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Abstract: This paper develops a high-order explicit Runge-Kutta streamline upwind/Petrov-Galerkin
(ERK-SUPG) method to simulate convection-dominated flows in offshore hydrocarbon reservoir
development. The method integrates explicit Runge-Kutta temporal discretization with a streamline
upwind/Petrov-Galerkin spatial scheme based on Said-Ball basis functions, ensuring numerical
stability and avoiding oscillations in high-order computations. Numerical results demonstrate that the
ERK-SUPG method, with stabilization parameters dependent on time and spatial step sizes, achieve
theoretical convergence rates of O(h2(q+1)/3 + τp) and O(hq+1/2 + τp), respectively. Numerical tests
on reservoir-scale models, including scenarios with time-dependent convection and mixed boundary
conditions, show errors reduced to 10−11 under mesh refinement, validating the method’s robustness
and effectiveness for subsea fluid migration analysis.
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1. Introduction

With the growing global energy demand and increasing strategic importance of offshore
hydrocarbon resources [1–3], the efficient development of reservoirs has become a critical focus. The
convection-diffusion-reaction (CDR) equations serve as the fundamental equations for characterizing
the dynamic processes of fluid flow, diffusion, and physicochemical interactions [4, 5]. Consider the
following CDR equations with disjoint Dirichlet ΓD and Neumann ΓN boundaries (Γ = ΓD ∪ ΓN) in
Ω ∈ R2 and the time interval [0,T ]:

ut − ε∆u + b · ∇u + cu = f , in Ω × [0,T ], (1.1a)
u = α, in Ω and at t = 0, (1.1b)
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u = gD, on ΓD × [0,T ], (1.1c)
∇u · n = gN , on ΓN × [0,T ], (1.1d)

where u is the hydrocarbon concentration; ε > 0 is the constant diffusion coefficient, representing
the combined effect of the molecular diffusion and mechanical dispersion in offshore hydrocarbon
reservoirs; b = (b1, b2) is the convection coefficient, characterizing the macroscopic flow field
of oil, gas, and water in offshore reservoirs; c is the reaction coefficient, quantifying the rate of
physicochemical reactions; α is the initial value; n is the outward normal unit vector; and f is the
source term.

Obtaining the analytical solution of CDR equations is quite challenging, and many scholars
have conducted research on analytical solutions for CDR equations. Kim [6] obtained the general
one-dimensional (1D) analytical solution of CDR-source equations. Askar et al. [7] employed the
travelling-wave Ansatz to derive the new analytical solution for diffusion-reaction equations. Further,
various numerical methods have been employed to solve the equations, such as the finite element
method (FEM) [8] and the finite volume method [9].

The FEM is a widely adopted numerical technique for spatial discretization, forming the foundation
for obtaining computationally tractable solutions. In 2003, Lewis et al. [10] used the FEM to
establish a numerical model of the Ekofisk field, yielding seabed subsidence contours consistent
with past bathymetric surveys. In 2018, Dunham et al. [11] applied a 3D marine controlled-source
electromagnetic finite-element forward modeling method to marine hydrocarbon reservoir exploration.
In 2022, Allawi and Al-Jawad [12] built 4D finite element modeling to analyze stress redistribution in
depleted reservoirs using well data.

During the offshore hydrocarbon reservoir development, convection-dominated behavior is
particularly prevalent in fluid migration processes [13]. The high-pressure and high-flow-rate
conditions of offshore reservoirs result in the convection term being much larger than the diffusion
term. Traditional FEM often produces numerical oscillations in such cases, making it difficult to
obtain accurate solutions and reducing the reliability of numerical simulations. To ensure stability,
the stabilized FEM are usually employed, such as the streamline upwind/Petrov-Galerkin (SUPG)
method [14] and Galerkin least squares method [15].

The SUPG method provides reliable support for the simulation of convection-dominated fluid
migration. In 1982, Brooks and Hughes [16] proposed the streamline upwind finite-element method
for convection-dominated flows, extending optimal upwind schemes to multidimensional problems.
In 1987, SUPG-based finite-element procedures for time-dependent CDR equations were developed by
Tezduyar et al. [17] to numerically simulate single-well chemical tracer tests for measuring remaining
oil in depleted fields. In 2011, John and Novo [18] solved convection-dominated CDR equations
using the SUPG method, along with the backward Euler and Crank-Nicolson (CN) methods. In 2025,
Esmaily and Jia [19] presented a novel stabilized approach, augmented SUPG, a consistent weighted
residual method with two complex-valued stabilization parameters.

In FEM, Lagrange polynomials [20] and Hermite polynomials [21] are often used as interpolation
basis functions. They share the drawback of exhibiting the Runge phenomenon in high-degree
calculations [22]. However, polynomial basis functions do not have this drawback. Ball basis functions
are a typical type of polynomial basis functions [23] which possess properties such as the ability to
approximate complex functions [24], which enables them to serve as basis functions in FEM. In 2004,
dual bases for a K-parameterized generalized Ball curve family were presented by Wu [25]. In 2009,
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Zhang et al. [26] introduced the dual bases for Wang-Bézier curves parameterized by the position
parameter L. In 2023, Hu et al. [23] constructed a new type of combined cubic generalized Ball
surfaces and explored their shape optimization. A novel approach was proposed by Hu et al. [27]
in 2025 for solving the degree reduction problem of ball Said-Ball surfaces.

For the temporal discretization of time-dependent partial differential equations (PDEs), both the θ-
method [28] and the explicit Runge-Kutta (ERK) method [29] are widely used discretization methods.
In [18], which focus on solving the convection-dominated equations, two forms of the θ-method
(namely the backward Euler method with θ = 1 and the CN method with θ = 0.5) were employed
for solutions. However, compared with the θ-method, the ERK method exhibits distinct advantages
in solving time-dependent PDEs. First, the ERK method offers higher temporal accuracy: The θ-
method is typically limited to 1-order accuracy (θ , 0.5) or 2-order accuracy (θ = 0.5) [30], whereas
the ERK method can achieve 3-order, 4-order, or even higher accuracy [31]. Second, the ERK
method provides better stability: The stability of the θ-method is highly dependent on the choice of
θ and is often restricted to small time steps [32], whereas the ERK method possesses strong stability
properties [33, 34], allowing for larger time steps.

Therefore, in this paper, the RK method is selected as the temporal discretization for convection-
dominated equations. Runge [35] was the first to present a 2-order RK method by combining a
sequence of Euler formulas. The implicit RK (IRK) method was proposed by Butcher [36] in 1964.
In 1977, Alexander [37] focused on diagonally IRK methods, exploring their construction, properties,
order, and stability in solving stiff ordinary differential equations. In 2013, Dimarco and Pareschi [38]
examined implicit-explicit RK methods for stiff Boltzmann-type kinetic equations. A new class
of fractional order RK methods for approximating solutions to fractional differential equations was
presented by Ghoreishi et al. [39] in 2023.

In this work, we develop an ERK-SUPG method for convection-dominated equations. Following
the stabilized framework in [18], we employ the SUPG method but use Said-Ball basis functions for
spatial discretization. For temporal discretization, we replace the θ-method with a more accurate and
stable ERK method. Compared with earlier θ-FEM using Wang-Ball basis functions [40], the proposed
approach not only incorporates SUPG stabilization to suppress oscillations in strongly convective
problems but also improves temporal accuracy via ERK method. Numerical examples verify the
effectiveness of the ERK-SUPG method.

This paper is structured in the following manner: In Section 2, we present the definition of
the Said-Ball element on a rectangular mesh subdivision. In Section 3, we construct the trial and
test function spaces using Said-Ball basis functions and propose an ERK-SUPG method to solve
convection-dominated equations. In Section 4, by solving different convection-dominated equations,
we conclude that this method is effective in solving these equations through the analysis of errors
and convergence orders. In Section 5, we provide a summary of the work presented herein and offer
outlooks on subsequent research directions.

2. Said-Ball elements

This section introduces the Said-Ball basis functions, which can be used as the basis functions of
the SUPG method.

First, we present the definition of the Said-Ball basis functions.
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Definition 1. [27] In 1D space, the n degree Said-Ball basis functions are defined as follows:

Bn
i (x) =



(
bn/2c + i

i

)
xi(1 − x)bn/2c+1, 0 ≤ i ≤ dn/2e − 1,(

n
n/2

)
xbn/2c(1 − x)bn/2c, i = bn/2c ,

Bn
n−i(1 − x), bn/2c + 1 ≤ i ≤ n,

where x ∈ [0, 1], bn/2c is the floor function, and dn/2e is the ceiling function.

We respectively present the graphs of Said-Ball basis functions of degree 2 and 4 in the two
subfigures of Figure 1. Next, we present their properties.
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Figure 1. Said-Ball basis functions.

Property 1. [41] For x ∈ [0, 1], the properties of Said-Ball basis functions for i = 0, 1, · · · , n are as
follows:

1) Positivity: 0 ≤ Bn
i (x) ≤ 1.

2) Partition of unity:
n∑

i=0
Bn

i (x) = 1.

3) Recursion: B2n+1
i (x) = B2n

i (x), B2n+1
2n+1−i(x) = B2n

2n−i(x), 0 ≤ i ≤ n − 1; B2n
n (x) = B2n+1

n (x) + B2n+1
n+1 (x).

Then, we introduce several necessary background concepts. First, the finite element is a core tool
for discretizing regions in the numerical simulation. Let Ωh be a rectangular partition of the 2D domain
Ω. We present the definition of a finite element [42]: If

• M is a rectangular finite element subdomain of Ωh.
• Q is the finite-dimensional shape function space restricted to the element M.
• D = {D1,D2, · · · ,Dk} denotes the set of local degrees of freedom (DoFs) of the element M.

We say (M, Q, D) is a finite element.
Next, we take a single rectangular finite element M to illustrate the mesh structure and related

definitions, as shown in Figure 2. For M, hM stands for the element diameter, and h = maxM∈Ωh hM

is the global mesh size. Let BM be the largest inscribed sphere of M with diameter dM. All meshes
adopted in this work are regular: For each element M, there exists a constant β ∈ (0, 1] such that
dM ≥ β hM. This regularity condition effectively prevents numerical errors induced by mesh distortion.
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Figure 2. A rectangular mesh subdivision Ωh.

In addition, Bm,n
i, j denotes the piecewise tensor-product basis functions defined over the entire

rectangular element M. The set of DoF D = {Di, j}
m,n
i, j=0 is in one-to-one correspondence with the

internal nodes {(xi, y j) : i = 0, 1, · · · ,m, j = 0, 1, · · · , n} of the element.
Based on the above content and for the tensor product Said-Ball basis functions Bm,n

i, j (x, y) =

Bm
i (x)Bn

j(y) (i = 0, 1, · · · ,m, j = 0, 1, · · · , n), the definition of a Said-Ball element as follows.

Definition 2. For Ωh ∈ R
2, if the following hold:

• M is a rectangular element.
• Q = span{Bm,n

i, j }
m,n
i, j=0.

• D = {Di, j}
m,n
i, j=0 is the DoFs,

we say that (M, Q, D) is a Said-Ball element.

The following theorem illustrates the unisolvence of a Said-Ball element, ensuring that the
element can provide a unique and reliable numerical solution when discretizing convection-dominated
equations.

Theorem 1. If (M, Q, D) is a Said-Ball element, then D is a basis of Q′, where Q′ is the dual space
of Q.

Proof. For the rectangular element M, the tensor-product Said-Ball space Q satisfies dim Q = (m +

1)(n + 1). The set D consists of nodal evaluation, and its cardinality is also (m + 1)(n + 1), so their
dimensions coincide.

Take any q ∈ Q vanishing at all nodal points inD. Restricting q to any edge of M yields a univariate
polynomial with all nodal points as zeros; hence, q ≡ 0 on M. Thus, the functionals in D are linearly
independent. Because dimD = dimQ,D forms a basis of the dual space Q′. �

In this section, we introduced Said-Ball elements, and in the next section, we will use them as the
basis functions in the SUPG method to solve convection-dominated equations.

3. An high-order ERK-SUPG method

To overcome the difficulties of simulating fluid migration under convection-dominated scenarios,
this section employs the SUPG and ERK methods to discretize spatial and temporal dimensions of
convection-dominated equations, respectively.
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3.1. A semi-discrete SUPG formulation

First, assuming Eq (1.1) satisfies that for ∀ (x, t) ∈ Ω × [0,T ], ∃ µ0 > 0 such that [43]

0 < µ0 ≤ µ(x, t) = (c − 1/2∇ · b) (x, t). (3.1)

For the domain Ω, we use ‖ · ‖ to represent the norm of L2(Ω) and | · |m to represent the semi-norm
of Hm(Ω). Let Hm(Ω; 0,T ) = {u(·, t), ut(·, t) ∈ Hm(Ω), ∀ t ∈ [0,T ]}, and Hm

0 (Ω \ ΓN) = {u ∈ Hm(Ω) :
u|Γ\ΓN = 0} ∈ Hm(Ω).

Let (·, ·) denote the inner product in L2(Ω) and (·, ·)|ΓN denote the inner product on the boundary ΓN .
We then define

a(u, γ) = (ε∇u,∇γ) + (b · ∇u, γ) + (cu, γ),
b(γ) = ( f , γ) + (gN , γ)|ΓN .

Multiplying both sides of Eq (1.1a) and (1.1b) by the test function γ ∈ H1
0(Ω), respectively, and

then applying integration by parts, we obtain the following variational formulation: Find u(x, t) ∈
H1(Ω; 0,T ) satisfying (ut, γ) + a(u, γ) = b(γ), ∀γ ∈ H1

0(Ω), t ∈ [0,T ],
(u, γ) = (α, γ), ∀γ ∈ H1

0(Ω), t = 0.
(3.2)

This formulation lays the foundation for the subsequent SUPG stabilized discretization tailored to
offshore reservoir simulation scenarios.

In simulating convection-dominated fluid migration, the finite-dimensional function space Q is
spanned by tensor product Said-Ball basis functions Bm,n

p,q (Section 2). The basis functions are reindexed
as ω j ( j = 1, . . . ,Nb) following the lexicographic order of the nodes {x j}

Nb
j=1 in Ωh (sorted by x- then

y-direction). With Nb = (m + 1)(n + 1) and each node x j paired with ω j, the space simplifies to

Q = span{ω j}
Nb
j .

Using the Said-Ball basis function ω j ( j = 1, · · · ,Nb), we can define the Said-Ball element subspace
Uh:

Uh = {u ∈ H1(Ω; 0,T ) | u|M ∈ Q, M ∈ Ωh},

and Uh0 = {u ∈ Uh : u|Γ\ΓN = 0}.
To construct the semi-discrete SUPG formulation for simulating the convection-dominated fluid

migration, stabilization terms are introduced based on the variational formulation (3.2) and adopt b ·∇γ
as the test function. The test function b · ∇γ can adapt the numerical formulation to the nature of
convection-dominated fluid transport.
Semi-discrete formulation: The semi-discrete SUPG formulation for Eq (1.1) is to find uh(x, t) ∈
H1(Uh; 0,T ) =

{
uh(x, t), uht(x, t) ∈ Uh,∀ t ∈ [0,T ]

}
such that

(uht , γ)+aSUPG(uh, γ)+
∑

M∈Ωh

δM(uht ,b·∇γ)M =b(γ)+
∑

M∈Ωh

δMb(b · ∇γ)M, ∀ γ ∈ Uh0 , t ∈ [0,T ],

(uh, γ) = (α, γ), ∀γ ∈ Uh0 , t = 0,
(3.3)
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where

aSUPG(uh, γ) =ε(∇uh,∇γ) + (b · ∇uh, γ) + (cuh, γ) +
∑

M∈Ωh

δM(−ε∆uh + b · ∇uh + cuh,b · ∇γ)M,

and b(b · ∇γ) = ( f ,b · ∇γ) + (gN ,b · ∇γ)|ΓN .
The following Lemma 1 demonstrates the coercivity of the SUPG bilinear form aSUPG(·, ·).

Lemma 1. [43] Assume that the inequality (3.1) holds. Let δM be chosen such that

δM ≤
1
2

min

 h2
M

εc2
inv

,
µ0

‖c‖2M,∞

 ;

then, aSUPG(·, ·) satisfies

aSUPG(uh, uh) ≥
1
2
‖uh‖

2
SUPG

with

‖uh‖SUPG :=

ε‖∇uh‖
2 +

∑
M∈Ωh

δM‖b · ∇uh‖
2
M + ‖µ

1
2 uh‖

2


1
2

,

where cinv is the coefficient of the inverse inequality ‖uh‖l,p ≤ cinvh
m−l− 2

p−
2
q

M ‖uh‖m,q, 0 ≤ m ≤ l, 1 ≤ p ≤ ∞,
and 1 ≤ q ≤ ∞.

Furthermore, the choice of the stabilization parameter δM in the SUPG formulation is guided by
the work in [18]. It is demonstrated therein that when the convection coefficient is time-dependent,
the stabilization parameter δM depends only on the time step, and when the convection coefficient is
time-independent, the stabilization parameter δM exhibits two distinct cases of dependence, namely on
the time step or the spatial mesh size.

The semi-discrete solution uh of Eq (3.3) can be understood as an approximation of the exact
solution u in a discrete spatial mesh. When the solution uh is chosen in the Said-Ball element subspace
Uh, by separating spatial and temporal variables, uh can be expressed as

uh(x, t) =

Nb∑
j=1

u j(t)ω j(x).

Next, we define the following three matrices: M =
[∫

Ω
ω jωi dΩ

]Nb

i, j=1
, MSUPG =[∫

Ω
ω jωi dΩ +

∑
M∈Ωh

∫
Ω
δMω j b · ∇ωi dΩ

]Nb

i, j=1
, ASUPG(t) =

[ ∫
Ω
ε∇ω j · ∇ωi dΩ +

∫
Ω

b · ∇ω jωi dΩ +∫
Ω

cω jωi dΩ +
∑

S∈Ωh
δM

∫
Ω

(−ε∆ω j + b · ∇ω j + cω j) b · ∇ωi dΩ

]Nb

i, j=1
and two vectors: bSUPG(t) =[ ∫

Ω
fωi dΩ +

∫
ΓN

gNωi ds +
∑

M∈Ωh

∫
Ω
δM f b · ∇ωi dΩ

]Nb

i=1
, V(t) = [u j(t)]

Nb
j=1, thereby obtaining the vector

form of the formulation (3.3): 
MSUPGV′(t) + ASUPG(t)V(t) = bSUPG(t),

MV(0) =

∫
Ω

αωi dΩ.
(3.4)
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This subsection applied the SUPG method to spatially discretize convection-dominated equations.
This method can effectively suppress numerical oscillations caused by convection dominance. The
next subsection will proceed to discretize the temporal dimension.

3.2. A full-discrete SUPG formulation

Let τ = T/m be the time step size, where m is the number of time steps, and T denotes the simulation
period. In the time interval [0,T ], the time nodes are represented as ti = i τ (i = 0, 1, · · · ,m).

For simplicity, we denote

Vi = V(x, ti), Vi
τ =

Vi − Vi−1

τ
.

Before introducing the ERK method, we present its corresponding Butcher tableau (i.e., Table 1),
which directly determines the accuracy and stability of temporal discretization:

Table 1. The Butcher tableau.

0 0 0 · · · 0
c2 a21 0 · · · 0
...

...
...

. . .
...

cm am1 am2 · · · 0
b1 b2 · · · bm

where ci, ai j are independent of τ,
∑m−1

j=1 ai j = bi (i = 2, 3, · · · ,m), and
∑m−1

i=1 bi = 1 (bi ≥ 0).
We further set bT = (b1, b2, · · · , bm), 1 = (1, 1, · · · , 1) ∈ Rm and

A =


0 0 · · · 0

a21 0 · · · 0
...

...
. . .

...

am1 am2 · · · 0

 .
In addition, because MSUPG and M are obviously invertible, Eq (3.4) can be transformed into the

following form: 
V′(t) = F (V(t), t) ,

V(0) = M−1
∫

Ω

αωi dΩ,

where
F (V(t), t) = M−1

SUPG (bSUPG(t) − ASUPG(t)V(t)) .

Thus, we use the m-stage p-order ERK method to discretize the time of Eq (3.4) and obtain the
following full-discrete formulation. This formulation balances computational accuracy and efficiency.
Full-discrete SUPG formulation: The full-discrete SUPG formulation for Eq (1.1) is to find Vn+1 ∈

H1(Uh; 0,T ) such that 
Vn+1 = Vn + τ

m∑
i=1

biki, n = 0, 1, · · ·

V(0) = M−1
∫

Ω

αωi dΩ,

(3.5)
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where ki = F
(
Vn + τ

∑m−1
j=1 ai jk j, tn + τci

)
, and

∑m−1
j=1 ai j = bi. This is the standard recursive definition

of ERK stage values, where each ki is determined by the preceding stage terms k j.
The coefficients bi, ci, and ai j in the ERK method are determined according to the following

principles: Taylor expansion is used to derive accuracy order conditions. This guarantees high-order
consistency between the numerical solution Vn+1 and the exact solution u(x, tn+1). For a s-stage ERK
method of p-order accuracy, expand Vn+1 and u(x, tn+1) into Taylor series at tn. All coefficients of terms
up to τp must be identical. Comparing terms of the same power yields the required conditions: For
m = 0, 1, . . . , p, conditions

∑s
i=1 bicm

i = 1/(m + 1) and
∑s

j=1 ai jcm
j = cm+1

i /(m + 1) [44] must be satisfied.
In the simulation of the convection-dominated flows, the stability of the numerical method is

the core prerequisite for ensuring the reliability of concentration simulation results during long-
term development. For the stability of the ERK method, [33] states that the amplification matrix is
R(z) = 1 + zbT (I − zA)−11, where z = −λτ, and λ is the eigenvalue of M−1

SUPGASUPG. The stability
region of this method is derived by solving G(z) ≤ 1. Furthermore, for the ERK method, the CFL
condition [45] requires that the time step size τ be proportional to the mesh size h. Further, the
proportionality constant CCFL bounded by the stability radius of the ERK method. The specific form is
as follows: τ ≤ CCFLh, where CCFL is related to the convective term coefficient and is independent of
the mesh and time step sizes.

Error is the key indicator for quantifying the degree to which numerical solutions approximate the
exact solutions, providing a basis for precision control in engineering simulations. As shown in [18],
the convergence rate of the SUPG method is O(h2(q+1)/3) and O(hq+1/2), corresponding to the cases
where the stabilization parameter depends on the time step and spatial step, respectively. Earlier we
analyzed the principle for determining coefficients of the m-stage p-order ERK method; thus, the
convergence rate of the ERK method is O(τp). Therefore, the convergence rate of the ERK-SUPG
method is

‖Vn − u(x, tn)‖ ≤ C
(
h2(q+1)/3 + τp

)
, (3.6)

and
‖Vn − u(x, tn)‖ ≤ C

(
hq+1/2 + τp

)
. (3.7)

To make the overall convergence order reach the (2(q+1)/3)- or (q+1/2)-order, we can set p ≥2(q+1)/3
or q + 1/2. Thus, p can be taken as q + 1.

In this section, an ERK-SUPG method was proposed to solve convection-dominated equations,
aiming to reduce the numerical oscillation caused by the convection-dominated fluid. In the next
section, we will use numerical examples related to offshore reservoir scenarios to illustrate the
effectiveness of this method.

4. Numerical examples

This section presents three numerical examples to validate the effectiveness of the ERK-SUPG
method for solving convection-dominated equations. The first example adopts Dirichlet boundary
conditions and a time-independent convection field to test the basic behavior of the solution under
steady driving effects, providing a standard benchmark for numerical validation. The second example
applies Dirichlet boundary conditions with a time-dependent convection term to simulate unsteady
flow evolution. The third example incorporates mixed Dirichlet-Neumann boundary conditions with a
time-independent convection term, replicating realistic offshore reservoir scenarios.
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Based on the analysis in the previous section, the optimal convergence order is obtained for p =

q + 1. Thus, the order of the 7-stage ERK method used in this section is set to p = q + 1, where q
denotes the degree of Said-Ball basis functions. Furthermore, all the errors in the calculations of this
section are absolute errors, and all the calculations are performed using double-precision arithmetic.

Example 1. This example constructs a benchmark model for hydrocarbon fluid migration under stable
injection-production driving conditions in shallow-water offshore oilfields. In Ω = [0, 1] × [0, 1], the
convection term is b = (1.3, 1.9) and reflects the persistent high-velocity migration of convection-
dominated fluids. The diffusion term retains a small coefficient ε = 10−6. The reaction coefficient
c = 1 quantifies the physicochemical interactions under stable flow conditions, and Dirichlet boundary
conditions are uniformly applied to specify concentration constraints at boundaries. Furthermore, the
exact solution is

u(x, y, t) = txsin(2πx)sin(πy),

and the source term is

f (x, y, t) =sin(2πx)sin(πy) (1.3t + tx + x) + 2.6txπcos(2πx)sin(πy)
− 10−6πtsin(πy)

(
4cos(2πx) − 5xπsin(2πx)

)
+ 1.9txπcos(πy)sin(2πx).

Following the analysis in [18], the stabilization parameter for time-independent convection can
depend on both the time step τ and spatial step h. In this example, we compute errors and convergence
orders for both choices, as presented in Tables 2 and 3. Meanwhile, to more intuitively display the data
in these tables, we plot the corresponding Figures 3 and 5 based on Tables 2 and 3, respectively.

Table 2 presents the errors and convergence orders of the proposed ERK-SUPG method with
stabilization parameter τ/9, and Table 3 shows corresponding results with δM = h/5. Results from
both tables demonstrate that as the degree of Said-Ball basis functions increases, the error decreases,
and the convergence order improves, verifying that the scheme maintains stable accuracy under mesh
refinement. Figures 3 and 5 visualize the results in Tables 2 and 3. A comparison between the
convergence-order black lines and the error curves of the four norms clearly shows the enhanced
convergence order of the proposed method.

Table 2. The numerical errors in Example 1 by the ERK-SUPG method with δM ∼ τ.

Method Mesh (h)
‖Vn − u(x, tn)‖ |Vn − u(x, tn)|1 ‖Vn − u(x, tn)‖∞ ‖Vn − u(x, tn)‖SUPG

Error Order Error Order Error Order Error Order

2 × 2
Said-Ball

[1
2 ,

1
2 ] 3.75e-02 − 7.75e-01 − 9.98e-02 − 3.90e-02 −

[ 1
4 ,

1
4 ] 7.90e-03 2.25 2.70e-01 1.52 2.48e-02 2.01 8.34e-03 2.23

[1
8 ,

1
8 ] 1.87e-03 2.08 1.14e-01 1.24 6.61e-03 1.91 2.09e-03 2.00

3 × 3
Said-Ball

[1
2 ,

1
2 ] 3.69e-02 − 5.96e-01 − 1.19e-01 − 3.74e-02 −

[ 1
4 ,

1
4 ] 1.49e-03 4.63 7.80e-02 2.93 3.59e-03 5.05 1.64e-03 4.51

[1
8 ,

1
8 ] 5.29e-05 4.82 6.84e-03 3.51 1.52e-04 4.56 7.15e-05 4.52

4 × 4
Said-Ball

[1
2 ,

1
2 ] 3.65e-03 − 3.63e-02 − 5.97e-03 − 3.67e-03 −

[ 1
4 ,

1
4 ] 9.47e-05 5.27 1.05e-03 5.12 2.53e-04 4.56 3.94e-05 5.27

[1
8 ,

1
8 ] 3.07e-06 4.95 2.77e-05 5.24 7.50e-06 5.08 3.08e-06 4.95
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Table 3. The numerical errors in Example 1 by the ERK-SUPG method with δM ∼ h.

Method Mesh (h)
‖Vn − u(x, tn)‖ |Vn − u(x, tn)|1 ‖Vn − u(x, tn)‖∞ ‖Vn − u(x, tn)‖SUPG

Error Order Error Order Error Order Error Order

2 × 2
Said-Ball

[1
2 ,

1
2 ] 4.42e-02 − 6.49e-01 − 9.63e-02 − 2.70e-01 −

[ 1
4 ,

1
4 ] 7.43e-03 2.57 1.99e-01 1.70 2.30e-02 2.06 3.57e-02 2.25

[1
8 ,

1
8 ] 9.99e-04 2.89 5.48e-02 1.87 2.75e-03 3.06 1.12e-02 2.34

3 × 3
Said-Ball

[1
2 ,

1
2 ] 1.06e-02 − 2.34e-01 − 2.45e-02 − 9.03e-02 −

[ 1
4 ,

1
4 ] 7.51e-04 3.82 3.69e-02 2.67 2.68e-03 3.19 1.05e-02 3.11

[1
8 ,

1
8 ] 4.49e-05 4.06 4.54e-03 3.02 1.52e-04 4.14 9.30e-04 3.50

4 × 4
Said-Ball

[1
2 ,

1
2 ] 3.60e-03 − 2.18e-02 − 6.22e-03 − 4.98e-03 −

[ 1
4 ,

1
4 ] 9.35e-05 5.27 5.82e-04 5.23 2.50e-04 4.64 1.05e-04 5.56

[1
8 ,

1
8 ] 3.10e-06 4.91 1.97e-05 4.89 8.19e-06 4.93 3.44e-06 4.94

Tables 2 and 3 show that the conclusions in [18] are also applicable in this paper. Specifically,
when the convection coefficient is time-independent, regardless of whether the stabilization parameter
is related to the time or spatial step, the ERK-SUPG method proposed in Section 3 is effective. In
addition, the calculated convergence orders clearly indicate that this method is effective for solving
convection-dominated equations based on the error estimate (3.6) and (3.7) with p = q + 1.

Figures 4 and 6 respectively present solutions corresponding to stabilization parameters depending
on the time and spatial step at t = 1. The numerical solutions are obtained under the basis functions of
degree 3×3 and 1/8 partition. The left subplot shows the exact solution, the middle subplot depicts the
numerical solution, and the right subplot displays the absolute error (|Vn − u(x, tn)|). Both numerical
methods for these parameters can effectively eliminate the nonphysical oscillations, and the numerical
solution is highly consistent with the exact solution. This indicates that the ERK-SUPG method has
stability and effectiveness when dealing with convection-dominated problems.
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Figure 3. The numerical errors in Example 1 with δM ∼ τ.
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Figure 4. The comparison of the exact solution and numerical solution in Example 1 with
δM ∼ τ.
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Figure 5. The numerical errors in Example 1 with δM ∼ h.
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Figure 6. The comparison of the exact solution and numerical solution in Example 1 with
δM ∼ h.

Example 2. The convection-dominated fluid migration process simulated by the CDR equations in
this example corresponds to the transient dynamic response of the oil-gas two-phase flow in Ω =

[0, 1] × [0, 1]. This scenario simulates the transient flow phase during the adjustment of injection and
production parameters on offshore platforms.

The diffusion coefficient is set to ε = 10−7. The time-dependent convection coefficient b =
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1 + t, 5/3 + tsin(2πy)

)
is the actual seepage velocity. The reaction coefficient c = 1 quantifies the

physicochemical interactions. The Dirichlet boundary condition stipulates that the concentrations of
the oil and gas phases remain fixed throughout the simulation period. Further

u(x, y, t) = t2x2y(1 − 3y + 2y2)(x − 1),

and

f (x, y,t) =
(
5/3 + tsin(2πy)

)(
t2x2(x − 1)(2y2 − 3y + 1) + t2x2y(4y − 3)(x − 1)

)
− 10−7(4t2x2y(x − 1)

+ 2t2x2(4y − 3)(x − 1) + 4t2xy(2y2 − 3y + 1) − 2t2y(x − 1)(2y2 − 3y + 1)
)

+ 2tx2y(x − 1)(2y2 − 3y + 1) + (1 + t)t2xy
(
3x − 2

)
(2y2 − 3y + 1) + t2x2y(x − 1)(2y2 − 3y + 1).

In this example, we use the 1 × 1-, 2 × 2-, and 3 × 3-degree Said-Ball basis functions, respectively.
When solving with 3×3 degree basis functions, due to the influence of computer precision, the minimum
error can only be calculated to 10−11. Let the stabilization parameter be τ/8. In Table 4, we present the
numerical errors and convergence orders obtained by the ERK-SUPG method described in Section 3.
The errors corresponding to 2×2 degree basis functions are all smaller than those of 1×1 degree basis
functions. The strong fitting ability of high-degree basis functions can more accurately characterize
the oil and gas concentration. Meanwhile, with the refinement of mesh partitioning, the errors under
both basis functions show a decreasing trend.

Table 4. The numerical errors in Example 2.

Method Mesh (h)
‖Vn − u(x, tn)‖ |Vn − u(x, tn)|1 ‖Vn − u(x, tn)‖∞ ‖Vn − u(x, tn)‖SUPG

Error Order Error Order Error Order Error Order

1 × 1
Said-Ball

[1
2 ,

1
2 ] 6.97e-03 − 5.12e-02 − 1.49e-02 − 2.46e-02 −

[ 1
4 ,

1
4 ] 2.14e-03 1.70 2.92e-02 0.81 6.17e-03 1.27 7.27e-03 1.76

[1
8 ,

1
8 ] 5.24e-04 2.03 1.49e-02 0.97 2.16e-03 1.51 2.33e-03 1.64

[ 1
16 ,

1
16 ] 1.22e-04 2.11 7.20e-03 1.05 4.39e-04 2.30 7.07e-04 1.72

2 × 2
Said-Ball

[1
2 ,

1
2 ] 9.80e-04 − 1.28e-02 − 2.51e-03 − 5.46e-03 −

[ 1
4 ,

1
4 ] 1.64e-04 2.58 3.66e-03 1.80 4.92e-04 2.35 8.84e-04 2.63

[1
8 ,

1
8 ] 2.40e-05 2.77 1.10e-03 1.73 7.48e-05 2.72 1.62e-04 2.45

[ 1
16 ,

1
16 ] 3.87e-06 2.65 3.59e-04 1.62 1.28e-05 2.55 3.01e-05 2.43

3 × 3
Said-Ball

[1
2 ,

1
2 ] 6.17e-10 − 6.06e-09 − 1.73e-09 − 1.62e-09 −

[ 1
4 ,

1
4 ] 1.11e-10 − 6.06e-09 − 1.73e-10 − 2.30e-10 −

[ 1
8 ,

1
8 ] 2.61e-11 − 1.07e-09 − 1.01e-10 − 5.24e-11 −

Based on the theoretical result (3.6) obtained in the previous section, the final convergence order
of the ERK-SUPG method is 2(q + 1)/3 for the q × q degree basis functions. Further, the convergence
orders corresponding to the 1 × 1 degree and 2 × 2 degree basis functions are 4/3 and 2, respectively,
in Table 4 for the L2 norm, which are consistent with the theoretical results.

Figure 7 presents the exact solution, numerical solution, and absolute error (|Vn − u(x, tn)|) at
t = 1 under 1 × 1 degree basis functions and 1/16 partition. From this figure, it can be seen that the
ERK-SUPG method can effectively suppress nonphysical oscillations and maintain a good consistency
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between the exact solution and the numerical solution. These results demonstrate that the ERK-SUPG
method is stable and effective in simulating the transient convection-dominated two-phase migration
process of oil and gas in offshore platforms.
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Figure 7. The comparison of the exact solution and numerical solution in Example 2.

Example 3. In this example, the computational domain is set as Ω = [0, 1] × [0, 1], specifically
simulating the reservoir space around a cluster of production wells where oil-gas two-phase flow
is concentrated. The convective coefficient b = (7/10, 3/2) corresponds to the stable driving effect
generated by a steady pressure field during the mid-term production phase of offshore oilfields. The
diffusion coefficient ε = 10−7 represents the extremely weak fluid mixing process. The reaction
coefficient c = 1 quantifies the rate of mild physicochemical interactions in stable flow conditions.

The boundary at y = 1 is set as a Neumann boundary with zero flux, representing an impermeable
interface. The remaining boundaries are of Dirichlet type: x = 0 corresponds to a fluid inlet, x = 1 to
an outlet, and y = 0 to a fixed bottom condition. This setup combines impermeable and fluid-exchange
boundary conditions typical of convection-dominated transport problems. In addition,

u(x, y, t) = t3sin(πx)sin(2πy),

and

f (x, y, t) = (3t2 + t3 + 5 × 10−7t3π2)sin(πx)sin(2πy) + 3t3πcos(2πy)sin(πx) + 7/10 t3πcos(πx)sin(2πy).

Because the convection term in this example is also time-independent, similar to Example 1, this
example also calculates errors when the stabilization parameter is related to both the time step and the
spatial step.

Tables 5 and 6 provide the errors and convergence orders when the stabilization parameters are
related to the time step and spatial step, respectively. Among them, the stabilization parameters
take τ/8 and h/4, respectively. From the data, it can be seen that as the degree of Said-Ball basis
functions increases, the error decreases. When using 3×3 basis functions, the error decreases to 10−7,
which satisfies the accuracy requirements for fine-scale simulation of concentration gradients and
fluid exchange. Comparing the convergence-order lines in Figure 8 and Figure 9 shows that the
observed orders match theoretical predictions, confirming no numerical drift in long-term simulations
and verifying the stability of the ERK-SUPG method.

When the order p of the ERK method is set to (q + 1), and q× q degree basis functions are used, the
theoretical convergence orders are 2(q+1)/3 and (q+1/2) for the L2 norm. For instance, a 4-order ERK
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method combined with 3 × 3 (q = 3) degree basis functions yields the theoretical convergence orders
of 8/3 and 3.5. Further, the convergence orders in Tables 5 and 6 are consistent with the theoretical
results. This means that the method accurately captures concentration evolution from fluid inlet to
outlet while maintaining numerical rationality on impermeable and aquifer boundaries. Such behavior
is consistent across all basis functions in Tables 5 and 6, further demonstrating the capability of the
ERK-SUPG method to handle complex boundary conditions and deliver reliable numerical results.

Table 5. The numerical errors in Example 3 by the ERK-SUPG method with δM ∼ τ.

Method Mesh (h)
‖Vn − u(x, tn)‖ |Vn − u(x, tn)|1 ‖Vn − u(x, tn)‖∞ ‖Vn − u(x, tn)‖SUPG

Error Order Error Order Error Order Error Order

1 × 1
Said-Ball

[ 1
2 ,

1
2 ] 6.93e-01 − 4.23e+00 − 1.75e+00 − 6.96e-01 −

[ 1
4 ,

1
4 ] 6.50e-02 3.41 1.61e+00 1.39 2.23e-01 2.97 7.01e-02 3.31

[ 1
8 ,

1
8 ] 1.27e-02 2.35 7.47e-01 1.11 4.37e-02 2.35 1.77e-02 1.99

[ 1
16 ,

1
16 ] 3.01e-03 2.08 3.69e-01 1.02 1.01e-02 2.11 6.75e-03 1.39

2 × 2
Said-Ball

[ 1
2 ,

1
2 ] 7.27e-02 − 6.25e-01 − 1.30e-01 − 7.31e-02 −

[ 1
4 ,

1
4 ] 1.56e-02 2.22 9.75e-02 2.68 2.90e-02 2.17 1.57e-02 2.22

[ 1
8 ,

1
8 ] 1.96e-03 3.00 1.15e-02 3.08 3.94e-03 2.88 1.96e-03 3.00

[ 1
16 ,

1
16 ] 2.44e-04 3.00 1.35e-03 3.10 4.95e-04 2.99 2.45e-04 3.00

3 × 3
Said-Ball

[ 1
2 ,

1
2 ] 5.22e-02 − 7.58e-01 − 1.80e-01 − 6.49e-02 −

[ 1
4 ,

1
4 ] 8.44e-04 5.95 5.62e-02 3.75 3.71e-03 5.60 1.26e-03 5.68

[ 1
8 ,

1
8 ] 1.43e-05 5.88 5.99e-03 3.23 3.09e-05 6.91 1.01e-04 3.64

[ 1
16 ,

1
16 ] 4.36e-07 5.03 7.25e-04 3.05 9.93e-07 4.96 1.21e-05 3.06

Table 6. The numerical errors in Example 3 by the ERK-SUPG method with δM ∼ h.

Method Mesh (h)
‖Vn − u(x, tn)‖ |Vn − u(x, tn)|1 ‖Vn − u(x, tn)‖∞ ‖Vn − u(x, tn)‖SUPG

Error Order Error Order Error Order Error Order

1 × 1
Said-Ball

[ 1
2 ,

1
2 ] 5.14e-01 − 3.56e+00 − 1.08e+00 − 1.80e+00 −

[ 1
4 ,

1
4 ] 8.26e-02 2.64 1.48e+00 1.27 2.07e-01 2.39 5.39e-01 1.74

[ 1
8 ,

1
8 ] 1.50e-02 2.46 7.40e-01 1.00 3.89e-02 2.41 1.92e-01 1.49

[ 1
16 ,

1
16 ] 3.18e-03 2.24 5.68e-01 1.01 9.09e-03 2.10 6.75e-02 1.51

2 × 2
Said-Ball

[ 1
2 ,

1
2 ] 6.55e-02 − 3.31e-01 − 1.35e-01 − 1.22e-01 −

[ 1
4 ,

1
4 ] 1.58e-02 2.06 7.36e-02 2.17 2.99e-02 2.18 2.19e-02 2.48

[ 1
8 ,

1
8 ] 1.96e-03 3.01 9.21e-03 3.00 4.03e-03 2.89 2.39e-03 3.20

[ 1
16 ,

1
16 ] 2.45e-04 3.00 1.16e-03 2.99 5.00e-04 3.01 2.73e-04 3.13

3 × 3
Said-Ball

[ 1
2 ,

1
2 ] 1.56e-02 − 3.98e-01 − 3.50e-02 − 2.01e-01 −

[ 1
4 ,

1
4 ] 7.73e-04 4.33 3.81e-02 3.39 2.03e-03 4.11 1.42e-02 3.87

[ 1
8 ,

1
8 ] 4.88e-05 3.98 4.86e-03 2.97 1.55e-04 3.71 1.29e-03 3.46

[ 1
16 ,

1
16 ] 3.06e-06 4.00 6.11e-04 2.99 1.02e-05 3.93 1.14e-04 3.49
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Figure 8. The numerical errors in Example 3 with δM ∼ τ.
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Figure 9. The numerical errors in Example 3 with δM ∼ h.

In this section, these examples, with varied in boundary conditions and convection terms,
demonstrate the method’s effectiveness, thereby providing a reliable basis for selecting and
parameterizing offshore reservoir simulation models.

5. Conclusions and future work

Solving convection-dominated CDR equations is essential for accurately capturing unsteady fluid
transport. This work develops an ERK-SUPG scheme tailored for convection-dominated problems.
For spatial discretization, we construct trial and test function spaces using Said-Ball basis functions of
degree q × q within the SUPG framework; for time discretization, an m-stage p-order ERK method is
utilized. We analyze the convergence rate and establish the optimal convergence orders. Extensive
numerical tests on typical convection-dominated problems confirm that the presented ERK-SUPG
method performs well when solving convection-dominated equations.

To summarize, the numerical framework established in this paper yields an accurate and efficient
approach for modeling convection-dominated fluid transport in offshore reservoirs.

The extensions outlined below remain open for future investigation:

(1) Fractional PDEs will be investigated to capture anomalous diffusion and long-memory effects
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inherent to reservoir fluid migration, which cannot be fully described by classical integer-order
models.

(2) Numerical techniques defined over irregular domains will be explored to eliminate modeling
errors introduced by simplified regular-domain assumptions and faithfully replicate real reservoir
geometric features.

(3) We intend to integrate fractional differential operators with irregular domain constraints to
strengthen the theoretical and numerical analysis of convection-dominated flows.

Upon completion, these follow-up studies will deliver higher-fidelity numerical tools for complex
reservoir fluid simulation.
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