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Abstract: In this paper, we address the finite-time attitude tracking control problem for quadrotor 

unmanned aerial vehicles (UAVs) subject to external disturbances and prescribed state constraints. A 

novel composite control framework was proposed, which integrated a finite-time disturbance 

observer (FTDO) with a barrier Lyapunov function (BLF)-based homogeneous controller. 

Specifically, an FTDO was first designed to achieve rapid and accurate estimation of the lumped 

disturbance, which encompassed external disturbances and model uncertainties. Then, a tangent-type 

barrier Lyapunov function (BLF) was constructed to prevent violation of the prescribed state 

constraints. Subsequently, a tangent-type BLF was introduced to strictly enforce the predefined 

attitude constraints. By leveraging homogeneous system theory and incorporating the disturbance 

estimates for feedforward compensation, a continuous composite finite-time controller was 

synthesized. Rigorous Lyapunov analysis demonstrated that under the proposed scheme, all 

closed-loop signals remained bounded, and the attitude tracking errors converged to zero within 

finite time, and the prescribed state constraints were never transgressed. Simulation results 

demonstrated the effectiveness of the proposed control scheme. 
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1. Introduction 

Quadrotor unmanned aerial vehicles (UAVs) have found widespread applications in military 

reconnaissance, logistics transportation, and aerial surveillance [1,2], owing to their mechanical 

simplicity, agile maneuverability, and vertical take-off and landing (VTOL) capability. Their modular 

architecture further facilitates efficient deployment in large-scale scenarios, such as agricultural 

monitoring and infrastructure inspection. However, in mission-critical tasks demanding high 

dynamic performance such as formation flight and precision payload delivery the attitude control 

system must ensure not only robustness against external disturbances but also strict adherence to 

predefined state constraints (e.g., angular velocity or attitude angle limits) [3]. Violation of these 

constraints can lead to performance degradation or instability. Moreover, the convergence speed of 

attitude tracking is often required to be finite-time to meet the stringent temporal demands of agile 

maneuvers [4]. Satisfying these simultaneous requirements of disturbance rejection, constraint 

satisfaction, and finite-time convergence poses a significant and open challenge for controller design. 

A substantial body of research has been devoted to attitude control of quadrotor UAVs. Linear 

methods, such as PID and linear quadratic regulators (LQR), offer simple structures but exhibit 

limited robustness against strong nonlinearities and external disturbances [5]. To address system 

nonlinearities, nonlinear control techniques including feedback linearization [6], backstepping [7], 

and sliding mode control (SMC) [8,9] have been proposed, achieving improved performance. 

Nevertheless, these methods primarily rely on the controller's inherent robustness to suppress 

disturbances. As a step toward more proactive uncertainty compensation, adaptive fuzzy switching 

tracking algorithms have been developed for flexible robotic systems [10]. To more proactively 

reject disturbances, observer-based active anti-disturbance control has gained prominence [11]. 

Strategies such as disturbance observer-based control (DOBC) [12,13], active disturbance rejection 

control (ADRC) [14], and finite-time disturbance observers (FTDO) [15] enable real-time estimation 

and feedforward compensation of lumped disturbances, significantly enhancing system robustness. 

While effective in disturbance rejection, the aforementioned methods share two common 

limitations. First, they lack a systematic mechanism to explicitly handle state constraints. Although 

barrier Lyapunov functions (BLFs) have been introduced to prevent constraint violations [16,17], 

conventional BLF-based designs typically achieve only asymptotic stability. Second, the 

convergence rate of tracking errors in these frameworks is often at best exponential, which may not 

suffice for applications requiring finite-time convergence. Some researchers have explored 

finite-time control techniques [18] or BLF-based constrained control [19] in isolation, but the 

simultaneous consideration of lumped disturbances, prescribed state constraints, and finite-time 

convergence remains an unresolved problem. It is worth noting that while related challenges in 

stochastic nonlinear systems have been addressed via designated-time stabilization [20], such 

approaches do not directly translate to the deterministic, disturbance-prone, and tightly constrained 

attitude tracking problem of quadrotor UAVs considered herein. Moreover, quadrotor control with 

prescribed performance and prescribed-time convergence has drawn increasing attention. The 

researchers in [21] proposed a prescribed-performance tracking scheme with prescribed-time 

guarantees under arbitrary initial conditions. Tian et al. [22] developed a fault-tolerant 

prescribed-time controller with guaranteed performance, while Wang et al. [23] presented a 

prescribed finite-time attitude tracking method. Zhang et al. [24] investigated anti-saturation fast 

super-twisting sliding mode control, and Vutukuri and Padhi [25] addressed predefined-time 
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prescribed performance control for spacecraft, whose framework is methodologically transferable to 

quadrotor systems. However, these approaches treat prescribed performance and convergence-time 

specification as separate objectives, and none simultaneously ensures lumped disturbance rejection, 

strict constraint satisfaction, and finite-time convergence within a unified framework. 

Motivated by this gap, we propose a novel composite control framework for quadrotor UAV 

attitude tracking subject to external disturbances and prescribed state constraints. The proposed 

scheme integrates a FTDO with a tangent-type barrier Lyapunov function (BLF)-based homogeneous 

controller. The major contributions are summarized as follows: 

(i) A finite-time disturbance observer is designed to achieve rapid and exact estimation of 

lumped disturbances, enabling effective feedforward compensation. 

(ii) A tangent-type BLF is constructed to strictly enforce predefined attitude constraints, 

ensuring never violation during operation. 

(iii) By leveraging homogeneous system theory, a continuous composite finite-time controller is 

synthesized, guaranteeing that attitude tracking errors converge to zero within finite time while 

maintaining all closed-loop signals bounded. Rigorous Lyapunov analysis and simulation studies 

validate the efficacy of the proposed scheme. 

(iv) Unlike constrained control schemes that only ensure asymptotic stability (e.g., CFO-BLF 

in [26]), the proposed strategy guarantees finite-time convergence of attitude tracking errors. 

Comparative simulations in Section 4.2.3, evaluating tracking accuracy, convergence speed, 

constraint satisfaction, and control smoothness, demonstrate the significant improvements of the 

proposed scheme in transient and steady-state performances. 

2. Quadrotor UAV system modeling 

2.1. Problem formulation 

A quadrotor UAV achieves attitude and position control by adjusting the rotational speeds of its 

four rotors. The simplified structure is shown in Figure 1. To describe its motion, we define an 

earth-fixed inertial frame [27] (𝑂𝑒: 𝑋𝑒 𝑌𝑒 𝑍𝑒)and a body-fixed frame (𝑜𝑏: 𝑥𝑏 𝑦𝑏 𝑧𝑏). The orientation of 

the body frame relative to the inertial frame is represented by Euler angles: The roll angle 𝜑 

(rotation about the 𝑜𝑏𝑥𝑏 -axis), pitch angle 𝜃 (rotation about the 𝑜𝑏𝑦𝑏 -axis), and yaw angle 𝜓 

(rotation about the 𝑜𝑏𝑧𝑏-axis). The corresponding angular velocities are denoted as 𝜔𝑥, 𝜔𝑦, and 𝜔𝑧, 

respectively. 

  

Figure 1. Schematic diagram of the quadrotor UAV structure. 
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We assume that the rotational speeds of the four rotors are 𝜔1、𝜔2、𝜔3 and 𝜔4, respectively. The 

total lift force generated along the 𝑜𝑏𝑧𝑏 axis is denoted as 𝑢𝐿, and the torques about three body axis 

are denoted as 𝜏𝜑 , 𝜏𝜃, and 𝜏𝜓 . Based on the symmetric configuration of the quadrotor and the 

associated aerodynamic relationships, the resultant forces and moments can be expressed as follows: 

                     

{
 
 

 
 𝑢𝐿 = 𝑘(𝜔1

2 + 𝜔2
2 + 𝜔3

2 + 𝜔4
2),

𝜏𝜑 = 𝑙𝑘(𝜔2
2 − 𝜔4

2),

𝜏𝜃 = 𝑙𝑘(−𝜔1
2 + 𝜔3

2),

𝜏𝜓 = 𝑏(−𝜔1
2 +𝜔2

2 − 𝜔3
2 + 𝜔4

2),

                        (2.1) 

where 𝑘 denotes the thrust coefficient, 𝑙 represents the arm length from the rotor center to the 

UAV's center of mass, and 𝑏 is the torque coefficient. 

2.2. Attitude dynamics model 

Employing the Newton-Euler formulation [28, 29], the attitude dynamics of a quadrotor UAV 

in the presence of external disturbances can be described as follows: 

                    

{
 
 
 
 

 
 
 
 
𝜑̇ = 𝑝 + 𝑞 𝑠𝑖𝑛 𝜑 𝑡𝑎𝑛 𝜃 + 𝑟cos𝜑 𝑡𝑎𝑛 𝜃 ,

𝜃̇ = 𝑞 𝑐𝑜𝑠 𝜑 − 𝑟 𝑠𝑖𝑛 𝜑 ,

𝜓̇ = 𝑞
𝑠𝑖𝑛𝜑

𝑐𝑜𝑠 𝜃
+ 𝑟

𝑐𝑜𝑠𝜑

𝑐𝑜𝑠 𝜃
,

𝑝̇ =
𝐼𝑦−𝐼𝑧

𝐼𝑥
𝑞𝑟 +

1

𝐼𝑥
𝜏𝜑 +

1

𝐼𝑥
𝜏𝑑𝜑,

𝑞̇ =
𝐼𝑧−𝐼𝑥

𝐼𝑦
𝑝𝑟 +

1

𝐼𝑦
𝜏𝜃 +

1

𝐼𝑦
𝜏𝑑𝜃,

𝑟̇ =
𝐼𝑥−𝐼𝑦

𝐼𝑧
𝑝𝑞 +

1

𝐼𝑧
𝜏𝜓 +

1

𝐼𝑧
𝜏𝑑𝜓,

                     (2.2) 

where 𝑝, 𝑞, 𝑟 denotes the angular velocity of the rigid body;  𝐼𝑥 ,  𝐼𝑦,  𝐼𝑧 are the moment of 

inertia;  𝜏𝜑 ,  𝜏𝜃 and  𝜏𝜓 stands for the control torque;  𝜏𝑑𝜑 , 𝜏𝑑𝜃  and 𝜏𝑑𝜓 represent the external 

disturbance torques. 

To facilitate subsequent analysis and controller design, the system in (2.2) can be rewritten in 

the following concise form: 

                       {
𝛩̇ = 𝑊𝛺,

𝛺̇ = −𝐼−1（𝛺×𝐼𝛺）+ 𝐼−1𝜏𝑢 + 𝐼
−1𝜏𝑑,

                      (2.3) 

where 

𝛩 = [

𝜑
𝜃
𝜓
],

 

𝛺 = [
𝑝
𝑞
𝑟
],

 

𝐼 = [

𝐼𝑥 0 0
0 𝐼𝑦 0

0 0 𝐼𝑧

],

 

𝜏𝑢 = [

𝜏𝜑
𝜏𝜃
𝜏𝜓
],

 

𝜏𝑑 = [

𝜏𝑑𝜑
𝜏𝑑𝜃
𝜏𝑑𝜓

], 

𝛺× = [

0 −𝑟 𝑞
𝑟 0 −𝑝
−𝑞 𝑝 0

],

 

𝑊 = [

1 𝑠𝑖𝑛 𝜑 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑡 𝜑 𝑡𝑎𝑛 𝜃
0 𝑐𝑜𝑡 𝜑 −𝑠𝑖𝑛 𝜑

0 𝑠𝑖𝑛 𝜑 𝑐𝑜𝑠 𝜃⁄ 𝑐𝑜𝑠 𝜑 𝑐𝑜𝑠 𝜃⁄
]. 
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𝐼 is the inertia matrix (considered diagonal and positive definite), 𝜏𝑢 is the control torque vector, 

𝜏𝑑  is the lumped disturbance torque vector, and 𝛺× is the skew-symmetric matrix associated with the 

angular velocity, 𝑊 is the attitude kinematics matrix. 

The primary control objective is to track desired attitude angles 𝜑𝑞, 𝜃𝑞  and 𝜓𝑞 for the roll pitch 

and yaw channels, respectively. Since the actual control inputs are the rotational speeds of the four 

rotors 𝜔1 ,   𝜔2 ,  𝜔3  and 𝜔4  the moment allocation relationship given by (2.1) is not uniquely 

invertible. To address this issue, it is commonly assumed that under hovering conditions or when the 

small-angle approximation holds, the total lift 𝑢𝐿 balances gravity: 

                              𝑢𝐿 𝑐𝑜𝑠 𝜑 𝑐𝑜𝑠 𝜃 = 𝑚𝑔,                             (2.4) 

where 𝑚 is the mass of UAV and 𝑔 is the gravitational acceleration. 

2.3. Decoupling of the attitude error dynamics 

Kinematic coupling inherent in the attitude dynamics can induce undesired interactions that 

complicate controller design. To address this issue, we adopt a transformation to decouple the 

original dynamics into three independent channels, thereby facilitating the design of dedicated 

controllers for the roll, pitch, yaw axes and enhancing robustness against external disturbances to 

ensure flight stability in complex environments [16]. Define the attitude tracking error vector as: 

                          

𝑒𝛩 = 𝛩 − 𝛩
𝑞 = [

𝜑 − 𝜑𝑞

𝜃 − 𝜃𝑞

𝜓 − 𝜓𝑞
] = [

𝑒𝜑
𝑒𝜃
𝑒𝜓
],                      (2.5) 

where 𝛩𝑞 = [𝜑𝑞 𝜃𝑞 𝜓𝑞]𝑇 is the desired attitude angle vector. Combining (2.3) with (2.5), the 

dynamics of the tracking error are derived as follows: 

             {
𝑒̇𝛩 = 𝑊𝛺 − 𝛩̇

𝑞 ,

𝑒̈𝛩 = −𝑊𝐼
−1(𝛺×𝐼𝛺) + 𝑊̇𝛺 +𝑊𝐼

−1𝜏𝑢 +𝑊𝐼
−1𝜏𝑑 − 𝛩̈

𝑞 ,
              (2.6) 

where  𝛩̇𝑞 and 𝛩̈𝑞 are the first and second derivatives of the desired attitude, respectively. 

To facilitate controller design, the known dynamics and the equivalent control input are defined 

as follows: 

𝑓 = −𝑊𝐼−1（𝛺×𝐼𝛺）+ 𝑊̇𝛺, 𝜏 = 𝑊𝐼−1𝜏𝑢, 𝑑 = 𝑊𝐼
−1𝜏𝑑 − 𝛩̈

𝑞 , 

where𝑓 = [𝑓1 𝑓2 𝑓3]
𝑇 represents the known nonlinear terms, 𝜏 = [𝜏1 𝜏2 𝜏3]𝑇 denotes the 

equivalent control inputs in the decoupled space, and 𝑑 = [𝑑1 𝑑2 𝑑3]
𝑇 stands for the lumped 

disturbance, which encompasses external disturbance torques and the feed forward terms associated 

with the desired trajectory. 

Consequently, the attitude tracking error system (2.6) can be decoupled into three independent 

channels: 

{

𝑒̈𝜑 = 𝜏1 + 𝑓1 + 𝑑1,

𝑒̈𝜃 = 𝜏2 + 𝑓2 + 𝑑2,
𝑒̈𝜓 = 𝜏3 + 𝑓3 + 𝑑3.

                           (2.7) 
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Assumption 2.1. The lumped disturbance 𝑑𝑖(𝑖 = 1, 2, 3) has bounded derivatives up to order 𝑛 − 1, 

and there exists a function 𝜂𝑖(⋅): 𝑅
𝑛−1 → 𝑅 such that 

𝑑𝑖
(𝑛−1)

= 𝜂𝑖(𝑑𝑖 , 𝑑𝑖
(1)
, ⋯ , 𝑑𝑖

(𝑛−2)
). 

Through the above transformation, the original three-channel attitude tracking problem for the 

quadrotor UAV is converted into a stabilization problem for the error subsystems given in (2.7). 

Remark 2.1. The desired tracking signals 𝜑𝑞 ,  𝜃𝑞 ,  𝜓𝑞  are known a priori. However, their 

higher-order derivatives are often difficult to obtain directly in practice. Therefore, in Eq (2.6), the 

term 𝛩̈𝑞 is incorporated into the lumped disturbance𝑑for unified handling. 

3. Results 

3.1. Design of finite-time disturbance observer 

Inspired by the finite-time disturbance observers proposed in [30,31], a finite-time disturbance 

observer (FTDO) is designed for system (2.7) to estimate 𝑑(𝑡) within a finite time. Define 𝑧𝑖1 = 𝑒̇𝑖 , 

 𝑧𝑖,𝑗+1 = 𝑑𝑖
(𝑗)
, 𝑖 = 1, 2, 3, 𝑗 =  1, ⋯  , 𝑛 − 1. With these definitions, system (2.7) can be reformulated 

as: 

                      {

𝑧̇𝑖1 = 𝜏𝑖 + 𝑓𝑖 + 𝑧𝑖2,
𝑧̇𝑖𝑗 = 𝑧𝑖,𝑗+1, 𝑗 = 2,⋯ , 𝑛 − 1

𝑧̇𝑖𝑛 = 𝜂𝑖(𝑧𝑖2, ⋯ , 𝑧𝑖,𝑛−1).

,                          (3.1) 

Since the system (2.7) is equivalent to the system (3.1), the design of a finite-time disturbance 

observer for (2.7) reduces to the design of a finite-time state observer for (3.1). 

Lemma 3.1. For any ratio of odd even integers 𝛾 ∈ (−1 𝑛⁄ , 1), there exist positive constants 𝑘𝑖 

such that the system 

{
𝜀𝑖̇ = 𝜀𝑖+1 + 𝑘𝑖𝜀1

𝑟𝑖+1 , 𝑖 = 1,⋯ , 𝑛 − 1,

𝜀𝑛̇ = −𝑘𝑛𝜀1
𝑟𝑛+1 ,

 

is globally finite-time stabile, where the exponents are defined recursively as 𝑟1 = 1, 𝑟𝑖+1 = 𝑟𝑖 + 𝛾, 
𝑖 = 1, ⋯ , 𝑛.  

Based on Lemma 3.1, a finite-time state observer for system (3.1) can be designed. The proof of 

which can be found in [32], and its properties are summarized in the following theorem. 

Remark 3.1. Lemma 3.1 is employed to guarantee the finite-time convergence of the proposed 

FTDO. Specifically, it provides the theoretical foundation for constructing a set of auxiliary state 

variables and recursively defined exponents such that the observer dynamics become globally 

finite-time stable. This lemma ensures that the estimation errors, as defined in (3.4), converge to zero 

within a finite time, there by providing a theoretical guarantee for accurate disturbance feedforward 

compensation in the subsequent controller design. 

Theorem 3.1. Consider system (3.1) with Assumption 2.1. There exists a constant 𝐿 ≥ 1 such that 

under the following observer 
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{

𝑧̇̂𝑖1 = 𝑧̂𝑖2 + 𝜏𝑖 + 𝑓𝑖 + 𝐿𝑘𝑖1𝜀1
𝑟𝑖2 ,

𝑧̇̂𝑖𝑗 = 𝑧𝑖,𝑗+1 + 𝐿𝑘𝑖𝑗𝜀1
𝑟𝑖,𝑗+1 , 𝑗 = 2,⋯ , 𝑛 − 1,

𝑧̇̂𝑖𝑛 = 𝜂̂𝑖(𝑧̂𝑖,2, ⋯ , 𝑧̂𝑖,𝑛−1) + 𝐿𝑛𝑘𝑖,𝑛𝜀1
𝑟𝑖,𝑛+1 ,

 

estimates the states (𝑧1, ⋯ , 𝑧𝑛) of system (3.1) in finite time. The nonlinear function𝜂is implemented 

with saturation to ensure boundedness, 𝜂̂(𝑧̂2, ⋯ , 𝑧̂𝑛) = 𝜂(𝑠𝑎𝑡𝐵(𝑧̂2),⋯ , (𝑧̂𝑛)), with 𝐵 ≥ 𝑏, and the 

saturation function is defined as 𝑠𝑡𝑎𝐵(𝑧̂𝑖) = 𝐵 ⋅ 𝑠𝑡𝑎(𝑧̂𝑖/𝐵). The constants 𝑘𝑖 and 𝑟𝑖 are defined as 

in Lemma 3.1. The proof of this theorem can be found in [28]. 

To estimate the lumped disturbances 𝑑1, 𝑑2 and 𝑑3 in the attitude loop, the following finite-time 

disturbance observers are designed based on the structure given in Theorem 3.1, 

{
 
 

 
 

𝑧̇𝑖1 = 𝜏𝑖 + 𝑓𝑖 + 𝑑𝑖 , 𝑑̂𝑖 = 𝑧𝑖3, 𝑖 = 1, 2, 3,

𝑧̇𝑖2 = 𝜏𝑖 + 𝑓𝑖 + 𝑧𝑖3 + 𝐿𝑘𝑖1|𝑧𝑖1 − 𝑧𝑖2|
𝑟12𝑠𝑖𝑔𝑛(𝑧𝑖1 − 𝑧𝑖2),

𝑧̇𝑖3 = 𝑧𝑖4 + 𝐿
2𝑘𝑖2|𝑧𝑖1 − 𝑧𝑖2|

𝑟13𝑠𝑖𝑔𝑛(𝑧𝑖1 − 𝑧𝑖2),

𝑧̇𝑖4 = 𝑧𝑖5 + 𝐿
3𝑘𝑖3|𝑧𝑖1 − 𝑧𝑖2|

𝑟14𝑠𝑖𝑔𝑛(𝑧𝑖1 − 𝑧𝑖2),

𝑧̇𝑖5 = −𝑆𝑡𝑎𝐵(𝑧𝑖4) + 𝐿
4𝑘𝑖4|𝑧𝑖1 − 𝑧𝑖2|

𝑟15𝑠𝑖𝑔𝑛(𝑧𝑖1 − 𝑧𝑖2),

         (3.2) 

where 𝑑̂𝑖 denote the estimated values of the lumped disturbances, whose dynamics are governed by 

the system (2.7). The constants 𝑘𝑖1, 𝑘𝑖2, 𝑘𝑖3, 𝑘𝑖4, 𝐿 are observer gains and 𝑟𝑖 = 1 + (𝑖 − 1)𝛾, 𝛾 ∈

(−
1

𝑛
, 0) for 𝑖 = 2,⋯ , 5. 

Define the estimation errors of the finite-time sliding mode observer (3.2) as follows: 

{

𝑒1 = 𝑑̂1 − 𝑑1,

𝑒2 = 𝑑̂2 − 𝑑2,

𝑒3 = 𝑑̂3 − 𝑑3.

                            (3.3) 

Since the lumped disturbances satisfy system (2.7), it follows from the theorem presented in [33] 

that the observer estimation errors 𝑒1, 𝑒2, 𝑒3 converge to zero during a finite time. Observing the 

system in (2.7) and the finite-time disturbance observers (3.2), it is evident that the dynamic models 

and observer designs for the roll, pitch, and yaw channels are structurally similar. Therefore, without 

loss of generality, the stability analysis in the following section is carried out for the pitch channel; 

the proofs for the remaining channels follow accordingly. 

Remark 3.2. Finite-time observer design has been explored in several studies [18,31,34]. Unlike 

these works, which primarily focus on disturbance estimation for individual systems, our 

contribution lies in developing an FTDO framework rooted in a system-reconstruction philosophy. 

This framework not only achieves accurate finite-time estimation of lumped disturbances, but more 

importantly, is inherently compatible with a barrier Lyapunov function-based controller, enabling the 

unified resolution of three critical challenges in quadrotor attitude tracking—prescribed state 

constraints, mismatched disturbance rejection, and finite-time convergence—within a single coherent 

architecture. Furthermore, the proposed FTDO framework incorporates a complementary smoothing 

mechanism: The saturation-constrained implementation of the nonlinear function, which prevents 

unbounded growth of observer states during transients and limits the amplitude of high-frequency 

components. 
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3.2. Finite-time state feedback controller design based on FTDO 

Define the attitude angle tracking error vector as defined in (2.5) and the output constraint be 

prescribed as −𝑐𝜃 ≤ 𝑒𝛩 ≤ 𝑐̄𝜃. 

To handle this output constraint, a barrier Lyapunov function (BLF) is constructed. Taking the 

pitch channel as an illustrative example, let 𝐷 ∈ 𝐷(−𝑐𝜃,𝑐𝜃̄) → 𝑅. The BLF is defined as follows: 

𝑉𝑏(𝑒𝜃) =
𝑐𝜃̄
(
𝑟3
𝑟1
+1)

𝑐𝜃
(
𝑟3
𝑟1
+1)

|𝑒𝜃|
(
𝑟3
𝑟1
+1)

(
𝑟3
𝑟1
+1)(𝑐𝜃̄−𝑒𝜃)

(
𝑟3
𝑟1
+1)

(𝑐𝜃+𝑒𝜃)
(
𝑟3
𝑟1
+1)
,                 (3.4) 

where 𝑟1 = 1, 𝑟𝑖 = 𝑟𝑖−1 + 𝛾 for 𝑖 = 1, 2, 3 and 𝛾 ∈ (−
1

𝑛
, 0). 

It can be verified that 𝑉𝑏(𝑒𝜃) is positive definite and continuously differentiable. The partial 

derivative of 𝑉𝑏(𝑒𝜃) with respect to 𝑒𝜃 is given by: 

𝜕𝑉𝑏(𝑒𝜃)

𝜕𝑒𝜃
= 𝜆(𝑒𝜃)[𝑒𝜃]

𝑟3
𝑟1 , 

where 

𝜆(𝑒𝜃) =
𝑐̄𝜃
(
𝑟3
𝑟1
+1)
𝑐𝜃
(
𝑟3
𝑟1
+1)
(𝑒𝜃
2 + 𝑐̄𝜃𝑐𝜃)

(𝑐̄𝜃 − 𝑒𝜃)
(
𝑟3
𝑟1
+2)
(𝑐𝜃 + 𝑒𝜃)

(
𝑟3
𝑟1
+2)
. 

Since the full state of the attitude system is measurable, a continuous finite-time sliding mode 

controller is proposed based on the BLF (3.4) and the disturbance estimates from the FTDO: 

                       𝑒̈ = −𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2 − (𝑑̂ − 𝑑),                  (3.5) 

where 𝑙𝑝1 and 𝑙𝑑1 are positive definite constants. Given 𝑑̂ − 𝑑 = 𝑒𝑑 , (3.5) can be rewritten as: 

      𝑒̈ = −𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2 − 𝑒𝑑 .                      (3.6) 

Disturbance 𝑑 is precisely estimated in finite time, i.e., 𝑒𝑑 ≡ 0. After a finite-time instant, 

system (3.6) reduces to: 

                𝑒̈ = −𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2 .                        (3.7) 

Under Assumption 2.1, the control laws for the three channels can be designed symmetrically as 

follows: 

{
 
 

 
 𝜏1 = −𝑙𝑝1𝜆(𝑒𝜑)[𝑒𝜑]

𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜑]

𝑟3
𝑟2 − 𝑓1 − 𝑑̂1,

𝜏2 = −𝑙𝑝2𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑2[𝑒̇𝜃]

𝑟3
𝑟2 − 𝑓2 − 𝑑̂2,

𝜏3 = −𝑙𝑝3𝜆(𝑒𝜙)[𝑒𝜙]
𝑟3
𝑟1 − 𝑙𝑑3[𝑒̇𝜙]

𝑟3
𝑟2 − 𝑓3 − 𝑑̂3.

 

Theorem 3.2. If the initial states of the attitude tracking error system (2.7) satisfy the constraint  
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−𝑐𝜃 ≤ 𝑒𝜃 ≤ 𝑐̄𝜃, then by choosing appropriate positive constants 𝑙𝑝1 and 𝑙𝑑1, the closed-loop system 

described by (3.6) is finite-time stable, and the output remains within the predefined constraints for 

all time. 

Proof. The proof proceeds in three steps. 

Step 1. Asymptotic stability analysis 

Consider the following Lyapunov function candidate for system (3.7): 

𝑉1 = 𝑙𝑝1𝑉𝑏(𝑒𝜃) +
|𝑒̇𝜃|

𝑟1+1

𝑟1 + 1
, 

where 𝑉𝑏(𝑒𝜃) is the Barrier Lyapunov Function defined in (3.4). 

Differentiating 𝑉1 along the trajectory of system (3.7) yields: 

𝑉̇1 = 𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1𝑒̇𝜃 + [𝑒̇𝜃]

𝑟1𝑒̈𝜃 

    = 𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1𝑒̇𝜃 + [𝑒̇𝜃]

𝑟1 (−𝑙𝑝1𝜆(𝑒𝜃)[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2) 

    = −𝑙𝑑1|𝑒̇𝜃|
𝑟3
𝑟2
+𝑟1 . 

It is evident that 𝑉̇1 ≤ 0. When 𝑉̇1 ≡ 0 , it follows that 𝑒̇𝜃 ≡ 0 . According to LaSalle's 

invariance principle [34], all trajectories of system (3.7) converge to its largest invariant set 𝑀 =
{(𝑒𝜃 , 𝑒̇𝜃)|𝑒̇𝜃 ≡ 0}. Furthermore, from system (3.7), it can be seen that within this invariant set, 𝑒̇𝜃 ≡

0
 

also holds. Consequently, the only equilibrium point within the set 𝑀 is (𝑒𝜃 , 𝑒̇𝜃) = (0, 0).  

Therefore, the system in (3.7) is asymptotically stable in the region 𝐷 ∈ 𝐷(−𝑐𝜃,𝑐𝜃̄) → 𝑅. 

Step 2. Finite-time stability analysis 

To analyze finite-time stability of (3.7), we rewrite it as: 

                         𝑒̈ = −𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2 + 𝜆(𝑒𝜃),       

            (3.8) 

where 𝑝1(𝑒𝜃) = 𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1(1 − 𝜆(𝑒𝜃)). 

To facilitate analysis, the portion of system (3.8) that does not account for uncertainties and 

disturbances is considered as its nominal system, whose dynamics are described as follows: 

  𝑒̈ = −𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2 .                       (3.9) 

For (3.9), choose the Lyapunov function: 

𝑉2 =
𝑙𝑝1|𝑒𝜃|

𝑟3
𝑟1
+1

𝑟3
𝑟1
+ 1

+
|𝑒̇𝜃|

𝑟1+1

𝑟1 + 1
. 

Computing the time derivative of 𝑉2 along the system trajectories yields: 

𝑉̇2 = 𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1 + [𝑒̇𝜃]

𝑟1𝑒̈𝜃 
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    = 𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1𝑒̇𝜃 + [𝑒̇𝜃]

𝑟1 (−𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]

𝑟3
𝑟2) 

    = −𝑙𝑑1[𝑒̇𝜃]
𝑟3
𝑟2
+𝑟1 , 

where 𝑟 = (𝑟1, 𝑟2), It is demonstrated below that system (3.9) is a homogeneous system with respect 

to 𝛥𝜀
𝑟 = (𝜀𝑟1𝑒𝜃 , 𝜀

𝑟2𝑒̇𝜃). Let ℎ(𝑒𝜃) = 1 − 𝜆(𝑒𝜃). Its Taylor expansion about the origin is 

ℎ(𝑒𝜃) = 𝜉 𝑒𝜃 + 𝑂(𝑒𝜃), 

where 𝜉 =
(𝑟3+2𝑟1)(𝑐𝜃̄−𝑐𝜃)

𝑟1 𝑐𝜃̄ 𝑐𝜃
. 

For any fixed 𝑒𝜃, consider the limit 

𝑙𝑖𝑚
𝜀→0

𝑝1(𝜀
𝑟1𝑒𝜃)

𝜀𝑟1+𝜏
= 𝑙𝑖𝑚

𝜀→0

𝑙𝑝1[𝜀
𝑟1𝑒𝜃]

𝑟3
𝑟1ℎ(𝜀𝑟1𝑒𝜃)

𝜀𝑟2+𝜏
 

= 𝑙𝑖𝑚
𝜀→0

𝑙𝑝1𝜉[𝜀
𝑟1𝑒𝜃]

𝑟3
𝑟1(𝜀𝑟1𝑒𝜃)

𝜀𝑟3
+ 𝑙𝑖𝑚

𝜀→0

𝑙𝑝1𝑂(𝜀
𝑟1𝑒𝜃)[𝜀

𝑟1𝑒𝜃]
𝑟3
𝑟1

𝜀𝑟3
 

 
= 𝑙𝑖𝑚

𝜀→0
𝑂(𝜀𝑟1𝑒𝜃) + 𝑙𝑖𝑚

𝜀→0
𝑂(𝜀𝑟1𝑒𝜃) 

 
= 0. 

From Theorem 3.1, the system in (3.8) is locally finite-time stable, i.e., the closed-loop 

system (3.7) is finite-time stable. Combining the proofs in Step 1 and Step 2, the following 

conclusion is obtained according to Theorem 3.1: system (3.8) is finite-time stable over the entire 

domain Ω. 

Step 3. Verification of constraint satisfaction 

To verify that the output of system (3.7) remains within the prescribed constrain−𝑐𝜃 ≤ 𝑒𝜃 ≤ 𝑐̄𝜃 
for all 𝑡, let (𝑒𝜃(𝑡),  𝑒̇𝜃(𝑡))

𝑇 denote the solution starting from any initial state (𝑒𝜃(0), 𝑒̇𝜃(0))
𝑇 ∈ 𝐷. 

The proof proceeds by contradiction. 

Suppose there exists a time instant  𝑡𝑖 such that  𝑒𝜃(𝑡𝑖) ∉ (−𝑐𝜃, 𝑐̄𝜃) . Either 𝑒𝜃(𝑡𝑖) > 𝑐̄𝜃 or 

𝑒𝜃(𝑡𝑖) < −𝑐𝜃. Without loss of generality, consider the case where 𝑒𝜃(𝑡𝑖) > 𝑐̄𝜃. 

If 𝑒𝜃(𝑡𝑖) > 𝑐̄𝜃, according to the Mean Value Theorem [35], there must exist a 𝑡∗ ∈ (𝑡0, 𝑡𝑖) 
such that 𝑒𝜃(𝑡∗) = 𝑐̄𝜃. According to the Barrier Lyapunov Function 𝑉𝑏(𝑒𝜃) in (3.4), it follows that 

𝑙𝑖𝑚
𝑡→𝑡∗

𝑉𝑏(𝑒𝜃) = +∞.
 

On the other hand, from Step 1 we have 𝑉̇1 ≤ 0, implying that 𝑉1(𝑡) is non-increasing. Hence 

𝑘𝑝1𝑉𝐵(𝑒𝜃(𝑡∗)) ≤ 𝑉1(𝑡∗) ≤ 𝑉1(0) < +∞. 

This contradicts 𝑙𝑖𝑚
𝑡→𝑡∗

−
𝑉𝑏(𝑒𝜃) = +∞. Therefore, the assumption that 𝑒𝜃(𝑡𝑖) > 𝑐̄𝜃 is invalid. A 

similar argument rules out the case 𝑒𝜃(𝑡𝑖) < −𝑐𝜃. 

Hence, for system (3.7) with initial condition satisfying the constraint, we have −𝑐𝜃 ≤ 𝑒𝜃(𝑡) ≤

𝑐̄𝜃  
for all 𝑡 ≥ 0 . 

Remark 3.3. In the absence of output constraint, i.e., 𝑐̄𝜃 = 𝑐𝜃 = 𝑐 = ∞, the barrier Lyapunov 

function (3.4) reduces to: 
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𝑙𝑖𝑚
ℎ→∞

𝑉𝑏(𝑒𝜃) =
|𝑒𝜃|

𝑟3
𝑟1
+1

𝑟3
𝑟1
+ 1

. 

Moreover, 𝑙𝑖𝑚
ℎ→∞

𝑝1(𝑒𝜃) = 1. In this case, the finite-time controller (3.8) transforms into an 

unconstrained finite-time controller 

𝑒̈ = −𝑙𝑝1[𝑒𝜃]
𝑟3
𝑟1 − 𝑙𝑑1[𝑒̇𝜃]. 

Remark 3.4. The assumption −𝑐𝜃 ≤ 𝑒𝜃 ≤ 𝑐̄𝜃  
in Theorem 3.2 is a standard prerequisite for the BLF 

methodology, as the tangent-type BLF tends to infinity at the constraint boundary. Therefore, the 

proposed controller is inherently a constraint preservation scheme. For initial conditions outside the 

boundary, a two-stage strategy can be adopted: An unconstrained controller first drives the states into 

the constraint domain, after which the proposed BLF-based controller is activated. 

In the quadrotor UAV system, the actual control inputs are the speeds of the four rotors denoted 

by 𝜔1, 𝜔2,  𝜔3 and 𝜔4. These are related to the generalized control commands-total lift 𝑢𝐿 and 

𝜏𝜑, 𝜏𝜃, 𝜏𝜓 through the following allocation matrix: 

[
 
 
 
 
𝜔1
2

𝜔2
2

𝜔3
2

𝜔4
2]
 
 
 
 

=

[
 
 
 
 
 
 
 
1

4
0 −

1

2
−
1

4
1

4

1

2
0

1

4
1

4
0

1

2
−
1

4
1

4
−
1

2
0

1

4 ]
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
𝑢𝐿
𝑘
𝜏𝜑

𝑙𝑘
𝜏𝜃
𝑙𝑘
𝜏𝜓

𝑏 ]
 
 
 
 
 
 
 

, 

where the body-frame torque commands 𝜏𝜑, 𝜏𝜃 and 𝜏𝜓 can be calculated via the transformation 

[𝜏𝜑 𝜏𝜃 𝜏𝜓]𝑇 = 𝐼𝑊−1[𝜏1 𝜏2 𝜏3]𝑇. Furthermore, the lift force 𝑢𝐿 can be obtained by solving 

the equilibrium equation (2.4): 

𝑢𝐿 =
𝑚𝑔

𝑐𝑜𝑠𝜑 cos𝜃
.

 

4. Numerical simulations 

4.1. Simulation set up 

To verify the effectiveness of the proposed continuous finite-time state feedback control law, 

numerical simulations are performed for the quadrotor UAV attitude control system. The simulation 

parameters, including model coefficients, initial attitude states, external disturbances, and 

controller/observer gains, are summarized as follows: 

Model parameters: 

𝐼𝑥 = 𝐼𝑦 = 5.445 × 10
−3𝑘𝑔 ⋅ 𝑚2, 𝐼𝑧 = 1.089 × 10

−2𝑘𝑔 ⋅ 𝑚2, 𝑚 = 0.8𝑘𝑔, 𝑙 = 0.165𝑚,  
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𝑏 = 2 × 10−6, 𝑘 = 2.98 × 10−5. 

Initial conditions: 

𝜑(0) = 0.2, 𝜃(0) = −0.2, 𝜓(0) = 0,𝑝(0) = −8, 𝑞(0) = 8, 𝑟(0) = 0, 𝑑2(0) = 1. 

External disturbance: 

𝑑1 = 𝑠𝑖𝑛( 𝑡),  𝑑2 = 𝑐𝑜𝑠( 𝑡),  𝑑3 = −𝑠𝑖𝑛( 𝑡). 

Attitude angle commands: 

𝜑𝑞 = −5∘ + 15∘ 𝑐𝑜𝑠 (
𝜋

2
𝑡) ,  𝜃𝑞 = −10∘ 𝑐𝑜𝑠 (

𝜋

2
𝑡) ,  𝜓𝑞 = 0.

 

Controller parameters, Observer gains: 

𝑟1 = 1, 𝑟2 = 0.8,  𝑟3 = 0.6, 𝛾 = −
2

11
, 𝑙𝑝1 = 𝑙𝑝2 = 𝑙𝑝3 = 12,

,2,8
321

==== Blll
ddd 𝑘1 = 15,

 

  ,4  ,2  ,8  ,20
432

==== Lkkk 𝑐𝜃 =
𝜋

6
, 𝑟𝑖𝑗 = 1 + 𝑟𝑖,𝑗−1𝛾, (𝑖 = 1, 2, 3, 𝑗 = 2,⋯ , 5). 

4.2. Simulation results 

4.2.1. Performance verification of the proposed FTSFC 

To evaluate the performance of the proposed constrained finite-time control scheme, numerical 

simulations are carried out for the quadrotor attitude system. The response curves under the designed 

continuous finite-time state feedback controller are presented in Figures 2‒4. 

 

Figure 2. Comparison of attitude tracking performance: constrained vs. unconstrained control. 
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Figure 2 depicts the attitude angle tracking responses for the three-channel attitude angle 

tracking commands. Under the proposed constrained controller, the actual angles closely track the 

time-varying reference commands, with tracking errors strictly maintained within the prescribed 

bounds thereby validating the efficacy of the barrier Lyapunov function-based constraint handling 

mechanism. In contrast, the unconstrained controller exhibits noticeable overshoot in the roll and 

pitch channels, resulting in temporary violations of the allowable limits. This comparison 

underscores the necessity of incorporating explicit output constraints to ensure tracking accuracy and 

operational safety. 

 

Figure 3. Estimation performance of the disturbance observer for the three channels. 

Figure 3 illustrates the estimation performance of the proposed finite-time disturbance observer. 

The observer rapidly converges to the actual lumped disturbances within a finite time, and the 

estimation errors remain negligible once steady state is reached. This confirms the observer's 

capability to accurately reconstruct external disturbances and model uncertainties in real time, 

thereby providing a reliable foundation for the feed-forward compensation loop and substantially 

enhancing the system's overall disturbance rejection performance. 
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Figure 4. Control torque histories illustrating the adaptive mechanism of the constrained control. 

Figure 4 presents the torque curves for the three channels, illustrating the adaptive mechanism 

inherent to the constrained control strategy. As the attitude angles approach the prescribed boundaries, 

the control magnitudes increase accordingly this gain adjustment actively prevents constraint 

violation while avoiding high-frequency oscillations that typically result from abrupt saturation. In 

non-boundary regions, the control torque exhibits smooth transitions, reflecting a well-balanced 

trade-off between constraint enforcement and control effort smoothness. Moreover, the coordinated 

response across channels confirms that the adopted decoupling strategy effectively mitigates 

inter-channel coupling disturbances. 

4.2.2. Sensitivity test involving parameter perturbations 

To validate the robustness of the proposed method, three representative test scenarios are 

considered: inertia perturbation (+20%𝐽), strong disturbance (3×d), and the combined worst-case 

scenario incorporating both effects. 

As shown in Figure 5, under the three test scenarios, the proposed FTSFC scheme maintains 

high-precision attitude tracking, with the tracking errors strictly confined within the prescribed 

constraints throughout the operation. Figure 6 further demonstrates that the control input adjusts 

accordingly in response to increased inertia and enhanced wind disturbances, remaining smooth and 

chattering-free even under the combined worst-case scenario. 
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Figure 5. Attitude tracking comparison under parameter perturbation. 

 

Figure 6. Control input comparison under parameter perturbation. 

4.2.3. Comparative study with mainstream advanced algorithms 

To validate the superiority of the proposed FTSFC scheme, the compensation function observer 

based BLF attitude constrained backstepping control (CFO-BLF) strategy in [26] is selected as the 
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benchmark. Figures 7–9 compare the attitude tracking responses, errors, and control torques of the 

two schemes. 

 

Figure 7. Attitude angle tracking comparison: proposed FTSFC vs CFO-BLF. 

 

Figure 8. Attitude tracking errors comparison: proposed FTSFC vs CFO-BLF. 
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Figure 9. Control input comparison: proposed FTSFC vs CFO-BLF. 

As shown in Figure 7, both controllers achieve basic tracking, but CFO-BLF exhibits obvious 

overshoots and slower transients in roll and pitch channels, while FTSFC provides smoother tracking, 

faster convergence, and strict constraint satisfaction. Figure 8 demonstrates that FTSFC significantly 

reduces the maximum tracking errors in all three channels. Figure 9 reveals that FTSFC yields 

chattering -free control input, whereas CFO-BLF suffers from oscillations during transients, owing to 

the more accurate and rapid disturbance estimation of the FTDO. 

5. Conclusions 

In this paper, we investigate the attitude control problem for quadrotor UAVs subject to model 

uncertainties, external disturbances, and output constraints. A finite-time disturbance observer 

(FTDO) is designed for rapid estimation of lumped disturbances, and a tangent-type barrier 

Lyapunov function (BLF) is introduced to develop a continuous finite-time state feedback controller 

(FTSFC). Theoretical analysis and simulations confirm the scheme's effectiveness in high-precision 

tracking, constraint satisfaction, and disturbance rejection. 

However, several limitations remain. The controller and observer gains lack a systematic tuning 

procedure, and closed-loop performance is sensitive to these parameters. Moreover, the theoretical 

analysis assumes bounded lumped disturbances and their derivatives, which may fail under extreme 

conditions such as wind gusts or actuator failures. 

In future work, we will focus on: (i) Systematic sensitivity analysis to guide gain selection; (ii) 

output-feedback extension via a finite-time state observer using only angle measurements; (iii) 

adaptive or hybrid disturbance attenuation strategies to relax the boundedness assumption. 
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The framework also holds promise for extension to multi-agent attitude consensus and 

impulsive systems. These directions will be pursued in future research. 
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Supplementary 

List of principal symbols. 

Symbol Description 

𝛩 = [𝜑, 𝜃, 𝜓] Attitude Euler angles vector (roll, pitch, yaw) 

𝛩𝑞 = [𝜑𝑞 , 𝜃𝑞, 𝜓𝑞] Desired attitude angles 

𝑒𝛩 = [𝑒𝜑, 𝑒𝜃, 𝑒𝜓] Attitude tracking error vector 

𝜏𝑑 = [𝜏𝑑𝜑, 𝜏𝑑𝜃, 𝜏𝑑𝜓, ] External disturbance torque vector 

𝜔1, 𝜔2, 𝜔3, 𝜔4 Rotational speeds of the four rotors 

𝛺 = [𝑝, 𝑞, 𝑟]𝑇 Angular velocity vector in body frame 

𝛺× = [𝑝, 𝑞, 𝑟]
𝑇 kew-symmetric matrix 

𝑊 Attitude kinematics matrix 

𝐼 = 𝑑𝑖𝑎𝑔[𝐼𝑥, 𝐼𝑦, 𝐼𝑧] Inertia matrix of quadrotor 

𝜏 = [𝜏1, 𝜏2, 𝜏3] Control inputs vector  

𝜏𝑢 = [𝜏𝜑, 𝜏𝜃 , 𝜏𝜓]
𝑇 Control torque vector  

𝑓 = [𝑓1, 𝑓2, 𝑓3]
𝑇

 
nonlinear dynamics vector 

𝑑 = [𝑑1, 𝑑2, 𝑑3] 
Lumped disturbance vector (includes external disturbances and model 

uncertainties) 

𝑑̂𝑖 Estimate of the lumped disturbance from the FTDO  

𝑒1, 𝑒2, 𝑒3 Estimation errors of the finite-time disturbance observer 

𝑘𝑖1, 𝑘𝑖2, 𝑘𝑖3, 𝑘𝑖4 Positive definite constants (controller gains) 

𝑙𝑝𝑖 , 𝑙𝑑𝑖  Positive definite constants (controller gains) 

𝜆1, 𝜆2, 𝜆3 Observer gains for the FTDO 

𝑟𝑖,𝑗(𝑖, 𝑗 = 1,⋯ , 𝑛) Recursively defined exponents for the FTDO (odd/even integers) 

𝐿 Observer gains 
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Symbol Description 

𝑙𝑖(𝑖 = 1,⋯ , 𝑛) Observer coefficients based on Lemma 1 

𝑚 Mass of the quadrotor UAV 

𝑔 Gravitational acceleration 

𝑢𝐿 Total lift force generated along the body z-axis 

𝑙 Arm length from rotor center to UAV's center of mass 

𝑘 the thrust coefficient 

𝑏 the torque coefficient 

𝑉𝑏(𝑒𝜃),𝑉1,𝑉2 
Barrier Lyapunov Function (BLF) of tangent 

type 

𝑐𝜃 , 𝑐̄𝜃 Constraints 

[𝑒𝜃]
𝛼

 |𝑒𝜃|
𝛼𝑠𝑖𝑔𝑛(𝑒𝜃) 

𝑠𝑎𝑡(⋅) Saturation function used in the FTDO for practical implementation 

𝐷 Domain of attraction / region where the system is stable 
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  D ∈   D  ( −     c _  𝜃 ,       c ̄  𝜃 ) → R .


  (   e  𝜃 ,     e .  𝜃 ) = ( 0 ,   0 )


    M


      e .  𝜃 ≡ 0


  M = { (   e  𝜃 ,       e .  𝜃 ) |     e .  𝜃 ≡ 0 } .


      e .  𝜃 ≡ 0


      V . 1 ≡ 0


      V . 1 ≤ 0


      V . 1 =   l  p 1 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1     e .  𝜃 + [     e .  𝜃  ]    r 1     e ¨  𝜃


      V 1  


    V  b  (   e  𝜃 )  


    V 1 =   l  p 1   V  b (   e  𝜃 ) +   |     e .  𝜃  |    r 1 + 1    r 1 + 1 ,


      l  d 1


    l  p 1  


  −     c _  𝜃 ≤   e  𝜃 ≤     c ̄  𝜃


   {      𝜏 1 = −   l  p 1 𝜆 (   e  𝜑 ) [   e  𝜑  ]      r 3    r 1 −   l  d 1 [     e .  𝜑  ]      r 3    r 2 −   f 1 −     d ^ 1 ,     𝜏 2 = −   l  p 2 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1 −   l  d 2 [     e .  𝜃  ]      r 3    r 2 −   f 2 −     d ^ 2 ,     𝜏 3 = −   l  p 3 𝜆 (   e  𝜙 ) [   e  𝜙  ]      r 3    r 1 −   l  d 3 [     e .  𝜙  ]      r 3    r 2 −   f 3 −     d ^ 3 .


   


    e ¨ = −   l  p 1 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1 −   l  d 1 [     e .  𝜃  ]      r 3    r 2 .


    e  d ≡ 0 .


    d  


   


    e ¨ = −   l  p 1 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1 −   l  d 1 [     e .  𝜃  ]      r 3    r 2 −   e  d .


    d ^ − d =   e  d ,


    l  d 1


    l  p 1  


    e ¨ = −   l  p 1 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1 −   l  d 1 [     e .  𝜃  ]      r 3    r 2 − (   d ^ − d ) ,


  𝜆 (   e  𝜃 ) =         c ̄  𝜃   (     r 3    r 1 + 1 )       c _  𝜃   (     r 3    r 1 + 1 ) (   e  𝜃 2 +     c ̄  𝜃     c _  𝜃 )  (     c ̄  𝜃 −   e  𝜃  )   (     r 3    r 1 + 2 ) (     c _  𝜃 +   e  𝜃  )   (     r 3    r 1 + 2 ) .


    𝜕   V  b (   e  𝜃 )  𝜕   e  𝜃 = 𝜆 (   e  𝜃 ) [   e  𝜃  ]      r 3    r 1 ,


      e  𝜃


    V  b (   e  𝜃 )  


    V  b (   e  𝜃 )  


  𝛾 ∈ ( −  1  n ,   0 )


  i = 1 ,   2 ,   3


    r  i =   r  i − 1 + 𝛾


    r 1 = 1


    V  b (   e  𝜃 ) =         c ̄  𝜃   (     r 3    r 1 + 1 )       c _  𝜃   (     r 3    r 1 + 1 ) |   e  𝜃  |   (     r 3    r 1 + 1 )   (     r 3    r 1 + 1 ) (     c ̄  𝜃 −   e  𝜃  )   (     r 3    r 1 + 1 ) (     c _  𝜃 +   e  𝜃  )   (     r 3    r 1 + 1 ) ,


  D ∈   D  ( −     c _  𝜃 ,       c ̄  𝜃 ) → R


    −     c _  𝜃 ≤   e  𝛩 ≤     c ̄  𝜃


      e 1 ,       e 2 ,       e 3  


   {      e 1 =     d ^ 1 −   d 1 ,     e 2 =     d ^ 2 −   d 2 ,     e 3 =     d ^ 3 −   d 3 .


  i = 2 ,   ⋯ ,   5 .


    r  i = 1 + ( i − 1 ) 𝛾 ,     𝛾 ∈ ( −  1  n ,     0 )  


    k  i 1 ,       k  i 2 ,       k  i 3 ,       k  i 4 ,     L  


        d ^  i  


   {        z .  i 1 =   𝜏  i +   f  i +   d  i ,       d ^  i =   z  i 3 ,   i = 1 ,   2 ,   3 ,       z .  i 2 =   𝜏  i +   f  i +   z  i 3 + L   k  i 1 |   z  i 1 −   z  i 2  |    r 12 s i g n (   z  i 1 −   z  i 2 ) ,       z .  i 3 =   z  i 4 +   L 2   k  i 2 |   z  i 1 −   z  i 2  |    r 13 s i g n (   z  i 1 −   z  i 2 ) ,       z .  i 4 =   z  i 5 +   L 3   k  i 3 |   z  i 1 −   z  i 2  |    r 14 s i g n (   z  i 1 −   z  i 2 ) ,       z .  i 5 = − S t   a  B (   z  i 4 ) +   L 4   k  i 4 |   z  i 1 −   z  i 2  |    r 15 s i g n (   z  i 1 −   z  i 2 ) ,


      d 3  


      d 2  


    d 1


    r  i


    k  i


  s t   a  B (     z ^  i ) = B ⋅ s t a (     z ^  i / B )


  B ≥ b


    𝜂 ^  (     z ^ 2 ,   ⋯ ,       z ^  n ) = 𝜂  ( s a   t  B  (     z ^ 2 ) ,   ⋯ ,    (     z ^  n ) ) ,  


  𝜂


    (   z 1 ,   ⋯ ,     z  n )  


   {          z ^ .  i 1 =     z ^  i 2 +   𝜏  i +   f  i + L   k  i 1   𝜀 1    r  i 2 ,         z ^ .  i j =   z  i , j + 1 + L   k  i j   𝜀 1    r  i , j + 1 ,   j = 2 ,   ⋯ ,   n − 1 ,         z ^ .  i n =     𝜂 ^  i  (     z ^  i , 2 ,   ⋯ ,       z ^  i , n − 1 ) +   L  n   k  i , n   𝜀 1    r  i , n + 1 ,


  L ≥ 1


  i = 1 ,     ⋯ ,     n .


    r 1 = 1 ,       r  i + 1 =   r  i + 𝛾 ,


   {        𝜀 .  i =   𝜀  i + 1 +   k  i   𝜀 1    r  i + 1 ,   i = 1 ,   ⋯ ,   n − 1 ,       𝜀 .  n = −   k  n   𝜀 1    r  n + 1 ,


    k  i


  𝛾 ∈  ( −  1  n ,   1 )


   {        z .  i 1 =   𝜏  i +   f  i +   z  i 2 ,       z .  i j =   z  i , j + 1 , j = 2 , ⋯ , n − 1       z .  i n =   𝜂  i  (   z  i 2 , ⋯ ,   z  i , n − 1 ) . ,


      z  i ,   j + 1 =   d  i  ( j ) ,   i = 1, 2, 3,  j =  1,  ⋯   ,   n − 1


    z  i 1 =     e .  i ,


    d  ( t )  


  d


      𝛩 ¨  q


      𝜓  q


      𝜃  q


    𝜑  q


    d  i  ( n − 1 ) =   𝜂  i  (   d  i ,     d  i  ( 1 ) ,   ⋯ ,     d  i  ( n − 2 ) ) .


    𝜂  i  ( ⋅ ) :   R  n − 1 → R  


    n − 1


      d  i  ( i = 1 ,     2 ,     3 )  


    ( 2 . 7 )


   {        e ¨  𝜑 =   𝜏 1 +   f 1 +   d 1 ,       e ¨  𝜃 =   𝜏 2 +   f 2 +   d 2 ,       e ¨  𝜓 =   𝜏 3 +   f 3 +   d 3 .


    d = [      d 1    d 2    d 3  ]  T  


  𝜏 = [      𝜏 1    𝜏 2    𝜏 3  ]  T


  f = [      f 1    f 2    f 3  ]  T


  f = − W   I  − 1 （   𝛺 × I 𝛺 ） +   W . 𝛺 , 𝜏 = W   I  − 1   𝜏  u , d = W   I  − 1   𝜏  d −     𝛩 ¨  q ,


      𝛩 ¨  q


          𝛩 .  q  


   {        e .  𝛩 = W 𝛺 −     𝛩 .  q ,       e ¨  𝛩 = − W   I  − 1 (   𝛺 × I 𝛺 ) +   W . 𝛺 + W   I  − 1   𝜏  u + W   I  − 1   𝜏  d −     𝛩 ¨  q ,


    𝛩  q = [      𝜑  q    𝜃  q    𝜓  q  ]  T


    e  𝛩 = 𝛩 −   𝛩  q =  [    𝜑 −   𝜑  q   𝜃 −   𝜃  q   𝜓 −   𝜓  q ] =  [      e  𝜑     e  𝜃     e  𝜓 ] ,


  g


  m


    u  L   c o s ⁡  𝜑   c o s ⁡  𝜃 = m g ,


    u  L


    𝜔 4


      𝜔 3


        𝜔 2


    𝜔 1


    𝜓  q


      𝜃  q  


    𝜑  q


  W


    𝛺 ×  


    𝜏  d  


      𝜏  u  


  I  


  W =  [    1    s i n ⁡  𝜑   t a n ⁡  𝜃    c o t ⁡  𝜑   t a n ⁡  𝜃   0    c o t ⁡  𝜑  −   s i n ⁡  𝜑   0      s i n ⁡  𝜑    c o s ⁡  𝜃      c o s ⁡  𝜑    c o s ⁡  𝜃 ] .


    𝛺 × =  [    0  − r  q   r  0  − p   − q  p  0 ] ,


    𝜏  d =  [      𝜏  d 𝜑     𝜏  d 𝜃     𝜏  d 𝜓 ] ,


    𝜏  u =  [      𝜏  𝜑     𝜏  𝜃     𝜏  𝜓 ] ,


  I =  [      I  x  0  0   0    I  y  0   0  0    I  z ] ,


  𝛺 =  [    p   q   r ] ,


  𝛩 =  [    𝜑   𝜃   𝜓 ] ,


   {      𝛩 . = W 𝛺 ,     𝛺 . = −   I  − 1 （   𝛺 × I 𝛺 ） +   I  − 1   𝜏  u +   I  − 1   𝜏  d ,


    𝜏  d 𝜓  


    𝜏  d 𝜃


      𝜏  d 𝜑


      𝜏  𝜓  


      𝜏  𝜃  


      𝜏  𝜑


      I  x ,       I  y ,       I  z  


  p ,     q ,     r  


   {      𝜑 . = p + q   s i n ⁡  𝜑   t a n ⁡  𝜃 + r cos 𝜑   t a n ⁡  𝜃 ,     𝜃 . = q   c o s ⁡  𝜑 − r   s i n ⁡  𝜑 ,     𝜓 . = q     s i n ⁡  𝜑    c o s ⁡  𝜃 + r     c o s ⁡  𝜑    c o s ⁡  𝜃 ,     p . =     I  y −   I  z    I  x q r +  1    I  x   𝜏  𝜑 +  1    I  x   𝜏  d 𝜑 ,     q . =     I  z −   I  x    I  y p r +  1    I  y   𝜏  𝜃 +  1    I  y   𝜏  d 𝜃 ,     r . =     I  x −   I  y    I  z p q +  1    I  z   𝜏  𝜓 +  1    I  z   𝜏  d 𝜓 ,


  b


  l


  k  


   {      u  L = k (   𝜔 1 2 +   𝜔 2 2 +   𝜔 3 2 +   𝜔 4 2 ) ,     𝜏  𝜑 = l k (   𝜔 2 2 −   𝜔 4 2 ) ,     𝜏  𝜃 = l k ( −   𝜔 1 2 +   𝜔 3 2 ) ,     𝜏  𝜓 = b ( −   𝜔 1 2 +   𝜔 2 2 −   𝜔 3 2 +   𝜔 4 2 ) ,


    𝜏  𝜓


      𝜏  𝜃 ,  


      𝜏  𝜑


    u  L


      o  b   z  b  


    𝜔 4


    𝜔 3


    𝜔 2


      𝜔 1


    𝜔  z ,


      𝜔  y ,


    𝜔  x


    o  b   z  b


  𝜓


    o  b   y  b


    𝜃  


    o  b   x  b


  𝜑


  (   o  b :   x  b     y  b     z  b )


    (   O  e :   X  e     Y  e     Z  e )

