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Abstract: This article conducted a systematic dynamical study on the Akbota-Myrzakulov-Tolkynay-
Zhaidary (AMTZ) equation, with a focus on its traveling wave solutions, bifurcations, and chaotic
phenomena. First, the AMTZ equation was transformed into a nonlinear ordinary differential equation
using traveling wave transformation. Based on the polynomial complete discriminant system method,
various exact traveling wave solutions of the equation were obtained, including Jacobi elliptic function
solutions, implicit solutions, and rational function solutions. Second, using the phase plane analysis
method, the corresponding two-dimensional planar dynamical system and its dynamic behavior under
small disturbances were studied, revealing the bifurcation characteristics of the equilibrium point.
Finally, three-dimensional waveform diagrams, two-dimensional profile diagrams, and contour maps
of typical solutions were provided through numerical simulations, visually demonstrating the rich wave
propagation modes and spatial structures of the AMTZ equation.
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1. Introduction

In recent years, the study of traveling wave solutions and their dynamic behavior of
high-dimensional nonlinear partial differential equations (NLPDEs) have become one of the
hotspots [1-3]. Usually, high-dimensional NLPDEs can be transformed into nonlinear ordinary
differential equations (NLODEs) using traveling wave transformation [4—6]. If NLODE is a coupled
system, it can be assumed that its unknown variables satisfy a linear transformation relationship, thus
simplifying the system of equations into a single NLODE, and using the method of constructing
traveling wave solutions of NLPDEs to obtain the traveling wave solution of the original system [7, 8].
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If the NLPDE system is coupled, but the simplified variables satisfy specific relationships, then the
problem of constructing traveling wave solutions for NLPDEs can be transformed into a problem of
constructing traveling wave solutions for a single NLPDE [9, 10]. Common construction methods
include generalized (G’/G)-expansion method [11], F-expansion method [12], the complete
discriminant system method [13], the planar dynamic system analysis method [14-16], the enhanced
direct algebraic method [17], the bilinear neural network method [18, 19], the artificial neural network
method [20], the modified extended direct algebraic method [21], the asymptotic expansion
method [22,23], and other methods [24-26].

The Akbota-Myrzakulov-Tolkynay-Zhaidary (AMTZ) equation 1is a very important
(2+1)-dimensional NLPDE, which is usually described as follows [27]

i — tug, +2qq, - pr, =0,

ry— l—ljurx + grqy — 4%‘1”)’ =0, (1.1)

U, + gqy =0,

where g = ¢q(t, x,y), r = r(t, x,y), and u = u(t, x, y) represent unknow functions. ¢, R, and u respectively
represent the wave function related to spin component, magnetic permeability related quantity, and
convective velocity field. The parameters a, b, and 8 are real constants. The parameter a represents
the anisotropy strength of the medium, S is the nonlinear coupling coefficient, and b corresponds to the
drift rate of the background flow. In reference [27], Mahmood and Murad studied the soliton solutions,
bifurcations, and dynamical behaviors of Eq (1.1).

The remainder of this article is structured in the following manner: In Section 2, the AMTZ equation
is transformed into a system of NLODESs by using traveling wave transformation. In Section 3, the
complete discriminant system method of polynomials is applied to construct the traveling wave solution
of the AMTZ equation. In Section 4, the dynamic behavior of binary dynamical systems and their
periodic systems is studied. In Section 5, the three-dimensional (3D) plots, two-dimensional (2D)
profiles, density distributions, and polar diagrams of representative solutions of Eq (1.1) are presented
under specific parameter settings. In Section 6, a brief conclusion is given.

2. Traveling wave transformation

For the system of Eq (1.1), we make the following traveling wave transformation

q(t, x,y) = q(&), r(t,x,y) =r&), u(t,x,y) =u(), &=kx+1ly+t, (2.1)

where k, [, and v are nonzero constants.
Plugging Eq (2.1) into Eq (1.1), we obtain the nonlinear ordinary differential equations

vq' ~ juq’ +%qq = Blr' =0,
2 ”r
vr' — %ur’ + '%rq’ - '%hlq =0, 2.2)
ku' + '%lq' =0.
Integrating the third equation of Eq (2.2) yields
Bl

U= —ﬂq+c1, (2.3)
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where ¢, is the integration constant.
Substituting Eq (2.3) into the first and second equations of Eq (2.2) yields

vg' — ——q+cl)q + bqq - Blr' =
B2l (2.4)
vr’ ——( q+cl)r +—rq - 254 :O.
Integrating the first equation of Eq (2.4) and simplifying it, we can obtain
r= c4q2 + c3q + ¢2, (2.5

where ¢3 = ﬁil(v - %cl), Cy = 4%. c; 1s the integration constant.
Taking the derivative of Eq (2.5) and substituting it into the second equation of Eq (2.4), and then
integrating it, we can obtain
q = dsg’ +dog’ + dig + d, (2.6)

where d; = ‘3‘234(1 +V),dy = Z(@besffy + 1+ 2v),dy = (c%b + ¢3). d is the integration constant.

3. Exact solutions of Eq (1.1)

Multiplying both sides of Eq (2.6) by ¢’ simultaneously, we can integrate to obtain

g, _ds 4 2d; 4 2
— ) =—=q +—=q +diq” +2dyq +2d 3.1
(dg) >4 T34 T 0q ) 3.1
where d is the integration constant.
When d; > 0, we make the transformation ® = (%)%(q + 3 d}) and & = ( )3 § and substitute this
transformation into Eq (3.1) to obtain

d®d
(E)2 = O* + 3,0 + Y1 + xo, (3.2)
1
”
where y, = ‘@,Xl = 247‘;2 2d|d2 +2d0)(d3) fand yo = _5% " % _ 2d0d2 oy

When d; < 0, we make the transformatlon O = (——) (g + 3 ) and fl = (——) &, and substitute
this transformation into Eq (3.1) to obtain

(E) = —(®* + 2@ + x1 D + x0), (3.3)

—V2d; 2 2d1d2 3 d; d\dj 2d2
where y = <775 x1 = (= 27d2 i 25 o 5 0@ T 24

Thus, Eqgs (3:2) and (3.3) can be transformed to

N —5)—f i _ [ 34
e V@ 0 1D +xo) J VEF@®) '

where & is an integral constant, € = +1.
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According to the complete discriminant system for fourth order polynomials [28,29]

D, =4,
D, = —x»,
D3 = —2x; + 8xax0 — W1, (3.5)

Dy = —xax? + 4x3x0 + 36x2xx0 — 32x3x: — Fxt + 6413,

E; = 9x; — 32x2x0,

the roots of quartic polynomials are F(®) = ®*+y,®?+y;®+y,. By using the Liu’s method (see [29]),
the solutions of Eq (1.1) are obtained as:
Case 1. When D, < 0, D; =0, D, = 0, F(®) possesses a pair of conjugate complex roots, specifically:
F(®) = [(® — 9)* + 93], where 9 and 9, are both real numbers, and 9, > 0.

Under these conditions, Eq (3.4) can be transformed into the following form

4[ds f dd 1 D -9
+4/—(E—-&)= | ————— = — arctan . 3.6
NG TR 5 (3.6)
Consequently, the periodic solution of the trigonometric function in of Eq (1.1) is obtained as
4 d d
01(t,%,Y) = | T[> tan(@ \| Zlex + by + vt = £0)) + 1] = 2. (3.7)
d; 4 3d;

Case 2. When D, = 0, D3 = 0, D4 = 0, the function F(®) has a single quadruple root, specifically:
F(D) = ®*,
Substituting F(®) = ®* into Eq (3.4), the rational function solution of Eq (1.1) can be obtained:

3 1 4
£2,Y) = — | — i 3.8
921, x.) dykx+ Iy +vi— & 3ds (38)

Case 3. When D, > 0, D; = 0, D, = 0, E, > 0, F(®) has two distinct double real roots, i.c.,
F(®) = (® — 93)*(® — ¥4)*, where 5 and )4 are both real numbers, and 5 > ¥4.
Starting from Eq (3.4), we can derive that when € = 1, ® > 3, or © < ¥y,

+[ds d® 1 D — 95

T\ 7 ¢ %)= A R A ) lnlq)_ml- (3.9)

When @ > 5 or @ < 4, the solution to Eq (1.1) can be derived:

_44294—193 14d3 d2
g3, x,y) = ‘/d3[ 7 (Coth(2 4(193 Da)(kx + Iy + vt = &) — 1) + 4] 3 (3.10)

When 9, < ® < 193, the solution to Eq (1.1) takes the form:

Py — 0
2

1.[d d
(tanh( f(m—m)(kxwywz—go))— 1)+ 4] - 3—;3. (3.11)

4
t = J[—
qzl(’x’)’) d3[
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Case 4. When D, > 0, D3 > 0, D4, = 0, F(®) has one double real root and two distinct real roots, i.e.,
F(Q) = (D — t1))X(® — par)(® — u3), where u;, 1o, and p3 are real numbers, and p > 3.

Subcase 4.1. e = 1

When p; > pp and © > pp, or yy < sz and @ < s, the implicit function solution of Eq (1.1) can be
derived from Eq (3.4) as:

L @(5—6)— 1 ln[\/(‘D—,Uz)(ﬂl—,us)—\/(ﬂl—#z)(‘b—ﬂs)]z
V4 T (- ) - ) D — 1 '
When p; > p, and © < s, or yy < usz and @ < wy, the implicit function solution of Eq (1.1) can be

derived from Eq (3.4) as:

4| ds 1 [ V(@ — ) (3 — 1) = /(2 — i (@ — 3)]?
4/ — (£ - = 1 .
V3 €-&) (1 — ) (1 — p3) ! D — 1]

When u, > py > p3, the implicit function solution of Eq (1.1) can be derived from Eq (3.4) as:

(3.12)

(3.13)

L %(5 & = 1 aresin (@ — p2)(py — p3) + (g — pp)(D —ﬂ3). (3.14)

(2 — ) — p3) (D — p) (2 — w3)|
Subcase 4.2. £ = -1
When p; > pp and @ > p,, or p; < ps and @ < s, the implicit function solution of Eq (1.1) can be
derived from Eq (3.4) as:

L é(f )= 1 n [V + )y — p3) = (2 — ) )(@ —,U3)]2.
4 (2 — )1 — p3) D —

When p; > pp and © < s, or uy < uz and @ < uy, the implicit function solution of Eq (1.1) can be
derived from Eq (3.4) as:

(3.15)

d 1 -0 + — ) — - D - 2
s B g = I RV p2) (s — 1) = Ny = pa)(® — pi3)] (3.16)
4 (2 — )1 — p3) |D —
When u, > p; > us, the implicit function solution of Eq (1.1) can be derived from Eq (3.4) as:
iy D60 = L ppesin CRERIE i) G0 m )@ 2 p) g4y
4 (1 — ) (1 — p3) (@ — p) (12 — p3)

Case 5. When D, > 0,D;=0,D, =0, E; = 0, F(®) = (® — u4)*(® — ps), where u, and us are both
real numbers.

Subcase 5.1. £ = 1

When @ > 4 and @ > us, or ® < uy and O < us, the solution to Eq (1.1) takes the form:

4 4(uq — ps) d
qS(ta x’y) = \ _( (/J4 Hs +/J4)— 2 .
3d;

B (s — s [ Chx + Iy + vi - £0)? — 4

(3.18)

Subcase 5.2. £ = -1
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When @ > yy and @ < us, or @ < py and @ > s, the solution to Eq (1.1) takes the form:

Ay — ps)

d,
+/J4) - — (319)
—(,Us — 14)? /—‘i—3(kx +1ly + vt — &) -

3d;y

q6(t’xay) = __(

Case 6. When D,D; < 0,D4 = 0, F(®) = (® — 4))*[(D — 1,)* + A3], where 4;, A, and A3 are real
numbers.
Thus, the solution to Eq (1.1) takes the form:

4
{/Ze* VAR BN Gt _ g (- P+ B2 - k) g,
ta ) = - - 5 7
q:1(t, x,y) a5

, (3.20)
(e V=122 +42 @(kx+ly+vt—§0) — k)2 -1 3ds
=20
where k| = ——"2—.
LY TRy

Case 7. When D, > 0, D; > 0, D, > 0, F(Q) has four real roots, i.e., F(®) = (O — 6))(® — 6,)(D —
6;)(® — 6,), where 61, 6», 05, and 0, are real numbers, and 6; > 6, > 65 > 0,.

Subcase 7.1. £ = 1

When @ > 6, or ® < 6,, the Jacobian sine solutions of Eq (1.1) are

. (/7@(91 = Oy)s> (=R (L (kx4 Iy + v = &), m) = 01(62 = 1) g,
qs\l, X,y) = [ —
ds

-—, (321
(61 — Oy)sn2 (A=) YD (e 1 [y + vt — &), m) — 05 + O 3d;
70402 = O3> (YR (G (kx + Iy + Vi = £o),m) — 03(6, = 63) 4,

qo(t, x,y) = | = -2 (322
d3 3d3

(6 — 03)sm2 (YOO Y (e 1 [y 4 vt — &), m) — 0, + O

2 _ (=00
where m” = 5= 06 5

Subcase 7.2. ¢ = —1
When 6, > ® > 6,, or 6; > ® > 6,, the Jacobian sine solutions of Eq (1.1) are

7 0501 — )sm?(FE= R —%(kx +ly+vi=&).n) = 0,60 - 63) 4,

quo(t, x.y) = 4 VR

(61 — 0)sm2(MA=E= YL (kx 1 Iy + vt — &), n) — 0y + O3

(3.23)

7 61(65 — O4)sn* (MO (D (ex + Ly + v = £0),n) — u(65 = 6) )

qu(t, x,y) = \/ -5
ds (65 — 0,52 (MTTET ¢ 3d;

(3.24)

(kx+ly+vt—§o) n)—0; + 6,

(01=62)(63—64)
(01-63)(62—04) "
Case 8. When D,D; > 0, Dy < 0, F(®) = (D — 2, (@ — %2)[(D — #3)* + %3], where x;, %5, %3, and 24

are both real numbers, »; > x%,, and x5, %4 > 0.

where n? =
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So the Jacobi cosine functions of Eq (1.1) can be depicted as

V2xae(x1—x2)

of a4
4 S]CI](T —Z(kx+ly+vt—§0),m1)+s2 d,
tXx,y) = 14/—— - —, 3.25
qu( * y) d3 Vrge(x1—x4) 4| d3 3d3 ( )
syen(——5——= [ F(kx + Iy + vt = &), m;) + 54

2em;

2 sien(~ 2"2“;;"1'_”2 NES Thx+ly+vi=&)m)+s g
qi3(t, x,y) = \/ BEYR (3.26)
syen(Xadi—ra) 4y Fkx + by + vt — &), my) + s4 3

2em;

1 1 x
where 5| = 5(%4+%3)03—-(%1—%2)C4, §) = 2(%1+%2)C4—§(%1—%2)C3, §3 = H4—H31—7), S4 = A1 —H3—H4e,
#2401 —x3) (2 —%3)
E=2""27270 0 - VE*+ 1,and m® =

%4(7{1—%2) 1+e2
Case 9. While D,D; < 0, Dy > 0, F(®) = [(® — p1)* + p3][(® — p3)* + p3], where py, p2, p3, and p, are
real numbers, and p3 > p4 > 0.

Then we can obtain the solution of Eq (1.1) as

-—, (3.27)

Fasisnn[ L + by + v - 0).1) + caen( Sk + Iy v v —&r) g
¢ = /=
q14(t, X, y) 3d;

4fdy 4/ds

Y gysn(n| G (kx + Iy + vi — &), 1) + suen(n | 2 (kx + by + vi — &), 1)

-1

where ¢| = pic3 + 03¢4, $2 = P1Cs — 263, 53 = —p3 — 2,y =p—ps,e = E+ VE2 - 1,17 = <4,
pa\ (§3+§4)(§362+§4)

E = (PI—P3) +P2+P4
202p4

,and g =
Remark 3.1. In this section, we reduced the original system of Eq (1.1) to a system of ordinary
differential equations using the traveling wave transformation ¢ = kx + ly + vt, and systematically
obtained its rich and accurate traveling wave solutions q,(t, x,y), q2(t, X, ), -+ ,q14(t, x,y). These
solutions q(t, x,y) are given in the form of explicit functions, covering various types such as solitary
wave solutions, periodic wave solutions, twisted and anti-twisted solutions, singular wave solutions,
etc. To obtain explicit solutions for the physical variables u(t, x,y) and r(t, x,y) in the original system
of Eq (1.1), we need to perform solution reduction. Specifically, each obtained traveling wave
solution q(t, x,y) is sequentially substituted into the variable relationship Eqs (2.3) and (2.5), and
necessary integration and algebraic operations are performed to obtain the solutions u(t, x,y) and

r(t, x,y) expressed explicitly.
4. Qualitative analysis

Mahmood et al. [27] studied the dynamic behavior of Eq (1.1) via the planar dynamical system
method when dy = 0. Assuming fl—’; = z, two-dimensional dynamical system of Eq (2.6) can be written

as J

dg _

@ = 4.1
dz _dq +d2q +d1q+d0,

with the Hamiltonian system

1 d d d
Hq2) =52 - 34" =54 =S4 —dg =1, (4.2)
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where £ is an integration constant.
Adding small periodic disturbances to system (1.1) yields

qr = juq. + 599y = Bry = 0,
r,— %urx + 'grqy - &qmy =G(g), 4.3)
u, + §qy =0,

where G(g) is a function with small perturbation.
According to the transformation in the second section, we can obtain the following perturbation

system

dg _

€0 4.4)
i = Bq +dyg” +dig +do + f(6),

where G(¢) = —’ZkTZblf. f(€) = Ay cos(ki€) + Ay sin(kyé). A; and k; (i = 1,2) are the constants.

Remark 4.1. The phase portrait for the system (4.1) with dy = 0 has been drawn in Figure 1. This
article considers the phase portrait of dy # 0.

a—

(@ dy=1,d,=3,d, =3,

=
7

(© dy=-2,dy=-3,dy=-2,dy=35 (d) ds=-2,dr=6,d, =-2,dy=-2

Figure 1. Phase portraits of Eq (4.1).

Remark 4.2. The phase diagram in Figure 2 reveals the global dynamics of the system: Figure 2 (a)
presents a complex multi ring entangled structure, exhibiting quasi periodic or weak chaotic states;
Figure 2 (b) shows a clear annular limit cycle, corresponding to stable periodic oscillations. The
maximum Lyapunov exponent is shown in Figure 3. Figure 4 shows the time series diagram providing
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a time-domain perspective: The q(§) corresponding to the Figure 4 (a) exhibits irregular but rhythmic
amplitude modulation oscillations, confirming the complexity of the phase diagram; Figure 4 shows a
perfect periodic waveform, which corresponds perfectly to the limit cycle in Figure 4 (b).

@) dy=-2,dy=-3,dy = -2,dy = 3 (b) dy=-2,dy =-6,dy = -2,dy = -2

Figure 2. Phase portraits of Eq (4.4) with A; = 0.8, A, = 0.6, k; = 0.8, k, = 0.6.

Lyapunov exponents

0 20 40 60 80 100 120 140 160
I3
&

Figure 3. Lyapunov exponents of Eq (4.4) ford; = 1,d, = 0.5,d, = -2,d, = 0.8, A, = 0.15,
k2 = 1, A] = 0

051 fo 200

@) dy=-2,dy=-3,d1 = -2,dy = 5 (b) ds =-2,d, = -6,d, = -2,dp = -2

Figure 4. Sensitivity analysis of Eq (4.4) with A; = 0.8, A, = 0.6, k; = 0.8, k, = 0.6.
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5. Numerical simulation

In this section, we have plotted the 3D, 2D, and contour maps of the solutions obtained in the

fourth section. Obviously, when d3 = 2,d> = 3,d, = 2,dy = 3,d = 55,k = 2, = 1,v = 2,

and y = 3, Figure 5 shows a tangent function solution, which is a periodic function solution. When
d;=2,d, =3,dy =-5,dy = —%,d = g—g,k =2,l=1,v=3,and y = 3, Figure 6 shows a Jacobian sine
function solution, which is also a periodic function solution.

il\l\l\l\l prrreprrrrrpnrn
Pt
RN RN RN N RN RN RRR AN .
R AR RN A
nnnnnnnnnnnnn
*, ||II IBEEBERBEREEERERRRLEBREER -100
9 ‘”u ARRENERR RN AR LRI R
NI AN Ay
LUy g g 200
Legrrrinereraneiirrngrren
[ A A
S N
N, ‘ 00
//I///I///I [1T1TY 7111717 Hy
LariTi it raiifiriiifriiiil
W sy e
=2 A E
I i
I
IR RN ER RN AR IR RN AN AR 0
T T
1 | -600
IR AN A AR AR AR AR
RN (AR (AN
vt enedrp el pribigg g 0 2 4 6 8 10
=t ——et——e0—— 3 ——4 =5 x
(a) 3D diagram (b) 2D diagram (c) Density plot
. . . . . 1
Figure 5. Explicit solution ¢;(t, x,y) of Eq (1.1) withds = 2,d, = 3,d, = 2,dy = E’d =

9 1 _ _ _ _
3. k=2,1=1,v=2,y=3.

1 I [ | f
sl baltdd]! l‘ E !
4000-] .‘.|||I|H” EEER] TNN N 1
RN R i { : ; i I N
‘ ! |
3000 i 40 HHHH
9 I N TR R R A
(YR | RN npaneRg
\|\“|l‘ I i. b 11 ‘,1 EREREERE Y "
2000~ il 1 | " L A ‘r\, o8| O W
4 i U U\ WU
oo ;‘ BB ERESEERE" i
4 S OO0 R s VA A A R !
o (W R R
vl w" i ‘[ W |‘ 200
—sof b i Y
~1000-] ] ERR R ; K
b BRERR (N
: ~ool-| ; - Lhy
L T T T T T | [l B i 400
FURERE MU IHHHBHHIHE
t = i 1 ERE R i
| : i\ t e 600
—1004 I . ! || 0 7 4 6 8 10
—— 0 El——E2 =l —— =5 x
(a) 3D diagram (b) 2D diagram (c) Density plot

Figure 6. Explicit solution g;(¢, x,y) of Eq (1.1) with d; = 2,d, = 3,d, = -5,dy = —%,d =

¥ k=21=1,v=3y=3

6. Conclusions

In this study, we conducted a comprehensive dynamic analysis of AMTZ, focusing on its traveling
wave solution, bifurcation structure, and chaotic behavior. By using traveling wave transformation,

AIMS Mathematics Volume 11, Issue 8, 25861-25873.



25871

we simplify the AMTZ equation into a nonlinear ordinary differential equation, which is then solved
using the polynomial complete discriminant system method. This method enables us to derive a range
of rich exact solutions, including Jacobian elliptic function solutions, implicit solutions, and rational
function solutions. Through phase plane analysis, we studied the corresponding two-dimensional
planar dynamical system, revealed the bifurcation characteristics of the equilibrium point under small
disturbances, and demonstrated the transition from a stable periodic orbit to a chaotic attractor with
changes in parameters. Numerical simulations further illustrate the complex wave propagation
patterns and spatial structures of the AMTZ equation through three-dimensional waveform diagrams,
two-dimensional profile diagrams, and contour maps, providing a visual representation of the
nonlinear dynamics of the system. Future research may extend this analysis to higher dimensional
situations, including external forcing or damping terms, or explore the stability and control of chaotic
systems, thereby deepening our understanding of integrable and non integrable nonlinear wave
equations.
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