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Abstract: Let Q be a bounded Lipschitz domain in RY, with N > 3 and y > 0. Let M(x) be a
symmetric positive definite matrix with coefficients m;; € L*(£2). We study the problem:

—diviM(x)Vu) + u = ydiv(uM(x) Vi) + f(x),
~div(M(x)Vy) + ¢ = uf + g(x).

Under the assumptions

N+2.
1. 6< N_2>

2. £>0, f e L"(Q), form > 2L

N+272

3. 220, g€ LYQ), forg > %,

we prove the existence of at least one weak solution in W'¥1(Q) x W'2(Q). Moreover, under the
assumptions

4. 0 < =

N-2°
5. g € LY(Q) for some ¢ > ¥,

we have

ue WQ), yewh Q) nL Q).
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1. Introduction

Chemotaxis has been extensively studied from a mathematical point of view since the pioneering
works of Keller and Segel [16, 17] published in 1970 and 1971, respectively. The authors proposed a
system of two parabolic equations describing the movement of a biological species towards the higher
concentration of a chemical substance (positive taxis) or away from it (chemorepulsion). In [8], the
authors study a parabolic chemorepulsion system

u, — Au = ydiv(uVy),
Y — DAY + ¢ = u,

and prove the existence of solutions and their convergence to the constant steady state for N = 2 and
N = 3 in L*(Q)—norm. Nevertheless, for N = 4, the convergence to the constant steady state is given
in a weaker sense, see also [9] for the 3-dimensional case. In [7,11, 18-20,27], other chemorepulsion
systems have also been studied from a mathematical point of view, along with [12—15,22] from the
viewpoint of optimization and control. In [15], the global existence of solutions to the fully parabolic
chemorepulsion system
u; — Au = ydiv(uVy),
{ W, — DAY+ = uf,

for 6 € (1,2) and N < 3 is established, together with the numerical analysis of the system.

The original Keller-Segel system proposed in [16, 17] models the movement of bacteria following a
chemical gradient in biological tissues (such as immune system cells moving towards an infection site).
Cell motility is influenced by the fiber alignment and other characteristics of the extracellular matrix.
This leads to different migration velocities of the biological species even under the same chemical
gradient. Such a movement is described by an anisotropic matrix, see for instance [10, 24, 26] and
the references therein for more details. Other authors have considered M = M(u), combining the
porous media equation with chemotaxis systems and leading to additional mathematical difficulties.

We denote by M(x) € Myxy the anisotropic symmetric matrix of coefficients {m; j}ﬁ’j:l, where
M(x)&-E>alél,  IM()|<B, (1.1)
for some positive constants @ < 8 and any & in R"Y. The coefficients {m; 1}2]]':1 satisfy
m;j € L¥(Q), fori,j=1,...,N. (1.2)

For simplicity, and without loss of generality, we assume that @ = 1.
We denote by u the biological species and by ¢ the chemical signal satisfying the system

u; — diviM(x)Vu) = ydiviuM(x)Vy), x € Q,
Y, — diviM(x)Vy) = u, xeQ,

(1.3)
ou o
—=—2=0, 0Q,
anM 8I”LM xe
under the assumption
N+2
0el|0,——]. 1.4
© ( N- 2) 14
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0
where 6_u = M(x)Vu - ii, and # is the outward unit normal to the boundary of the domain.
n

NoticeA{hat the x-dependent coefficients of the matrix M are bounded but do not necessarily possess
the C! regularity required to apply the Calderén—Zygmund theory of elliptic equations. That lack
of regularity creates an additional difficulty in the problem because the solution does not belong to
W?2(Q). For that reason, the boundedness of the solutions is obtained by using Stampacchia’s method.

We introduce an implicit time discretization {7;}_, in the problem and approximate u, and ¥, as
follows: 5 5 . .

o~ u(tj)_”(tj—l)’ . w(lj)_l//(tj—l).

1=t 1=t

We rescale the problem and denote by f and g the terms ii(#;_1) and /(#,_), respectively. For simplicity
in the notation we omit the tilde notation and the dependence on ¢; to obtain the system

—div(IM(x)Vu) + u = ydivuM(x)Vy) + f(x), xe€Q
—diviIM(x)VY) + ¥ =u’ + g(x), xeQ (1.5)

Ou _ W _ o resq

ony  Ony

(1.5) for g = 0 when the chemotaxis term has the form —ydiv(uM(x)Vy) was initially studied
in [2], where the elliptic system was proposed following previous parabolic systems with constant
diffusion and using Dirichlet boundary conditions. In [2], the model involves two main issues: the
weak regularity of the source term f and the regularity of the anisotropic matrix, whose coefficients
are assumed to be in L*(€2). Following [2], in [5], the authors analyze the system

—div(A(x)Vu) + u = ydiviuM (x)Vy) + f(x), xeQ
—div(A(x)VY) + ¢ = Blu) + EVy, x€ Q.

with Dirichlet boundary conditions under the assumptions

e f(x)>0and fIn(l + f) € L'(Q),
e Bis a bounded, positive and continuous function,
e Ec['@)".

The authors prove the existence of weak solutions (i, ) in W %1(Q) x W'2(Q) for N > 3 for M(x) =
Id. Moreover, for bounded data E and £, the solution u is bounded for N = 3. The case B(u) = u’ (for
0 < 2/N), and A(x) = M(x) under the same assumptions in f and E has been studied in [3] obtaining
the existence of weak solutions in W¥1(Q) x W'2(Q). The flux limitation elliptic system

—div(M(x)Vu) + u = —xdiv(u| VY|P >Vy) + f(x), x€Q
—diviIM(X)VY) +y =u’, xeQ

for p < % for 6 € (1/N, 1] has been considered in [4] for N > 3 and f € L™(Q) (m > 2/N).

For that problem, the authors use C(Q) coeflicients of M and obtain that u € Wé’z(Q) N L*(Q) and
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€ W(Q)N Wé’z(Q) for any g < +o00, see also [28]. The question of uniqueness remains open in the
mentioned elliptic systems studied in [2-5].

In this article, the existence of a solution (u, ) € W w1(Q) x W'4(Q) of system (1.5) is studied
under the following assumptions on f and g:

2N
0< f(x), f(x)elL™(Q), form> Nio (1.6)
and N
0< LY(Q), . 1.7
<8 € LNQ), q> (1.7)
Moreover, if 8 satisfies
2
0, —— 1.8
e (o375): (18)
and g fulfills
N
g(x) € LY(Q), for g > X (1.9)
then ¢ is bounded and u € WH(Q).
We notice that assumption (1.8) is satisfied in [9] in view of 1 < ﬂ for N = 3, and is the critical

case for N = 4 in [8]. Notice also that in [15], the constraint § < 2 and N = 3 is the same as (1.8).
So, it is expected that the fully parabolic chemorepulsion system (1.3) admits global-in-time existence
of bounded weak solutions if 9 satisfies (1.8). To the best of the author’s knowledge, the question of
existence of solutions for # > = remains open for the chemorepulsion parabolic problem and 6 > N +2
for the chemorepulsion elhptlc system

Throughout the article, the standard notion of a weak solution is used.

DEeriniTiON 1.1. A weak solution (u, ) to (1.5) is a pair
(u, ) € WHFT(Q) x W'(Q)

satisfying uVy € [LY(Q)]Y and

fM(x)Vqu+fuv——)(fM(x)quvawaf(x)v
fM(X)V¢V¢+f¢¢ fu¢+fg(X)¢

for any v, ¢ € C/(Q) N W'72(Q) N L(Q).
The main result of the article is stated in the following theorem.

TueOREM 1.1. Let f and g be given functions satisfying (1.6) and (1.7), respectively. Under the as-
sumptions (1.1)—(1.4), there exists at least one weak solution, in the sense of Definition 1.1. Moreover,
if in addition 0 and g satisfy (1.8) and (1.9), respectively, we have that

ue WhH3(Q), e WH(Q) N LY(Q).
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The article is organized as follows. In Section 2, we approximate the system by using a truncation
function. We then obtain the existence of solutions (u,, ¥,,) of the approximate problem. In Section 3,
we deduce some a priori estimates first under assumptions (1.4) and (1.7), and then under the stronger
assumptions (1.8) and (1.9). Finally, in Section 4, using the estimates obtained in the previous section,
we prove the existence of solutions by passing to the limit in the weak formulation of the approximate
system. To do so, we use classical results of measure theory: Fatou’s lemma, Egorov’s theorem and
the generalized Lebesgue’s dominated convergence theorem that can be found in standard textbooks
on measure theory.

We use standard notation and denote by |Q)| the Lebesgue measure of Q given by |Q| = fg 1 and

/J(k<u<h):f 1, fork < h.
k<u<h

For any k£ > 0, the truncation function 7} : R — [—k, k] defined by T;(s) = max{—k, min{s, k}} is
used throughout the article. We also use the following functions:

e T}, for k > 0 is defined by
0,1f0<s;
T;(s)=1 s, if —k<s<0;
—k, if s < —k.

e The positive part function defined by (s), = max{0, s}.

We assume, throughout the manuscript, (1.1) and (1.2) for the matrix M and (1.6) for the data f.
Assumption (1.4) for 6 is used in Lemma 3.5 to apply Holder’s inequality and to obtain the bounded-
ness in W'(Q) of {/,},ean. The consequences of the lemma, presented in the subsequent corollaries,
is the boundedness of {T,,(u,)},en in L7*1(Q). Assumptions (1.8) and (1.9) are needed to apply the
Stampacchia method and to provide the boundedness of {u,},ex and {i,}en in WH(Q) and L*(Q),
respectively (Lemmas 3.11 and 3.12). These estimates are used in Section 4 to pass to the limit in the
weak formulation of the approximated problem to prove the main result.

2. Approximate problem

For simplicity of notation, we define the linear elliptic operator £ as follows:
L(v) := =div(M(x)Vv), (2.1)

where M satisfies assumptions (1.1) and (1.2).
The main difficulties of the problem are as follows: The nonlinear terms ydiv(#Vy) and u® and the
weakness of the given data f and g. To avoid such difficulties, we approximate the nonlinearities by

truncated terms: u by |T,(u)|’, and the chemotaxis term by
ul’l

)(div(—1 AT

Mx)Vij,).

The weak data f and g, are approximated by their truncations
Ju(x) = min{f(x),n},  g,(x) = min{g(x), n} (2.2)
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respectively. We consider the auxiliary problem

LGuy) + uy = xdiv(— 2 MOVY,) + f,(x), x€Q
I+ ,_llunl
L(wn) + Y = |Tn(un)|€ + gn(x)’ x€Q (23)
Ou, O,
prial 0, xeoQ.

We now define the notion of a weak solution to (2.3).

DerNiTION 2.1. Let n € N, a weak solution of (2.3) is a pair of functions (u,, ) € [W'2(Q)]%, satisfying

fM(x)Vuan+funv:—fX( u? M(x)anVv)+ffnv,
Q Q o 1+ lul Q

f M)V, V¢ + f Vntp = f T, ()¢ + f &nh

Q Q Q Q

System (2.3) was studied in [2] where the chemotaxis term appears with the opposite sign, i.e.,
when u, satisfies the equation

for any v, € W2(Q).

Uy

1
1+ 2uy|

n

L(uy) +uy = —)(diV[ M (X)Vl//n) + fu(X)

for 6 < % when the boundary condition is of Dirichlet type. Even though the proof is similar, we
present the details of the existence of a solution of (2.3) in the following theorem.

TueoREM 2.1. Under assumptions (1.4) and (1.7), there exists at least one solution (u,, yr,) € [W'*(Q)]?
to (2.3).

Proof. We proceed in several steps.

Step 1. We take w € W'2(Q) and solve the problem

UeWQ), LO)+§=IT.w +gu xeQ,
o (2.4)

— =0, xeoQ.
(9nM o

Since
IT,w)|’ <n’ and g, <n,

thanks to the Lax-Milgram theorem and the maximum principle, there exists a unique solution to
(2.4) y € WH(Q) N L>(Q).
Moreover,

7 0 L 7 0
Iz < [77 +nllQ2,  (Yllis@q) < n” +n.
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Step 2. We consider the problem

ie W2Q), L) +i= divX(LlM(x)V&) + fu(x)

N 1+ L (2.5)
9 _ o reoq
GnM

where i is the unique solution to (2.4). Then, thanks to the estimates obtained in the previous
step and the Lax-Milgram theorem, there exists a unique solution ii € W'2(Q) to (2.5). Using i
as a test function in (2.5), we have

~112 ~ ~ 1.
il 20 < XA Iwiz@llillwr i) + nll€A2 (Il 2

Therefore, we deduce
1 1
w2 < nyln” + n]lQI7 + nlIQ>.

Step 3. We define the operator S, : L2(Q) — L*(Q) such that S ,(w) = i, where i is the solution
to (2.5). We denote by B, the set

B, ={ve W2(Q), [Wlwe <nxln® +nllQ7 +nlQI7}.

To prove the continuity of S, we take a sequence {w;} e Which converges strongly to w in L*(Q).
We denote by {1/} e the solution to the problem

U e WAQ), LW+, =IT,w)l’ +gn x€Q,
W,

=0, xe Q.
8nM x

Then, by continuous dependence of the data, {i/;} ;y converges strongly in W'?(Q) to i solution
to the equation
b e WHHQ), L) +§=IT,w)I' + g1 x€Q,
Y
Y _o, xeo.
8nM

Now, we consider it; the solution of

i€ WAQ), L(@)+; = divx(le'lM(x)V&j) + i)
= W.

aﬁj n'""J

L 0, xeon

HnM

and & the solution of

w

i€ W(Q), L(@)+ i = divy(——Mx)V) + f,(x)
1+ 2w

i n (2.6)
95 _ o reoq
6nM

AIMS Mathematics Volume 11, Issue 8, 25839-25860.



25846

Then, we have that

w w;
L(—u;)+ - -—dle( M(x) gb——M(x)Vw]
1+ 1w 1+ nlw il
W.

Since the function 5 is Lipschitz, we have that { 1j } converges strongly in L*(Q)

1+ ;|W1| e

w ) ) ) )
to T3 ol Moreover, since the sequence is bounded in L*(€2), we have that it converges
+ <w

w;
strongly in LP(Q) for any p < +oco. Therefore, {lel

M(x)VY } converges strongly to

> W
{1 wll lM(X)Vlﬁ} in [L9(Q)]" for ¢ € [1,2). Moreover, since {ﬁ
+ 1w
n jGN J

M(x )V%}

bounded in [L*(2)]", there exists a sub-subsequence such that it converges to M(x)Vi

1
-| |
weakly in [L2(Q)]" by uniqueness of limit in [L”(Q)]" and the embedding [LZ(Q)]N [LP(Q)Y

for p € [1,2). If there exists a subsequence which does not converge to M(X)Vl/l}

1+ ilwl
weakly in [L2(Q)]", then there exists & € [L*(Q)]" such that

n—+oo

%
lim (—1 ( )v%)g =c#0
Q | ]l

which contradicts the existence of a subsequence which weakly converges in [L*(Q)]V to

w; _ ~
T M(x)Viy and proves that —IJM (x)Viy; ¢ converges to Wl M(x
1+ || 1+ 1w 1+ L]
weakly in [L2(Q)]V. We use £ € W2(Q) as a test function in (2.6) to obtain that

[ Meova-apwes [@-ne=x [ mo )( Ve — M(x)V;Z) ve.
Q w 1+n|w]| 1+ |w|
Passing to the limit as j — +o0, we deduce

lim f M(x)V (it — it))VE + f (it — it;)¢ = 0.
Q w

J—+oo

Hence, we have the weak convergence of i — i; to 0 in W'*(Q). By the compact embedding
Wh2(Q) — L*(Q), we conclude that i ; converges strongly to i in L*(Q).

Since S, is continuous, S ,(L*(Q)) C B,, and B, is a relatively compact set in L*(Q), we have, by
Schauder’s fixed point theorem, that there exists at least one solution to (2.3).

O
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3. Estimates of the approximate problem

Lemma 3.1. Under assumption (1.7), the solutions to (2.3) satisfy
u, >0, ¢,=>0. (3.1

Proof. We consider T} (u,). Since T; is a Lipschitz function and u, € Wh2(Q), we deduce that T} (u,)
is an admissible test function. We then use 7'(u,) as a test function in (2.3) to obtain, in view of f > 0,

that
fIV[TZ(un)]I2+funTZ(un)
Q Q

IA

ﬁ)(f |l Vil VLT ()]l
—k<u,<0

kﬁ)(”l//n||WLZ(Q)||VTZ(Mn)||[L2(Q)]N-

IA

Then,

. k2 2.2
funTk(un) < %H%”ﬁ,m(g)‘
Q

We divide by & and take the limit as k — O to obtain, in view of

. u T (uy) Oifu, >0
lim —— = .
k—0 k |u,|, otherwise

f || <0
u, <0

which implies that u, > 0 a.e. x € Q. Since g,(x) > 0 and

that

[T, ()]’ 2 0
the weak maximum principle implies that ¢,, > 0. O

REMARK 3.2. Integrating the first equation and using the boundary condition, we have

fgunsfgf.

Since u, > 0, we obtain a uniform bound of {u,}nery in L'(Q), i.e.

el 1) < c.

Lemma 3.3. Let (u,, ¥,) be a solution to (2.3). Then, under assumption (1.7) and for any positive 6, we

have
f (T ()t + x f vy < f fbn. (3.2)
Q al+u, Q

Proof. We use ¥, as a test function in the first equation of (2.3) and u,, as a test function in the second
equation, to obtain the identities:

f M)V, Vi, + f b = X f Y MV, + f fn
Q Q ol+ S Up Q

AIMS Mathematics Volume 11, Issue 8, 25839-25860.
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and

fM(-x)V'vl’nvun'i'flr//nun:f[Tn(un)]eun+fgllun-
Q Q Q Q

Subtracting the two identities, we deduce

f[Tn(un)]gun"'fgnun +)(f Mnl M(X)VlﬁnVlﬁn:ffn%-
o ) al+ su, 0

Since
0 < gy, ffn% < fft//n
Q Q
and
u, 2 Uy
b VY, < x M)V, Vi,

ol+ LUy ol+ Uy

we deduce the desired result. m]

CoroLLARY 3.4. Under assumption (1.7) and for any positive 6, we have

f[Tn(un)]€+l Sffl!’n-
Q Q

Proof. The result follows immediately from the previous lemma and the inequality

0 < Tw(un) < uy.

Lemma 3.5. Letting n € N, then under assumptions (1.4) and (1.7), we have
Wullwizy < ¢, where c is independent of n.

Proof. We use ¥, as a test function in the second equation of (2.3) to obtain, after straightforward

computations,
f V2 + f Y2 < f [T ()1’ o + f 8.
Q Q o) o)

We apply Holder’s inequality to each term on the right-hand side of the previous identity using expo-

nents 2! and 6 + 1 to obtain:

o o
f [Tn(un)]e“] [ f wﬁ“] : (3.3)
Q Q
Thanks to Corollary 3.4, we have that

[ f (T ()] f fz//nr”
Q Q

AIMS Mathematics Volume 11, Issue 8, 25839-25860.
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and applying Hélder s inequality to the terms on the right-hand side of the previous inequality with

exponents m and 2% e 2, we obtain
0 N2 N-2 775
[ff 7+1 fﬂ 2N % N
wn < N+2 -
Q Q a
%(169) %009)
+ 2N +
Q Q
N-2 6
oN | 2N (1+6)
- o[58
Q
Since0+1 < % +1= N 2, it follows that

Uwi“]msdm[fwﬁ]w
Q Q

TSR (1)
f [T, ()]’ ¢ < c(Q) [ f Wy .
Q Q |
fgnlﬂnﬁfgws
Q Q
o 5 (1+gi) N 2
f|vwn|2+fw <c<9>[f ] re ] |
Q Q

Since 1 + 1% < 2, together with the Sobolev embedding W'*(Q) — L% (Q), we deduce

Hence, (3.3) becomes

In view of

we have

lmllwr2y < ¢, where c is independent of 7.

O

COROLLARY 3.6. Thanks to Hélder's inequality and the Sobolev embedding W'*(Q) — L%(Q), we
have, under the assumptions of Lemma 3.5,
1\;74;\,2
N
c ff”*z] lenllwr -
Q

sl o]

The previous lemma together with the boundedness of f in L%(Q) implies:

[ rumse

CoroLLARY 3.7. By Corollaries 3.6 and 3.4, we have, under the assumptions of Lemma 3.5,

f [T, (u)]"" < f fun < c.
Q Q

AIMS Mathematics Volume 11, Issue 8, 25839-25860.
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CoroLLARY 3.8. Under the assumptions of Lemma 3.5, Corollary 3.4 and (3.2) imply the uniform inte-

grability
f VP < c.
1+ un

Lemma 3.9. Under assumptions (1.4) and (1.7), we have that

Vu, <
O 1+ uy,

Proof. We consider the function In(1 + u,) and note that In(1 + s) is a Lipschitz function for s > 0.
Thanks to Theorem 2.1 and Lemma 3.1, we have that In(1 + u,,) is an admissible test function. We use
In(1 + u,) as a test function in the first equation of (2.3) to obtain, after straightforward computations,

2
AL f upIn(1+ u,) < x f o M(x)VY, Vi, + f fin(l+u,).  (34)
Q Q Q

ol +u, 1+ %un)(l + u,)

M(xX)Vi, Vu, 2x? 0 1 n
f u 1(x) Vi Bx f u1 |an|2+_f 1 u Vu
o(l+ E”n)(l + Uy,) 2 o(l+ r—ll/tn) 2 Ja (I+ ,_lun)(l + un)z

232 u, 1 1
xp f vyt o f Vi .
2 Q(1+r—lun) 2 Ql+l/ln

Substituting the previous estimate into (3.4) yields

1 Vn2 222
L Nul +fun1n(1+un)s)ic+ffln(1+u,,)
Q 2 Q

2 Ql+un

Since

where the constant ¢ is provided by Corollary 3.8. Since

2N
< 6!
OSN3 [ fg ty

N-2
2N

LV (Q)

[ rmatew < g g | [0

we deduce
IVunl2 ,32

2 ol+u 2

(for ¢ given in Corollary 3.8) which concludes the proof. O

c+6!l1ll -

L2 ©«@

LemmMma 3.10. Under assumptions (1.4) and (1.7), we have

s Vo
\Vu, |1+ | u)? <c
Q Q

IV,
1+u,

Proof. We first notice that
= 4V + u,)?

AIMS Mathematics Volume 11, Issue 8, 25839-25860.
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which implies, in view of Lemma 3.9 and Remark 3.2, that
{(1 + 1)}t is uniformly bounded in W'2(Q) < Lv2(Q)

and therefore

{tt,}nen 1s uniformly bounded in L= Q). 3.5
Thanks to Young’s inequality for exponents 2(1\1’\,_ D and 2%\7_—21), we deduce
N 2
Vs = V™ yms < Yy
(1 + u,) ™D (1 + u,)
Integrating the above inequality and using (3.5), we obtain the desired result. O

Lemma 3.11. Under assumptions (1.8) and (1.9), the sequence {,,} e is uniformly bounded in L>(Q2),
ie.

{wn}neN - LOO(Q)

Proof. Let k > 0, and let G be the function

Gk(s):( il k )

s+1 k+1

Notice that Gy is a Lipschitz function for s > 0, and in view of ¥, € W'?(Q) and v, > 0, we have that

G (¥ ,) 1s an admissible test function. We use G(¢,,) as a test function in the second equation to obtain,
after some computations and using that G;(¢,,) < 1, we have that

f M +f wnGk(wn) Sf [Tn(uri)]9+f 8n-
gk (1 + Yn)? dn>k Un>k Un>k

f (n(1 + ¢,) — In(1 + k))*
Yn>k

We add the term

to both sides of the inequality, to deduce

IVl f i 2
ka (1 +4,)? + ok (In(1 + ¢,) — In(1 + k));

< [ mwrs [ er [ anaep)-ma ok,
Un>k Un>k Un>k
Setting wi = (In(1 + ¢,,) — In(1 + k)),, we have

2 2 0 2
f [Vwi|™ + f wi < f [T, (u)]” + f 8§+ f Wi-
Yn>k Yn>k Yn>k Yn>k Un>k

[0l < T ()1 g W > 0T <l > R)IT
Un>k

Notice that

AIMS Mathematics Volume 11, Issue 8, 25839-25860.
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and thanks to assumption (1.4), we have

We also notice that

1 N
f 8n < lgllzoey[u@n > k)17, for g > 3
Un>k

By assumption (1.9), g > % and therefore

—=1--= 1- == —. 3.6
>1-5 (3.6)

f [1 + ]
Un>k

< [uWn > OITIL+ Yl g
< clu@, > b7,

where g and ¢’ satisfy (3.6). Then, thanks to the previous inequalities, we obtain

Finally, for sufficiently large £, it follows that

IA

f (n(1 + ¢,) — In(1 + k))*
Un>k

1 1
VWil +f w? < clu(y, > k)]°, fors = min{—, —}
ka ‘ ek uw g 1+6

provided k is large enough. Let i > k, and notice

[In(1 + h) — In(1 + O [u@, > D]~

2
[IWill” o
LN=2 (g, >h)

IA

IA
=
=
S

IA
s >
¥
a
S
=
[\S)
_I_
s >
Y
=
o

IA

clu@n > BT,

i.e.

[n(1 + ) = In(1 + O P[u@, > DT < clu, > OI*

11 N-2
§ = mins —, > .
qg 1+6 N

where

We denote by ¢, the function:
N-2
N

$n(k) = [uQn > k)]

which satisfies
[In(1 + k) = In(1 + k) Pa(h) < cla(k)]F2".

We now apply Lemma 4.1(1) of Stampacchia [25], to obtain that there exists & large enough independent
of n such that ¢,(h) = 0, which yields the uniform boundedness of the sequence {¢,,},ciy in L*(Q). O

AIMS Mathematics Volume 11, Issue 8, 25839-25860.



25853

LemmMma 3.12. Under the assumptions (1.8) and (1.9), we have
{ttnhers € WH(Q).

Proof. We use u,, as a test function in the first equation to obtain, after some computations,

f Vi + f i < — MV, Vu, + f Fottn. 3.7)
) Q ol+

Now, we define the function H,(s) such that

H,\(s) = x H,(0) =0

1 ;

and note that H,, is a Lipschitz function for s > 0. In view of Lemma 3.1 and Theorem 2.1, H,(u,)
belongs to the admissible set of test functions. We use it in the second equation of (2.3) to obtain

X fQ MV + f UnHo(u) = f [T ()T’ Huy) + f ouH 1),

Substituting this identity into (3.7), we have:

f Vi, [* + f iy + f [T(u:)1° Hpua) + f gnHy (1) < f Y () + f ity
Q Q Q Q Q Q

The positivity of g, and u, implies

Lqun|2+f ﬁszWt fgfnu,,. (3.8)

The terms on the right-hand side are estimated as in [4]. First, we consider

<
fgfnun < A, 2 o el 25 )
< —||f||

LN , (Q)”un”WLZ(Q)

< —||f||

LN Z(Q) ||unllwl2(g)

where cq is the constant of the Sobolev embedding W'2(Q) < L¥2(Q).
We split the term f Yau? into two parts: Letting k > 0,
Q

2 2 2
f Yau, < Yau, + Yk,
Q

u,<k k<uy,

2 2 2
kWl + Wnllis@llunll” o [p(u, > k)17
LN-2(Q)

IA

Since the sequence {ut,} ey is uniformly bounded in L'(€2), Chebyshev’s inequality gives

hm y(un > k) < lim % =0.

k—+00
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Therefore, there exists ky > 0 large enough such that

2 Cé
Wy > B)F < — 2
lu Mol

Substituting the above estimate into (3.8) yields

1
2
fQ Vi + f < S0l + - ||f||LN2(Q) 3.9)

which implies the result.

4. Existence of solutions

The boundedness of {(u,,, ¥,)}en In Wl’%(Q) x W'2(Q) implies the existence of a subsequence,
still denoted by {(u,, ¥,)}.en, and a pair

(u, ) € WHT(Q) x W'(Q)

such that:

1. {(thn, W) }ners converges weakly to (u, ) in WHs1(Q) x W!2(Q);
2. {(ttn, Yu)}naw converges strongly to (u, ¢) in LP() X LI(Q) for p < = and g < N 2,
3. {(un, ¥n)}new converges a.e. to (u, ).

For simplicity, we still denote this subsequence by {(u,, ¥,)}nen-

Lemma 4.1. Under assumptions (1.4) and (1.7), we have that there exists a subsequence of {{,}nen,
denoted with the same numbering, such that it converges strongly in W'(Q).

Proof. Let k, j € N such that k < j, and consider the sequence {¥, },cnv, Which converges strongly to

in LI(Q) for g < 2. Then, we use ¢ i — Y as a test function in the equation satisfied by ¢; — Y to

N-2
obtain:

IA

fg VY = Vil + () — v)? fg |[T5))” = [Teu))'| W = vl + f gl — vl

k<g
0 6
(TSN 1 0y + NN e ) 1 = Wl o1

IA

N+2

N 2N
N+2
ﬁ g™ ||% lﬁk”LNz(Q)
<g
N+2

1 2N N
i = il + =— g
ZCQ k<g

o
+?||L//j l/’k” 2N

L2 (Q)

+

IA
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Since g € L4(Q) for some g > 2 it follows that

N+2
qg(N+2)-2N

2N N 2
g < ”g“Lq(g)[/J(k <g] M
k<g

We then deduce, thanks to the Sobolev embedding W'2(Q) — L%(Q), that

1 (N+2)-2N
S5 = Ul < €l = nllurog + clutk < 917 (4.1)
Since
0+1< 2 +1= 2N
N-2  N-=2

the compact Sobolev embedding W'?(Q) — L%!(Q) together with the boundedness of {¥,},en in
W'2(Q) implies (up to a subsequence) that for any & > 0, there exists n, such that

[l — il o1y < &, provided ng < k.

Since g € L'(Q) and y; converges strongly in L'*%(Q) to y, taking limits as k — +oo in (4.1), we
obtain the desired result. O

CoroLLARY 4.2. Under assumptions (1.4) and (1.7), there exists a subsequence of {{/,,},en, still denoted
by (W }nen, such that
{Vi,,} e converges to Vi a.e. x € Q.

The result follows from the strong convergence of (W, nen to ¥ in W2(Q).

Lemma 4.3. Under assumptions (1.4) and (1.7), we have that

{ tn Vw,,} — uVy  strongly in [L'(Q)]".

1
1+ LUy
{ }neN

Thanks to Young’s inequality for the exponents AN_D) apd Y=L

N N-2 °
N
N-1
f < cf
Q Q

Proof. We consider the sequence

Uy

Vy,

1
1+;l/tn

we have

Uy Uy

1
1+;I/£n

s " 2
vy, +e f — |V,
ol+ 7 Un

Lemma 3.10 and Corollary 3.8 imply the uniform integrability

I
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Moreover, from the convergence of {u,},en to © in LA (Q), we deduce the existence of a subsequence,
which for simplicity is denoted by the same index, such that

1

{u,}eny — u, a.e.x € Q, and therefore
1+ S Un

} — u, a.e. x € Q.
neN

Thanks to Lemma 4.1, we have that {Vi,},e converges strongly to Vi in [L2(Q)]". Therefore, there
exists a subsequence (still denoted with the same numbering) which converges to Vi a.e. x € Q. Then,
it follows that

N
N-1

u N
‘ — [uVy|™1, ae. x€Q.

Vi,
1+,llun v

lim

n—+o0o

The previous convergence guarantees the convergence in u-measure of the sequence:

N
N-T
lim |—2 vy |5 vt 4.3)
n—+oo | ] + 1 "
(4.2) and (4.3) imply, applying Vitali’s theorem, the desired result. O

LemMma 4.4. Under the assumptions (1.6) and (1.7), we have that

lim [T,(u)]? — u’ strongly in LY(Q).

n—+oo

Proof. Since Wl’%(Q) — LP(Q) is a compact embedding for p < %, we have that there exists a
subsequence, still denoted by {u,},cy, such that

{tp}neny — u, strongly in L7(Q), for p <

N-2

Hence, there exists a subsequence (denoted with the same index) such that
{up}neny — u, pointwise a.e. x € Q
and, therefore, for any y € (0,6 + 1] we have
{{T,(u,)]"},ey — ', pointwise a.e. x € Q,

which guarantees the convergence in u-measure of the sequence:
6 Koo
(a1} = .

Since {[Tn(un)]e}nGN is bounded in L%(Q) c L'(Q) and thanks to Vitali’s theorem, we have that
[T, (u,)]’ converges strongly to #’ in L'(Q), which completes the proof. O

End of the proof of Theorem 1.1
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Under the assumption (1.7), thanks to the previous results, we have that:
u, — u  weakly in Whs(Q).
W, =  strongly in W'3(Q).

u, — u strongly in L1(Q), for g < %

{H“fu Va,l/n} — uVy strongly in L1(Q).

[T, (u)]” — u®  strongly in L'(Q).

Following the order in which the subsequences were extracted, i.e. using the subsequence obtained in
Lemma 4.1 in Corollary 4.2 and that in Lemma 4.3, etc. we have a subsequence that verifies all the
previous convergences. Then, letting n — +oco, we obtain:

f M(x)Vu,Vv — f M(x)VuVy, for any v € C1(Q) N Wh¥3(Q) N L (Q),
Q Q
f Uy —> f uv, for any v € C'(Q) N W-¥2(Q) N L (Q),

Q Q

f 1 +un1u Vi, Vv — qu:,va, for any v € C'(Q) N Wi (Q) N LY(Q),
Q nn Q

fﬂ fiv — fg fv, forany v € C'(Q) N W"¥2(Q) N L™(Q),

fg M)V, Vo — fg M(x)VyV¢, forany ¢ € C'(Q) N W2 (Q) N L™(Q),
fg Y — fg Y, for any ¢ € C'(Q) N W ¥2(Q) N L™(Q),

fg [T’ — fQ u'g, forany ¢ € C'(Q) N W"(Q) N LV(Q),

f g — f g, forany ¢ € C'(Q) N W"72(Q) N L™(Q).
Q Q

Passing to the limit in the weak formulation of (2.3), given in Definition 2.1, we conclude that (u, )
is a weak solution of the problem.
Moreover, if assumption (1.9) is satisfied, we have that:

1. {¥,}nen 18 uniformly bounded.
2. {Up}per is uniformly bounded in W'2(Q).

Therefore, € L¥(Q) and u € W'*(Q), which completes the proof.
5. Conclusions

In this article, an elliptic chemorepulsion system of two PDEs is considered in a bounded Lipschitz
domain Q c R" (for N > 3):
—div(M(x)Vu) + u = ydiviuM(x) V¢) + f(x),
—div(M(x)Vy) + ¢ = u? + g(x).
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The main result shows the existence of solutions in W!s1(Q) x W'*(Q) provided

N+2.
1. 0< N=2>

2. £>0, f e L"(Q), form > 2.

N+272

3. 220, g¢eL{Q), forg > %

The nonlinear term #’ may exhibit superlinear growth while the standard chemotaxis system with
§=0,

—div(M(x)Vu) + u = —ydiv(uM(x) Vi) + f(x),

—div(M(x)V¥) + ¢ = ?,

requires 6 < = (see [2]).

Since the coefficients of M are merely bounded and the data, f and g, exhibit weak regularity, it is
not possible to apply standard elliptic regularity. To overcome these difficulties, we employ a duality
method combined with an appropriate truncation of f and g.

If additional regularity is assumed for g,

N
g € LY(Q) for some g > >

and for 6 < ﬁ, the solution satisfies

ue W3Q), y¢eWQnL Q).

The existence of solutions for the fully parabolic chemorepulsion system remains open for 6 > ﬁ and
N > 3, the results obtained in this article for the elliptic system suggest the global in time existence of
weak solutions for 6 € [2/(N —2),(N +2)/(N —2)) and N > 3. The elliptic chemorepulsion system for

N = 1,2 and for low regular data, f and g, is not studied in this article.
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