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Abstract: Causal inference in nonlinear, high-dimensional systems remains challenging due to complex
dependencies and unobserved confounders. To address latent variables and indirect effects, a variational
autoencoder (VAE) was incorporated into the cascade additive noise model (CANM). However, the
CANM-VAE and its extension suffer from limitations in modeling long-range dependencies in high-
dimensional settings because confounding variables are handled only at the latent-variable stage. To
overcome these limitations, we developed the transformer-based variational CANM (TV-CANM),
which leverages self-attention mechanisms to effectively capture complex nonlinear relationships and
long-range dependencies. We trained the TV-CANM on three arrhythmia benchmark datasets, applied
the test likelihood to the causal direction, and used the mean squared error (MSE) and root mean
squared error (RMSE) to measure performance. Findings indicate that TV-CANM is significantly more
effective than the original CANM at identifying causal directions consistent with domain knowledge
and substantially reducing error rates. The proposed framework provides reliable causal knowledge that
can support optimization-based decision-making and operational planning in complex data-driven
systems. Moreover, the TV-CANM is found to be sound in nonlinear, high-dimensional causal
discovery, compared with five traditional algorithms: additive noise model (ANM), information-
geometric causal inference (IGCI), causal additive model (CAM), post-nonlinear model (PNL), and a
loss-based algorithm.
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1. Introduction

Causal inference establishes cause-and-effect relationships among variables, uncovering causality
beyond observational relationships. One of the crucial problems in causal discovery is to identify the
direction of causation, that is, whether variable X affects Y , or the variables are confounded by latent
variables. This issue occurs in a variety of fields, such as medicine [1], biology [2], and the social
sciences [3], in which resolving causal direction clarifies complex relations [4, 5].

Modern causal-discovery algorithms study data structures based on clear assumptions of variable
relationships. As an example, in a biological context, we have the variables X (lifestyle factors such
as diet and exercise) and Y (cardiovascular health). Causal relationship: It is possible that the causal
relationship between the unobservable intermediate variable, C (e.g., inflammation markers), lies
between the two variables (i.e., Figure 1). This is where C passes on the influence of X onto Y though it
is not visible. These situations highlight the importance of modeling latent variables to derive accurate
causal pathways, especially in complex biological systems.

X Y

C

Figure 1. Causal inference with input variable (X), output variable (Y), and hidden variable
(C).

Causal inference methods are generally developed in two phases: first, preliminary evaluation of
cause-and-effect relationships, and second, use of mediator variables (intermediate variables) to eliminate
bias [11]. The most common methods of dealing with intermediate variables are: randomized control
trials (RCTs) [6], propensity score matching [7], instrumental variables [8], regression discontinuity [9],
mediation analysis [10], marginal structural equation modeling [12], Bayesian networks [13], synthetic
control methods [14], and causal-risk method [15]. In the meantime, causal discovery has also evolved
and moved past the traditional statistical approaches to the data-driven methods of constraint-based
like the Peter–Clark (PC) algorithm [17] approaches to causal discovery, 2001 score-based (like greedy
equivalence search (GES) [17]), and the causal order discovery (CONOD) algorithm [16, 18, 19].

However, these methods tend to be restricted in the presence of nonlinear relationships, cyclical
relationships, and high-dimensional data. Such complications are overcome by functional causal models
(FCMs) [20], which explicitly model relationships as functional equations and are especially effective in
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complex, nonlinear causal structures. One of the most notable subclasses of FCMs is the additive noise
model (ANM) [21], which uses independence between the terms that cause something and the noise
to create causal asymmetry. Another notable ANM implementation is the linear non-gaussian acyclic
model (LiNGAM) [22] algorithm for linear non-Gaussian acyclic models with time-series data and
latent variables. Although ANMs are interpretable and highly generalizable, they impose demanding
assumptions, such as non-Gaussian noise and the absence of confounders in the hidden variables. The
causal direction is normally established by estimating the functional model and evaluating independence
between the proposed causes and the residual noise [21, 23, 24].

Continuous optimization approaches overcome FCM limitations by redefining causal discovery as
differentiable learning. Scalable graph inference methods such as non-combinatorial optimization via
trace exponential and augmented lagRangian for structure learning (NOTEARS) [25], directed acyclic
graph–deep neural network (DAG-DNN) [26], and efficient neural causal optimization (ENCO) [27] are
based on deep learning. In addition to improving efficiency in high-dimensional spaces, these techniques
are sensitive to initialization and require tuning. Such hybrid strategies that involve domain knowledge
as max-min hill-climbing (MMHC) [28] and joint causal inference JCI [29] are more reliable, but
have separate scalability limitations [30]. Flexible alternatives are provided by latent representations
based on data from generative deep learning models. This bypasses the strong assumptions of linearity
and initialization when learning complex distributions in the latent space of variational autoencoders
(VAEs) [31–33], allowing the uncovering of high-dimensional causal patterns. In this regard, adaptive
operator selection with deep Q-network (CANM-VAE) was proposed in [34] for multi-objective
optimization, and the variational autoencoder (VAE) was incorporated into the additive noise framework
to learn the latent representation, which enhanced the discrimination capability of the causal mechanism
in high-dimensional environments with complex dependency relationships [35].

On the basis of this research, [36] proposed a transformer variational autoencoder model for individual
treatment effect estimation, [37] suggested a structural equation model with machine learning techniques
to improve causal effect estimation, and [38] proposed an individual treatment effect estimation model
called the transformer variational causal autoencoder (TV-CCANM). Despite these advances, TV-
CCANM models confound variables implicitly at the latent stage, which limits interpretability and
makes the underlying causal mechanisms difficult to analyze.

Motivated by these limitations, we propose a transformer-based variational autoencoder within the
cascade additive noise model (TV-CANM). The proposed model extends both the CANM-VAE and
TV-CCANM by leveraging self-attention mechanisms to explicitly capture complex interactions and
long-range dependencies in high-dimensional data, while preserving a clearer and more interpretable
causal structure. This extension provides a more accurate and robust framework for dependency
modeling and causal structure identification in complex systems. The CANM-VAE extends the cascade
additive noise model by incorporating variational inference to improve latent representation learning for
nonlinear causal discovery. Building upon this idea, the TV-CCANM further integrates transformer-
based variational inference to model confounding cascade structures through self-attention mechanisms.
In contrast, the proposed TV-CANM is specifically designed for causal direction identification within
the cascade additive noise model by replacing the conventional VAE encoder with a transformer-based
encoder. The model uses a multi-head self-attention mechanism to learn complex nonlinear interactions
while maintaining the original cascade additive noise model and capturing long-range dependencies.
Consequently, the TV-CANM boosts latent representation learning and causal direction estimation
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without introducing the confounding cascade structure in the case of the TV-CCANM. Thus, our major
contributions are:

• The TV-CANM integrates a transformer-based variational autoencoder into the cascade additive
noise model for nonlinear causal estimation.
• The proposed self-attention mechanism captures long-range dependencies that cannot be effectively

modeled by conventional CANM.
• The proposed framework improves causal direction identification in high-dimensional settings

while maintaining model interpretability.
• Extensive experiments on benchmark arrhythmia datasets demonstrate superior performance over

CANM and existing causal discovery approaches.

2. Preliminaries

In this section, we present some notation and assumptions describing the structural modeling
technique used in the transformer-based cascadeadditive noise model (CANM).

2.1. Problem formulation and notation

Let X,Y ∈ R be two observed real-valued random variables. Let η = {η1, . . . , ηT } ⊂ R
T denote a

sequence of unobserved intermediate variables that form a cascade between X and Y (see Figure 2).
In the system, every variable is produced by a deterministic nonlinear function of its parent variables,
perturbed by an independent additive noise term.

2.1.1. Definitions

We present some common definitions.

Definition 1: Additive Noise Model

An additive noise model (ANM) is a structural equation of the form

Y = f (X) + ϵ, (2.1)

where f is a deterministic function and ϵ is a noise factor that is statistically independent of X. ANMs
provide identifiability of causal direction under moderate confounding and are commonly used in
nonlinear causal modeling.

Definition 2: Cascade structure

A cascade structure is a series of latent variables η1, η2, . . . , ηT , each of which is influenced by its
previous generations; the final variable ηT shapes the result Y . This sequence illustrates the indirect
transfer of causal effect from X to Y as follows:

X → η1 → η2 → · · · → ηT → Y.
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Definition 3: Cascade Additive Noise Model

Defined by the following equations, a nonlinear structural model including observable variables X
and Y , and intermediate variables η1, . . . , ηT , is a cascade additive noise model (CANM).

η1 = f1(X) + ξ1,
ηt = ft(ηpa(t)) + ξt, t = 2, . . . ,T,
Y = fT+1(ηpa(Y)) + ϵY ,

(2.2)

where fX, f1, . . . , fT+1 are deterministic nonlinear functions, ϵX, ϵY , ξ1, . . . , ξT are mutually independent
noise terms, and pa(t) ⊆ {η1, . . . , ηt−1}, pa(Y) ⊆ {η1, . . . , ηT } denote the parent sets of ηt and Y ,
respectively.

2.1.2. Assumptions

The following assumptions are needed:

• Assumption 1: Additive noise
Each variable in the system is created as a nonlinear deterministic function of its parent variables
with an additive noise term.

X = fX + ϵX, Y = fT+1(ηpa(Y)) + ϵY ,

where fX and fT+1 are deterministic nonlinear functions, and ϵX and ϵY are independent noise terms.
• Assumption 2: Noise independence

All noise components ϵX, ϵY , ξ1, . . . , ξT are mutually independent and are also independent of their
related functional inputs. Mathematically:

ϵY ⊥⊥ {η1, . . . , ηT }, ξt ⊥⊥ {ηpa(t)}, ∀t ∈ {1, . . . ,T }.

In practice, these assumptions are adopted from the standard additive noise model framework.
The independence between residual noise and predictor variables is expected after the transformer
encoder captures the nonlinear causal mechanism. Therefore, the residual component represents
unexplained random variation instead of systematic dependence.
• Assumption 3: Causal pathway via intermediate variables

A series of intermediary variables η1, . . . , ηT influences the effects of X on Y , creating an indirect
causal path. The structural equations for the intermediate variables are as follows:

η1 = f1(X) + ξ1, ηt = ft(ηpa(t)) + ξt, t = 2, . . . ,T.

The cascade of intermediate variables represents how X effects Y through η1, . . . , ηT .
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Figure 2. Causal inference with treatment variable (X), outcome (Y), unobserved intermediate
variable (η), and noise term (ξ).

2.2. Transformer model architecture

The transformer model architecture was developed by the authors of [39] to facilitate direct parallel
processing and to discover complex relationships in sequential data [40]. This model consists of two
components, namely, the encoder and the decoder. The encoder consists of two identical blocks, each
containing a multi-head attention (MHA) layer and a feedforward network (FFN) layer. To preserve
the sequence order, the input data (X) is first converted to a vector space, and then positional encoding
is applied, transforming it into a high-dimensional vector space that encodes important features. This
embedding is processed by the first MHA layer, which uses heads (h). The linear versions of the queries
(Q), keys (K), and values (V) matrices are learned and fed to each of the heads. These heads operate
simultaneously to generate (h) outputs, which are later combined to make the final output. It is then
followed by a normalization step and a residual connection, which involves feeding the attention layer’s
output back into the input. The second layer is the FFN, denoted by Eq (2.3), and performs two linear
transformations with a rectified linear unit (ReLU) [41] in the middle. The FFN carries out the initial
linear transformation, the activation function, and then a second linear transformation. This is followed
by layer normalization. There is also a second residual connection that incorporates both the FFN input
and its output.

FFN(x) = ReLU
(
W1X + b1

)
·W2 + b2. (2.3)

The weight and bias values of the encoder are (W1 and W2) and (b1 and b2) to implement the
transformations of every input sequence. The encoder performs sequence interpretation and contextual
understanding by implementing this process twice through its two blocks. The transformer encoder
maintains its structure as shown in Figure 4.

2.2.1. Multi-head attention mechanism

The self-attention mechanism is a key operational element in transformer models and has many
applications in machine translation and text generation systems. The mechanism develops three vector
groups for sequences through the combined functions of queries (Q), keys (K), and values (V). The
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vectors derive from learned linear transformations.

Q = XWQ, K = XWK , V = XWV .

The sequence is labeled as X, while the weight matrices are identified as WQ, WK , and WV . To determine
the attention scores, which reflect how different segments of the sequence relate to each other, the dot
product of the queries and keys is computed. This outcome is then adjusted by dividing by the square
root of the keys’ dimension (dk), followed by the application of the softmax function.

Attention
(
Q,K,V

)
= softmax

(
QKT

√
dk

)
V. (2.4)

The gradient stability varies with the scaling factor
√

dk during the training process, so that the value
of the dot product remains within a realistic range.

Once the softmax function is applied, it yields a probability distribution that reflects the dominant
characteristics of the sequence. The model considers the crucial components of the sequence at specific
points and will calculate the sum of the values at the input points weighted by the key points. The
transformer uses different attention heads to look at different aspects of the incoming data. Each head
then has an independent self-attention mechanism, followed by a combination mechanism that applies a
linear transformation to the output of that head.

MultiHead
(
Q,K,V

)
= Concat

(
head1, head2, . . . , headh

)
·WO, (2.5)

where each head i is calculated by the following:

headi = Attention
(
QWQi ,KWKi ,VWVi

)
. (2.6)

In the model presented in Figure 3 below, multiple sets of weights are provided to analyze different
components of the sequence and help the model recognize complex sequence properties.

Figure 3. Multi-head attention mechanism.

The self-attention algorithm enhances the selection of features for causal inference. Dynamic
importance evaluation is used to detect significant features that connect relationships between treatment
and outcome effects. In this way, the model eliminates irrelevant factors and generates more precise and
understandable results about causal effects.
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The transformer encoder uses self-attention to learn from a dynamic model of all the input features,
whereas a typical VAE is based on fully connected neural networks for feature extraction. This makes
the latent representation very powerful: it not only captures local nonlinear interactions but also the
relationships between features found across the whole process. This better representation results in
better reconstruction and identification of causal direction.

3. The proposed method

The proposed method develops a transformer-based cascadeadditive noise model (TV-CANM)
for determining causal relationships in complex datasets. Our discussion begins by presenting the
transformer-CANM as a framework that improves on the standard CANM by integrating self-attention
to enable longer-range dependency recognition. The marginal distribution of the TV-CANM is
developed next before the model is approximated through a transformer-based encoder decoder system.
Various components of the generative model are explained in detail, along with a method for refining
representations using variational inference. The TV-CANM framework has an identifiability theorem
that provides theoretical support. A complete algorithm uses the test likelihood together with the
reconstruction error to establish the causal direction.

3.1. The transformer cascade additive noise model

The TV-CANM represents a causal system as a framework for situations in which multiple hidden
variables (ηt) form a chain that affects the connection between X and Y . Under this model, there is a
latent variable ηi that mediates the causal effect of X on Y . The model is defined as follows:

η1 = f1(Transformer)(X) + ξ1,
ηt = ft(Transformer)(ηpa(t)) + ξt, t = 2, . . . ,T,
Y = fT+1(Transformer)(ηpa(Y)) + ϵy,

(3.1)

where ηpa(t) represents the parent variables of ηt in the causal chain. fTransformer(·) denotes the transformer
encoder, which maps the inputs to the next intermediate variable in the chain. X, ξ1, ξ2, . . . , ξT and ϵy
are mutually independent noise terms.

3.1.1. Marginal distribution in the TV-CANM

The first step is to derive the marginal likelihood of the observed variables X and Y by integrating
out the unobserved intermediate variables η1, η2, . . . , ηt. We start with the joint probability:

p(X,Y, η1, η2, . . . , ηt) = p(X)p(η1|X)p(η2|η1) · · · p(ηt|ηt−1)p(Y |ηt). (3.2)

Using the additive noise assumption for each relationship in the chain, we express the conditional
distribution as:

p(η1|X) = p(ξ1 = η1 − f1(Transformer)(X)),
p(ηt|ηt−1) = p(ξt = ηt − ft(Transformer)(ηpa(t))), t = 2, . . . ,T,

p(Y |ηt) = p(ϵy = Y − ft+1(Transformer)(ηpa(Y))).
(3.3)
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To compute the marginal log-likelihood of the observed data X and Y , we integrate all intermediate
variables. We set the dataD =

{(
x(i), y(i)

)}k

i=1
, and let ϕ be the causal mechanism parameter to combine

all independence relations. The following marginal distribution gives this:

log
k∏

i=1

∫ (
x(i), y(i), η

)
dη

= log
k∏

i=1

∫
pϕ(x(i))pϕ(y(i)|ηpa(y))

T∏
t=2

pϕ(ηt|(ηpa(t)))pϕ(η1|x(i)) dη,

= log
k∏

i=1

∫
pϕ(x(i))pϕ(ϵ(i)y = y(i) − f(Trans f ormer)(x(i), ν))

T∏
t=1

pϕ(νt) dν,

= log
k∏

i=1

∫ (
x(i), ϵ(i)y , ν

)
dν.

(3.4)

Here, pϕ(x(i)) represents the prior for the input variable X. pϕ(ηt|(ηpa(t))) models the conditional
probability of ηt using the transformer encoder. pϕ(y(i)|ηt) represents the likelihood of Y given the
latent variable ηt, modeled using the transformer decoder. For the TV-CANM, we decompose the joint
likelihood using the Markov property [17], ensuring that the latent variables are independent of the
noise. We rewrite the transformation from the latent space η to the observed space Y using a function
approximator within the VAE. The transformation captures the causal relation between X and Y , with
the noise ξ accounted for, ensuring the identifiability of the causal direction. The variational inference
of the VAE, which is used in (3.4), estimates the marginal log-likelihood, which helps determine the
cause-and-effect relationship among the variables.

3.1.2. Variational solution of the TV-CANM

The variational method of the TV-CANM leverages transformers to process sequential information,
with the goal of minimizing a variational lower bound to estimate latent variables. In the context of
the TV-CANM, a variational-based technique is used because the latent variables are represented by
high-dimensional entities and thus the marginal likelihood is complex. The algorithm exploits the latent
noise independency to replace latent η elements of the form of the hidden ξ noise with the amortized
inference distribution, where qΘ(ξ|X,Y) represents the amortized inference distribution as follows:
qΘ(ξ|X,Y) is used to replace the hidden noise elements, pϕ(ξ|X,Y). This approach yields the greatest
marginal log-likelihood lower-bound optimum with noise removal between the data of X and Y without
altering the cause-and-effect relationships between the data.

The model performs data transformation by mapping temporal sequence inputs with their
corresponding results into a latent dimension. Transformer structure is a learning process of the
encoder as it learns the posterior distribution, qΘ(η|X,Y), during the process of encoding. The latent
variables η contain data from the input variables X and output variables Y . The latent space function
captures all underlying structure found in the connections between input and output elements. The
decoder performs data reconstruction after it derives this latent space by estimating the likelihood
pθ(X|η). The objective is to enhance the variational lower bound log-likelihood by optimizing its
two constituents, which include reconstruction terms alongside Kullback-Leibler (KL) divergence
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regularization terms. This can be formulated as:

log
k∏

i=1

∫ (
x(i), ϵ(i)y , ν

)
dν

=

k∑
i=1

Eν∼qΘ(ν|x(i),x(i))

[
log pϕ(x(i), y(i)|ν)

]
− KL(qΘ(ν|x(i), y(i))||pϕ(ν|x(i), y(i)))

=

k∑
i=1

Eν∼qΘ(ν|x(i),x(i))

log
pϕ(x(i), ϵ(i)y , ν)
qΘ(ν|x(i), y(i))

 − KL(qΘ(ν|x(i), y(i))||pϕ(ν|x(i), y(i)))

≤

k∑
i=1

L(ϕ,Θ, x(i), y(i)).

(3.5)

The initial term promotes the precise reconstruction of the input X(i) using the latent variables η,
while the second term represents the KL divergence, which serves to regularize the inferred posterior
qΘ(ν|X(i),Y (i)) so that it remains close to a prior distribution pϕ(ν), typically assumed to be a standard
normal distribution.

The evidence lower bound (ELBO) and KL divergence equations can be expressed as:

k∑
i=1

L(ϕ,Θ, x(i), y(i))

=

k∑
i=1

Eν∼qΘ(ν|x(i),y(i))

[
− log qΘ(ν|x(i), y(i)) + log pϕ(x(i), ϵ(i)y , ν)

]
=

k∑
i=1

log p(|x(i)) − KL(qΘ(ν|x(i), y(i))||pϕ(ν))

+ Eν∼qΘ(ν|x(i),y(i))

[
log p(ϵ(i)y = y(i) − f(Trans f ormer)(x(i), ν, ϕ))

]
,

(3.6)

and

KL(qΘ(ν|x(i), y(i))||pϕ(ν) =
1
2

dz∑
i=1

(
1 + log(σ2

ϕ,i) − µ
2
ϕ,i − σ

2
ϕ,i

)
. (3.7)

The detailed derivation is given in the supplementary file (Appendix). There, dz is the dimensionality of
the latent space, and µϕ(X,Y) and σϕ(X,Y) are the mean and variance of the latent variables predicted
by the transformer encoder.

The latent variables learned by the transformer-based variational autoencoder should not be
interpreted as directly observed biological measurements. Instead, they represent compact latent
representations that summarize unobserved physiological processes influencing the causal pathway.
For example, in the relationship between age and body weight, these latent variables may capture the
combined influence of metabolic activity, hormonal regulation, physical condition, and other unmeasured
biological factors.
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3.2. The TV-CANM model

The TV-CANM model is a transformer-based variational autoencoder designed to infer causal
direction in nonlinear, high-dimensional datasets. It handles input pairs (X,Y), where X represents the
cause and Y the effect, by encoding them into a latent variable ν. The analyzed variable joins X to form
the reconstruction of Y . The transformer architecture of the encoder displays efficient capabilities for
detecting long-distance relationships and a fully connected neural network design defines the decoder
function. The architecture system appears in Figure 4.

Linear projection functions as the starting point of encoding where it transforms the input (X,Y)
before ReLU activation occurs. The multi-layer transformer encoder operates on this representation in
subsequent processing. The computation of the mean and log-variance of the latent variable occurs after
the output processing stage:

hΘ(X,Y) = fTransformerEncoder(ReLU(Linear([X,Y]))), (3.8)

µΘ(X,Y) = Linear(hΘ(X,Y)), logσ2
Θ(X,Y) = Linear(hΘ(X,Y)). (3.9)

To enable stochastic sampling during training while preserving differentiability, the
reparameterization trick is used:

ν = µΘ(X,Y) + σΘ(X,Y) · u, where u ∼ N(0, I), (3.10)

and σΘ(X,Y) = exp
(
0.5 · logσ2

Θ
(X,Y)

)
.

A feedforward neural network contained within the decoder uses the concatenated vector [X, ν] to
reconstruct the output Y:

Ŷ = fDecoder([X, ν]). (3.11)

This network uses the function fDecoder(·) as its fully connected component.
The model is trained by minimizing two loss terms: reconstruction error and KL divergence. Under

the assumption of a Gaussian distribution with fixed standard deviation sdy, the reconstruction loss will
estimate stability for numerical stability purposes:

Lrecon = −
∑

logN(Y − Ŷ; 0, sdy2), (3.12)

and the KL divergence regularizes the latent space:

LKL = −0.5
∑(

1 + logσ2
Θ(X,Y) − µ2

Θ(X,Y) − σ2
Θ(X,Y)

)
. (3.13)

The total loss is given by:
LVAE = Lrecon + βLKL, (3.14)

where β controls the trade-off between reconstruction fidelity and regularization.
After training, the model’s ability to identify the correct causal direction is assessed using the test

log-likelihood for both X → Y and Y → X. The direction with the higher likelihood is selected as the
inferred causal direction. Additionally, MSE and RMSE are used to compare model performance.
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Figure 4. Transformer variational autoencoder for the TV-CANM.

Although the experimental evaluation considers selected physiological variables for interpretability,
the proposed architecture is designed for high-dimensional applications. The transformer encoder
processes all input dimensions simultaneously through multi-head self-attention, allowing efficient
modeling of complex nonlinear dependencies without requiring handcrafted feature selection.

3.3. TV-CANM identifiability

The TV-CANM model is identifiable if the noise ϵ̂ is independent of both Y and ξ̂. In other words,
if the marginal likelihoods in both directions are equal, the causal direction X → Y can be uniquely
determined.

Theorem 3.1. Let X → Y follow a TV-CANM model, where a backward model also exists in the form:

Y = fTrans f ormer(X, ξ) + ϵ, X, ξ, and ϵ are independent⇒ Forward Model

X = gTrans f ormer(Y, ξ̂) + ϵ̂, Y, ξ̂, and ϵ̂ are independent⇒ Backward Model.
(3.15)

Then, the noise distribution of the reverse direction pϵ̂ must be:

pϵ̂(ϵ̂) =
∫

e2πiϵ̂·v

!
ρ(x)p(ν)pϵ(y − f (x, ν))e−2πix·v dx dν

p(y)
∫

p(ν̂)e−2πig(y,ν̂)·v dν̂
dv, (3.16)

where fTrans f ormer, gTrans f ormer represent the transformer encoding and decoding functions., respectively,
as learned by the transformer-based variational autoencoder. The identifiability result of the TV-CANM
holds under the following conditions: (i) the data are generated according to the cascade additive noise
model, (ii) all noise variables are mutually independent, (iii) the structural functions are nonlinear and
measurable, (iv) the transformer encoder consistently approximates the nonlinear causal mechanism,
and (v) the causal direction is determined by comparing the test log-likelihood in both directions. Under
these assumptions, the direction yielding the larger test log-likelihood corresponds to the true causal
direction. The detailed derivation is shown in the supplementary file (Appendix).
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4. Practical algorithm for the TV-CANM

The detailed steps of our proposed model approach are outlined in the algorithm. This algorithm
guides the model through the learning and application phases by integrating the transformer with
variational inference to determine causal direction.

Table 1. Detailed procedure of the TV-CANM-based causal direction inference algorithm.

Input: DatasetD = {(Xi,Yi)}ni=1
Output: Inferred causal direction: X → Y or Y → X

Step 1: Data normalization and splitting
(1) Normalize each variable to zero mean and unit variance.
(2) Create two directional datasets: DX→Y = (X,Y) andDY→X = (Y, X).
(3) Split both datasets into training and testing sets.

Step 2: Model training
For each direction d ∈ {X → Y, Y → X}:

Initialize the TV-CANM model with a transformer encoder and decoder.
For each epoch t = 1, . . . ,T :

Encode (x, y) using the input projection and transformer encoder.
Compute µ and log(σ2) from the encoded representation.
Sample latent variable ν = µ + exp(0.5 log(σ2))ϵ, where ϵ ∼ N(0, I).
Decode ŷ = fDecoder([x, ν]).
Compute loss

L = −
∑

logN(y − ŷ; 0, sdy2) + βKL
(
N(µ, σ2) ∥ N(0, 1)

)
.

Update model parameters using backpropagation.
Compute average test loss, MSE, and RMSE.

Step 3: Causal direction selection
If Test Likelihood(X → Y) > (Y → X), then
infer causal direction (X → Y); otherwise
infer (Y → X).

The following algorithm, known as causal direction inference using the TV-CANM, determines the
causal relationship between two variables by employing a transformer-based variational autoencoder on
datasets (X,Y) and (Y, X). Initially, the input pairs are normalized and divided into training and testing
sets for each direction. A transformer encoder extracts latent features from the inputs, yielding the mean
and log-variance of the latent variable, which are then sampled using the reparameterization trick. A
fully connected decoder reconstructs the target variable from the sampled latent and the input. The
model’s training objective is to minimize a loss function that includes a reconstruction term, with a fixed
standard deviation, and a KL -divergence regularizer.

After training, the test log-likelihood of both directions is compared, and the direction that has a
greater (less negative) likelihood is selected as the causal direction. Although MSE and RMSE are also
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used to measure the model performance, the direction of causality is only established through the test
likelihood.

5. Experiments

5.1. Dataset and setup

In the paper, the Arrhythmia dataset used was the publicly available dataset gathered by the author
(see Figure 5) in the arrhythmia data (452 patient records with diverse physiological indicators of cardiac
arrhythmia) (arrhythmia data, [42]). To narrow down on the age factor as a cause of physiological
changes, the analysis only examined the variables of age, heart rate, weight, and height to isolate the
known cause-and-effect associations. Age as an element that is inherently connected to the biological
aging process affects height, weight, and heart rate. This choice aligns with the real processes that
typically accompany aging, such as metabolic and cardiovascular changes. During preprocessing, two
height observations (680 cm and 780 cm) were identified as physiologically impossible values and
treated as recording errors. These observations were removed prior to model training to avoid numerical
instability and distortion of parameter estimation. The remaining samples were processed identically for
all experiments, ensuring that preprocessing did not alter the comparative evaluation of causal directions.

(a) Age versus Heart Rate (b) Age versus Weight (c) Age versus Height

Figure 5. Scatter plots showing the relationships between Age and each of Heart Rate, Height,
and Weight, with fitted linear regression lines to illustrate trends across the three datasets.

Although the experimental evaluation is conducted on selected variable pairs for interpretability, the
proposed TV-CANM architecture is designed for nonlinear high-dimensional data through transformer-
based latent representation learning. The Arrhythmia dataset serves as a practical benchmark to
demonstrate the applicability of the proposed framework. All competing methods were evaluated
using the same data preprocessing, training/testing partition, and evaluation metrics to ensure a fair
comparison.

5.2. Evaluation metrics

Commonly used evaluation metrics such as mean squared error (MSE), root mean squared error
(RMSE), and log-likelihood are widely adopted to evaluate and infer causal relationships [43, 44].
Therefore, this study employs these three metrics to assess model performance.
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• Mean Squared Error (MSE): MSE measures the average squared difference between the actual
values yi and predicted values ŷi. The formula is given by:

MSE =
1
n

n∑
i=1

(yi − ŷi)2. (5.1)

• Root Mean Squared Error (RMSE): RMSE represents the square root of the average squared
deviations between actual and predicted values, providing an error metric in the same units as the
data. It is calculated as:

RMSE =

√√
1
n

n∑
i=1

(yi − ŷi)2. (5.2)

• Log-Likelihood: The Gaussian log-likelihood evaluates how well the predicted values ŷi align
with the actual values yi, assuming normally distributed errors. It offers a probabilistic measure of
model fit by incorporating the error variance σ2. The log-likelihood is computed as:

logL = −
n
2

log(2πσ2) −
1

2σ2

n∑
i=1

(yi − ŷi)2, (5.3)

where σ = max(sdy, 0.05) denotes the clamped standard deviation (ensuring a minimum value of
0.05 for numerical stability.)

5.3. Causal analysis with existing models

We report the causal inference results obtained for the Arrhythmia dataset in Table 2 using some of
the most common methods discussed: ANM with hilbert–schmidt independence criterion (HSIC) [45]
and regression with XGBoost [46], IGCI [47], CAM [48], and PNL [23] as well as loss-based causal
inference [49]. The goal is to identify the direction of the causal effect of age on each of the target
variables heart rate, weight and height, as well as to validate whether the causal relationship is consistent
with the domain expectations.

For all three data sets, the independence scores were lower with ANM (HSIC) than with rescaled
ANM he Information-theoretic/Independent Score (ISIC), indicating reduced residual dependence. In
all cases, IGCI consistently pointed in the direction of Age→ Target, with negative scores supporting
causal asymmetry. The results showed that a lower average loss for the Age → Target was achieved
for all outcomes with CAM. Age was also identified as the causal factor by both PNL and loss-based
methods, as indicated by a generally lower reconstruction loss in that direction.

Age was chosen because its causal effect on physiological characteristics is known in biomedical
publications. The variable pairs chosen are biologically plausible examples for assessing the direction
of causality in the identification process as proposed.
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Table 2. Causal directions inferred by the existing model for each dataset, demonstrating its
ability to identify the underlying cause-and-effect relationships across diverse data domains.

Models

Heart Rate Data
Age(X)→Heart(Y)
Heart(Y)→Age(X)

Weight Data
Age(X)→Heart(Y)
Heart(Y)→Age(X)

Height Data
Age(X)→Heart(Y)
Heart(Y)→Age(X)

Causal Direction Ground Truth

(X→Y) (Y→X) (X→Y) (Y→X) (X→Y) (Y→X)

ANM
(HSIC)

0.0021 0.0024 0.0029 0.0032 0.0056 0.0061
Age→Heart Rate

Age→Weight
Age→Height

Age→Heart Rate
Age→Weight
Age→Height

IGCI
(SCORE)

-45.7299 16.5797 -45.7299 29.5378 -28.3841 16.5797
Age→Heart Rate

Age→Weight
Age→Height

Age→Heart Rate
Age→Weight
Age→Height

CAM
(Avg. Loss)

0.6654 0.7731 0.5593 0.6103 0.4864 0.7647
Age→Heart Rate

Age→Weight
Age→Height

Age→Heart Rate
Age→Weight
Age→Height

PNL 0.8988 0.9522 0.6826 0.7986 0.5639 0.8103
Age→Heart Rate

Age→Weight
Age→Height

Age→Heart Rate
Age→Weight
Age→Height

Loss -Based
Causal Inference

0.8476 0.9540 0.6814 0.7425 0.8370 0.8642
Age→Heart Rate

Age→Weight
Age→Height

Age→Heart Rate
Age→Weight
Age→Height

5.4. Causal analysis with the TV-CANM

Each pairing (age with heart rate, weight, height) was tested in two models (CANM and TV-CANM)
over three epochs or training periods (300, 400 , and 500). The task for each model was to find the
right causal effect and test the validity of its causal inference at each epoch. Interestingly, both models
reached the same results as the ground truth: Age→ Heart Rate, Age→ Height and Age ,→Weight.
On the other hand, the TV-CANM model failed to achieve lower loss values at each epoch compared to
the CANM, suggesting that the TV-CANM is more robust in learning causal relationships and achieving
higher accuracy and efficiency.

In this study, the causal relationship between age and some key physiological factors, including heart
rate, weight, and height, was investigated using three datasets (within the Arrhythmia dataset). Age
relationships with these variables are a biological prerequisite for causal inference studies because aging
is associated with biological changes that require an understanding of their variation. The TV-CANM
and CANM models correctly identified the right causal effects for all analyzed datasets (see Tables 3–5).
For the Age and Heart Rate dataset (Table 3), both models correctly identified Age as the cause affecting
Heart Rate. In Age and Height (Table 4) and Age and Weight (Table 5), both models were able to
correctly find the correct relationships between Age→ Height and Age→Weight, respectively.

Two assessment metrics, MSE and RMSE, were used to evaluate models under three training
conditions at 300, 400, and 500 epochs. The results across all scenarios showed that the TV-CANM
produced more accurate results than the CANM. Across all datasets, test likelihood remained consistent
as an approach for establishing the correct causal direction. The results highlight the strong operational
and effectiveness qualities of the TV-CANM, which stem from its encoder decoder design and its
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self-attention capacity to track complex relationships in the data.

Table 3. The table presents the causal inference results for the Heart Rate dataset, where Age
is considered the causal variable (X) and Heart Rate is the effect variable (Y).

Model Epoch Direction Test Likelihood MSE RMSE Suggested
Causal
Direction

Ground Truth

CANM 300 X→Y -1.4742 1.1053 1.0513 X→Y Age (X)→Heart Rate (Y)

Y→X -1.4853 1.1315 1.0637

400 X→Y -1.4528 1.0289 1.0143 X→Y Age (X)→Heart Rate (Y)

Y→X -1.4811 1.0861 1.0421

500 X→Y -1.4665 1.0914 1.0447 X→Y Age (X)→Heart Rate (Y)

Y→X -1.48622 1.1318 1.0638

TV-CANM
(Proposed)

300 X→Y -1.4736 1.0992 1.0484 X→Y Age (X)→Heart Rate (Y)

Y→X -1.4842 1.1244 1.0604

400 X→Y -1.4548 1.0617 1.0304 X→Y Age (X)→Heart Rate (Y)

Y→X -1.4665 1.0914 1.0447

500 X→Y -1.4456 1.0132 1.0066 X→Y Age (X)→Heart Rate (Y)

Y→X -1.4733 1.1061 1.0517
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Table 4. The table presents the causal inference results for the Height dataset, where Age is
considered the causal variable (X) and Height is the effect variable (Y).

Model Epoch Direction Test Likelihood MSE RMSE Suggested
Causal
Direction

Ground Truth

CANM 300 X→Y -1.3446 0.8505 0.9222 X→Y Age (X)→Height (Y)

Y→X -1.3741 0.9086 0.9532

400 X→Y -1.3286 0.8117 0.9009 X→Y Age (X)→Height (Y)

Y→X -1.3752 0.9084 0.9531

500 X→Y -1.3361 0.8234 0.9074 X→Y Age (X)→Height (Y)

Y→X -1.3628 0.9053 0.9514

TV-CANM
(Proposed)

300 X→Y -1.3619 0.8398 0.9164 X→Y Age (X)→Height (Y)

Y→X -1.3724 0.9048 0.9512

400 X→Y -1.3254 0.7099 0.8425 X→Y Age (X)→Height (Y)

Y→X -1.3693 0.8963 0.9467

500 X→Y -1.2755 0.6278 0.7923 X→Y Age (X)→Height (Y)

Y→X -1.3723 0.8869 0.9417
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Table 5. The table presents the causal inference results for the Weight dataset, where Age is
considered the causal variable (X) and Weight is the effect variable (Y).

Model Epoch Direction Test Likelihood MSE RMSE Suggested
Causal
Direction

Ground Truth

CANM 300 X→Y -1.1819 0.5253 0.7248 X→Y Age (X)→Weight (Y)

Y→X -1.2887 0.7386 0.8594

400 X→Y -1.1820 0.5260 0.7253 X→Y Age (X)→Weight (Y)

Y→X -1.2886 0.7391 0.8597

500 X→Y -1.1815 0.5244 0.7241 X→Y Age (X)→Weight (Y)

Y→X -1.2903 0.7579 0.8706

TV-CANM
(Proposed)

300 X→Y -1.1757 0.5128 0.7161 X→Y Age (X)→Weight (Y)

Y→X -1.2880 0.7286 0.8536

400 X→Y -1.1783 0.5178 0.7196 X→Y Age (X)→Weight (Y)

Y→X -1.2897 0.7386 0.8594

500 X→Y -1.1794 0.5199 0.7210 X→Y Age (X)→Weight (Y)

Y→X -1.2997 0.7412 0.8609

6. Conclusions

This paper introduced a transformer-based variational autoencoder combined with the cascade
additive noise model (TV-CANM) to enhance the detection of causal directions in nonlinear, high-
dimensional datasets. Using the self-attention mechanism in transformers, the model can effectively
capture both local and global relationships, improving performance over the standard CANM model.
Mean squared error (MSE) and root mean squared error (RMSE) were used to assess the model’s
effectiveness, whereas causal directions were estimated using test likelihood.The TV-CANM generated
lower error rates and precisely recognized causal directions aligned with domain knowledge. To establish
the strength of our method, we compared the TV-CANM with established causal inference methods,
including ANM, IGCI, CAM, PNL, and a loss-based method. These models are based on theoretical
ideas such as noise independence (ANM, PNL) or independence between the input distribution and
the causal mechanism (IGCI), all of which confirm real causal directions and support the validity of
our suggested model. Future studies will focus on building an extended TV-CANM framework that
includes a confounding cascade mechanism and accounts for unobserved intermediate variables and
confounding structures. This expansion would enable more precise modeling of indirect effects and
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hidden confounders, which are common in real-world data. Further, theoretical studies will investigate
the identifiability of causal direction in the TV-CANM framework, especially in cases where the test
likelihood can correctly identify the causal direction. These new developments will further enhance the
model’s interpretability and applicability for biomedicine [50], time-series analysis [51], and large-scale
observation studies [52].

The Arrhythmia dataset has some clinical parameters that can affect the age/physiological parameter
relationship. We used age as the main causal variable to evaluate the proposed framework in the present
study. When using the framework to conduct a more extensive clinical study, other clinical factors like
sex, drug use, disease severity, etc. can further clarify the causal interpretation of the findings.
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