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conditions for finding minimizers, under the assumption that a minimizer always exists. This
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1. Introduction

Optimization problems serve as fundamental challenges across numerous scientific and engineering
domains, aiming to find the best solution among a set of feasible options. In recent years, the
integration of fuzzy variables into optimization frameworks has received attention in the fields of
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science and engineering such as image segmentation, vessel contouring, and other optimization
problems [1-3], due to their ability to handle uncertainty and imprecision inherent in real-world
scenarios. Within this landscape, fuzzy variational problems represent a distinct subset, wherein
optimization objectives are subject to fuzzy constraints or involve fuzzy-valued functions. Although
the theory of fuzzy partial differential equations has received significant attention [4], the research
on fuzzy variational problems is still developing, with limited studies on conditions guaranteeing the
existence and uniqueness of solutions [5,6].

On the other hand, the theory of fuzzy partial differential equations (PDEs) has been well-studied,
and several researchers have investigated the existence and uniqueness of fuzzy solutions to fuzzy
partial hyperbolic functional differential equations under the Buckley—Feuring derivative [7, 8]. Their
approach involves transforming the fuzzy PDE into a fixed-point problem for a suitable operator and
establishing the Lipschitz condition of the operator that leads to the fixed point corresponding to a
unique solution of the fuzzy PDE. However, it is important to note that the Buckley—Feuring derivative
utilizes the classical notion of a derivative in a fuzzy sense, obtained by the associated a-level sets of
the fuzzy functions, which may not always exist. Due to this, the notion of Buckley—Feuring derivative
does not have a clear interpretation in the fuzzy setting, as pointed out in the work of Bede and Gal [9].
As for the generalized Hukuhara (gH) differentiability concept, it is based on the generalized Hukuhara
difference, which is defined in two ways: Either the first fuzzy number contains the translation of
the second, or the second includes the translation of the first. This approach helps to deal with the
situation in these two ways and, as a result, increases the possibility of solving problems that allow
for a more flexible approach where the derivative can be defined even in cases of imprecision or
uncertainty. Therefore, the gH-differentiability concept allows for the consideration of a wider class of
fuzzy functions [10].

In 2017, Long et al. [11] employed a similar approach to that of Long et al. [7], proving that
the solutions to fuzzy fractional partial differential equations exist and are unique under Caputo gH
differentiability. The former utilized a weaker Lipschitz condition that is under weakly contractive
mapping. Subsequently, these results were used to study and establish the existence and uniqueness of
solutions for fuzzy partial differential equations involving intuitionistic fuzzy sets [12].

Although some variational problems inherently involve PDEs, the literature on fuzzy variational
problems remains limited [6]. It was first investigated by Farhadinia [13], who aimed to find the optimal
solution for a fuzzy energy functional, where the variables are imprecise or uncertain. He derived
Euler—Lagrange equations for fuzzy variational problems to calculate the extremals explicitly. For this
purpose, he used Buckley—Feuring differentiability and fuzzy convexity notions in the classical sense
via the a-level set approach. He provided a theoretical framework for fuzzy optimization problems
by introducing the necessary conditions for optimality in fuzzy variational problems, which extend
the classical Euler-Lagrange equations to the fuzzy case. However, it is important to note that most
existing research does not guarantee the existence of a solution. Recent studies have employed different
notions of differentiability to obtain Euler—Lagrange equations as necessary optimality conditions for
local extrema in fuzzy variational problems [13, 14]. Furthermore, similar results were obtained for
fuzzy fractional variational problems (see, for instance, [15, 16]). More recently, Verma et al. [5]
studied the existence and uniqueness of minimizers for functions that are differentiable in the Buckley—
Feuring sense.

In light of this, the present study establishes sufficient conditions for the existence and uniqueness
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of minimizers of fuzzy variational problems under a broader class of fuzzy differentiable functions,
particularly gH differentiable functions.

The paper is organized as follows. Section 2 provides some definitions and results on fuzzy sets and
functions, gH differentiable functions, invex sets, and preinvex functions, which are essential for this
study. Section 3 presents the framework for studying sufficient conditions by defining multivariable
preinvex gH differentiable functions and deriving the corresponding lower-bound property result.
Section 4 presents the main results of this study, namely the sufficient conditions that guarantee the
existence and uniqueness of minimizers. Section 5 provides an application of the main result to a
fuzzy optimal control problem. The study is then concluded in Section 6.

2. Preliminaries

We now introduce the fuzzy variational problem (FVP), followed by the standard definitions and
concepts used throughout the paper, including fuzzy numbers, fuzzy functions, their corresponding a-
level functions, and some important concepts such as the continuity and integrability of fuzzy functions.
The fuzzy variational problem is formulated as follows:

minimize 1 () := fo N h(x, 9(x), ¥(x)) dx, o

subject to V(x9) = Vo, V(xp) = Vy.

Here, we wish to find the function ¥ that minimizes the functional 7 whose integrand I QXFXF > F
assigns a fuzzy number to each point (x, ¥(x), ¥(x)), where x € Q = [x, x¢] € R, Vs the fuzzy-valued
state function, ¥ denotes its gH derivative, and # denotes the set of all fuzzy numbers on R. Problems of
the form (2.1) arise in fuzzy variational calculus when uncertainty or imprecision in the state variable is
represented through fuzzy-valued functions [13]. Such problems are useful for modelling optimization
problems in which the state of the system is not precisely known. In this direction, the imperfect
production process model studied by Roul et al. [3] is considered in Section 5 as an application of the
proposed results.

A fuzzy number is a fuzzy set A whose membership function u; : R — [0, 1] is normal, fuzzy
convex and upper semicontinuous, the closure of the support of u; is compact [17].

Definition 2.1. (Fuzzy function [18]) Let Q C R. A function 7V : Q — ¥ is said to be a fuzzy function
if ¥(x) represents a fuzzy number for every x € Q.

The a-level set of ¥(x) for x € Q is denoted by
vola] = V(x, @),V (x, @),

where V'(x, @) = mingejo 1{v(x)[@]} and v'(x, @) = max,ep11{v(x)[a]} are bounded functions that are
monotonically increasing and decreasing functions in «, respectively. The continuity and integrability
of fuzzy functions are expressed in terms of left and right endpoint functions [5, 6,13, 19]. To proceed
further, let us recall the definition of gH differentiable fuzzy functions, which is based on the concept
of gH difference.
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Definition 2.2. (gH difference [20]) The gH difference of two fuzzy numbers y and v, denoted by
U1 S,p v, exists if there is a fuzzy number 7 such that

l.u=v+r,or
2.v=u+(-Dr.

The a-level sets of 7 are expressed as
7'le] = min{g'[a] - V[a], 1'[a] = V'[al},

7'[e] = max{u'[a] - V[e], W' [a] = V]l

In general, the Hukuhara difference of u and v exists if u contains a translation of v that is essentially
the part 1 of Definitions 2.2. The gH difference, on the other hand, allows for its definition to work in
either direction.

Definition 2.3. (gH differentiable fuzzy function [10]) Let Q C R be an open set and ¥ : Q — ¥ be a
fuzzy function. A fuzzy function is said to be gH differentiable if

V(x + h) ©gn V(x)
h

P(x) = lim
( ) h—0
exists.

In particular, if v/(x, @) is an increasing function, and v'(x, &) is a decreasing function of « for every
a € [0, 1], then the gH derivative of ¥ expressed in its a-level set is

v()[e] = |lim Vet el = vila] i L+ Mle] = vi(x)la]
BT h = h

[Wmmywmﬂ

If v!(x, @) is a decreasing function, and v"(x, @) is an increasing function of a for every a € [0, 1], then
the gH derivative of ¥ expressed in its a-level set is

v(x)[a]

9

[ SV + el -v el .. V(x+ b[a] - ViX)[e]
lim lim
h—0 h h—0 h

Pmmﬂwm}

We now recall a result by Bede and Stefanini [10] that expresses the relation of gH differentiable
fuzzy functions in terms of its a-level set.

Theorem 2.1. Let Q C R be an open set. Let V : Q — F be a fuzzy function such that its a-level set,
v(x)[a] = V(x)[al, v (x)[a]], where V/(x)[a] and V' (x)[a], are real-valued differentiable functions with
respect to x € Q for all a € [0, 1]. Then, the function ¥(x) is gH differentiable at a fixed x € Q if and
only if one of the following two cases holds:
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1. V'(x)[a] is increasing, and V' (x)[a] is decreasing for every a € [0, 1] with V(x)[a] < V' (x)[].
2. V'(x)[a] is increasing, and V'(x)[] is decreasing for every a € [0, 1] with V'(x)[a] < V'(x)[a].

In particular, for every a € [0, 1], it is given as

Ven(0)[a] = [min{v'(x)[a], V' (x)[a]}, max{V (x)[al, V' (0)[al}].

Our study is focused on fuzzy variational problems that involve minimizing functionals with integrands
dependent on one independent variable x and two dependent variables, namely #(x) and ¥(x). To
proceed, we now introduce the definition of gH partial derivatives as follows:

Definition 2.4. (gH partial derivative) Let Q C R” be an open set, ¥ : Q — F be a fuzzy function, and
x = {x1, X2, ..., Xi5 .., X,} € Q. The function 7 is said to have a gH partial derivative with respect to the
ith variable if 7 is gH differentiable at x;. We denote this by ¥;(x).

In this context, the gradient in the fuzzy setting is denoted by V.

Definition 2.5. (Continuously gH differentiable fuzzy function) Given an open set Q@ C R” and

X ={X1, X2, .oy Xiy .., X} € Q. A fuzzy function ¥ : Q — F is said to be continuously gH differentiable
at x if all of the partial derivatives ¥;, for i = 1,2, ..., n, exist and are continuous at x.

In particular, ¥ is said to be continuously gH differentiable on € if it is continuously gH
differentiable for every x € Q.

Another key factor to consider in the study of the existence of minimizers within variational
problems is convexity. However, convexity is often too strong to be true in a fuzzy context, as evidenced
by [21-24]. In contrast, preinvexity, a weaker notion than convexity, retains the lower bound property
similar to that of convex functions and is sufficient for establishing the existence of minimizers. We
recall the definition of preinvex functions, which are defined on invex sets.

Definition 2.6. (Invex set [25]) A set Q C F is said to be an invex set with respect to a function ¢ : QX
Q— Fif

U+ AL, W) € Q
foreach v,w e Q and A € [0, 1].

Definition 2.7. (Preinvex function [25]) Let Q C ¥ be an invex set with respect to a function 7. A
fuzzy function i: Q — F is said to be preinvex on Q if

h(V + AZ(@, W) < Ah®) + (1 — DA(D) (2.2)
for every 7,9 € Q and A € [0, 1]. It is said to be strictly preinvex on €, if

h( + AL@,W)) < @) + (1 = DAGY) (2.3)
holds for all ¥,w € Q and A € [0, 1].

Here, the relational operators < and < refer to the partial ordering of the fuzzy number [18,21]. In
terms of a-level sets, (2.2) can be expressed as

RO+ 2700, wh, @) < AW, @) + (1 = DR W, @),
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RO+ A0 ,w),a) <AV, @)+ (1 — D (W, a),

for every 4 € [0, 1] and @ € [0, 1].
In the fuzzy variational problem (2.1), it is assumed that / is twice continuously gH differentiable
with respect to all of its variables. Let us express the set of admissible curves as follows:

V = (V| ¥is twice continuously gH differentiable w.r.t x € [xo, xf],
V(xo) = Vo, V(xp) = V)"
The corresponding fuzzy Euler-Lagrange equations derived by Fard et al. [14] for gH differentiable

functions corresponding to the two cases in Definition 2.2 for the functional 7 in (2.1) are as follows:
Case (a)

a—vj(x, @V (i), 7 (5, V. G, V() = %( (5,0 V00, ¥ ) VL), Vi) ) = 0, 24)
). .08, V) 1300 - %(é,—l (6 VGt P (), V. ), v:m))) —0, @5
o o0V, Vi) V), V)~ %( )=0. @6
aﬁ:u, @, VL8,V (50), V), P (5)) — %( o O 0 YA k), V), V), (xa») —0. @7
Case (b)
1 Lo
AR A CHRACHRAED) B TN R CHRAEORAEON: <xa>>) 0, (28
g—i’lw @V G, 7 (8 V. Gt V() — %( () =0, @9)
o V) P 5, M ), ) = af’ ( e i P G Vi), (xa») =0, (2.10)
O a3 ) ). ) - (2 J=0. e

Here, for convenience, we denote v\(x, @), V.(x, @), V. (x, @), and V(x, @) as v.(x,), V.(x,), V(Xa),
and Vv (x,), respectively.

3. Multivariable preinvex generalized Hukuhara differentiable function

In this section, the multivariable preinvex gH differentiable fuzzy functions are introduced and
discussed. The preinvexity of the integrand in (2.1) with respect to its last two variables is defined
as follows:

Let Q) x Q2 € ¥ x ¥ be an invex set with respect to a non-negative function 7 : (QJ- x Q%) x
Q) x Qz >) - ?’ X F such that

((\7*, 5.+ A, ), (5., é*))) cQl x 02,

AIMS Mathematics Volume 11, Issue 8, 26120-26135.



26126

holds for each (¥, %), (7., v.) € Q- X Q7 and A € [0, 1], where  is defined as

U@, V), (7., 0.) = (L@, 5.), L0, 0.)),

with well-defined maps £; : Q) x Q! - F and 5, : Q> x QL - F.

In this context, {, and {; are selected in such a way that the gH antiderivative of {, with respect to x
is equal to Z 1, where ¥, ¥, ¥,, and ¥, are functions of x. In simpler terms, the invexity of Qlf X Qé with
respect to {; and ¢, is expressed as

(P + AL (3, 7), V. + AL, 1.) € Qp x QF

for each A € [0, 1]. We say a fuzzy function ¥; : Q — ¥ is gH antiderivative of the fuzzy function
\72 Q- 7: if

f./ 1X = T/QX
for every x € Q, where QO C R. We shall henceforth denote the fuzzy function ¥(x) as v.

Invexity and preinvexity for fuzzy-valued functions have been studied by [25]. However, their use
in the setting of gH differentiable fuzzy-valued integrands, particularly for fuzzy variational problems
involving both the state variable and its gH derivative, needs to be formulated carefully. Motivated by
this gap, we introduce the following notions.

Definition 3.1. (Multivariable preinvex gH differentiable function) Let Q C R and Q! QZT CF. A
fuzzy function /1 : Q X Q;t X th — ¥ 1is said to be preinvex gH differentiable in last the two variables
with respect to £ : (Q X Q7)) X (Q) X Q2) —» F x F if

h(x, v, + A5,(3,7,), V. + Ao, 9,)) < Ah(x, 9, 9) + (1 = Dh(x, ¥, V),

for each (7, V) and (¥.,V,) € Q- X Q7 and A € [0, 1], where Z is a gH antiderivative of .

Definition 3.2. (Strict multivariable preinvex gH differentiable function) Let Q C R and QL, sz cF.
A fuzzy function b : Q x Q. X Q2 — F is said to be strictly preinvex gH differentiable in the last two
variables with respect to £ : (QL X Q%) X (Q} x Q2) » F X F if

h(x, v, + A5,(3,7,), V. + A6, $,)) < Ah(x, 7, 9) + (1 = Dh(x, ¥,, V),

for each (¥, V) and (9., V,) € Qf x QZ, 1 € [0, 1], where ; is a gH antiderivative of /.

Mohan and Neogy [26] proposed Condition A, which ensures that any function defined over an
invex set possesses the property of preinvexity.
Let Q, Q7 C F. A function £ : (Q X Q%) X (Q X Q7)) » F X F satisfies Condition A if

(.50, + A2, 5, 52,5 = A2, D), (5., 7.), G.1)
Z((v, 5), (.. 5.) + AL(@. D). (.. m)) = (1= VUG ), 7, 5.)) (3.2)
holds for each (¥, V), (¥,, ¥,) € Q;: X Q; and A € [0, 1].
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Alternatively, Condition A admits the following equivalent representation in terms of 7,7 : Qlf X
Q> — F as follows:

C1(@, By + AT 3,7,)) = A8 (@, ), (3.3)
L@, 7. + A4 (3, 7.) = (1 = DL, ), (3.4)
and
&, b, + A, 5,)) = =250, ), (3.5)
LV, + A0, 9.)) = (1 = D&, 3,) (3.6)

for each (v,V), (V.,V.) € Q x Q7 and 1 € [0,1]. We now establish a lower-bound property for
multivariable preinvex gH differentiable fuzzy functions.

Theorem 3.1. Let Q C R and QIT X QZT C F X F be an invex set with respect to a non-negative
function { (Q;‘ZX QZT) X (Q;r X Q;) — FXF. Leth: Qx Qlf X Qé — F beagH diﬁ"efentiable Sfuzzy
function. Then, h is preinvex gH differentiable in the last two variables with respect to { if and only if

h(x, v, %) = Vh(x, ¥, )T (@, ), (B, $2)) + h(x, ., V) (3.7)

holds for every (¥, V), (¥, V.) € Q- X Q7.

Proof. Assume that & is preinvex gH differentiable in the last two variables with respect to ¢ for
every (7, V), (7., V) € Q- x Q.. Hence,

R (x, a, v + /lﬁ oL v, v+ /l{é(\'/l, V) < A (x, @,V V) + (1 = DA(x, @, Vs, 7)) (3.8)

and
W (x,a, v + ALV, V), V. + A5, V) < AR (x, @, V', V") + (1 — DR (x, @, V", V). (3.9

Equations (3.8) and (3.9) can be written as

R(x, a, v, 0 — h(x, a0, 0 > %[h’(x, a, Vi + A2V 22500, D) = B (x e v, )] (3.10)
and
n(x,a, Vv, v)—h(xaVv,v) > /ll[h’(x, @, v, + A0V V)V + AL, V) = B (x, a, v, V)] (3.11)
Using Definition 2.3, we get
h(x, 9,9) — h(x, V., ¥,) > }l[ﬁ(x, b, + A0, (7, 9,), V. + AP, $.)) O h(x, V., 9,)]. (3.12)

Now, because / is gH differentiable and Q; X ng is invex with respect to 7, we deduce that

or
h(x,7,%) = Vh(x, 5., 5)T 25, V), (5., ) + h(x, B, $,). (3.14)
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Hence, (3.7) is obtained.
To prove the converse, suppose that (3.7) is true. Let (7,V), (¥.,V.) € Q x Q7 and (v*,V") =
(V, + AL (3, 7,), ¥, + A5V, V,)), where A € [0, 1]. Now, (3.7) can be written as

h(x, 9,9) = Vh(x, 7, 9T 2@, 9), 3%, 7)) + h(x, 7, 77) (3.15)
and
h(x, ,,v,) = VA(x, 7, V) E((B,, V), (7, 7) + h(x, 77, 7). (3.16)
Invoking Condition A on (3.15) and (3.16) leads to
h(x,7,9) = (1 = DVh(x, 7, V) E(®, V), (7, 9,)) + h(x, 7, 7) (3.17)
and
h(x, ., v,) = (=D)Vh(x, 7, V) (3, V), (7., ¥,)) + h(x, 7, 7). (3.18)
Multiplying (3.17) with A and (3.18) with (1 — 1) and adding them gives
AR(x, 7, 9) + (1 — DA(x, ¥y, ¥,) = h(x, 7, V); (3.19)
that 1s,
Ah(x, 9, 9) + (1 = Dh(x, 9., ¥,) = h((x, ., ) + A3, 9), (s, $,)). (3.20)
Hence, h is preinvex gH differentiable, and this completes the proof. O

Furthermore, (3.7) can be written as follows:

h(x, 7, ) = ho(x, B, 9,) - $1 (0, ) + hg(x, $, ) - S5, ) + h(x, 5., 9,). (3.21)
4. Sufficient conditions for the existence and uniqueness of the minimizer

In this section, we prove sufficient conditions for the existence and uniqueness of the minimizer of
the fuzzy variational problem (2.1).
Theorem 4.1. Given the integrand he C;H(Q, F) in (2.1). Suppose that (V,V) — h(x,9,V) is a
preinvex gH differentiable function in the last two arguments with respect to { for every x € [xo, x¢]
with Z((#(x), $(x)), (7.(x), .(x))) = (0,0) at x = xo and x = x; for all fuzzy functions ¥(x), v.(x) € V.
Then, v, is a minimizer of the fuzzy variational problem (2.1) if it satisfies the fuzzy Euler—Lagrange
equations (2.4)—(2.11).

Proof. Let Q =[x, x;] CR and Q[, Q7 C F such that Q x Q7 is a fuzzy invex set with respect to a
non-negative function l satisfying Condition A, where ’: (Qlf X ng,) X (Qlf X QZT) — F X F is defined
as follows:

Z((3(x), ¥(x)), (Fux, 1,0)) = (L1(P(x), 7.x), (), $,x))
= (0,0) 4.1)

at x = xo and x = x; for all admissible curves. Now, because /1 : Q x Q). x Q% — F is fuzzy preinvex
in the last two variables, by Definition 3.1 and Eq (3.21),

h(x, v, v) = VA(x, 5., V) (@, ), (7., $,)) + h(x, P, V.),
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or
h(x,9,9) = hy(x, ¥y, V) - &1, 92) + hs(x, Vo, ) - S, 0, + B(x, 9,.9,). 4.2)

Because the inequality in (4.2) is a fuzzy inequality, it is interpreted through the corresponding a-
level endpoint functions. Thus, for each fixed a € [0, 1], the fuzzy inequality gives the left and right
real-valued endpoint inequalities. These endpoint inequalities can then be integrated over [xo, x/] for
every ¥, 9, € V. Integrating Eq (4.2) gives the following possible cases:

Xf

! 1Al ! (NP
[hv,(x, @, v, V)GV, V) + B (x @, v, )G (0, v*)]dx

I'oh > 1ot + f

X0

and ”
IO > 0 + f [h;,(x, @V o PNV ) + B (6, eV, I v;)]dx.
X0
Because 7, is assumed to be the gH antiderivative of Z, with respect to x, the corresponding endpoint
functions satisfy

d Lo g Loel -l d T r L roer s
— 4,00, v) = 5000, — 0V =500, V).
dxéﬂ( ) =500, 0) dxgl( ) = 45( )
erefore, the second term in each endpoint inequality can be rewritten in terms of the derivative
Theref th dt h endpoint inequality b tt t f the d t

of ;. Applying integration by parts and using the endpoint condition in (4.1), the boundary terms
involving {; vanish at x = xo and x = x;. Hence, we obtain

Xf d
7' > ') + f —(h’.,(x, a, V., vi))]{{ o' v)dx,
dx™"

X0

h[V,(x, a, v, i) —

Xf d -
I'(V)=1'(v) + f [hcr(x, a, v,V — d—(hC(x, a, v, v:)) J O vhdx,
X0 X i
101 1/ S - d roer\\| A el el
I'(V)=1'(v,) + [hvr(x, @, Vv, V) — E(hw(x, @, v, v*)) 4000, v)dx,
X0 E
Xf d -
oV =1'(vh) + f n(x, a,v.,V,) - d—(hg,(x, a, v, v;)) 107, vdx,
X0 X i
I¢. 1 I(. 1 M roor d/, roer\| s el e
(VY= I'(v,) + f [hv,(x, a,v,,v) — a(hv,(x, a, v, v*)) &0, v,)dx,
X0 g
101 1/ R roer dg., roer\\ el el
')y =1'(vy) + [hvr(x, a,vi,vh) — E(hw(x, a, v, v*)) 400, v)dx,
X0 E
)Cf d -
o) =1'(v) + f h(x, @, v, V) — d—(hlv,(x, a, v, v;)) 107, v)dx,
X0 X ]

and

xf d
0> 100+ [ [l - (i anin) g ax

X0
The above endpoint inequalities are obtained by applying the same integration by parts argument to
the left and right endpoint functions and to the remaining endpoint combinations arising from the two
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possible cases of gH differentiability. Each bracketed term corresponds to one of the fuzzy Euler—
Lagrange expressions in (2.4)—(2.11). Hence, if ¥, satisfies the fuzzy Euler—Lagrange equations (2.4)—
(2.11), all such bracketed terms vanish. Consequently, we obtain

I'o) > 1'0l)
and
Iron =1o).
Therefore,
1% = I(7.).
Because this inequality holds for every admissible fuzzy function ¥ € V, it follows that ¥, is a minimizer
of the fuzzy variational problem (2.1). This completes the proof. O

Next, we would prove the uniqueness of the minimizer of the considered fuzzy variational problem
in the following theorem.

Theorem 4.2. Given that the integrand h in (2.1) satisfies the condition of Theorem 4.1 and (¥, V) —
h(x, 9, V) to be strictly preinvex gH differentiable in the last two variables with respect to £ for every x
€ [x0, x¢]. Then, the minimizer of the fuzzy variational problem (2.1), if it exists, is unique.

Proof. The proof proceeds by contradiction. Assume that & is strictly preinvex and that there
exists two distinct solutions of (2.1), namely ¥;(x) and ¥,(x), corresponding to the minimum value,
say m € ¥ . Define

(73, ¥3) = (P2, Vo) + AL((F1, V1), (P2, 2)))
= (‘72 + /IZI(vla ‘72)5 1:}2 + /lZZ(f}la \72))

Because A(x, 7, V) is strictly preinvex gH differentiable, the following holds (see Definition 3.2):
Ah(x, D1, 51) + (1 = Dh(x, $o, $2) > h(x, T3, P3). (4.3)
Now, integrating Eq (4.3) leads to
o~ AL(@1x) + (1 = DI(x) > I(P3x) = i,

Hence,

xj ~ . ~ . ~ ~ . ~ . . ~
f [/Ul(X, V1, 1) + (1 = Dh(x, V2, V2) — h(x, V2 + AL (1, 92), V2 + H(V1, Vo)) |dx = 0.

X0

This leads to a contradiction, as / is assumed to be strictly preinvex. Therefore, ¥;(x) = ¥,(x). O
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5. Application of Theorem 4.1 to a fuzzy optimal control problem

We now demonstrate how Theorem 4.1 can be utilized in a fuzzy optimal control setting.
The problem under consideration involves dynamic production planning under uncertainty, where
parameters such as production rate and stock levels are inherently imprecise due to factors such as
fluctuating labor efficiency, variable raw material quality, and machine breakdowns. This particular
fuzzy optimal control problem, which was considered in [3], aims to minimize total production costs
including development costs, holding costs, and the impact of defective items. Its system dynamics
and cost structure are given as follows:

B
(1-0)

Fretuonp = f N (Jo) + 2 + (% — pO)(H(x) + do — ae™) + (5(x) + do — ae™")?)dx. (5.1)

o 1-6
Here, ¥(x) represents the state variable corresponding to the fuzzy stock level. The term J
denotes the fuzzy holding cost per unit of storage, and ¢; corresponds to the fuzzy development cost,
incorporating labor and technology. The parameter 8 accounts for wear and tear, ¢ indicates the fraction
of defective production, and p refers to the selling price of the defective items. The constants a and b
are assumed to be positive, ¢, denotes the constant material cost, and d,, specifies the constant demand
at the initial stage. Moreover, the function ¥ is taken to be a non-negative cost function represented
by a triangular fuzzy number, and all constants involved are assumed to be non-negative. The study
in [3] addressed this problem using numerical methods, under the assumption that the fuzzy state
variable ¥(x) admits the following form as a candidate solution:

-

Pox = 2(1 — ety 4 Z—E(a”v D+ (lf%
To analytically validate Theorem 4.1 for this fuzzy optimal control problem, we note that ¥.x, as
proposed in [3], was derived based on the assumption that it satisfies the fuzzy Euler-Lagrange
equations. Thus, the remaining step is to verify that the integrand is preinvex gH differentiable with
respect to the last two variables. Establishing this property ensures that the conditions of Theorem 4.1
are satisfied, thereby confirming that ¥, is indeed a global minimizer of the problem. Let the integrand
in (5.1) be denoted by g(x, 7, ¥):

(x0 — xy). (5.2)

B

T=o7 (W(x) + do — ae™™)".

B, 5, 5) = Jo(x) + & + (% ~ pO)(H(x) + do — ae™) +

Let the function £ : (Q X Q) x (Q x Q2) — F X F be defined as
Z(®,9), (7., 9) = (0 = 7., — ),

so that Z,(9, 7,) = 7= ¥, and &»(¥, ¥,) = ¥ — ¥, satisfy Condition A. Now, by Definition 3.1, g is preinvex
gH differentiable if

g0 7+ A0 (3, 9.), V. + A, 9.) < Ah(x,5,9) + (1= Dh(x, .0, YA€[0,1. (5.3)
Let us verify this via the a-level sets. Denote the left endpoint as f!(x, a, V', V'), expressed as:

g = IV + V' + o) + C3e™ + Cae™ + Cse™"V + ¢ + Css,
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with constants

2
€1 = (T2 - po) + B

[ (1-07
czz(l_’;w,
s :_a(lc—td_ 5)_ (?afg?))f
c4:(16f—/fs)2,
Co= (75 =)o+ g

We evaluate

g, a, vl + A0 =), vl + A0 =),

and aim to prove
! ! I .l / ! I ! I
g(x, v, + A0}V, + Af) < Ag'(x, @, V', V) + (1 — Vg (x, @, V., V). (5.4)

Note that we have the following:

e g'is linear in v/, quadratic in ¥/, and includes convex exponential terms.
o /=y —vl g =v -V are linear in arguments.
e All components of g’ preserve convexity under convex combinations.

Thus, g’ satisfies Inequality (5.4) and is preinvex. Similarly, the right endpoint function g" also satisfies:
g (x,a, v + AL,V + A) < Ag"(x, @, V', V) + (1 — D' (x, @, V], V7)),

confirming that the fuzzy function g is preinvex in the gH sense.

6. Conclusions

This paper has addressed the existence of minimizers for fuzzy variational problems with gH
differentiable functions that satisfy a weaker convexity condition, namely preinvexity. We first
introduced the concept of multivariable preinvex gH differentiable functions and then analyzed their
lower-bound properties. Our analysis showed that preinvexity is sufficient for establishing the existence
and uniqueness of minimizers for fuzzy variational problems that satisfy the fuzzy Euler-Lagrange
equations. The multivariable preinvex gH differentiability framework applies to a broader class of
fuzzy functions than those admissible under standard differentiability frameworks, thereby allowing
the existence of minimizers to be established for a wider range of fuzzy variational problems.

AIMS Mathematics Volume 11, Issue 8, 26120-26135.



26133

Author contributions

Mansi Verma: Conceptualization, methodology, formal analysis, writing—original draft,
writing-review & editing; Chuei Yee Chen: Conceptualization, methodology, validation,
writing-review & editing, supervision, funding acquisition; Sie Long Kek: Validation, writing—review.
All authors have read and agreed to the published version of the manuscript.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of
this article.

Acknowledgments

The research was funded by Universiti Putra Malaysia under the Postgraduate Initiative Grant (GP-
1PS/2021/9695100). The authors would also like to thank the reviewers and editors for their insightful
comments and constructive feedback, which contributed to the final version of this paper.

Conflict of interest

The authors declare no conflict of interest.

References

1. S. Krinidis, V. Chatzis, Fuzzy energy-based active contours, /EEE T. Image Process., 18 (2009),
2747-2755. https://doi.org/10.1109/TIP.2009.2030468

2. H. Lv, Z. Wang, S. Fu, C. Zhang, L. Zhai, X. Liu, A robust active contour segmentation
based on fractional-order differentiation and fuzzy energy, IEEE Access, 5 (2017), 7753-7761.
https://doi.org/10.1109/ACCESS.2017.2697975

3. J.N.Roul, K. Maity, S. Kar, M. Maiti, Optimal control problem for an imperfect production process
using fuzzy variational principle, J. Intell. Fuzzy Syst., 32 (2017), 565-577.

4. M. Mazandarani, L. Xiu, A review on fuzzy differential equations, IEEE Access, 9 (2021), 62195—
62211. https://doi.org/10.1109/ACCESS.2021.3074245

5. M. Verma, C. Y. Chen, A. Kilicman, G. Ibragimov, F. P. Lim, Sufficient conditions for the existence
and uniqueness of minimizers for variational problems under uncertainty, Mathematics, 10 (2022),
3638. https://doi.org/10.3390/math10193638

6. M. Verma, C. Y. Chen, A. Kiligman, R. Mat Hasim, A systematic review on the advancement
in the study of fuzzy variational problems, J. Funct. Space., 2022 (2022), 8037562.
https://doi.org/10.1155/2022/8037562

7. H. V. Long, N. T. K. Son, N. T. M. Ha, L. H. Son, The existence and uniqueness of fuzzy

solutions for hyperbolic partial differential equations, Fuzzy Optim. Decis. Ma., 13 (2014), 435—
462. https://doi.org/10.1007/s10700-014-9186-0

AIMS Mathematics Volume 11, Issue 8, 26120-26135.


https://dx.doi.org/https://doi.org/10.1109/TIP.2009.2030468
https://dx.doi.org/https://doi.org/10.1109/ACCESS.2017.2697975
https://dx.doi.org/https://doi.org/10.1109/ACCESS.2021.3074245
https://dx.doi.org/https://doi.org/10.3390/math10193638
https://dx.doi.org/https://doi.org/10.1155/2022/8037562
https://dx.doi.org/https://doi.org/10.1007/s10700-014-9186-0

26134

8.

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

22.

23.

24.

H. V. Long, N. T. K. Son, H. T. T. Tam, B. C. Cuong, On the existence of fuzzy solutions for
partial hyperbolic functional differential equations, Int. J. Comput. Int. Sys., 7 (2014), 1159-1173.
https://doi.org/10.1080/18756891.2014.967001

B. Bede, S. G. Gal, Generalizations of the differentiability of fuzzy-number-valued functions
with applications to fuzzy differential equations, Fuzzy Set. Syst., 151 (2005), 581-599.
https://doi.org/10.1016/j.fss.2004.08.001

B. Bede, L. Stefanini, Generalized differentiability of fuzzy-valued functions., Fuzzy Set. Syst., 230
(2013), 119-114. https://doi.org/10.1016/j.fss.2012.10.003

.H. V. Long, N. T. K. Son, N. V. Hoa, Fuzzy fractional partial differential equations in partially

ordered metric spaces, Iran. J. Fuzzy Syst., 14 (2017), 107-126.

B. B. Amma, S. Melliani, L. S. Chadli, The existence and uniqueness of intuitionistic fuzzy
solutions for intuitionistic fuzzy partial functional differential equations, Int. J. Differ. Equat., 2019
(2019), 9210641. https://doi.org/10.1155/2019/9210641

B. Farhadinia, Necessary optimality conditions for fuzzy variational problems, Inform. Sciences,
181 (2011), 1348-1357. https://doi.org/10.1016/j.ins.2010.11.027

O. S. Fard, A. H. Borzabadi, M. Heidari, On fuzzy Euler-Lagrange equations, Ann. Fuzzy Math.
Inform., 7 (2014), 447-461.

O. S. Fard, M. Salehi, A survey on fuzzy fractional variational problems, J. Comput. Appl. Math.,
271 (2014), 71-82. https://doi.org/10.1016/j.cam.2014.03.019

J. Soolaki, O. S. Fard, A. H. Borzabadi, Generalized euler-lagrange equations for fuzzy fractional
variational calculus, Math. Commun., 21 (2016), 199-218.

H. J. Zimmermann, Fuzzy set theory and its applications, New York: Springer Science & Business
Media, 2011.

J. J. Buckley, T. Feuring, Fuzzy differential equations, Fuzzy Set. Syst., 110 (2000), 43-54.
https://doi.org/10.1016/S0165-0114(98)00141-9

J. J. Buckley, T. Feuring, Introduction to fuzzy partial differential equations, Fuzzy Set. Syst., 105
(1999), 241-248. https://doi.org/10.1016/S0165-0114(98)00323-6

L. Stefanini, A generalization of Hukuhara difference and division for interval and fuzzy arithmetic,
Fuzzy Set. Syst., 161 (2010), 1564—1584. https://doi.org/10.1016/].fss.2009.06.009

.J. Li, M. A. Noor, On characterizations of preinvex fuzzy mappings, Comput. Math. Appl., 59

(2010), 933-940. https://doi.org/10.1016/j.camwa.2009.09.015

M. A. Noor, Fuzzy preinvex functions, Fuzzy Set. Syst., 64 (1994), 95-104.
https://doi.org/10.1016/0165-0114(94)90011-6

Z. Pavic, S. Wu, V. Novoselac, Important inequalities for preinvex functions, J. Nonlinear Sci.
Appl., 9 (2016), 3570-3579.

A. R. Lizana, Y. C. Cano, R. O. Goémez, G. R. Garzén, On invex fuzzy mappings
and fuzzy variational-like inequalities, Fuzzy Set. Syst., 200 (2012), 84-98.
https://doi.org/10.1016/j.fss.2012.02.001

AIMS Mathematics Volume 11, Issue 8, 26120-26135.


https://dx.doi.org/https://doi.org/10.1080/18756891.2014.967001
https://dx.doi.org/https://doi.org/10.1016/j.fss.2004.08.001
https://dx.doi.org/https://doi.org/10.1016/j.fss.2012.10.003
https://dx.doi.org/https://doi.org/10.1155/2019/9210641
https://dx.doi.org/https://doi.org/10.1016/j.ins.2010.11.027
https://dx.doi.org/https://doi.org/10.1016/j.cam.2014.03.019
https://dx.doi.org/https://doi.org/10.1016/S0165-0114(98)00141-9
https://dx.doi.org/https://doi.org/10.1016/S0165-0114(98)00323-6
https://dx.doi.org/https://doi.org/10.1016/j.fss.2009.06.009
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2009.09.015
https://dx.doi.org/https://doi.org/10.1016/0165-0114(94)90011-6
https://dx.doi.org/https://doi.org/10.1016/j.fss.2012.02.001

26135

25.Y. R. Syau, Preinvex fuzzy mappings, Comput. Math. Appl, 37 (1999), 31-39.
https://doi.org/10.1016/S0898-1221(99)00044-9

26. S. Mohan, S. Neogy, On invex sets and preinvex functions, J. Math. Anal. Appl., 189 (1995), 901—
908. https://doi.org/10.1006/jmaa.1995.1057

@ AIMS Press

AIMS Mathematics

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 11, Issue 8, 26120-26135.


https://dx.doi.org/https://doi.org/10.1016/S0898-1221(99)00044-9
https://dx.doi.org/https://doi.org/10.1006/jmaa.1995.1057
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Multivariable preinvex generalized Hukuhara differentiable function
	Sufficient conditions for the existence and uniqueness of the minimizer
	Application of theorem 4.1 to a fuzzy optimal control problem
	Conclusions

