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1. Introduction

Extreme value theory (EVT) is regarded as a fundamental tool for modeling rare events. It
is particularly relevant in reliability engineering and survival analysis, where the primary focus is
on ordered data, specifically concerning the distribution of lower or upper extremes. Although
classical EVT provides a robust framework for analyzing ordinary order statistics (OOSes), real-world
applications frequently involve complex sampling designs that deviate from the standard independent
and identically distributed (IID) assumption. Examples include progressive censoring schemes,
adaptive or sequential sampling procedures, multistage experimental designs, and record-based data
structures. Each of these produces ordering patterns that traditional OOSes approaches cannot
adequately describe. To address these challenges within a single coherent framework, Kamps [15-17]
and Kamps and Cramer [18] developed the concept of GOSes, which provides a versatile and unified
model for representing a broad class of ordered random variables (RVs) through a common parametric
formulation.

One of the most significant subclasses of GOSes is the class of m-GOSes. This subclass arises
when the parameter vector is restricted such that m; = --- = m,_; = m. Under this condition,
the model becomes both flexible and analytically manageable, encompassing several well-known
models as special cases, including OOSes, record values, Type-II censored samples, and sequential
order statistics (SOSes). Moreover, the m-GOS framework extends the classical theory of ordered
samples while retaining key analytical features, such as explicit forms of joint distributions, closed-
form marginal distributions, and stable transformation properties. These characteristics make it highly
valuable for both theoretical development and practical applications.

The mathematical framework of m-GOSes has attracted considerable attention in the literature due
to its unified treatment of OOSes, record values, SOSes, Pfeifer records, and several other ordered
random structures. Their marginal distributions admit convenient representations through powers of
the underlying survival function, which considerably facilitates both theoretical investigations and
practical applications. Moreover, the asymptotic behavior of their extreme values closely parallels
the classical theory of extreme value distributions, allowing many results from EVT to be extended
naturally to the generalized setting. Early contributions by Nasri-Roudsari [20, 21] established
fundamental limit theorems for extreme GOSes under both linear and power normalizations, thereby
identifying the corresponding domains of convergence and characterizing the limiting extreme value
distributions. These pioneering results were substantially generalized by Barakat [2], who developed
a comprehensive limit theory for m-GOSes, and by Barakat and El-Adll [3], who investigated the
asymptotic behavior of extreme dual GOSes and established analogous convergence results for lower
extremes.

Subsequent developments have further enriched the asymptotic theory of m-GOSes from several
perspectives. Schmiedt [24] provided a detailed characterization of the domains of attraction associated
with asymptotic distributions of extreme GOSes, clarifying the relationship between GOSes and the
classical Fisher-Tippett-Gnedenko framework. More recently, Bieniek and Rychlik [7] derived general
conditions for the finiteness of moments and established sharp moment bounds for GOSes, yielding
important tools for studying their asymptotic behavior, tail properties, and probabilistic inequalities.
These advances, together with earlier investigations on convergence rates, tail characteristics, and
increasingly flexible parameterizations, have significantly broadened the theoretical foundations of

AIMS Mathematics Volume 11, Issue 8, 26308-26336.



26310

GOSes and strengthened their role in reliability analysis, survival studies, risk theory, and extreme
value modeling. Owing to their analytical tractability and remarkable ability to unify diverse ordered
RVs within a single mathematical framework, m-GOSes continue to represent a central topic in
the theory of ordered RVs. The next two theorems summarize the principal asymptotic results
concerning the upper and lower extremes of m-GOSes, which serve as the theoretical foundation for

the developments presented in this work.
. p w.p.1 .
We adopt the notations L, —, —, and — to denote weak convergence (convergence in

n n n n
distribution), convergence in probability, convergence with probability 1 (almost sure convergence),
and convergence as n — oo, respectively.

Theorem 1.1 (Nasri-Roudsari [20]). Let m; =my = --- =m,_y = m > —1, and let r < n be an integer
independent on n. Then, there exist constants a, > 0 and b, € R such that

W+ by) = P(X, < apxtb,) = P00, e (1,2,3), (1.1)

n-r+l:n n—-r+l:n

n—r+l:n
Moreover, this convergence holds if and only if there exist sequences of constants a, > 0 and b, € R

Jfor which

where X™  denotes the (n—r+ 1)thm-GOS based on a DF F, and ‘Pj.';’;’k)(x) is a nondegenerate DF.

n—-r+l:n

PO (@x+ b)) = POP(x) = 1= T(wis(x)), t=1,2,3,

where I',(.) denotes the incomplete gamma function

1 o .
Fr ) = r— —ud — 1 _ _ —t,
® (r—1)!ft e T e

and the function w, s(x) is defined as follows:

x%, x>0,
Typel: wis(x) =

oo, xx0,

(_x)5, X< Oa
Type Il:  wys(x) =

0, x>0,
Type III: wss(x) =e™, Vx.

Furthermore, the limit distribution of the upper extreme m-GOS is

k

m,k m

W@ = 1=y (reg ()™, T = | — 1| b

The normalizing constants can be chosen in the form a, = a*M(n), b, = b}"mn), with M(n) = n'/m+D,
Theorem 1.2 (Barakat and El-Adll [5]). Assume thatm; = --- = my_1 = m > —1 and that r < nis an

integer independent on n. Then, there exist constants c, > 0 and d, € R such that

GO (e, x +dy) — P (x), 1=1,2,3, (1.2)

rt
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where the limit distribution ‘i’%”k)(x) is nondegenerate. This convergence holds if and only if there exist
constants ¢, > 0 and d;, € R satisfying

PO+ d) - PV W) = L(w,(x), =123,
where the function w; ;(x) is defined according to the following three cases:

(_x)_69 x < O’
TypeI:  wjs(x) =

00, x>0,
X, x>0,
Type II:  w} (x) =
’ 0, x<0,

Type IIl:  wy (x) = €7, Vx.

In this case, the limiting distribution can be expressed as

r—1 * 4

i (wys(x)" _ .

Ti’?’k)()(f) = Fr(w;‘é(x)) =1- Le_wr,d(x)‘
’ ’ ;O 0!

The normalizing sequences may be chosen in the form c, = c;}(n) and d, = d;;(n), where R(n) = (m+ 1)n.

The bootstrap method, originally proposed by Efron [11], has become a cornerstone of modern
statistical inference, particularly in situations where the underlying DF F(x) is unknown. Due to
its ease of use and effectiveness in producing positive findings, the approach has been extensively
employed in the literature for a range of statistical problems; see [12,19]. The bootstrap approach may
be quite useful in situations where little is known about an appropriate distribution [10]. The bootstrap
technique has been employed in a number of practical applications; for further information, see [9,27].

For an IID sample X,, = (Xi, ..., X,) from a DF F(x), the bootstrap approach approximates F(x) by

its empirical counterpart
n

1
F.(x)=- ) IX; < x),
(0=~ ; (X; < %)
where I(X; < x) denotes the indicator function. Bootstrap samples Y = (Yi,...,Yy) are then
constructed by sampling with replacement from F,(x), where the bootstrap sample size N = N(n)
increase such that N — oo. Conditionally on the observed sample, each resampled observation

n
satisfies

1
P(Yi:X,-|X,,):—, Vlzl,,N
’ n

Moreover, let Yy.y, Yoy, . . ., Y.y denote the OOSes of the bootstrap sample Y, ..., Yy.
The rth m—GOS Yﬁf’f\;k) based on the empirical DF F,, may be easily obtained by considering the
independent RVs with respective beta distribution S(y;,1); thatis B; follows a power DF with
1

exponent y; = k+ (N — j)im+ 1), j = 1,..,N, where B, := F?i(Y,y) and Y,y := Y is the rth
order statistic. Therefore, in view of the results of Cramer [8]

yoh = pol (1 -1 B,-}, r=1,2,..,N,

J=1
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is the rth m—GOS based on the empirical DF F),. Furthermore, let

Yoo —
H(x) = P[”V—N < x| Xn] = Ty, N* =7+ 1,7%) (1.3)

r,n,N ay

be the bootstrap distribution of (X" —b,)/a,, where r* =r+k/(m+1)—1,N* = N+k/(m+1)-1,
I.(a,b), 0 < a,b < 1 is the usual incomplete beta function, and ¥, ,.x(x) = 1 — (1 — F(ayx + by))™"!
is a DF. Define

QU () = P(ay (Y = by) < xX,)

r+1,N N-r+1:N

as the bootstrap distribution of the normalized upper m-GOS extreme, a;l(Xi"f;]fl:n —b,). Similarly, for
any integer 1 < r < n, let

U0 (x) = Py (YD - dy) < 21X,,)

represent the bootstrap distribution of the normalized lower m-GOS extreme, c;,' (Xﬁ?f;k) —d,), where n
and N are the sample size and resample size, respectively.

Despite the extensive use of bootstrap techniques in the study of OOSes and m-GOSes,
several theoretical challenges, particularly those related to exact distributional characterizations and
asymptotic behavior, continue to attract attention. Early theoretical groundwork was laid by Athreya
and Fukuchi [1], Fukuchi [14], and Davison and Hinkley [10], while more recent developments were
addressed by Nigm [22], Schendel and Thongwichian [23], and Barakat et al. [4]. Further advances,
including extensions to related distributional settings, were provided by Barakat et al. [6] and Sobh
et al. [25,26].

In this paper, we further develop this line of research by investigating the asymptotic properties of
bootstrap procedures for both lower and upper m-GOSes under unknown linear normalization. The
results presented here contribute to a deeper understanding of their probabilistic structure and extend
the theoretical framework of GOSes. The remainder of the paper is organized as follows. Section 2
presents the theoretical results on the bootstrap behavior of both upper and lower extreme m-GOSes
under unknown linear normalizing constants. Section 3 provides a Monte Carlo simulation study to
construct confidence intervals for the left endpoint of a distribution based on the first r lower extreme
m-GOSes. Finally, Section 4 concludes the simulation with a summary of the main findings and their
practical implications.

2. Bootstrapping extreme m-GOSes under unknown normalizing constants

Suppose that the normalizing constants ay and by are unknown and must therefore be estimated
from the sample data X,,. Let ay and by denote suitable estimators of ay and by, respectively. We then
define the bootstrap distribution of the normalized m-GOS a;,' (Xff’rkj] .,—by) with estimated normalizing
constants by

A (m.k) _ A—1y(mk) 7
Q) = P(aN (YyZpiin —bn) < xIX,,).
Similarly, let ¢y and a?N be estimators of the normalizing constants ¢y and dy based on the sample X,,.
The corresponding bootstrap distribution of c;l(XﬁfZ’k) — ¢,) is then given by
S (mk A_ o 4
QU = P (e (YD - dy) < x1X,,).
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To investigate the asymptotic behavior of the bootstrap distribution of the upper and lower extreme

m-GOSes, in the case where the normalizing constants are unknown, we begin by the following
fundamental theorem.

Theorem 2.1. Let (ay,by) and (éN,c?N) be sequences of estimators of the normalizing constants
(an, by) and (cy, dy), respectively, where N = N(n). Assume that the following conditions hold:

() QU0 0w (00w S P w):

a W.D. C Ww.p.
Gy — 2Py [—NJL 1);
ay n CN n
i) —2ly ( N Nlﬁo].
an n CN n
Then,
m, m w.p.1
sup [Q5 | (x0) = PO (0] = 0 2.1)
xeR n
for upper m-GOSes, and
sup |0 (x) — PP ()| = ——> 0 (2.2)
xeR

for lower m-GOSes.

Moreover, the conclusions (2.1) and (2.2) remain valid if the almost sure convergence in (i)—(iii) is
replaced by convergence in probability.

Proof. The proof follows the same general approach as that of Theorem 3.3 in Barakat et al. [6], with
only the necessary modifications to accommodate the present setting. O

Theorem 2.2. Let m; = my = --- = m,_y = m > —1, and let r < n be an integer independent on n.
Assume that there exist normalizing constants ay > 0 and by such that (1.1) holds, where ay and by
are unknown. Let ay and by denote estimators of ay and by based on the sample X,,. Further, define

v = |n/M(N)], v/ = |n/eM(N)|, and let wr be the upper endpoint of the DF F. Suppose that the
estimators ay and by are chosen as follows:

(i) For W0 (x) = 1= T5((wi 6(x)"*"),

1 A
ay = F7'[1 = —— | = x"0 " by =0;
ay n ( M(N)) n-vn N

(ii) For ‘P%’k)(x) =1- FJ((Wz,(s(X))mH)’

1 A
ay = wr, - F,' (1 - W) Xl =X by = wp, = X000,

(iii) For ¥"(x) = 1 = Ty((wss(x)™),

1 1
ay = F'|1- _F 1 —— ) = xmh g
aw " ( eM(N)) " ( M(N)) n—v':n n=v.n

A 1
by = F'[1-——|=x""
N n ( M(N)) n—vn*
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If M(N) = o(n), then
r+1:N

sup [QU0 | (x) = PP )| S 0. (2.3)
xeR n

Furthermore, if Yoo, ""M™) < oo for every n € (0, 1), then (2.3) holds almost surely.

Proof. We begin with P1*)(x) = 1 = T;((wy,(x))"*!). Because by = 0, Condition (ii) of Theorem 2.1
is satisfied, and no further verification is required. Therefore, it suffices to establish the condition (iii),
which we address below. Specifically, we aim to show that

A (m,k)

a X, .

N Do By, 2.4)
an an n

either in probability or almost surely. To verify (2.4), let, € € (0, 1) be arbitrary, and define Vy(€) =
(e + Day. Denote by U, ,(x) the number of observations X; that exceed x for 1 < r < n. Then,
X(msk.)
P(LV-" 1> e) = P(X\"5, > (e+ Day) = P(X"5, > Vi(e))

aN n-vn
M(N
= P(U,n(X)(Vn(€) > k) ~ P (% nn(Vi(€) > 1)

_ P[M(N)
n

DX > V(e) > 1]
i=1
= P(M(N)1 - F,(Vn(e)) > 1). (2.5)
Moreover,
M(N)(1=F,(Vi(€))) = M(N)(1 - F,((e+ Day) = M(N)(1 - F,,((e+ D)ayy,) — log(e*V ") = (e+ ) < 1.

Hence,

(m.,k)
P(M—l >e)—>0. (2.6)

ay n
Following an analogous argument, we take Vy(e) = (1 — €)ay. Because
MNY(1 = Fy(Vn(€)) = M(N)(1 = Fo(1 = ©)aw)) = M(N)(1 = Fo(1 = €)ayy),
it follows that
M(N)(1 = F((1 = ) L log(e"7)=(1-67 > 1.
Thus, we have

X(m’k.)
P(—”_V'” -1< —6) = P(X,(fff:)n <(1- e)aN)
ay

= P (X", < in(©) = P(Unn(0)( V(o)) < k)

~ P(M N Vy(e) < 1) = P(M Z IX; > Va(e) < 1
n noiI
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= P(M(N)(1 = F,(Vi(e)) < 1) — 0. (2.7)

Combining (2.6) and (2.7), we obtain P(X;mv"L Jay — 1] > e) —> 0. Hence, Relation (2.4) holds in
probability. To strengthen this result to almost sure convergence, assume that

ZUME’M <oo forall0<n<1.
=1

Let Gn(7) denote the moment-generating function of a Bernoulli random variable with parameter 1 —
F,(Vy(€)). Because

M(N)(1 = F,(‘V(e))) % (e+ 1),

we deduce, for any fixed 7 > 0, that

log P(M(N)(1 = F(Vn(e) > 1) =

M(N M(N
’(1 ) ( )10 P(n(l - F.(Vy(e)) > M(N))

_ MW
( )10 P( m(l=Fy(Vy() - e‘rn/M(N))

< M) 1

og (e—m/Mav) E [ eTn(l—Fn((VN(e)))])

( )

~ —t+ log Gy(1) = —7 + log QN(N)(T)

—0(,T_
o —T+10ge(€“) €D

=T+ (e+ D% - 1) =: g(1,€). (2.8)
Differentiating g(t, €) with respect to T shows that the minimizer is 7y = dlog(e + 1). Now, define
2(€) = g(19,€) = —6log(e + 1) — (e + ) + 1.

Clearly, z(0) = 0. Moreover,

o 0
d(e)=———+ <0;

e+1  (g+ 1)

hence, z(€) is strictly negative for all € > 0. Next, define

Zn(E) _ M(N) log (e—‘rn/M(N)E [em(l_F’l((VN(f)))D .
n

Then, z,(€) — z(€). Substituting 7 = 7y(€) into (2.8) yields

So(to1

n=1

M

P{M(N)(1 = Fy(Vn(e)) > 1}

[e6] (e8]
- Z o7 (252 log PIMN)Y(1-Fu(Vi(@))>11) Z T

n=1 n=1
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Given € > 0, choose 6, > 0 such that z(€) + 6. < 0, and select N, large enough that g,(¢) < z(€) + . for

all n > N,.. Then,

0o Ne—1 oo Ne—-1 0
e T (© | Z e T _ z: e T © | }: o T @E+00)

}:eﬁm(f) _ E:
n=N¢ n=1 n=Ne

n=1 n=1

Because n/M(N) — 0, and z(€) + 6, < 0, the tail sum converges 0, and thus,

>p

n=1

oy (m.k) -
(Xn—v:n 1> 6) ~ Z P(M(N)(1 = F,(Vy(e)) > 1) < oo.
ay n=1

A symmetric argument for Vy(e) yields

o0 (m.k) had
Yp(FEmrcne) 3 P(Mav - Fi Ty < 1) <
n=1

n=1

Therefore, by the Borel-Cantelli lemma,

which establishes the first point of our theorem.
Next, assume W3 (x) = 1 = T;((wy,,(x))"*!). By Theorem 2.1, verifying Conditions (ii) and (iii)

reduces to showing that
~ (m.k) (m.k)
a_N — anrlz B anfv:ni) 1, (29)
ay an n
and A -
by —b X, —b
N N _ D NL) 0. (210)
ay ay n
Noting that
N K K
ay _ Xg —by XD - by
ay ay ay ’

to establish Egs (2.9) and (2.10), it suffices to show that
(mk) _
Xn:n bN L} 0,

n

(2.11)

ay

and )
X" —b

ooy TN P, . (2.12)
an n

To prove (2.11), let 0 < € < 1, and define Vy(€) = aye + by. Then,

MN) (1 = Fy(Vi(©)) = MIN) (1 = Fu(ediyr, + Bigy) — O,

Volume 11, Issue 8, 26308-26336.
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implying

» (X,Si’,';") — by

> e) = P(X,%’k) > eay + bN)
an

= P > Vi(e)) = P(U,n(Vy(e)) > 0)

M(N M(N)
~ P(L N (Vi) > ) P[L DX > Vi(e) > 0
n n P

= P(M(N)(1 = F,(Vx(€))) > 0) — 0. (2.13)
Similarly, for (\A/N(e) = —eay + by, we have
M(NY(1 = F(V(€)) = MINY(1 = Fo(—€dyny + D) i> e %0,

which leads to

» (X,a’?:;") ~ by

< —e) = P(X,(l':",;k) < —eay + bN)
any

= P(X9 < V(o) = PW,n(Vi(e) = 0)

M . M(N) < .
P( D Prnten = 0) - P(L 310> Vu(en = 0
noE
= P M(N)(l — F,(Vn(e)) = )L 0. (2.14)

Combining (2.13) and (2.14) yields P (|(X}/" - by)/ax| > €) —> 0, establishing (2.11) in probability.
Following the same argument as in the first part of the theorem, this also holds almost surely. We now
proceed to prove Eq (2.12). Forany 0 < € < 1, let Vy(€) = (€ — 1)ay + by. Then,
X0 —b
P( n—v:n N
ay

(m k)
n—-v.n

-(-1 > e)

> (€ - Day + bN)

P(x
P(XI0, > Vi(©) = P(Upn(Va(e) > k)

M N Vy(e) > 1)

(M(N) Z I(X; > Vy(e) > 1]

= P(M(N) = F,(Vn(€) > D). (2.15)

~P

I
i

It is straightforward to show that

MN)(1 = Fu(Vn(e) = M(N)(A = F,((€ = Dayyy + b)) % (1-e’ <1,

which implies P ((X,(lmvkzl by)/ay — (=1) > e) — 0. By following an analogous procedure, we obtain

((X(”’ N _by)ay - (-1) < —e) — 0. Thus, Eq (2.12) is established in probability. Applying the

n-vn

AIMS Mathematics Volume 11, Issue 8, 26308-26336.
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arguments from the first part of the theorem yields almost sure convergence, which completes the proof
of the second part.
Finally, for ‘P%’k)(x) =1-T ,((W3,,7(x))’"+‘ ), verifying the conditions of Theorem 2.1 requires

showing
a X(m,k) _ X(mak)

N PP (2.16)
an an n
and R b
by—by  X"b _p
NN Zmvn N 7,0, (2.17)
an an n

both in probability or almost surely. Because

~ (m,k) _ ( ,k)
an Xn—v' n bN Xnn—1v:n - bN

ay ay an

b

to prove (2.16) and (2.17), it is enough to show

X" —by
s (2.18)
aN n
and o
X0~ b
S NS0, (2.19)
ay n

To prove (2.18), for arbitrary 0 < € < 1, let (VN(E) = (e + 1)ay + by. Then,

Xm0 _p
n—v'n N (m,k)
P|2t— — 1> | = P(X" > (e+ Day + by)

ay

= PX"™0) > Vy(€) = PUyn(Vi(e) > k)

M(N
~P # n,N<va<e>>>e“)

- P @ ; I(X; > Vy(e) > e_lJ

1
=P|M(N)(1 - F,(Vn(e))) > E)'
It follows directly that
M(N)(1 = F(‘Vi(€)) = M(NY(1 = Fo((€ + Dy, + bign) — €D < e,

which implies

(m,k,) — by
P(L 1> e) —0. (2.20)
an n

Analogous to Eq (2.20), it can be shown that

AIMS Mathematics Volume 11, Issue 8, 26308-26336.
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ay

mb _ g
’. N
P(L 1< —e)—>o, 2.21)

which establishes (2.18). Almost sure convergence follows by the same reasoning as before.
Furthermore, Eq (2.19) can be established using the same approach as in Eq (2.10), thereby completing
the proof of the theorem. O

Theorem 2.3. Assume thatm; =my =---=m,_; =m > —1,and fix 1 <r <n. Let cy > 0 and dy be
constants satisfying the condition in (1.2), whose exact values are unknown. Define the indices

n , n
f:LTN)| and f—LR<N>|’

and let O denote the lower endpoint of the DF F. Let ¢y and dy be the estimators of cy and dy derived
from the sample X,, defined according to the target limiting DFs ‘i’ﬁ'f:’k)(x) as follows:

(i) For P9 (x) = T(z1.6(x)),

1 N
ey = —F =] =X d
CN n (R(N)) &n N

(ii) For W5y (x) = T (z26(x)),

I
=

A

1
()~ O = X0 - x00, d =0 =X

by = F-l
o R(N) &

n

(iii) For ‘T’g’f;’k)(x) = I (z3,5(x)),

1 1 A 1
A _F! — X(m,k) _ X(f"’k), dv = F~! — X(m,k).
=t (R(N)) ' (eR(N)) en " e OVE R Ry ) T e

If R(N) = o(n), then

A ~ wp.1
sup [ By (anx + by) = ¥ (x)| = 0, (2.22)

xeR
Furthermore, if Y2, "™ < oo for every n € (0,1), then the convergence in (2.22) holds almost
surely.

Proof. We begin with the first case, where ‘i’({”;’k)(x) = I'(z15(x)). Because dy = 0, Condition (ii) of
Theorem 2.1 is automatically satisfied, so it suffices to verify Condition (iii). Specifically, we show
that

n —X(',"’k)
S AN (2.23)
CN CN n
either in probability or almost surely. To prove (2.23) in probability, let € € (0, 1) be an arbitrary
constant, and define Vy(e) = —(e + l)cy. Let U, (x) denote the number of observations X; not

exceeding x. Then, we have

_xmh)
Pl— 1> EJ = P(-X2" > (e + Dey)
CN °

AIMS Mathematics Volume 11, Issue 8, 26308-26336.



26320

Moreover,
R(N)F,(Vn(e))

which implies

= P(X10 < Vy(o) =
N P(R(N)

P(Ury(Vie) > £)

Uy n(Vn(e) > 1)

= P(RIN)F,(Vn(e) > 1).

= RIN)F,(—(€ + 1)cy) = RIN)Fo(—(e + 1)c;(N))%>(e + D0 <1,

_xmb
P[ e -1> e)—>0.

ay

n

A similar reasoning applies to the lower tail. Define Vy(€) = (€ — 1)cy. Clearly,

RIN)F,(Vn(€)) = RIN)F,((e = )ew) = RIN)Fy((€ —

so it follows that

X(m’k)

T

CN

—1<—6J—

Dep)— (1 -7 > 1,

P(=x{"0 < (1= e)cy)
P(X0 > V(o)

P(Usy (Vo) <€)

(R(N LUz (Ve < 1)

P R(N)F (Vo) < 1) —0.

~P

Combining the results obtained in Eqs (2.24) and (2.25), we conclude that

which establishes Eq (2.23).
moment-generating function of a Bernoulli variable with success probability F,(Vy(e€)). Because

RIN)F(Vy(€)— (e + 1)7°, it follows that for any fixed 7 > 0,

R(N)
n

AIMS Mathematics

P('—ng’k)/ajv - 1‘ > e)~n—>0,

log P(RIN)F(Vn(€) > 1) =
_ R(N)

~

R(N)

logP(nF (Vn(e) > W)

IOgP(eTnF,,(’VN(e)) > eTn/R(N))

R(N )

log ( ~tn/RIN) [ eT”Fn((VN“))])

gG* N (@) =~ +log G*3"(1)

RN
—r+—1o
n

(2.24)

(2.25)

To extend this result to almost sure convergence, let Gy(7) be the
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—s 7+ (e+ )% - 1) =: g(1, €). (2.26)

Differentiation of g(t, €) with respect to ¢ shows that the unique minimizer is 7y = ¢ log(e + 1). Define

2(€) = g(19,€) = =logle + 1) — (e + 1)° + 1.

Clearly, z(0) = 0, and 7'(€) = —(6 + 1)/€ + §/(e + 1)°*! < 0, which implies that z(e) < O for all € > 0.

Next, define
R(N)

1 —Tn/R(N)E ™nF,(Vn(e)) )
- log (e ¢ J)
Then, z,(€) — z(€). Substituting 7 = 7¢(€) into (2.26) yields

P{RIN)F,(Vy(€)) > 1}

M

) (mk)
ZP[ X —1>E]~

n=

n=1

n_ RQY)
p( RV X g PRODE(Vy(e) > 1})

Dojg

n=1

€X (R(N)Zn(e))

Ma

l
—_

n

Fix € > 0. Choose 6, > 0 such that z(¢) + ¢, < 0, and take N, sufficiently large so that

z.(6) < z(e) + 6, foralln > N..

Then,
S n Neol o«
nZ::‘ eXp(R(N)Zn(E)) B HZ::‘ (R(N)Z”( )) * n:ZN: eXP(R(N)Zn(e))
Ne—1 o
< 2 ex (R(N)zn(e)) ’Zmexp(m(z(g) iy ))

Because n/R(N) — 0, and z(€) + 6 < 0, the tail series converges to 0. Hence,

N n=1

oo X(m k)
ZP[ o> e) ~ ZP(R(N)F (Vy(€) > 1) < co.

n=1

A symmetric argument applied to Vy(e) yields

(o)

27

n=1

n=

(m k) )
1< e] ~ Z P(RIN)F,(Vy(e)) < 1) < oo

Therefore, by the Borel-Cantelli lemma,
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which establishes the first part of the theorem.
Next, let F e D (‘i’(z":’k) (x)). We now verify Conditions (ii) and (iii), namely,

n X(’,"’k) _ X(r.n,k)
C_N _ &n I:in i) 1, (227)
CN CN n
and
L’i\N - dN Xil.n’k) - dN p
_ Zlm 50, (2.28)
CN CN n
either in probability or almost surely. Evidently,
R (m,k) m,k) m,k) m,
C_N _ Xf:n _Xi:n _ Xé:n - dN _ Xi;nk) _dN
CN B CN B CN CN '
Therefore, to prove (2.27) and (2.28), it suffices to show that
Xm0 d
A (2.29)
CN n
and )
X" —d
Tim TN P, (2.30)

CN n

either in probability or with probability 1. To establish (2.29) in probability, let € be an arbitrary
constant satisfying 0 < € < 1. Define Vy(e) = (e + 1)cy + dy, and let U}, (x) denote the number of

observations X; that do not exceed x for 1 < j < n. Because
R(N)F(Vn(€)) = RIN)F,((€ + ey + dy) = RINF,((€ + Dy, + diyy) = (€ +1)° > 1,

we obtain
X —d
PI= 15 €| = P(X9 > (e + Dy + dy) = P(XI9 > V(o)
CN : ’
* R N *
= P(Usn(Vi(e) <€) ~ P(% Urn(Va(e) < 1)
(2.31)

= P(R(N)F,(Vy(e)) < 1)—0.

Similarly, for (\A/N(e) = (1 — €)cy + dy, we have
RINF(Vy(€) = RINF.((1 = €)cy +dy) = RINF,((1 = )iy, + diyy) = (1 — €)° < 1,

which implies
X~ dy ,
p| = ~1<—¢|=P(X" < (1 - ey +dy) = P(XIY < V(o)

CN
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N R(N A
P(Ury(Vn(e) > €) ~ P(%U;N(VN(@) > 1
(2.32)

=P (R(N)F,,(‘VN(E)) > 1) —0.

Combining (2.31) and (2.32), we conclude that
(2.33)

X —dy
-1l>€e|l—0,
n

P

CN

and hence, (2.29) holds in probability. Using the same argument as in the first part of the theorem, this
convergence can be strengthened to almost sure convergence. We now establish (2.30). Let 0 < € < 1,

and define Vy(e) = ecy + dy. Then,
X —d
[ln—N > €| = P(Xin:k) > €cy + dN)

CN

= P(X{"Y > Vy(e)) = P(Usn(Vi(e) = 0)
(2.34)

R(N
~ P(QUVZN((VN(E)) = 0) = P(RIN)F(Vn(e)) =0).
Moreover, R(N)F,(Vn(€)) = RIN)F,(ecy + dy) = R(N)Fn(ec;‘;(N) + d;;(N)) = €° # 0, which yields
Xt -dy

P( > 6) 0.
CN n

By a similar argument,
X('_n’k) —dy
i &/ A < —e|—>0.

P [
CN n
Hence, (2.30) holds in probability. The almost sure convergence follows by the same argument used

earlier, completing the proof of second part.
In the third case, assume that F € D (‘i’g"'[l’k)(x)). To verify the conditions of Theorem 2.1, it suffices
(2.35)

to prove that
(mk) _ y(m,k)
@_N B Xfrn ng:n LA
CN CN no
and b
c? —-d X m - dN P
NN T En 5o, (2.36)
CN CN n
in probability (or almost surely). Noting that
. (m.k) (mk) _
C_N Xf:n - dN _ an dN
CN CN CN ’
it is sufficient to show that
xmh _ g
&n N p
— 0, (2.37)
CN n
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and
X0 — dy
L. (2.38)
CN n
To prove (2.37), let 0 < € < 1, and define Vy(€) = ecy + dy. Then,
X(@’k) _ d
P[“—N > e] = P(X\09 > ecy + dy)
CN :
= P(XI > Vy(©) = P(Uin(Vi(o) <€)
RIN) ~
~ P—=Uin(Vn(e) < 1| = PRINF(Vy(e) < 1). (2.39)

Because R(N)F,(Vn(e)) = R(N)F, (ecy + dy) = R(N)Fn(ec;}(N) + d;(N)) = ¢ > 1, we obtain
P((Xg’n’k) —dy)/cn > e) - 0. A similar argument shows that P((Xg:’l’k) —dy)/cen < —e) - 0, and
hence, (2.37) holds in probability (and almost surely by the same argument as before). Finally, we turn

to prove (2.38). Forany 0 < € < 1, set Vy(€) = (¢ — 1)cy + dy. It can be shown that
R(N)F(Vy(€)) = RIN)F,((e = Dey + dy) = RIN)F,((€ = Doy, + dpyy) = €' > e

Consequently,
X(,m’k) —dy
én o _ (m,k) _ _ (m,k)
P (-1) > | = P(X, > (6= Dey + dN) - P(X, > (vN(e))
CN &in &n
, R(N) _

= P(Usn(Vi(e) < &) ~ P(TU,;N((VN(e)) <e 1)
= P(RIN)F,(Vy(e) < ™) —0. (2.40)

An analogous argument shows that
X9 —d

én N
Pl _(-D< —e] —0. (2.41)
CN n

Combining (2.40) and (2.41) implies that (2.38) holds in probability. The corresponding almost sure
convergence follows from an analogous argument, which completes the proof of the final part of the
theorem. =

Remark 2.1. The estimators proposed in Theorems 2.2 and 2.3 are intended to provide explicit
and computationally convenient choices satisfying the assumptions of Theorem 2.1. However, the
asymptotic weak convergence established in Theorem 2.1 is not tied to these particular estimators. Any
estimators of the normalizing constants satisfying the consistency conditions of Theorem 2.1, namely

EN w.p.1 bN - bN w.p.1
—_— > 1’ >
an n an n

together with the analogous conditions for the lower extremes, may be used in place of the empirical
quantile estimators. Consequently, the proposed asymptotic framework is applicable to a broad class of
estimation procedures, including maximum likelihood estimators and other asymptotically equivalent
consistent estimators whenever the required consistency conditions can be verified.
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Connection with left endpoint estimation. The inferential objective of the proposed procedure is
the unknown left endpoint 6, of the underlying distribution. Although 6; is not directly observable,
information about this parameter is contained in the first lower extreme m-generalized order statistic,
which reduces to the sample minimum in the ordinary order statistics model. The asymptotic results
established in Section 2 provide the theoretical justification for constructing a pivotal quantity based
on this observable statistic together with consistent estimators of the unknown normalizing constants.
Consequently, confidence intervals derived from the limiting bootstrap distribution of the pivotal
quantity translate directly into confidence intervals for the unknown left endpoint. The following
section develops this construction in detail.

3. Asymptotic bootstrap confidence intervals for the finite left endpoint of a continuous
distribution

Estimating the endpoints of continuous distributions is of significant interest across various
statistical applications, particularly when the analysis depends on lower extreme OOSes or lower
extreme GOSes. This challenge becomes more pronounced with finite sample sizes because the
variability of lower OOSes can greatly affect the stability of estimators and the accuracy of confidence
intervals.

Although confidence intervals (Cls) are the standard for quantifying uncertainty in this framework,
their validity remains contingent upon distributional assumptions and construction methodology.
Classical asymptotic approaches, though analytically convenient, utilize limiting approximations that
frequently lose precision in moderate sample sizes or under model misspecification. In particular,
inference based on the spacing properties of OOSes is highly sensitive to distributional deviations.
These constraints necessitate the use of resampling based techniques, specifically the bootstrap, which
offers a robust, data-driven alternative. By estimating the sampling distribution directly from the
observed data, the bootstrap effectively captures finite sample variability and relaxes the reliance on
restrictive parametric assumptions.

This simulation study is conducted to evaluate the finite sample performance of 95% Cls for the
left endpoint parameter of positive distributions. The analysis focuses on the standard exponential
distribution and gamma distribution with shape parameter of 1.35 and scale parameter of 1, and it
considers two data generating frameworks: the OOS and the SOS models.

To investigate the impact of sample size, several configurations are examined, including n =
50, 100, 1000, and 10,000. In the bootstrap framework, resamples of size M = 50 and M = 100
are drawn from the original sample, with B = 1000 bootstrap replications within each Monte Carlo
experiment. The empirical coverage probabilities are computed from R = 10, 000 independent Monte
Carlo replications for the asymptotic confidence intervals and from R = 100 independent Monte Carlo
replications for the bootstrap confidence intervals. In the latter case, each Monte Carlo replication uses
B = 1000 bootstrap resamples to construct the corresponding bootstrap confidence interval.

It should be emphasized that the bootstrap replications and the Monte Carlo replications play
different roles in the simulation study. Specifically, each bootstrap confidence interval is constructed
from B = 1000 bootstrap resamples, whereas the reported empirical coverage probabilities are obtained
by averaging over R = 100 independent Monte Carlo experiments. Thus, the value R = 100 refers
only to the number of repeated simulation runs used for performance evaluation and should not be
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interpreted as the number of bootstrap replications.

3.1. Choice of the bootstrap sample size

The theoretical results established in Theorems 2.2 and 2.3 require only that the bootstrap sample
size satisfies M = o(n), which guarantees the asymptotic validity of the proposed bootstrap procedure.
This condition permits a broad class of admissible growth rates, for example,

M = logn, M = +/n, M =n*,

or, more generally, M = n*, 0 < a < 1. In the present simulation study, we adopt M = 100 for
a sample size of n = 10,000, which clearly satisfies the theoretical requirement. This value was
selected to provide a computationally efficient implementation while remaining fully consistent with
the assumptions of Theorems 2.2 and 2.3. Larger admissible values of M may reduce the Monte Carlo
variability of the bootstrap approximation, but they also increase the computational cost. Because all
admissible choices satisfying M = o(n) lead to the same asymptotic results established in Theorems 2.2
and 2.3, the choice of M primarily represents a practical tradeoff between computational efficiency and
finite-sample precision rather than a theoretical requirement.

In this section, we focus on distributions for which the normalized lower extreme m-GOSes belong
to the Weibull domain of attraction. The construction of bootstrap Cls for the left endpoint is based
on a modified pivotal quantity adapted from Fukuchi [14], which was originally inspired by the pivotal
quantity proposed by Weissman [28]. Our proposed pivotal quantity for m-GOSes is defined as

(m,k) (m,k)
_ Yl:M _Xlsn

QT/,M,H = (m.k) (mk) V2 29 (31)
Yom —Yim

where Yl.(:’;ff) denotes the ith m—GOS of a bootstrap sample of size M, and X i’:’;") is the minimum of the
original GOS sample of size n.

In view of Theorem 4.8 of Fukuchi [14] and the results of Barakat [2], together with Theorem 2.3
of the present work, it is ensured that the asymptotic distribution of the pivotal quantity Q7 ,, can be
approximated by

s\v—1
GW)ZP@%MﬂSq)jﬁll—b—(T%Z)) ], g>0, vx2. (32)

Clearly, the distribution of 07 ,,  depends on v and the shape parameter 6, which can be estimated from
the data. For a given ¢, the pth quantile of the pivotal quantity is given by

(1-(-plo )"
1— (1= (1= pyyo-nyte’

G (p,v,0) = 0<p<l. (3.3)

These quantiles are used to construct CIs by inverting the pivotal relationship.
The shape parameter ¢ of the Weibull domain of attraction can be estimated using a modified
version of the estimator proposed by El-AdIl et al. [13], which is based on the first » m-GOSes,
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yo yl L Y™ and is given by

5= r-2 . (3.4)

r—1 (m,k) (m,k)
Y. -X
. i+1:M 1:n
Z(l B 1) IOg( Y(m7k) )

— k)
i=2 iiM Xl:n

All simulation results reported in Tables 1-12 are obtained through repeated application of the
bootstrap procedure described in Algorithm 1. This algorithm integrates resampling, estimation of
the shape parameter, and interval construction in a unified framework.

The performance of the Cls is evaluated using two criteria: coverage probability (CP), defined as
the proportion of intervals that contain the true parameter value, and average interval width (AIW),
which measures the precision of the intervals.

The simulation relies on two significant submodels:
(1) OOSes, withm =0and k = 1.

(2) SOSes, with model parameters defined as m = 1 and k = 1.

Table 1. Estimated CPs and AIWs for 95% asymptotic Cls for the left endpoint of the EXP(1)
distribution, based on 10,000 Monte Carlo replications with sample size n = 50 for the OOS

model.
% r=10 r=15 r=20 r=25 r =230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
2 8945 1.102 91.33 0.955 92.82 0.857 93.98 0.785 94.33 0.737
4 8736 0.190 90.37 0.168 91.79 0.154 92.26 0.143 93.03 0.132
8 8741 0.122 8943 0.111 90.75 0.103 91.58 0.095 91.32 0.085
16 84.79 0.118 90.54 0.099 90.78 0.091 90.58 0.082 90.45 0.074

32 8124 0.156 87.65 0.128 90.57 0.109 92.33 0.094 92.57 0.080
CP = Coverage probability (%), AIW = Average interval width.

Table 2. Estimated CPs and AIWs for 95% asymptotic CIs for the left endpoint of the
EXP(1) distribution, based on 10,000 Monte Carlo replications with sample size n = 100 for
the OOS model.
v r=10 r=15 r=20 r=25 r=30
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW

2 89.00 0.573 91.16 0488 91.84 0.455 93.48 0.433 93.68 0.409
4 86.87 0.097 89.07 0.088 90.83 0.082 91.69 0.078 92.72 0.076
8 86.66 0.061 89.10 0.058 89.94 0.055 90.94 0.052 91.55 0.050
16 84.37 0.056 88.78 0.049 90.43 0.047 90.52 0.045 90.59 0.043
32 80.05 0.064 86.45 0.054 88.90 0.049 90.22 0.045 91.22 0.042
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Table 3. Estimated CPs and AIWs for 95% asymptotic bootstrap CIs for the left endpoint of
the EXP(1) distribution. Results are based on R = 100 Monte Carlo replications, each using
B = 1000 bootstrap samples of size M = 50 drawn from a sample of size n = 1000 for the
OOS model.
v r=10 r=15 r=20 r=25 r =30
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW

2 9043 1.378 92.05 1.246 88.51 1.097 91.67 0.867 94.74 0.788
4 8991 0.227 89.69 0.183 8526 0.196 94.68 0.165 9691 0.142
8 90.72 0.141 89.58 0.133 93.81 0.094 91.67 0.101 95.92 0.096
16 83.16 0.159 92.63 0.134 94.62 0.112 96.81 0.095 98.89 0.073
32 70.13 0.265 90.72 0.164 84.38 0.141 96.88 0.122 93.55 0.093

Table 4. Estimated CPs and AIWs for 95% asymptotic bootstrap CIs for the left endpoint of
the EXP(1) distribution. Results are based on R = 100 Monte Carlo replications, each using
B = 1000 bootstrap samples of size M = 100 drawn from a sample of size n = 10, 000 for
the OOS model.
v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW

2 89.55 0.693 9198 0.577 93.03 0.515 93.85 0482 9426 0.454
4 88.87 0.125 91.75 0.106 92.85 0.097 93.64 0.089 94.18 0.085
8 89.54 0.084 92.14 0.073 9343 0.067 94.14 0.062 94.54 0.058
16 86.51 0.084 9254 0.067 94.24 0.061 95.03 0.056 95.52 0.052
32 80.49 0.103 89.67 0.079 93.22 0.067 95.05 0.061 96.17 0.054

Table 5. Estimated CPs and AIWs for 95% asymptotic CIs for the left endpoint of the
Gamma(1.35, 1) distribution, based on 10,000 Monte Carlo replications with sample size
n = 100 for the OOS model.

% r=10 r=15 r=20 r=25 r=30
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW

2 89.51 1.755 91.28 1.527 93.05 1.454 93.18 1.357 93.60 1.313
4 86.65 0.270 88.58 0.253 90.04 0.240 91.14 0.227 91.35 0.219
8 84.56 0.160 87.08 0.152 88.47 0.146 89.36 0.139 89.34 0.136
16 81.17 0.137 8554 0.122 86.81 0.117 87.73 0.115 87.64 0.110
32 7649 0.140 81.44 0.124 8496 0.115 86.30 0.109 86.37 0.102
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Table 6. Estimated CPs and AIWs for 95% asymptotic bootstrap CIs for the left endpoint
of the Gamma(1.35, 1) distribution. Results are based on R = 100 Monte Carlo replications,

each using B = 1000 bootstrap samples of size M = 50 drawn from a sample of size n =
10, 000 for the OOS model.

v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
2 90.39 3.694 92.82 3.001 94.04 2.648 9481 2.371 9541 2.152
4 90.05 0.619 929 0515 94.04 0457 9469 0.41 9479 0.372
8 90.67 0.403 93.63 0.341 94.75 0.3 95.07 0.267 94.83 0.237
16 87.58 0.392 94.19 0.308 959 0.268 96.2 0.236 95.65 0.207
32 78.06 0.523 89.85 0.396 94.61 0.325 96.96 0.271 98.06 0.227

Table 7. Estimated CPs and AIWs for 95% asymptotic bootstrap Cls for the left endpoint
of the Gamma(1.35, 1) distribution. Results are based on R = 100 Monte Carlo replications,

each using B = 1000 bootstrap samples of size M = 100 drawn from a sample of size
n = 10,000 for the OOS model.

v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
2 89.69 2246 92.13 1.881 93.19 1.693 9392 1568 94.38 1.479
4 89.16 0.373 91.86 0.322 93.09 0.291 9394 0.271 94.23 0.255
8 8943 0238 9243 0.207 93.38 0.192 94.35 0.175 94.69 0.165
16 86.71 0.220 92.83 0.181 94.37 0.164 95.16 0.152 9552 0.142
32 80.08 0.251 89.65 0.199 9344 0.172 95.29 0.154 96.47 0.141

Table 8. Estimated CPs and AIWs for 95% asymptotic Cls for the left endpoint of the EXP(1)
distribution, based on 10, 000 Monte Carlo replications with sample size n = 100 for the SOS
model.

v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
2 8892 0.561 91.28 0486 92.68 0.448 9291 0.440 93.69 0.422
4  86.68 0.097 89.28 0.088 90.85 0.083 91.68 0.079 92.55 0.076
8 8650 0.061 89.15 0.056 89.75 0.054 91.03 0.052 92.00 0.050
16 84.50 0.056 89.06 0.050 90.26 0.047 90.46 0.045 91.11 0.043
32 79.72 0.064 86.08 0.054 89.06 0.049 90.39 0.045 91.23 0.042

Table 9. Estimated CPs and AIWs for 95% asymptotic bootstrap CIs for the left endpoint of
the EXP(1) distribution. Results are based on R = 100 Monte Carlo replications, each using
B = 1000 bootstrap samples of size M = 50 drawn from a sample of size n = 10, 000 for the
SOS model.
v r=10 r=15 r=20 r=25 r=130
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW

2 9029 0.613 9247 0.502 93.52 0.446 9421 0405 9436 0.371
4 89.83 0.112 9225 0.094 9324 0.083 9392 0.075 94.03 0.068
8 90.69 0.079 93.15 0.067 94.04 0.059 94.34 0.053 94.42 0.047
16 87.61 0.083 93.62 0.064 95.25 0.056 95.65 0.049 95.17 0.043
32 79.59 0.121 90.09 0.088 94.11 0.071 96.11 0.059 97.13 0.049
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Table 10. Estimated CPs and AIWs for 95% asymptotic bootstrap CIs for the left endpoint
of the EXP(1) distribution. Results are based on R = 100 Monte Carlo replications, each

using B = 1000 bootstrap samples of size M = 100 drawn from a sample of size n = 10,000
for the SOS model.

v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
88.43 0.341 9093 0.273 92.07 0246 9258 0.229 93.05 0.218
87.61 0.063 91.04 0.051 9193 0.045 9234 0.042 92.74 0.04
88.27 0.041 9142 0.034 9223 0.033 9272 0.028 92.68 0.027

6 84.88 0.041 91.90 0.032 9325 0.029 93.66 0.026 9395 0.024

32 77.88 0.053 89.09 0.038 92.59 0.032 93.99 0.028 94.83 0.025

— 00 N~ N

Table 11. Estimated CPs and AIWs for 95% asymptotic bootstrap Cls for the left endpoint
of the Gamma(1.35, 1) distribution. Results are based on R = 100 Monte Carlo replications,
each using B = 1000 bootstrap samples of size M = 100 drawn from a sample of size
n = 10, 000 for the SOS model.

% r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
88.21 1.355 90.73 1.092 91.88 0986 92.38 0918 929 0.871
87.38 0.219 90.85 0.183 91.68 0.166 92.14 0.155 9247 0.146
88.07 0.137 91.21 0.116 92.02 0.105 925 0.098 9244 0.092

6 8459 0.131 91.76 0.103 93.13 0.093 93.52 0.086 93.72 0.081

32 7721 0.15 88.81 0.113 9247 0.098 9391 0.088 94.75 0.08

— 00 B~ N

Table 12. Estimated CPs and AIWs for 95% asymptotic bootstrap Cls for the left endpoint
of the Gamma(1.35, 1) distribution. Results are based on R = 100 Monte Carlo replications,
each using B = 1000 bootstrap samples of size M = 50 drawn from a sample of size n =
10, 000 for the SOS model.

v r=10 r=15 r=20 r=25 r=230
CP% AIW CP% AIW CP% AIW CP% AIW CP% AIW
90.33 2.048 9254 1.683 9357 149 9421 1.35 9435 1.23
89.9 0345 9229 0.288 93.26 0.255 93.8 0.231 93.85 0.21
90.81 0.226 9326 0.192 94.08 0.17 942 0.153 9398 0.137

6 87.63 0.221 93.83 0.174 95.39 0.153 9559 0.136 94.78 0.12

32 7893 0.288 90.06 0.22 9429 0.181 96.3 0.153 97.21 0.13

—_ 00 B~ N
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Algorithm 1: Asymptotic bootstrap confidence intervals for the left endpoint.

1

2

e X N S AW

10
11

12
13

14
15
16
17
18

19
20
2

[y

22
23

F: Known CDF; n: Original sample size; M: Bootstrap sample size;
Input: B: Number of bootstrap resamples; R: Number of Monte Carlo replications;
r, v: Tuning parameters (r > 3, v > 2); @ = 0.95: confidence level.
Output: CP: Estimated coverage probability; AIW: Estimated average interval width
Initialization: Define pivotal quantity O, Mn and its quantile function via (3.1) and (3.3),
respectively.
for rep = 1 to R do

Step 1: Choose CDF F and m-GOS model parameters m and k.
Step 2: Generate sample X,, = (Xi’:l’k), .., X0y via F and extract X;’:’;’k).
Step 3: Initialize interval storage C,., = 0.
for b =1to Bdo

Draw Y via bootstrap with replacement; sort to get Y\ < -+ < Y0,

if |79 — X) < 10 then

continue (skip degenerate case)
end
Step 4: Estimate shape parameter 6’ via (3.4) using first r order stats:
Yy <<yl
if 0 < 0’ < co then
Step 5: Set 7 = 1 — @. Compute quantiles:
g = G'(3,v,0") and q1_rjp = G7'(1 = £,v,6%).
Step 6: Construct interval (L,, U,) by inverting Q) vino namely:
Ly =Y\ = qiep - V0 =Y Uy = Y0 = qopn - (Y00 = Y0,
Append (L, Up) t0 Cep.

end
end
Step 7: Set B,., = |Crepl-
if B,., > 0 then

1 (m,k) 1
CPye = =— WL<XM0<U), AlW,,=— > (U-L)
TP (L,U)eCrep P (L,U)eCyep
end
end

Step 8: Aggregate final results

CP= 430, CPy AW = § 35, AW,

return CP, AIW

AIMS Mathematics Volume 11, Issue 8, 26308-26336.



26332

3.2. Computational complexity

Algorithm 1 is computationally efficient and scales well with the bootstrap sample size. Generating
a single bootstrap sample of size M requires O(M) operations, whereas sorting the resulting sample,
which is needed to compute the lower extreme m-GOSes, requires O(M log M) operations using
standard sorting algorithms. Consequently, one bootstrap replication has an overall computational
complexity of
O(Mlog M).

If B bootstrap replications are performed, the total computational complexity becomes
O(BM log M).

Because the proposed asymptotic framework requires only that M = o(n), the bootstrap sample size
remains substantially smaller than the original sample size for large n. Therefore, the computational
burden grows moderately with M, making the proposed procedure computationally feasible, even for
large datasets.

4. Results and discussion

The simulation results provide important insights into the behavior of asymptotic bootstrap Cls
under different configurations.

4.1. Effect of tuning parameters

The tuning parameters r and v, along with the accuracy of the estimator for the shape parameter
6, play an important role in influencing the effectiveness of the proposed asymptotic bootstrap Cls for
the left endpoint. Increasing the number of observed lower m-GOSes, r, improves both the CP and the
AIW. This is due to the fact that larger values of » improve the estimation of the shape parameter o.
On the other hand, increasing v consistently reduces the AIW. This reflects the use of wider spacings
Y i"}‘f) -Y ff'l’j), which produce tighter intervals. However, large values of v tend to reduce CP, particularly
in small samples, due to increased variability in higher- order spacings. These highlight a fundamental
tradeoff between accuracy and efficiency: Smaller values of v favor coverage, whereas larger values
improve precision.

For the exponential distribution, the asymptotic CIs perform well when appropriate parameters are
selected, as it is expected. In particular, for » > 25 and small values of v (such as v = 2 or 4), the
CP approaches the nominal 95% level. This behavior can be attributed to the compatibility between
the exponential distribution and the structure of the pivotal quantity, which relies on spacing properties
that are well characterized under exponential models. Increasing the sample size improves the CP and

reduces the AIW, indicating increased efficiency.

4.2. Performance under the gamma distribution

In contrast, the asymptotic confidence intervals consistently exhibit modest undercoverage for
the Gamma(1.35, 1) distribution across the simulation settings considered. Although the coverage
probabilities remain below the nominal level, this behavior should not be interpreted as a failure of the
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proposed asymptotic theory. The Gamma(1.35, 1) distribution satisfies the assumptions required by
Theorems 2.1-2.3 and therefore lies within the theoretical framework developed in Section 2.

The observed undercoverage is instead attributable to finite-sample effects. Although the asymptotic
approximation remains valid, the convergence to the limiting distribution is comparatively slower than
for the exponential benchmark, so higher-order remainder terms have a more noticeable influence
on the finite-sample distribution of the bootstrap statistic. Consequently, the empirical coverage
probabilities are slightly below the nominal level for the sample sizes considered. As the sample
size increases, these higher-order effects are expected to diminish, in accordance with the asymptotic
theory.

These findings indicate that the finite-sample performance of the proposed procedure depends
not only on the validity of the asymptotic assumptions but also on the rate at which the limiting
approximation is attained. Nevertheless, the simulation results confirm that the theoretical conclusions
remain applicable to the Gamma(1.35, 1) model.

4.3. Bootstrap performance

The bootstrap ClIs reveal a highly satisfactory performance compared to their asymptotic
counterparts, consistently achieving CPs closer to the nominal level across almost all simulated
scenarios. This improvement stems from the data-driven nature of the bootstrap, which directly
approximates the finite sample distribution of the pivotal quantity without relying on rigid asymptotic
assumptions. Consequently, bootstrap methods effectively capture relatively small sample variability
and mitigate estimation bias.

4.4. Effect of sample size and bootstrap size

Increasing the sample size n leads to improved performance for both asymptotic and bootstrap
methods. CPs become more stable and closer to the nominal level, and interval widths decrease due
to increased information in the data. Similarly, increasing the bootstrap sample size M enhances the
stability of the pivotal quantity and improves the overall accuracy of the intervals.

4.5. Practical implications

Based on the simulation results, several practical recommendations can be made:

e The bootstrap method is highly suited for general applications, particularly when the exact
functional form of the underlying distribution is unknown, yet specific qualitative or structural
shape properties are available.

e For exponential data, asymptotic methods can be used as computationally efficient alternatives
when r > 25, and v is small.

e Moderate values of v (such as v = 4 or 8) provide a good balance between coverage and interval
width.

e Although larger values of r enhance the stability when estimating the tail or shape parameter of
the asymptotic limit, » must still be restricted to a lower extreme to preserve asymptotic validity.

Overall, the simulation study demonstrates that although asymptotic CIs can perform adequately under
ideal conditions, their performance deteriorates under model misspecification. In contrast, bootstrap
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intervals offer a robust and reliable alternative for left endpoint estimation, particularly when relying
on a single sample with fewer restrictions on the underlying distribution.

4.6. Choice of the tuning parameter v

Based on the simulation study, values such as v = 4 or v = 8 provide a satisfactory compromise
between interval stability and computational efficiency and may therefore be recommended for routine
applications. When the underlying distribution is unknown, it is advisable to carry out a preliminary
assessment of the lower-tail behavior, for example by means of a quantile-quantile (Q-Q) plot or an
appropriate goodness-of-fit procedure. If the data exhibit noticeable departures from an exponential-
type model, practitioners should interpret the resulting confidence intervals with additional caution,
as finite-sample performance may be influenced by the rate of convergence to the asymptotic regime.
Nevertheless, provided that the assumptions of the proposed methodology are satisfied, the asymptotic
validity of the procedure remains unaffected.

4.7. Future research

The present work focuses on establishing the asymptotic theory of bootstrap procedures for
extreme m-generalized order statistics under unknown normalizing constants and on developing the
corresponding bootstrap confidence intervals. The numerical study is intended to illustrate the finite-
sample performance of the proposed methodology rather than to provide an exhaustive comparison
with alternative inferential procedures. A systematic comparison with direct parametric approaches,
such as methods based on L-moments or other parametric endpoint estimation techniques, would
require a substantially different simulation framework and performance criteria. Such a comprehensive
comparative study is beyond the scope of the present paper and constitutes an interesting direction for
future research.
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