codes to ordinary linear
codes over F,.

Example 2.1. Consider a 4-ary array code C with shape 4 x 6. The following array is a codeword:

1 10| wl|w|1]0
0|1 || w| 0|1
w| w10 w]|w

Wl w01 || w

where w € Fy satisfies w® = w + 1 (assuming a suitable representation). Flattening column by column
yields the row vector

(1,0, w, %, 0,1, 0% w, w,w* 1,0, W, 00,1, 1,0,w, 0, 0,1, w).

This representation illustrates that an array code can be viewed as a linear code of length m¢, though
the two codes generally have different distance metrics.

2.2. Cyclic codes and circulant matrices

A cyclic code C of length m over F, is a linear subspace of F that is closed under the cyclic shift:
If (co,c1,...,cme1) € C, then (c,-1,Co, - ., ) € C. It is well-known that cyclic codes correspond
to ideals in the residue ring R,, = F,[x]/(x™ + 1). Specifically, there exists an F,-linear isomorphism
between ! and R,,. Consequently, every cyclic code C is generated by a monic divisor p(x) of x™ + 1,
that is, C = (p(x)). The minimum Hamming distance dy(C) determines the error/erasure correction
capability: C can correct up to dy — 1 erasures or a burst of deg(p(x)) erasures [23].

A closely related structure is that of circulant matrices. For a polynomial a(x) = ag + ajx + -+ +
ap_1 X" € R,,, define A" as the m X m circulant matrix whose first row is the coefficient vector of
a(x)’ mod (x™ + 1) (with a(x)? = 1),

Up Uy -+ Up-1
Up-1 Uy -+ Up2
A=l : 2.1)
Uup U, --- Uy

mxm

where a(x)' = ug + u;x + -+ + X mod (¥ + 1). Let {A},, be the set of such matrices.
Throughout this paper, we use the term associated to describe pairwise correlations between vectors,
polynomials, and circulant matrices.

Lemma 2.2. There exists an F [ x]-module isomorphism between {A},, and R,,. Hence, a vector a, its
polynomial a(x), and its circulant matrix A are equivalent.
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Proof. Clearly, the mapping @ : F/' — R, is a natural bijection (ao, . .., dpn-1) - Zﬁal a;x'. Define

¥ : {A}, — R, by W(A) = ®(a), where a is the first row of A. Then, ¥ is bijective and F,-linear, and
Y(AB) = a(x)b(x) mod (x™ + 1) = WY(A)¥Y(B) (because circulant matrix multiplication corresponds to
convolution with x” = —1). Thus, ¥ is an F,[x]-module isomorphism. O

For an positive integer 7 less than m, define the punctured circulant matrix A" as the (m — 7)-order
submatrix obtained by deleting the last T rows and last 7 columns of A’:

Up ui T Ut
Al = Up-1 Uy - Up1-2
Uryl Uy o0 Up

(m—1)X(m-71)

This puncturing operation reduces the sub-packetization level while preserving the algebraic
structure, enabling MDS array codes with tunable sub-packetization [10,24].

2.3. Modified Shamir secret sharing (MSSS) scheme

To reduce the encoding complexity of traditional Shamir secret sharing, Hineman et al. [20]
proposed the modified Shamir secret sharing (MSSS) scheme. In MSSS, all parity symbols are made
public, but only the n — 1 data symbols (excluding the secret) are distributed to participants. Let C
be an [n, k] MDS code over F, with parity-check matrix H,_x)x,. Define the systematic parity-check
matrix

H(n—k)x(Zn—k) = (H(n—k)xn | In—k)a (2'2)
where I,,_; is the identity matrix. For a secret ¢y € F, and n — 1 random symbols cy, ..., ¢,_, the public
parity symbols (c,, .. ., c2,—k—1) are computed as

T _ T
(Cps s Conk=1) = Hppysen - (Cos €1y vy Cpot)

Any k participants can recover ¢, via erasure decoding, and fewer than k gain no information.

2.3.1. BR-based MSSS scheme (IP code)

Let p be a prime, k < n < p. Over the ring F,[x]/{M,(x)) with M,(x) = 1+ x+ - + x""!, let @ be
aroot of M,(x). Equation (2.2) directly gives the following BR-based MSSS scheme:

1 1 0 --- 0
, ' 01 0
HBR = (HBR In—k) = . -
n—k-1 . (n=1)(n—k-1) ...
1 « o 0 0 1 (X
The public parities are (c,, . . ., Can_i—1) = Hpg - (Cos - - ., Cui) .
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2.3.2. GRDP-based MSSS scheme

We arrange the data as a (p — 1) X (n — 1) array, where the first column is the secret, and the next
n — 2 columns are random. Then, we encode it into a (p — 1) X (2n — k — 1) GRDP array as follows:

n-2 n—1
) . . ) 0<i<n-2
Cin-1 = jzz(; c; j (horizontal parity), ¢j,-14 = ; ci—y,1 (diagonal parity) for {1 <t<n—k-1,

where indices modulo p. Distribute the n — 1 columns (secret, p — 2 random, horizontal parity) to p — 1
participants. Make the remaining p — k — 1 diagonal parity columns public. The parity-check matrix of
the corresponding systematic GRDP code is

1 1 e 1 0O 0 - 0
1 o . a"! 1 0 0
’ 2 A 2(n—1) .
Hpp = 1 « a 0 1 0
Ukl L aekeDaeD () (
I« @ 0 0 (n—k)x(2n—k-1)

The GRDP-based MSSS scheme uses this matrix to compute public parities, achieving near-optimal
XOR complexity (fewer operations than IP codes) [7, 8].

2.3.3. Definition of main symbols

We default all mentioned vectors to column vectors and x™ + 1 = (1 + x)g(x)m(x) unless otherwise
stated. For the reader’s convenience, we list the main symbols used in this paper:

F, N Finite field with size g, the set of natural numbers

R, Polynomial ring R,, := F,[x]/{x" + 1)

Fy m-dimensional linear vector space over F,

K min{deg(m;(x))}, where m;(x) are irreducible factors of m(x)

m, € Sub-packetization, shape of array code is m X ¢

r,k Number of parity columns (redundancy), number of information columns

0,@, m-order full-zero (identity) matrix

H, H, Parity-check matrices of Construction I and Construction II
C.,C, Proposed array codes in Construction I and Construction II

a, A" Transposition of vector a (matrix A)

[n], (a),, Sets{0,1,...,n— 1}, the entry (a mod m) € [m]

lalJ(fal) Maximum (smallest) integer not greater (less) than a

b(-) Denotes number of 1’s in the binary representation of the element
T Downward-cyclic operator 74(v) = (Vy_1,V0s -+ - s Vin_2) "

3. New constructions of g-ary array codes with local properties

In this section, we develop a new family of g-ary long array codes with local properties.
Our approach exploits the parity-check matrix formulation of linear codes, but unlike classical
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constructions, it imposes a GCD-Constraint on the involved polynomials, which simultaneously
guarantees local properties and is (¢, k)-recoverable. Throughout, we assume gcd(m, g) = 1.

We first recall a standard form of the Chinese remainder theorem (CRT), which is key to our
proposed construction.

Lemma 3.1. [25] Let x™ + 1 = d(x) - m(x) with gcd(d(x), m(x)) = 1 in F,[x]. Then, the ring R,, =
F,[x]/<x™ + 1) is isomorphic to the direct product

R = Fylx]/{d(x)) ® Fylx]/{m(x)). (3.1

IR

Consequently, any polynomial t(x) € R,, corresponds uniquely to a pair (t;(x),t,(x)) via t,(x) =
t(x) mod d(x), t,(x) = t(x) mod m(x). Moreover, there exists a polynomial u(x) such that u(x)d(x) =
1 mod m(x), and the inverse isomorphism ¢~" is given by

(t4(x), (X)) F— 14(x) - u()d(x) + £, (x) - v(x)m(x) mod (x" + 1), (3.2)

where v(x) satisfies v(x)m(x) = 1 mod d(x).

Definition 3.2. (GCD-Constraint) Let s > 2 be an integer and ay(x), a;(x), ..., a,_1(x) be s pairwise
different polynomials of R,,. Forall 0 <i < j < s — 1, if it always holds that

ged(ai(x) + aj(x), x" + 1) = (1 + x)g(x), (3.3)
then we say that these polynomials ay(x), a;(x), ..., as_1(x) meet the GCD-Constraint.

Generic Construction I[26]: Let C, be an (¢, k, ds; m, g(x)),-array code with shape mx ¢ that satisfies:
i) Its parity-check matrix H; is in the form

A A - Ap
A A (3.4)
A6_1 Ai_l o A;:i mrxm{

where I, is the m-order identity matrix, and A’ is the circulant matrix associated to polynomial
dx)mod(x”" +1),se[f],1 <t<r-1,1<r<{-1;

ii) These polynomials ay(x), ..., a,—1(x) of R,, meet the GCD-Constraint provided in Definition 3.2;

iii) Each column of every codeword of C; is located in the cyclic code {((1 + x)g(x)).

Next, we need to prove the existence of the array code mentioned above, where each column is in
the cyclic code ((1 + x)g(x)).

Proof. Leta(x) = ay+ajx+ -+ a,_1x"' €R,, and let a = (ag,a,...,an_1) € IFZK By Lemma 2.2,
the vector a and the circulant matrix A in (2.1) are equivalent representations of the polynomial a(x).
Hence, we may rewrite (3.4) in polynomial form as

o @0 @@ @ (3.5)
ay ' (x) a7t - a0 ),
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Any r X r submatrix of H; is a Vandermonde matrix, and the determinant can be written as the
multiplication of power of r different factors a;(x) + a;(x), where 0 <i# j <€ -1.

Thus, it is sufficient to show that the equation (a;(x) + a;(x))s(x) = c¢(x) mod (x" + 1) has a unique
solution s(x) € ((1 + x)g(x)), where c(x) € {(1 + x)g(x)).

Since s(x) and c(x) are both multiples of (1 + x)g(x), we have

(ai(x) + aj(x))s(x) = c(x) mod (x" + 1)
S (ai(x) + a;(x)u(x)(1 + x)g(x) = v(x)(1 + x)g(x) mod (1 + x)g(x)m(x)

& (ai(x) + aj(x))u(x) = v(x) mod m(x).

By Eq (3.3), we can deduce that gcd(a;(x) + a;(x),m(x)) = 1, that is, the inverse of (a;(x) + a;(x))
exists in IF,[x]/(m(x)). This completes the proof. O

Remark 3.3. When the array code C, is deployed in a distributed storage system, each column of a
codeword resides on a distinct storage node. If the cyclic code {(1 + x)g(x)) has minimum Hamming
distance dy, then every node can independently correct up to dy — 1 erasures or a burst of length 1 +
deg(g(x)). This is the column local property.

xX"+1
(1+x)g(x)

Explicit Construction I: Since gcd(m, g) = 1, then the polynomial m(x) =
completely factorized as

in F,[x] can be

m(x) = my(x)my(x) - - - my(x). (3.6)
Assume that min{deg(m;(x))} = k, i € [t]*. For j € [k], 0 < i < 2/ — 1, define recursively
ag(x) = 0,  @i(x) = ai(x) + (& + X/ g(x). (3.7)

Choosing the parity-check matrix H; as in (3.4) with these polynomials yields an (¢, k, da; m, g(x))-
array code C, whose code length ¢ can reach 2.

To better illustrate the flexibility and the long code length of our construction, we provide an explicit
example based on the recursive polynomial generation outlined in explicit Construction .

Example 3.4. Let m = 9 and ¢ = 2. The polynomial x° + 1 over F,[x] can be completely factorized as

PH+1l=>1+0E+x+ D +x2+1).

Choose g(x) = x> + x + 1, so that (1 + x)g(x) = 1 + x*. Then, m(x) = T jf;*g‘(x) = x%+ x* + 1, which
is irreducible of degree x = 6. Consequently, the explicit construction allows a maximum code length
of 26 = 64.

According to the recursive definition Eq (3.7) with g(x) = x* + x + 1, the first four polynomials are:

ap(x) =0, a(x) =1+ x3,

ar(x)=x+x*, az(x)=1+x+x +x*

Their coefficient vectors of length 9 are

Polynomial | Coefficient vector
ap(x) (0,0,0,0,0,0,0,0,0)
a(x) (1,0,0,1,0,0,0,0,0)
a(x) 0,1,0,0,1,0,0,0,0)
as(x) 1,1,0,1,1,0,0,0,0)
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One verifies that these polynomials satisfy the GCD-Constraint. Substituting the associated 9 X 9
circulant matrices A; into Eq (3.4) yields the parity-check matrix H, of the (4,2, d4;9, x> + x + 1)-array
code C, of shape 9 x 4.

As a concrete codeword, take information columns

¢ =(1,0,0,1,0,0,0,0,0)", ¢ =(1,1,0,1,1,0,0,0,0)".

Then, the parity columns are obtained by solving ¢, + ¢3 = ¢p + ¢; and Ay¢y + Aszc; = Apco + Ajcy
(for the detailed procedure, please refer to Section 4 on decoding). The resulting codeword, written
columnwise, is
¢ =(1,0,0,1,0,0,0,0,0)7,
¢ =(1,1,0,1,1,0,0,0,0)7,
¢ =(1,0,1,1,0,1,0,0,0)7,
c;=(1,1,1,1,1,1,0,0,0)".
Each column belongs to the cyclic code (1 +x?) (the sum of entries at positions i, i+3, i+6 modulo 9

is zero), confirming the column local property.

Remark 3.5. The extended Blaum—Roth (EBR) codes introduced in [13] can be recovered as a special
case of Generic Construction I by taking a;(x) = x"=?md™ with m prime. That choice restricts the
code length to £ < m, whereas our explicit construction removes this limitation and allows the length
to grow exponentially with «, the degree of an irreducible factor of m(x). Example 3.4 illustrates a case
where k = 6, enabling code lengths up to 64 while preserving column local properties.

Definition 3.6. An array code C of length £ over F, is called (¢, k)-recoverable if any k columns of a
codeword suffice to reconstruct the whole codeword, where k is the number of information columns.

To prove that array code C; is (¢, k)-recoverable, we need the following lemma.

Lemma 3.7. Let C; be an (£, k,dy;m — T)4-array code whose parity-check matrix is given by

Im—‘r Im—‘r e Im—‘r
[1,7] [1,7] [1,7]
-7 Ay Ay e AL
H, = : . : ; (3.8)
[r=1,7] [r=17] . [r=1,7]
Ao A A rHm-1)X(m-1)¢

where the polynomials ay(x),...,a,_1(x) of R,, satisfy the GCD-Constraint given in Definition 3.2.
Here, A"™ denotes the (m — t)-order matrix obtained by puncturing the circulant matrix Al associated
with a’(x) mod (x™ + 1), witht =1 +deg(g(x)), se[{], 1 <t<r—-1l,and1 <r<{-1.

There is a one-to-one mapping relationship between the code C, (Generic Construction 1) and C;.

Proof. Suppose that codewords ¢ € C_1 and ¢ € C; satisfy Zi;g)A;;ck = 0,,x1. Define ¢} = (¢;,0,...,0) €
Fy. Let x™ + 1 = (1 + x)g(x)m(x) = d(x)m(x), so deg(d(x)) = 7. By the GCD-Constraint, each a;(x)
can be written as

ar(x) = v(x) + d(x)by(x)

for some common v(x) € R,, and b,(x) € R,,. Let V, D, and By, be the circulant matrices of v(x), d(x)
and by(x), respectively. Then, by Lemma 2.2, A} = (V + DBy)' = V' + DQy for some matrix Q.
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From the first block row of H,, we have Y‘_0 ¢, = 0. Hence, 3':~} ¢, =0inF7.
[t7]=

Assume that the parity-check equation Zi;(l) A, "¢, = 0 holds. Lifting to the row-punctured form
(deleting the last 7 rows of the circulant matrix) gives

Substituting A} = V' + DOy and deleting the last 7 rows, we obtain

-1 -1 -1 -1
DV + DGy = Vi Y ¢+ DY 0Dt [Z ch;:] -
=0 k=0 k=0 k=0

Since d(x) | ™ + 1 and deg(d(x)) = 7, we have rank(D'”) = m — r. Because D' has full row rank,

we obtain Y- Oic; = 0. Combining hay ¢; =0and hay Oic; = 0, we can directly obtain

-1

ZAQCZ:VticZ+D€Zlecz:O.
k=0 k=0

k=0

That is,
-1 -1
D ATIE = 00 = D Al = 0,1 (3.9)
k=0 k=0

Equation (3.9) indicates that these two codes satisfy the same constraint, implying a special mapping
between their codewords. Next, we regard each column of the array codes as a polynomial over R,, to
obtain the explicit mapping.

Let x" + 1 = (1 + x)g(x)m(x), a(x) € ((1 + x)g(x)), and s(x) € F,[x]/{m(x)). Since x™ + 1 has no
repeated factors, then by Lemma 3.1, there exists an isomorphism 6 from F,[x]/{m(x)) to {((1 + x)g(x)),
which is defined by

0(s(x)) = t(x)(1 + x)g(x)s(x) mod (x" + 1),
0 (a(x)) = a(x) mod m(x), (3.10)

where #(x) € R,, meets #(x)(1 + x)g(x) = 1 mod m(x). O

Example 3.8. Consider the binary array (left) ¢ € C; (an (6,3,4;5, 1)-array code) in Explicit
Construction I. Regarding each column as a polynomial over Rs, one can verify that the transformed
array (right) in the (6, 3,4; 4)-MDS array code C, as given by Eq (3.10):

1[tlof1]o]1 1[1[1][o]1]o0
tjoftftftrfol, . . [t[oJof[o[0]1
1jojo[o]o[1|==|1]|0|1]1]1]O
Tlrlol1lol1] ™ [1[1]1]o]1]0
olof1]1]1]1 [0[0]0[0]0]O]

The isomorphism 6 from F;[x]/{m(x)) to (1 + x) is given by

0(s(x)) = (x + )1 + 0)s(x) = (x + x> + x> + xH)s(x) mod (x° + 1),
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0 ' (a(x)) = a(x) mod (1 + x + x> + x* + x*).

The array on the left is a codeword of C; with shape 5 x 6, where each column is a polynomial
in (1 + x). Applying 67! to each column (that is, reducing modulo 1 + x + x> + x> + x*) yields the array
on the right, which is a codeword of the punctured code C, with shape 4 x 6. Conversely, applying 6
to each column of the punctured codeword recovers the original codeword in C;.

Theorem 3.9. The (¢, k,ds; m, g(x)),-array code C, in Generic Construction I is (¢, k)-recoverable,
where { is its code length and k is the number of information columns.

Proof. By Theorem 8 of Ref. [10], it is easy to see that the (¢,k,{ — k;m — 7),-array code C_1 in
Lemma 3.7 is MDS. Since there exists a one-to-one mapping between C; and C,, then C, is (¢, k)-
recoverable. O

4. Erasure decoding algorithm for array codes with local properties

Erasure is a common type of error in storage systems, and encoding can in fact be regarded as a fixed
pattern of erasure decoding. Building on this observation, we first describe a decoder for array codes
with local properties. To facilitate the description, in this section, we adopt a polynomial representation
to characterize both the array codes and their parity-check matrices.

Let C be an (¢, k,da;m, g(x)),-array code with parity-check matrix H; = (hg,hy,...,hey) in
Eq (3.5), where each h; is an r X 1 matrix over R,,. A codeword of C is denoted as ¢ = (¢,
where ¢; € R,,. Denote the received message as r = (r;);q;, Where r; € R,,. For k € g, we have
ri = 0, whereas for the remaining indices, r; = ¢,. Assume that J = {jo, ji,..., j,} € [£] is the erased
positions with position with p < r. Define the error vector as e = ¢ — r = (¢;)i¢[¢- Thus, our goal for
the decoder is to recover the erased vectors ¢, for k € 7.

Let H;,.. be the p-order matrix formed by the first p rows of (/;),c4 and the syndrome of r be

S0

S
s=| " |=Hr = Hic"—e") = ~He" = —Hy((ees)" - (4.1)

Sp-1

From Eq (4.1), we can consider that the decoding of array codes with local properties consists of
the following two steps.

Step 1: Calculate syndrome s = H; - r'.

Step 2: Find out the solution of —H,.((ex)key)’ =5 .

Notably, as mentioned in Section 3, the second step always has a unique solution in {(1 + x)g(x)).

4.1. The fast syndrome calculation for array codes in explicit construction

Let C be an (¢, k,da; m, g(x)),-array code in Explicit Construction I. The syndrome s = (s;), j €
[r],s; € R, in Eq (4.1) can be computed as

-1
si= . a®r, 4.2)
i=0
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where the multiplication of polynomials over R,, is implemented via cyclic shifts.

Define § = [log, {] and L = 2°. Obviously, If j is a power of two or j = 0, w € [§] and i € [2“], then

al(x) =0, al ,(x) = al(x)+((x* + x*")g(x)) mod(x" + 1) 4.3)

For convenience, use g, (x) to represent (x* + x“*!)g(x). Then Eq (4.2) can be rewritten as

L/2-1 L/2-1

si) = Y (@@ +al, () = D @O0+ i) + @ rinp). (44
i=0 i=0

For w € [6], we recursively define

—~—— N/2w+1_1 [w-1]
Fs—1-w = Z,’:O i+N /2wt 4.5)

W _ (Jo-11 | Jo-11 Jo-11 | [o-11  Jo-1] [w-1]
rt = (ry Ty e T Ty ot Ty oty F Tjpwy)-

Combining Eq (4.3) with Eq (4.5), we can simplify the syndrome computation in Eq (4.4) as

L/2-1
si0 = > alr™ + (g1 ()Y 7t = 5,0 + (g1 () 7oy
=0 (4.6)

o-1 0-1
== aé(x)r[‘s_” + Z(gw(x))jf:) = Z(gw(x))ji:, .
w=0 w=0

In particular, for j = 0 or j = 2", the syndromes s; can be calculated in Algorithm 1, where
the downward-cyclic operator 7, acts on an m-length vector v = (vo,Vvi,...,V,_1)" as T4(v) =

(vm—l’ Vs vy Vm—Z)T-
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Algorithm 1 Computing syndromes s; based on Eq (4.6).

Require: r = (rg,ry,...,1e-1), 17 € Ry, let r; = O(r;) (Using Lemma 2.2);
gx)y=go+g1x+---+g,x" with gg = 1.
Ensure: (s;), j=0or j=2".
. 6« [log, (], L « 2°
if £ < L then
fork=C¢toL—1do
rp < 0m><l
end for
end if
we—0o6-1,L «2v"!
o < Zf:_oL/z_l Frio+i
fori=0to¢{—-L/2-1do
Fi = 1+ Ty
. end for
: while w > 1 do
we—w-1,L 29!
Fo & S P
fori=0toL/2-1do
Fi < Fi+Fppy
end for
. end while
L STy
forw=1tod—-1do
S S+ TYr)
end for
g0 1L, gy < &
fori=1tovdo
qi < 8i-1+8&i
end for
:fork=1tov+1do
5 St TG
: end for
return (so < ro,s; < §;)

—

R AN U - B

W0 NN NN N NN N N = o o e e e e e e e
S R N R~ - N N

However, for other values of j that are not powers of two, a/(x) = (a;(x) + (x* + x**D)g(x))/ will
generate complicated intermediate terms (more than just the two simple terms in Eq (4.3)). In fact, we
can also expand this equation and rewrite it as a sum of two terms so as to exploit the idea of recursive
branching. Below, we illustrate this with a toy example.

Example 4.1. For an integer i € N, let (b, - - - by), be the binary representation of i without leading
zeros, where n is the number of bits. We define

IF = {(xn_l <+ xo)2 ¢ xj €{0,1}, x; < b forevery j, and (x,—1 - X0)2 # i}.
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In other words, I consists of all binary strings of length n obtained from the binary expansion of
i by changing some (possibly all) of the 1-bits to 0, but excluding the string that equals i itself. For
example, I; = {(000),}, I = {(000),, (001),, (100),}, Iy = {(000),, (010)2, (100),}.

In the algebraic structure with characteristic 2, the expansion of (a + b)" can be expressed using the
binary representation of n. Specifically, let the binary expansion of n be

n=2"+224... 425
where t; > t, > --- > t,. Then we have
(a+b)' = l—[(a + b)Y = ﬂ(az”' + by = a" + Z ab'. 4.7)
i=1 i=1 il
For example, if we take n = 7, by Eq (4.7), we obtain that
(a+b) =(a+b*a+b)*a+b)= Z ab =da +db + b + a*b® + &’ + a*b° + ab® + b’
ieI;

Example 4.1 reveals that a/(x) in R,, decomposes into a sum over all binary subterms, which
naturally aligns with the recursive structure of the polynomial representation. Motivated by this
observation, we can rewrite Eq (3.7) from a basis vector perspective as follows,

ai(x) = (o + iy - x + - + iy - XA+ 2)g(x), (4.8)
where « = min{deg(m;(x))} in Eq (3.6) and i = ?;5 ij- 2/, ij €.

Proposition 4.2. When L is a power of 2 and L < 2", the Vandermonde matrix H,y; takes the form of
Eq (3.5), where the polynomials a;(x) are defined in Eq (4.8), i € [L]. Then H, can be decomposed as

Hpp = Sx - Ry, (4.9)
where S« is an r X L sparse matrix and Ry is an L X L matrix. Ry is an Reed-Muller matrix defined by
R, = (’;322 gi),wim Ri=1.

In addition, the entry of row i and column j in the matrix S < is denoted by
1 ifi=0,j=0

X ((L+x)g(x)) ifb() 2 1,b(j) = 1
fij - (L + g0 if b(i) = b(j) > 1

0 otherwise

ij

where f; j is a nonzero value that depends only on the indexes i and j.

Proof. Let my(x) be an irreducible polynomial of degree « over F»[x], and let (1, x, ..., x*"!) be a basis

of the finite field F,[x]/{m;(x)). The elements of F,[x]/{m;(x)) are denoted as {wi(x)}l{(‘)l, where each
’;;(1) ij-x/andi= Z’};é i; - 2/ (the binary expansion of i), i; € F,.

By Lemma 1 in Ref. [17], a Vandermonde matrix H over F,[x]/{m;(x)) can be decomposed as

H = E,.; - R;, where E,; is a sparse matrix. Since gcd(m, g) = 1, according to Lemma 3.1, we can

obtain Hy = A, - H, where A, = Diag((1 + 0)g(x))". ... (1 + 1)g(x))"™"). 0
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Applying Proposition 4.2, Eq (4.1) can be rewritten as
S:leT:erL'RL'rT :SrXL'y- (410)
For completeness of decoding, we supplement the Algorithm 2 for computingy = Ry - r'.

Remark 4.3. Note that after executing Algorithm 2, the output is not y = {yo,¥1,...,Yn-1} ID
sequential order; instead, all elements of y are listed in ascending order of the corresponding values of
b(i), which we denote as {yé}fjgth. For example, taking L = 8 and r = 4, the output of Algorithm 2 is
Wi, = 0%y Y3 = {0, ¥1. Y2, ¥4, Y3, ¥5. Vo ).

Remark 4.4. With the redundancy r < 3, we can use Algorithm 1 to compute syndromes in Eq (4.1).
Both Algorithm 1 and Algorithm 2 employ a recursive strategy, and we collectively refer to them as the
scheduled algorithm. Furthermore, Lemma 6 in Ref. [17] provides an upper bound on the complexity
of Algorithm 2 (Reed-Muller transform), that is, XORs < m(t + 1)(L — 1) = m(|log, r] + 1)(L - 1).

Algorithm 2 RM(L, r, depth, shift) [17].

Require: L =2"r = (ro,ry,...,r1), shift =0, =|log, r|, and depth = t
Ensure: {y;;}f:egth

. if L = 1 then

2 Return y s, = ro

3: end if

4: Letr; «—ri+rypp, fori=0,1,...,L/2 -1
5: Recall RM(L/2,r(0 : L/2),depth, shift)

6: if depth = 1 then
7
8
9

—

o Letyoi g = Z[L:_Ll/z ri

. else if depth > 1 then

. Recall RM(L/2,r(L/2 : L),depth — 1,L/2 + shift)
10: end if
11: Return

4.2. Solving Vandermonde linear equations

In Step 2, we use the LU decomposition presented in [27] to solve the Vandermonde linear equations
s = —Hy.((ex)keq) . This step requires r(r — 1) additions, r(r — 1)/2 multiplications, and r(r — 1)/2
divisions by factors of the form a(x), where a(x) € ((1 + x)g(x)). When r is much smaller than ¢, the
overall complexity is dominated by Step 1, resulting in that the complexity of this part can be ignored.
Before applying this LU-based decoding method, we must device an efficient division by a(x) over
R,,, where gcd(a(x), m(x)) = 1. Specifically, we aim to find r(x) € {(1 + x)g(x)) satisfying the equation

a(x)r(x) = s(x) mod (X" + 1), a(x), s(x) € {((1 + x)g(x)) . “4.11)

Lemma 4.5. Denote D = {(1 + x)g(x)) € R,,. For any a(x), s(x) € D satisfying gcd(a(x), m(x)) = 1,
Eq (4.11) has a unique solution r(x) € D, given by

r(x) = ((a(x) mod m(x))™" - (s(x) mod m(x))) - (1 + x)g(x) mod (x™ + 1) .
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Proof. When gcd(m,q) = 1 and x" + 1 = (1 + x)g(x)m(x) = d(x)m(x), we have gcd(d(x), m(x)) = 1.
By Lemma 3.1, Eq (4.11) can be rewritten as

(a(x) mod m(x)) - (r(x) mod m(x)) = s(x) mod m(x) (mod m(x)) .

Define a’(x) = a(x) mod m(x), s'(x) = s(x) mod m(x), and r'(x) = r(x) mod m(x). Because
ged(a(x),m(x)) = 1, we have r(x) = (a’(x))"'s’(x). Consequently, r(x) = ¢~ ' (x)) = r'(x) -
d(x) mod (x™ + 1), where ¢! is the inverse mapping from Eq (3.2). O

5. Array codes applied in the MSSS scheme

In this section, we first extend Generic Construction I to obtain a family of array codes specifically
designed for an MSSS scheme. Based on this code family, we then propose a new MSSS scheme that
supports a large number of participants. In this scheme, every share has self-reparability, which is
enabled by the column local properties of the underlying codes.

Generic Construction I1: Let C, denote an (n, k, d4; m, g(x)),-array code with shape mxn (n = {+r-1)
whose parity-check matrix takes the block form

0, 0,
Im e 0m

Hy=\H, | . . . , (5.1
Om e Im

mrxm(€+r—1)

where H, is the r X € parity-check matrix defined in (3.4). The additional »— 1 columns contain identity
matrices that make the overall code systematic with respect to the parity symbols.

Definition 5.1. When we reconstruct a secret from n — 1 shares, if one can ensure that any k shares

are sufficient for refactoring without k — 1 revealing any information, then it is said to be a perfect
(k,n — 1)-TSS scheme [18].

Proposition 5.2. (An MSSS scheme based on C,) Let ay(x) = 0. Then, the parity-check matrix H, of
C, in Generic Construction Il can be rewritten as

Im Im ot Im Om e Om
0, A, - A, L, - 0,
H, =] . ) ) ) )
r_l . o . r_l DY
0m A] Aé’—l 0’" Im mrxm({+r—1)
Let a codeword of C, be written as (¢, €C1,...,Cr_1,Cp,...,Crer—). Designate ¢, as the secret,
assign the € — 2 vectors ¢,,c¢3,...,Co—1 to distinct participants, and make the remaining r vectors

€05 Cys - - ., Copr—n publicly available. Then the scheme is a perfect (€ —r —1,{ —2)-TSS and every share
has self-reparability.

Proof. Assume that Hy = (hg, hy, -+ ,he_1,he, - -+, heyr—n), where h; is column i of H,. By Theorem 3.9,
we obtain that any r X r submatrix of H'2 = (hi,, hiy, - -+, h;,_,) is invertible, where i; C [£]. When
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ap(x) = 0, by Definition 5.1, it is easy to see that the proposition constructs a perfect (£ —r —1,{ —2)-
TSS scheme from the array code C,.

Moreover, by the structure of H,, we know that for 1 <i < ¢ -1, ¢; € {(1 + x)g(x)), which gives
that every share has self-reparability, that is, it can recover dy — 1 erasures or a burst of 1 + deg(g(x))
erasures, where dy is the minimum Hamming distance of {((1 + x)g(x)). O

Obviously, with the increase of code length of the array code C,, the new MSSS scheme can support
more participants, which can be applied in large-scale scenes such as blockchain sharding. Similar to
Explicit Construction I, we can give the following construction of array codes.

Explicit Construction II: Let C, be the (n, k, da; m, g(x)),-array code with shape m X (£+r—1) defined
by the parity-check matrix Eq (5.1), where the polynomials a(x), a;(x),...,a,;(x) are generated
according to the recurrence Eq (3.7).

Since ay(x) = 0, Proposition 5.2 applies directly, yielding a perfect (¢ — r — 1,£ — 2)-TSS scheme.
By setting ¢ = 2%, the number of participants reaches 2“ — 2, which is the exponent of the lowest degree
k in the irreducible factors of m(x).

In practical deployments, participants must periodically refresh their shares to counter potential
exposure. This motivates the need for an encoding procedure with low computational cost. Thanks
to the recursive structure of the polynomials a;(x), the encoder for C, can be implemented using the
scheduled algorithms (Algorithm 1 or Algorithm 2), resulting in complexity that scales favorably with
the redundancy r.

We now illustrate the encoding process of the (n,k,ds;m, g(x)),-array code C, with a concrete
example, showing how the public parities and the participants’ shares are generated.

Example 5.3. Choose parameters m = 5, r = 3, g = 2, and g(x) = 1. According to Explicit
Construction II, the (7,5, d,; 5, 1),-array code C;, has shape 5 X 7 (since n = € + r — 1 = 7). The
polynomials a;(x) fori =0, ...,4 are

ayx) =0, a;(x) =1 +x, ax(x) =x+x°, az(x) = 1 + %, au(x) = x>+ x> (mod x° + 1).

The corresponding circulant matrices A; are used to form H,;, and the full parity-check matrix H, is
constructed as in (5.1) with two additional identity blocks.
Let a secret column ¢; and three random information columns c¢,, ¢3, ¢4 be

¢1=(1,0,1,0,0)", ¢ =(0,1,0,1,0)", ¢ =(1,1,0,0,0)", ¢4=1(0,0,1,1,0)".

(The last symbol of each column is chosen so that every column has even parity, that is, it belongs to
(1 + x), which is the local code.)

The encoder must compute the public column ¢, and the two parity columns cs, ¢¢ (corresponding
to ¢, and ¢y, ). These are determined by the linear constraints H, - (¢, €1, €2, €3, €4, €5, C6) " = 0.

We perform the encoding using Algorithm 1. Set L = 8 and define the input vector as

x=(xp,Xx1,...,%7) =(0,¢1,¢2,¢3,¢4,0,0,0),

where 0 denotes the zero vector of length 5. The algorithm proceeds in three levels of recursion (6 = 3
because [log, 51 = 3):
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Level 2 (w = 2):
X2=X4+Xx5+x5+x7=¢c4,+0=(0,0,1,1,0)7,

(0] [0] [0]) —

0 b

(0]
1 b

[0]

x=(x (X0 + X4, X1 + X5, X2+ X6, X3+ X7) = (€4, €1, C2, C3).

Level 1 (w = 1):

XX,

=x+xl =¢+¢3=(0,1,0,1,0 +(1,1,0,0,0)T = (1,0,0,1,0)",

i = (x[I] [1]) — (x[O] + x[O] [0] + x[O]) = (¢4 + Ca, €1 + C3).

Calculating these sums:
xy' = (0,0,1,1,0)7 +(0,1,0,1,0)7 = (0, 1,1,0,0)",

xM'=(1,0,1,0,00" +(1,1,0,0,0)" = (0,1,1,0,0)".

Level 0 (w = 0):
X =x"'=(0,1,1,0,0)7,

= x"+ ¥l =(0,1,1,0,00" +(0,1,1,0,0)” = (0,0,0,0,0)".

The public column ¢y is exactly x!2!: ¢y = (0,0,0,0,0)7.
Next, we compute the intermediate syndrome vectors s, and s using the formula in Algorithm 1:

§1= X0+ Tu(%1) + T (X2),

§2= X0+ T (X)) + T4 (X2).

Recall that 7 is the downward cyclic shift: 74((vo, vi,va, v3,v4)") = (V4, Vo, V1, V2, V3) .
Applying these shifts:

Vector ‘ Value ‘ Shifted versions
X (0,1,1,0,0)" -
X (1,0,0,1,0)" | T4(x1) =(0,1,0,0,1)7, ”/’"j(fc’l):(1,0,1,0,())T
X, (0,0,1,1,0)" T;(fz) =(1,0,0,0, D)7, 7';(372) =(0,1,1,0,0)T

Then,
s1=(0,1,1,0,0)" +(0,1,0,0,1)" +(1,0,1,0,0)" = (1,0,0,0,1)",

52=(0,1,1,0,0)" +(1,0,0,0, D" + (0, 1, 1,0,0)" = (1,0,0,0, 1)".

Finally, the parity columns are given by
p1=¢s =51+ Ty(s1), P2206=5+7}2(§§)-
Computing these:
74((1,0,0,0,1)" =(1,1,0,0,0)" = ¢5=1(0,1,0,0,1)7,

72((1,0,0,0,1)" = (0,1,1,0,0)" = ¢6=(1,1,1,0,1)7.
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Thus, the complete codeword is

co =(0,0,0,0,0)", ¢ =(1,0,1,0,0)7, ¢ =(0,1,0,1,0)", ¢;=(1,1,0,0,0)",
c4:(090’l91’0)—r’ CS :(0719090’ l)T3 c6:(191’1709 I)T'

One can verify that H; - (¢, €1, €2, €3, €4, €5, C6)" = 0 over Rs.

According to Proposition 5.2, ¢; serves as the secret, and ¢;,c3, ¢4 are distributed to three
participants, and ¢, ¢s, ¢ are made public. The scheme constitutes a perfect (1,3)-TSS because
¢ —r — 1 = 1, which implies that any single share, together with the public columns, can recover
the secret. Moreover, each share is self-repairable: For instance, if one symbol in ¢, is lost, it can be
reconstructed using the even-parity constraint within that column.

Remark 5.4. In the encoding procedure of Example 5.3, the local parity symbols for the information
columns are computed using 4 X 4 = 16 XORs (one per column to enforce even parity). The recursive
steps involve five vector additions at level 2, four at level 1, and two at level 0, together with the
necessary shifts and final combinations. With a sub-packetization of m = 5, the total number of XOR
operations is approximately 85. For larger ¢ and small r, the encoding complexity scales as O(m{logr),
which is significantly lower than that of traditional BR-based or GRDP-based MSSS schemes. A
detailed complexity comparison is provided in Table 1.

For the convenience of calculating cyclic codes, only the simplest case, MSSS in C,, is
considered. According to Algorithm 2 and Remark 4.4, for general redundancy r, the encoding of the
(n, k,ds; m, 1),-array code C, requires about XORs = km(|log, r| + 1) + k(m —2), where k = € —r — 1.
Some numbers are given in Table 1, in which the encoding complexity of our scheme is significantly
lower than other schemes in both high code rate (m < 2k) and low code rate (m > 2k) scenarios.

Table 1. Number of XORs at encoding for the three schemes, all cases corresponding to a
perfect (k,m — 1)-TSS and same subpacketization m — 1.

m k (k,m—1)-TSS Ours  MSSS GRDP [20] MSSS BR [20]

23 15 (15,22) 1695 3696 3843
31 15 (15,30) 2760 13920 14355
71 50  (50,70) 21200 101430 102810
83 45  (45,82) 26055 252396 255393
89 40 (40,88) 24840 375144 379320
127 100 (100,126) 76000 425250 428500

The encoding complexity of BR and GRDP codes is asymptotically » XORs per data bit, where
r denotes the redundancy. Thus, as the redundancy r grows, our C,-based MSSS scheme distributes
secrets faster than BR/GRDP-based schemes. Moreover, whereas BR/GRDP schemes require m to be
prime, ours only requires m odd. For fixed m, BR/GRDP schemes support at most m — 1 participants,
whereas our scheme can support up to 2“ — 2 participants, an exponential improvement relative to
m. Additionally, among the three schemes, only each share in our scheme is locally repairable (self-
recoverable), which can effectively safeguard the secret against accidental partial data loss.
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6. Conclusions and future work

In this paper, we systematically studied the construction, decoding, and secret-sharing application
of g-ary array codes with local locality. First, we proposed a generic construction (Construction I) over
R,,, where a GCD-Constraint ensures recoverability. An explicit construction was also given, allowing
the code length to grow exponentially with the subpacketization parameter. Second, we designed a low-
complexity erasure decoding algorithm for the explicit construction, comprising recursive-branching
syndrome calculation and an efficient method for solving Vandermonde equations over R,, using the
Chinese remainder theorem. Third, we embedded the array codes into a modified Shamir secret
sharing scheme (Construction II). This new MSSS scheme offers three key advantages: It supports
an exponential number of participants (from O(m) to O(2")), every share is locally repairable, and the
encoding complexity is significantly lower than that of BR/GRDP-based schemes.

Finally, we note that the quantitative comparison of repair bandwidth with general LRACs is an
important future direction. Although our codes possess column local properties that confine repair
within a single column, LRACs allow repair groups to span multiple columns, which incurs different
system assumptions. In future work, we plan to investigate the single-node repair bandwidth for array
codes derived from our construction, which would bridge the gap between column local repair and
LRAC:S.
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