AIMS Mathematics, 11(8): 25553-25600.
DOI:10.3934/math.20261025
AIMS Mathematics Received: 01 July 2026

Revised: 31 July 2026

Accepted: 07 August 2026
https://www.aimspress.com/journal/Math Published: 18 August 2026

Research article

The 3-adic valuations of Stirling numbers of the first kind

Min Qiu', Zongbing Lin** and Long Chen’

I School of Science, Xihua University, Chengdu 610039, China
2 School of Mathematics and Computer Science, Panzhihua University, Panzhihua 617000, China

* Correspondence: Email: linzongbing @qq.com.
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1. Introduction

1.1. Background and motivation

For integers n > 1 and 0 < k < n, we write s(n, k) for the unsigned Stirling number of the first kind
and S (n, k) for the Stirling number of the second kind. These two families are characterized by

n

x(x+1)---(x+n—1):Zs(n,k)xk and x":ZS(n,k)x(x—l)---(x—k+1),
k=0

k=0

respectively. Equivalently, s(n, k) counts permutations of an n-element set by their number of cycles,
while S (n, k) counts partitions of such a set into k nonempty blocks.

Throughout this paper, p denotes a prime. The arithmetic properties of Stirling numbers have
been studied extensively. For Stirling numbers of the second kind, divisibility properties were studied
in [1-3]. In particular, the 2-adic valuations of S(n, k) were studied in [4-6], with further results
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in [7,8]. The 2-adic valuations of differences of Stirling numbers of the second kind were considered
in [9-11]. For general primes, the p-adic valuations of S (n, k) were studied in [12].

For Stirling numbers of the first kind, the corresponding valuation problem is less completely
understood. Stirling numbers of the first kind are closely related to generalized harmonic sums. For
0 < k < n, define

1
H(n,0):=1, H(n, k) := E - —.
I<i <cipzn 11T

Then, H(n, k) is the kth elementary symmetric function of 1,1/2,...,1/n. The identity
sm+1,k+1)=n!H@n,k) (1.1)

links Stirling numbers of the first kind with these reciprocal elementary symmetric functions; see [13].

The arithmetic properties of harmonic sums have been studied for a long time; see, for example,
[14-16]. The p-adic study of harmonic numbers was developed further by Eswarathasan and Levine
and by Boyd [17, 18]. Later, related questions were considered for generalized harmonic sums and
reciprocal elementary symmetric functions [19-21]. Further results on p-adic properties and integrality
can be found in [22-24] and [25,26]. More recently, the relation with Wolstenholme primes and the
conjectures of Eswarathasan—Levine and Boyd has also been studied [27,28]. In view of (1.1), these
results are also closely related to the p-adic properties of Stirling numbers of the first kind.

We write v, for the usual p-adic valuation. Thus, for a nonzero integer n, v,(n) is the largest

integer r such that p” | n, and we set v,(0) = oco. For a rational number Z—; we define vp(fl—;) =

v,(11) — v,(n2), where ny,ny € Z and n # 0. By Legendre’s formula, v,(n!) = ";d_";"), where d,(n) is

the sum of the base-p digits of n. Hence, (1.1) shows that the study of v,(H(n, k)) is equivalent to that
of v,(s(n + 1,k + 1)).

1.2. Known results and conjectures

Next, we place the present work in the context of several earlier results and conjectures. Lengyel
proved in [29] that, for every fixed positive integer k, the sequence v, (s(n, k)) tends to infinity as n — oo.
More precisely, for each pair (k, p), there exist constants ¢ = c(k, p) > 0 and ny = ny(k, p) such that
vy(s(n,k)) > cn whenever n > ny. Together with (1.1), this gives corresponding lower estimates for
v,(H(n, k)). Leonetti and Sanna proposed the following conjecture and confirmed it for some special
cases.

Conjecture 1.1 ( [13, Conjecture 1.1]). For any prime number p and any integer k > 1, there exists a
constant ¢ = c(p, k) > 0 such that
vp(H(n, k)) < —clogn

for all sufficiently large integers n.

Several more explicit formulas are known in special situations. Komatsu and Young [30] considered
integers of the form n = kp"+m, where 0 < m < p”, and obtained v,(s(n+1,k+1)) = v,(n!)—v,(k!)—kr.
For powers of 2, Qiu and Hong [31] determined v,(s(2",k)) for the full range 1 < k < 2". In a
subsequent work, Hong and Qiu [32] proposed a general conjectural formula for v,(s(ap”, ap™ — k)).
To state this, let (k) be the integer satisfying 0 < (k) < p—2 and k = (k) (mod p — 1). Take ¢ := 0 if
k is even, and €, := 1 if k is odd. For a real number x, let | x| denote the greatest integer not exceeding
x, and let B, be the nth Bernoulli number. Hong and Qiu proposed the following conjecture.
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Conjecture 1.2 ( [32, Conjecture 5.1]). Let p be an odd prime. Let a,n, m, k be positive integers such
that1 <a<p-1,1<m<n and?2 <k <ap"—2. Then, each of the following is true:
O If2<k<alp-1Dp"™'+1<ap™ then
1 — (=1

vp(s(ap”,ap™ - k)) = (" =P~ (= m)ap” — k) + m+ (m + Vp(k)———— + Tk,
p—1 2

where

k=

—1-v (1], if k=5L (mod p-1);
vpByw),  if kz 5 (mod p- ).

(i) Ifa=4anda(p—-1)+2 <k <ap -2, then

a
p—1

vp(s(ap",ap — k)) > (p'-p)—-m-D@ap—-k)+a+k-ap.
Hong and Qiu also presented results on v,(s(ap, k)) and v,(s(ap”,ap" — k)) when p > 5 in [32].

The results above indicate that the p-adic valuations of Stirling numbers of the first kind remain far
from fully understood, especially in explicit form. In this paper, we focus on the case p = 3. Some
isolated 3-adic formulas were previously known. For example, Lengyel [29] proved that v3(s(3",2)) =
%(3” +3)—2n, v3(s(3",3)) = %(3” +3)—3n, and v3(s(2-3",2)) = 3" —2n— 1. Komatsu and Young [30],
using a p-adic Newton polygon argument, proved that v3(s(3",3™)) = %(3" - 3™ — 3™(n — m) and
va(s(2-3",2-3™) =3"-3"-2.3"(n—m). Our result gives a uniform formula that covers these cases
as special instances. For a € {1, 2}, our aim is to determine v3(s(a3",1)) for every 1 < i < a3". The
two boundary values follow from the standard identities for Stirling numbers of the first kind; see, for
example, [33]. Indeed,

vi(s(a3",a3")) =v3(1) =0 and v;3(s(a3",a3" - 1)) = w((a;n)) = vi%) =n

Thus, it remains to understand the remaining indices. If 1 < i < a3" — 2, then i can be written in the
form i = a3 — k with (m, k) € T,,,, where

Topn :={mk): 1 <m<n, 2<k<2a3""+1, k<a3",mkeZ).

1.3. Main results

We now state the main results of this paper. The first result gives an explicit formula for
v3(s(a3",a3™ — k)) with a € {1,2} and (m, k) € T,,.

Theorem 1.3. Let a € {1,2)}, and let n, m, k be positive integers such that1 <m <n,2 < k <2a3"'+1
and k < a3™. Then,

1-(-1)
2

v3(s(a3",a3" — k)) = 3(3" —3) = (m—m)a3" —k)+m—1— w([;]) + (m + v3(k)) . (1.2)

Since p — 1 = 2 when p = 3, every integer k satisfies k = %_l)k (mod 2). Hence, Theorem 1.3
confirms the first part of Conjecture 1.2 in the case p = 3; the second part of that conjecture is then
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vacuous. Moreover, Lengyel proved in [29] that, for any prime p, any integer a > 1 with (a, p) = 1,
and any even k > 2 with the condition

there exists n; > 3log, k + log, a such that v,(s(ap™, ap™ —k)) < m (1.3)

one has v,(s(ap™', ap"' —k)) = v,(s(ap",ap" —k)) + 1 for all n > n;. The same conclusion also holds
for k = 1 with n; = 1. Lengyel further expected that (1.3) holds for all even integers k > 2. For odd
integers k > 3, he proposed the following conjecture.

Conjecture 1.4 ( [29, Conjecture 3.1]). Let p be a prime, let a > 1 be an integer with (a, p) = 1, and
let k > 3 be odd. Then, there exists ny = ni(p, k) such that, for all n > n,

vp(s(ap™',ap™" — k) = vy(s(ap", ap" — k) + 2.

By taking m = n in Theorem 1.3, we obtain the following explicit formula near the diagonal.

Corollary 1.5. Leta € {1,2} and let n,k € Z* with2 < k < 2a3""' + 1 and k < a3". Then,

n—1-vs(k), if 2|k,

va(stas’, a3" = k) = {Zn —l+vs(k)—vstk=1), if 24k

For even k, Corollary 1.5 verifies Lengyel’s expected condition (1.3) in the cases p = 3 and a €
{1,2}, provided that n is sufficiently large. For odd k, it gives the predicted eventual increment in
Lengyel’s conjecture in the same 3-adic setting.

The main formula also yields a comparison between adjacent orders. Similar phenomena are known
in the 2-adic case: Hong, Zhao, and Zhao [8] proved an adjacent-order identity for Stirling numbers
of the second kind, and Qiu and Hong [31] obtained the corresponding identity v,(s(2" + 1,k + 1)) =
v2(s(2", k)) for Stirling numbers of the first kind. The next theorem gives the corresponding 3-adic
analogue, with an additional parity distinction.

Theorem 1.6. Let a € {1,2} and let n, k € Z* with k < a3". Then,

v3(s(@3" + 1,k + 1)) = v3(s(a3", k)), if 2| (k—-a),

va(s(a3" + 1,k + 1)) > v3(s(a3",k + 1)) +n, if 24 (k- a). (14)

Another consequence concerns the maximal possible valuation in each family. While the 2-adic
situation has a particularly simple upper bound, the 3-adic case separates according to whether the
order is 3" or 2 - 3".

Theorem 1.7. Let n,k € Z* with k < 3". Then,

v3(s(3", 1)) = %(3” -2n-1), if n>3,

v3(s(3", k) < {15(s(32,6)) = 4, if n=2, (1.5)
v3(s(3,2)) =1, if n=1.
Theorem 1.8. Letn,k € Z* with k < 2 -3". Then,
2.3 1)=3"-n-1, i > 2,
na(s(2 - 3,1y < OGN D) noho g (1.6)
w(s(2-3,3)) =2, if n=1.
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Finally, by translating the preceding estimates through (1.1), we obtain the following consequence
for the elementary symmetric functions H(n, k), which partially confirms Conjecture 1.1.

Corollary 1.9. Let a € {1,2}. Let n and k be positive integers such thatn > 3, k < a3" and 2 | (k — a).
Then, v3(H(a3",k)) < —n.

Thus, our results provide evidence for conjectures of Hong and Qiu, Lengyel, and Leonetti and
Sanna in the 3-adic setting.

1.4. Proof strategy and organization

We briefly describe the main strategy of the proof of Theorem 1.3. The main difference from the
2-adic case lies in the structure of the parameter range. For powers of 2, one deals with the single

family s(2", k). In the present 3-adic setting, the two families s(3", k) and s(2 - 3", k) have to be treated
1-(=DF

simultaneously. In addition, the valuation formula contains an essential parity correction through —3

and v3(Lk/2]), which is responsible for the finer case decomposition in the proof.

The proof proceeds by induction on n. We first show that the odd values of k follow from the even
values. Thus, it remains to establish the formula for even k. Under the inductive hypothesis for the
family s(3",3™ — k), we derive the corresponding formula for v3(s(2 - 3",2 - 3™ — k)). This is the first
key step. We then use this formula, together with the convolution identity for Stirling numbers of the
first kind and estimates for the mth Stirling numbers, to obtain the formula for v3(s(3"*!, 3™ — k)). This
completes the induction.

The remainder of this paper is organized as follows. Section 2 collects the auxiliary results needed
in what follows, including the reduction from odd values of k to even values of k and comparison
estimates for the mth Stirling numbers of the first kind. In Section 3, we establish the key inductive
step from the order 3" to the order 2 - 3". Section 4 completes the induction by passing from the order
2 - 3" to the order 3"*!, thereby proving Theorem 1.3. Section 5 applies the main formula to prove
Theorems 1.6—-1.8 and Corollary 1.9. Section 6 concludes the paper with a brief discussion of the
restriction to the prime 3 and the obstruction to a direct extension of the present method to arbitrary
odd primes.

2. Preliminaries and reductions

This section collects the auxiliary results used in the proof of Theorem 1.3. We first record the
basic identities for ordinary and shifted Stirling numbers of the first kind. We then prove a reduction
showing that the odd case follows from the even case. Finally, we derive the comparison estimates for
shifted Stirling numbers needed in the induction.

2.1. Basic identities

We begin with two standard identities for Stirling numbers of the first kind. The first one relates
neighboring coefficients in a fixed row.

Lemma 2.1 ( [34]). Let n and k be positive integers. If n + k is odd, then

s(n, k) = % Z (—1)""s(n, i)(i j 1)n"—’<.

i=k+1 k
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This identity will be used to relate neighboring values of the parameter k and to reduce the odd case
to the even case.

We then recall the mth Stirling numbers of the first kind. These numbers may be regarded as
shifted analogues of the ordinary Stirling numbers of the first kind and will be used to compare Stirling
numbers with shifted arguments in the inductive step. They are defined by (see [31])

n

(x+m)(x+m+1)---(x+m+n—1)=Zsm(n,k)xk
k=0

with n > 1, and m and k being nonnegative integers.

Lemma 2.2 ( [31]). Let n > 1, and let m and k be nonnegative integers. Then,

k n .
1 .
+ ’k: " m ’k_. d m 7k: ’. l_k-
s(m + n, k) ;s(m 0)su(n i) and s,(n,k) ;s(n l)(i—k)m

The first identity is the convolution formula obtained from the product decomposition of the defining
polynomials, while the second expresses the shifted coeflicients in terms of the ordinary Stirling
numbers.

2.2. Reduction from odd k to even k

The aim of this subsection is to show that the odd case of formula (1.2) is a consequence of the even
case. We first establish a valuation relation between the adjacent Stirling numbers s(a3", a3" — 2¢) and
s(a3",a3™ — 2t — 1), under the assumption that (1.2) holds for the relevant even indices. We then apply
this relation to obtain formula (1.2) for odd k.

Lemma 2.3. Let a € {1,2}, and let n be a positive integer. Assume that (1.2) holds for all integers m

and even k with (m,k) € T,,. Then, for every integer t satisfying 0 <t < ”3};_2, we have

v3(s(a3",a3" — 2t — 1)) = v3(s(a3",a3" = 2t)) + v3(2t + 1) + n. (2.1
Proof. We prove (2.1) by induction on ¢. The case ¢ = 0 is immediate, since
v3(s(a3",a3" — 1)) = n = v3(s(a3",a3")) + vz(1) + n.

Now, let 1 <t < WT‘Z Assume that (2.1) holds for any nonnegative integer e with e <t — 1. We show
that (2.1) is still true for ¢.
The idea is to isolate the principal contribution to s(a3”,a3" — 2t — 1). By Lemma 2.1, we have

a3”

1 L
3" a3" -2t—1)= = 1y i@ i
s(a3",a ) 3 ,‘:aaznl—zz( ) 's(a l)(l_ e

3 3"
“2 s(a3",a3" — 26)(a3" — 2t — 1) + “2 L 2.2)

)(a3n)i—a3"+21+1

where

a3"

D Y L

; n
R i—a3"+2t+1
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with L; := s(a3",i)(a3")=4¥"+2,
Thus, the first term on the right-hand side of (2.2) is the desired principal term. It remains to show
that the term involving L has strictly larger 3-adic valuation. We shall prove the following estimate:

v3(L;) > v3(s(a3",a3" —21) +v;2t+ 1)+ 1 (2.3)

for every integer i with a3" — 21+ 1 < i < a3". If (2.3) holds, then the isosceles triangle principle (see,
for example, [35]) gives

v3(L) > v3(s(a3",a3" — 2t)) + v3(2t + 1) + 1 = v3(s(a3",a3" — 21)) + v3(a3" -2t — 1) + 1 2.4)

since 3 < 2t + 1 < a3" — 1. Note that m(%") = n. Hence, (2.1) follows immediately from (2.2)—(2.4).
So, to finish the proof of Lemma 2.3, it remains to prove (2.3). This will be done in what follows.

We first reduce the estimate for odd indices i to the corresponding estimate for even indices. Every
integer i with a3" — 2t + 1 < i < a3" can be written in one of the two forms

i=a3"-2t+2r or i=a3"-2t+2r-1
for some integer r with 1 < r < ¢. By the inductive hypothesis, for 1 < r <1,

va(s(a3",a3" =2t + 2r — 1)) = v3(s(a3",a3" - 2(t —r)— 1))
=w(s(@3",a3" = 2(t-r)) +vsQR(t—-r)+ 1) +n. (2.5)

Hence, it is enough to prove that
V3(Laan_ois2r) = va(s(a3",a3" — 2t + 2r)) + 2rn > va(s(a3",a3" — 21)) + vs (2t + 1) + 1 (2.6)
for every 1 < r < t. Indeed, once (2.6) holds, (2.5) gives

V3(Lazn-oiar—1) = »3(s(a3",a3" =2t +2r— 1))+ 2r— n
=wn(s@3",a3" -2t +2r)+2rn + vzt —r)+ 1)
> va(s(a3",a3" — 2t)) + v;(2t + 1) + 1.

Thus, (2.3) follows from (2.6).

We now prove (2.6). Since 1 <t < WT_Z, we have 2 < a3" — 2t < a3" — 2. Write a3" - 2t = a3™ -k,
where (m, k) € T,,, and k is even. Note that 2¢ < a3" — 2 implies k < a3™ — 2. Together with n > m and
2 < k <2a3™!', we obtain

vi2t+ 1) =v3a3" —a3" +k+1)=wk+1) <m.
By the assumed even case of (1.2), we get
v3(s(a3",a3™ — k)) = 3(3” -3 —m-m)a3" —k)+m—1-w(k). 2.7)

It remains to compare v3(Ly3n_2.42-) With v3(s(a3”,a3" — 2t)) + v3(2t + 1). Note that a3" — 2 + 2 <
a3" — 2t + 2r < a3". Consider the following two cases.
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If a3" — 2t + 2r = a3", then 2r = 2t = a3" — a3™ + k. It follows from (2.7) that

v3(Lgzn) — va(s(a3™, a3" — 2t)) —vs(2t + 1) = 2rn — v3(s(a3", a3™ — k)) —v;2t+ 1)
=n(a3" —a3" + k) - 3(3” -3+ mn-m)a3d" —k)—m+1+v3k)— 32t + 1)

= (n - %)a3” - (m - %)a3m + (k= Dm+v() =32t + 1) + 1

>k-1m-v:Qt+1)+1>m-m+1=1.

Thus, (2.6) holds in this case.

If a3" — 2t + 2 < a3" — 2t + 2r < a3" — 2, then we can write a3" — 2t + 2r = a3' — jfor (I, j) € T,
with 2 | j. Then, m <[ < n, and if [ = m, then k — j > 2. By (2.7) and the assumed even case of (1.2),
we obtain

V3(Laznarsar) — v3(s(a3",a3" — 2t)) —v3(2t + 1)
= v3(s(a3", a3 — j)) + n(a3' — j— a3™ + k) — v3(s(a3", a3™ — k)) — v3(2t + 1)

1 1
= (1- E)a3’ —(m- E)a3m —1j+ 1+ mk — m + v3(k) — v3(j) — v3(2t + 1) =: Dy.

It remains to prove D; > 1 form <1 <n.If | = m, then 2 < j < 2a3™!, and so v3(j) < m — 1. Thus,
D, =mk—j)+vik)—v3(j) —vsRt+1)>2m—(m—-1)—m = 1.

Ifm+1<I[<n,then2 < j < 2a3"!and
Ly L\ -1
D,Z(l—i)aS—(m—E)aB —2la3"" +l+m—-(-1)—-m

3 -1 1 m
:(z-§)a3 —(m—i)a3 +1>1.
Thus, (2.6) holds in all cases. Consequently, (2.3) is proved, and the inductive step follows. This
completes the proof of Lemma 2.3. O

Next, we show how Lemma 2.3 converts the even case of (1.2) into the odd case. If k is odd, then
k — 1 1s even, and the index a3™ — k can be written in the form a3"” — 2t — 1. Lemma 2.3 then relates its
valuation to that of the adjacent even index a3™ — k + 1.

Lemma 2.4. Let a € {1,2}, and let n be a positive integer. Assume that (1.2) holds for every pair
(m,k) € T,, with k even. Then, (1.2) also holds for every pair (m,k) € T,, with k odd.

Proof. Let (m,k) € T,, with k odd. Then, 3 < k < 2a3™ ' + 1, k < a3™, and k — 1 is even. Hence,
2<k-1<2a3"", and so (m, k — 1) € T,,. By the assumed even case of (1.2), we have

v3(s(a3",a3" — (k- 1))) = 3(3” -3 -m-m)a3"-(tk-1)+m-1- v3(k; 1). (2.8)

Note that a3" — k = a3" — 2 - @=4=+k1 _ 1 Tt follows from Lemma 2.3 that

va(s(a3",a3™ — k) = v3(s(a3",a3" —k+ 1))+ v3(a3" —a3" + k) +n
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25561

=w(s@3",a3" —k+1))+w(k)+n (2.9)

since n > mand 3 < k < a3™. By (2.8), (2.9), and [%J = ’%1, one derives that

Va(s(a3",a3" —k)) = S(3" =3") = (n = m)(@3" — (k—=1)) + m— 1 — v3(k _ 1) +v3k) + n

2

:‘5’(3"—3"1)—(n—m)(a3m—k)—n+m+m—1—v3([§J)+V3(k)+n

a k
= 53" =3") = (n=m)(@3" k) +m—1- v3([§J) + m + v3(k).
Hence, (1.2) holds for k. This finishes the proof of Lemma 2.4. O

The preceding lemma completes the reduction. Lemma 2.3 expresses the valuation of the odd-
indexed term in terms of the adjacent even-indexed term, while Lemma 2.4 verifies that substituting
the even formula gives exactly the odd formula. Therefore, in the proof of Theorem 1.3, it remains
only to establish formula (1.2) for even values of k.

2.3. Auxiliary estimates under the inductive hypothesis

In this subsection, we derive the estimates for the 3”-th shifted Stirling numbers needed in the
induction. The following lemmas compare the shifted coefficients with the ordinary Stirling numbers
at level n. They are stated in conditional form and will be used only under the relevant induction
hypotheses in Sections 3 and 4.

Lemma 2.5. Let a € {1,2}, and let n,t € Z* with t < a3". Assume that (1.2) holds for this value of a.
If2| (t — a), then
v3(s53:(a3", 1)) = »3(s(a3", 1)) and v3(s3:(a3",t) — s(a3", 1)) > v3(s(a3”, 1)) + 2. (2.10)
If2 1 (t — a), then
vi(s3i(a3", 1)) > v3(s(a3", t + 1)) + n. (2.11)

Proof. The proof is based on the expansion in Lemma 2.2. We first treat the boundary values ¢t = a3"
and t = a3" — 1. Then, for 1 <t < a3" -2, we write t = a3" — k with (m, k) € T,,, and distinguish the
two cases according to the parity of t — a.

If t = a3”, then 2 | (a3" — a) and s3.(a3",a3") = 1 = s(a3",a3"). Hence, (2.10) holds.

If t =a3" — 1, then 2 1 (t — a), and by Lemma 2.2 we have

3n
s3(a3",a3" — 1) = s(a3",a3" — 1) + s(a3", a?a")?a”(a1 ) = s(a3",a3" — 1) + a3*".

Thus, v3(s3:(a3",a3" — 1)) = vi(s(a3",a3" — 1)) = n = vi(s(a3”,a3")) + n, so (2.11) holds when
t=a3"-1.

It remains to consider the case 1 < ¢t < a3" — 2. Then, write t = a3" — k with (m,k) € T,,. By
Lemma 2.2,

a3" .
(@3, 1) = s(a3", ) + Z (i i I)L,- 2.12)

i=t+1
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with L; := s(a3",i)3""". We now distinguish two cases according to the parity of 7 — a.

Case 1: 2| (t —a).
In this case, we prove (2.10). Since 2 | (t — a), we have 2 | k, and hence 2 < k < 2a3™"!. By (1.2),

v3(s(a3",a3™ - k)) = 3(3” -3 —(m-m)a3" —k)+m—1—vsk). (2.13)

By (2.12), it is enough to show that the summation term in (2.12) has 3-adic valuation of at least
va(s(a3", 1)) + 2. Equivalently, it suffices to prove that

v3(L;) > va(s(a3", 1) + 2 (2.14)

for every i witht + 1 < i < a3".
We now prove (2.14). First, leti € {a3" — 1,a3"}. Then,

v3(L;) = n(a3" —t) = n(a3" — a3™ + k).
Therefore, by (2.13), 1 <m < n, and k > 2, we obtain
v3(L;) — va(s(a3", 1)) = n(a3" — a3" + k) — v3(s(a3",a3™ — k))
1 n 1 m
= (n—i)a3 —(m—i)a?) +k=-1m+1+wvk)>2m+1>2.
Hence, (2.14) holds for i € {a3" — 1, a3"}.

Next, lett+ 1 < i < a3" —2. Write i = a3' — j with (1, j) € T,,,,. Then,[ > mand2 < j < k— 1 if
[ =m. By (1.2) and (2.13), we get

v3(L;) — va(s(a3", 1))
= v3(s(a3",a3' — j)) + n(a3' — j — a3™ + k) — v3(s(a3", a3™ - k))
= 3(3" 3 —-D@3 - j+i-1- w([é]) + (L +v3()e

+na3 - j—a3" +k) - g(3"—3m)+(n—m)(a3m—k)—m+ 1+ v3(k)

=(1- %)a:%l ~(m- %)aﬁm +1—1j+mk —m +vy(k) — "3(@) + (I +v3(j)e =: D;.

It remains to prove D; > 2 for 2 < j < 2a3"' + 1.
If jis even, then 2 < j < 243!, and hence v3(j) <[ — 1. In this case,

Dy = (1= 3)ad = (m = 3)a3" = 1= 1)+ mlk = 1)+ v3(k) = v,

If /=m,thenk — j > 2 since k — j > 1 and both k and j are even. Thus,
Dj=mk—j)+vik)—vi(j)22m—-(m—-1)=m+12=>2.

Ifl >m+ 1, then

D;>(i- %)a3’ —(m- %)ay" —12a3" =D +m—(1-1)
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:(l—%)a3l_1—(m—%)a3m+m+l2m+l22.

Therefore, D; > 2 holds when j is even.
If jis odd, then 3 < j < 2a3"' + 1 and j < a3'. Note that j — 1 isevenand 2 < j — 1 < 2a3""".
Using the even case just proved, we obtain

D= (l—%)aSl—(m—%)aSm—l(j— 1)+ mk — 1) +v3(6) = v3(j — 1) + L+ v3(j) = Djy +v3(j) = 2.

Thus, D; > 2 also holds when j is odd.

Consequently, (2.14) holds for all i with t + 1 < i < a3". Hence, the summation term in (2.12) has
3-adic valuation at least v3(s(a3",1)) + 2. This proves (2.10).
Case 2: 2 1 (t — a).

In this case, we have 2 1 k, 3 < k < 2a3"'+1 and k < a3™. Since 2 { (t—a), we have 2 | (a3"—t-1).
Thus, t = a3" -2 - % — 1. By Lemma 2.3,

va(s(a3", 1) = v3(s(a3",t + 1)) + v3(a3" — t) + n.
In particular,
vi(s(a3", 1) > vi(s(a3", t + 1)) + n. (2.15)
From (2.12), we write

a3” .
s3(a3", 1) = s(a3", 1) + (t + 1)3"s(a3", t + 1) + Z ( ! I)Li. (2.16)
l —

i=t+2
Since 2 | (t + 1 — a), the estimate proved in Case 1, applied to 7 + 1, gives
vi(Ly) = v3(s(a3",)3"") = v3(s(a3", )3 ) 4 n > vi(s(@3", 1+ 1)) +n+2 (2.17)

for every t + 2 < i < a3". Therefore, (2.11) follows from (2.15)—(2.17).
The proof of Lemma 2.5 is complete. O

In Sections 3 and 4, (2.10) will be used to replace the 3"-th Stirling numbers by the corresponding
ordinary Stirling numbers up to higher-order error terms, while (2.11) will be used to control the
opposite parity cases. We shall also use the following adjacent-index estimate under the same inductive
assumption.

Lemma 2.6. Let a € {1, 2} be fixed, and assume that (1.2) holds for this value of a. Let n,t € Z* with
3<t<a3" If2|(t—-a), then

v3(s(a3", 1)) — vs(s(a3",t = 2)) > —2n + 2. (2.18)

Proof. We first consider the boundary case t = a3". By (1.2) with m = n and k = 2, we have
v3(s(a3",a3" —2)) = n— 1. Since v3(s(a3", a3")) = 0, it follows that

v3(s(a3", 1)) — v3(s(a3", t — 2)) = va(s(a3",a3")) — v3(s(a3",a3" - 2)=—-n+1>-2n+2.
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Thus, (2.18) holds in this case.
Now assume that 3 < ¢ < a3" — 2. Write t = a3' — j, where 1 <[ <nand?2 < j < 2a3"!. Since
2| (t —a), we have 2 | j. Then, by the assumed formula (1.2), we obtain

vi(s(a3", 1)) = v3(s(a3", a3’ - j)) = 3(3" -3 —m-D@3 - j)+1-1-v50)).

Since t — 2 = a3! — j — 2 = a3’ — (j + 2), we distinguish two cases.
If j+2 < 2a3"!, then

vi(s(@a3", t — 2)) = vs(s(a3", a3’ = (j+2))) = 3(3" 3 —m=-D@3 -G+2)+1-1-v3(+2).

Hence,

va(s(a3", 1) —v3(s(a3",1 = 2)) = =2(n = ) + v3(j + 2) — v3())
>-2n+2l-(-1)>-2n+1+1>-2n+2.

Therefore, (2.18) holds in this case.
If j+2>2a3"" +2,then j = 2a3""',and sot — 2 = a3/"' — 2. Since t —2 > 1, we have [ > 2. Thus

vi(s(a3",t = 2)) = v3(s(a3", a3 = 2)) = g(sn 3=+ D@3 =2 +1-2

" v3(s(a3", 1) = vy(s(a3",a3' — 2a3"™")) = 3(3" -3)—m-Da3"".
Therefore,
v3(s(a3", 1)) —v3(s(a3",t =2)=-2-2m-0)-1+2=-2n+1>-2n+2.
Thus, (2.18) holds in this case. This completes the proof of Lemma 2.6. O

3. An inductive step: from v;(s(3",3" — k)) to v3(s(2 - 3",2 - 3" — k))

In this section, we establish the first key inductive step in the proof of Theorem 1.3. More precisely,
we show that formula (1.2) for a = 1 implies the corresponding formula for @ = 2. For convenience,
throughout this paper, define

S = 8303 = k), s = (37,37 - ),

nmk * nmk *

s =s(2:3,2-3" k), s =532 3%,2-3" = k).

nmk * nmk °

We first outline the proof strategy. The aim of this section is to derive the formula for sf}n . from

the corresponding formula sﬁllr)n .~ By Lemma 2.4, it is enough to treat the case where k is even. For
such k, we use the convolution formula from Lemma 2.2 to decompose sflz’)n , Into three parts, sfr)n P =
s1 + s> + s3. The set defining s; contains the terms expected to give the exact valuation, while s, and

sz are remainder sums.
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For each fixed pair (m, k), we denote by W the value predicted by formula (1.2); this is made explicit
in (3.1) below. The proof is then reduced to showing vi(s;) = W, v3(s2) > W + 1, and v3(s3) > W + 2.
The principal part s; is handled by replacing the 3"-Stirling numbers s3:(3", -) with the corresponding
ordinary Stirling numbers s(3", ). By Lemma 2.5, the replacement error has 3-adic valuation at least
two larger than the predicted leading value, and hence it cannot affect the final 3-adic valuation. The
sums s, and s3 are then controlled by separating the relevant indices according to parity and applying
the auxiliary estimates from Section 2.

We prove the following lemma.

Lemma 3.1. If (1.2) holds for a = 1, then (1.2) also holds for a = 2.

Proof. Let n be a positive integer. Suppose that (1.2) holds for a = 1. Then, Lemmas 2.3 and 2.5 are
applicable with a = 1. By Lemma 2.4, it suffices to prove (1.2) holds for all the integers m and even k
withl <m<nand2 <k <4-3m1,
Letm,k € Zwith1 <m <n,2 <k <4-3""and?2 | k. Since k is even, proving (1.2) for a = 2 is
equivalent to proving the following identity:
v3(s? ) =3"=3" —(n—m)(2-3" — k) +m— 1 —vs(k) =: W. 3.1)

n,m,k
Setting (m, n, k) — (3",3",2 - 3" — k) in Lemma 2.2 gives us that

2:3"—k

s = > S(Bi)sn(323" k- i),

i=1

Now, let g 4(i) := s(3",i)s3(3",2 - 3" — k — i). Define

s 0= Zgl,k(i), 53 1= Zgl,k(i)a 853 1= Zgl,k(i),

i€A ieB ieC

where

{3m, 3" — k}, if2<k<2.3m1

A= {3'"_],2-3”’—](—3’”_1}, iftm>2and2-3"'+2<k<4-3"! -2,

{3’”_1}, ifk=4.3"1
and

B:=(1,2-3"-kIn(1+2Z))\A, C:=[1,2-3"-k]nNn2Z).
Then,

sf’le’l,k =81+ 52 + 83.

It remains to prove the following three estimates:

V3(S1) =W, V3(S2) >W+1, V3(S3) > W+ 2.
Estimate for the principal part s;.
We prove that v3(s;) = W. The proof is divided according to the three possible forms of A. In each

case, we replace the terms involving s3.(3", -) by the corresponding terms involving s(3",-) plus error
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terms. More precisely, we write s = M + E, where M is the principal contribution obtained from
the ordinary Stirling numbers s(3",-), and E is the total error term arising from this replacement. By
Lemma 2.5, the error term always satisfies v3(E) > W + 2. Therefore, it remains only to verify that
v3(M) = W. Then, v5(s;) = W follows in each case.
Case 1: 2 <k<2-3"1
In this case, one has A = {3, 3" — k}. Hence,
= §1x(3") + 814" = k) = 5, 0 S+ Sk S

n,m,0 n,m,k n,m,k n,m,0°
1)*k = s( ) .+ L and s(l)*0 = (1) o+ Lo with L;,L, € Z. Since
Lemma 2.5 holds for ¢ = 1 and & is even, we have v3(Ly) > v3(snmk) + 2 and v3(L,) > v3(snm0) + 2.
Thus, s; = M + E, where

By Lemma 2.2, we may write '

Meo=2s0 L0 g g

an snmk’ : an n,m,k

L.

It remains to compute v3(M). Note that v3(sfll,;l’0) = %(3” — 3™ — (n — m)3™. Indeed, this is clear when
m = n, and for 1 < m < n -1 it follows from v3(s' () = vs(s{.) = 13" - 3" — (n — m)3".

nm+1,2-3m
Therefore, by (1.2) for a = 1, we obtain

vi(M) = v32st) s )= (snm()) +v3(s0) ) = v3(814(3™) = v3(814(3" = k)
= %(3" -3 —(m-m)3" + 5(3" -3 =-m-m@B" -k)+m—-1-v3(k)
=3"-3"-mm-mQ2-3"-k)+m—-1-wvk) = W.

Since sy = M + E, v3(M) = W, and v3(E) > W + 2, we have vi(s;) = W
Case2: m>2and2 +2-3"' <k<4.3"1 -2

In this case, A = {3"!,2-3" — k — 3"}, Note that 2 - 3" — k — 3"! = 3" — (k—2-3""") where
2<k-2-3""1<2.3"1 -2 which implies that v3(k — 2 - 3"!) = v3(k). Hence,

_ m—1 m m—1 (1) (1) (1) (1)
- gl,k(3 ) + gl,k(2 3" -k-3 ) - Snm 1,0 Snmk 2.3m-1 + Sn,m,k—2-3”’_l ' Sn,m_l,()'
(1= _ D (1)= _ D :
Again, write Symk2ant = Sppiagm ¥ L; and Spme10 = Spm_ro T La with Ls,L,; € Z. Then,

v3(l3) > V3(S( ) 2.3 ) +2and v3(Ly) > V3(Snm 10) + 2. Thus, s; = M + E, where

— D (1) — D )]
M =28, 10 Symi-zant B = Sy 0l T8, 50 0 qni Las
By (1.2) for a = 1, we have
— (1) )] _ (1) 1)
V3(M) - V3(2Snm 1,0 Snmk 2.3m- I) - v3(sn,m’2,3m—]) + v3(sn’m’k_2,3m—l)

=v3(g14(3" ) = v3(gix(2- 3" — k= 3"1))
= %(3" _ 3m) _ (n _ m)(3m -2. 3m—1)

+ %(3”—3’")—(n—m)(3’"—(k—2-3m_]))+m— 1 —vyk=2-3"1
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=3"-3"-(mn-mQ2-3"-k)+m—-1-v3k) = W.

Since s; = M + E, v3(M) = W and v3(E) > W + 2, we have v3(s;) = W.
Case 3: k=4-3""1,
In this case, A = {3""!} and

_ m—1y _ (D (1) —_ D 2 (¢))]
S1 = gl,k(3 ) - Sn,m—l,O ’ Sn,m—l,O - (Sn,m—l,O) + Sn,m—1,0L4

with v3(Ls) > v3(s(1) ) + 2. Therefore, we have s; = M + E, where

n,m—1,0

M= (" )% E=s)

n,m—1,0 n,m—1,0

Ly
and

V(M) = v3(g12(3" ) = w35 ) =2m(s) ) =3"=3" = 2(n—m)(3" - 23"

n,m—1,0 n’m’2‘3)7171

=3" 3" —(n-m)(2-3" 43"t m—1—vy(4-3") = W,

Since s; = M + E, v3(M) = W, and v3(E) > W + 2, we have v3(s)) = W.
The three cases above exhaust all possible forms of A. Therefore, v3(s;) = W. This proves the
estimate for the principal part s;.

Estimate for the odd-index part s,

We next estimate the odd-index part s,. The purpose of this part is twofold: First, to prove v3(s;) >
W + 1; and second, to identify the possible terms in s, whose 3-adic valuation is exactly W + 1.

If m = 1, then B = @, hence s, = 0. Thus, we may assume that 2 < m < n. Fori € B, if eitheri > 3"
or2-3"—k—i> 3" then g (i) = 0. Therefore, it suffices to consider B = BN [2-3" -k - 3",3"]. If
B’ = @, then s, = 0, and there is nothing to prove.

Assume henceforth that B” # @. We decompose B’ as B’ := By U B, U B3, where

B, := [1,3’”—’5—1]03’, By := [3’"—§+1,2-3’"—k]mB’, B; := {3m—§}m3’.

Since at least one of By, B,, and B; is nonempty, one obtains that

$2 = Zgl,k(i) = (Z + Z + Z )81,k(i)-

e i€B i€eBy, ieB3

The central term Bs.
We first estimate the possible central term Bj. If By # @, then leti € B;. So, i = 3" — % Since i is
odd, one has 4 | k. Thus,

k .
V(3" = DN = wals,) ) = vl )

M, 5

=3"-3"-(mn-m)2-3"-k)+2m—-1—-v3k)) =W +m—1-v3(k).

By2 <k <4-3""and 4 | k, one has v3(k) < m — 1. Thus, v3(g;4(3™ — %)) > W with equality
if and only if k = 4 -3"!. If k = 4 - 3""!, then i = 3™, which contradicts the definition of B when
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k = 4-3m!, Therefore, v3(g; (3™ — —)) > W + 1. Further, vs(g; (3" — —)) = W + 1 holds if and only if
k=4-3"20ork=8-3"2 ie.,

Va(grazm>(3" =2-3" ) = vs(s\)) s ) = val(s)) ) = WL (3.2)
v3(grgan2 (3" —4-3" D) = vs(sl)) S ) = () ) = W L (3.3)

Thus, every term indexed by Bj; has 3-adic valuation at least W + 1. Moreover, equality can occur
only in the case listed in (3.2) and (3.3). All other terms indexed by B3 have valuation at least W + 2.

The paired terms By and B;.

We now consider the terms indexed by B; and B,. The two parts are symmetric with respect to the
involution i — 2 - 3" —k —i. Indeed, i € By if and only if 2 - 3" — k —i € B,. Moreover, by Lemma 2.5,
the two corresponding terms have the same 3-adic valuation:

v3(g14(0) = v3(s(3",0)s3:(3",2 - 3" —k —i)) = v3(s(3",0)s(3",2 - 3" — k —0))
=v3(s(3",2-3" —k —i)s3(3",0)) = v3(g14(2 - 3" — k = 0)).

Hence, it is enough to prove v3(g1 (7)) > W + 1 holds for i € B;. This will be done in what follows.
Letie€ B;. Then,1 <i<3"— % —1<3"-2. Write i = 3" — j, with (I, j;) € T,, and 2 | j;. Note
that§+ 1<j;<2-3""ifl; =m. Since 1 <[} <m < n,by(1.2) fora =1,

sl ) = 337 =3 = = 1"~ )+ 4= 1), (3.4)

Note that 2-3"—k—i € B, and 3" ' +1 < 3m—§+1 < 2-3"—k—i < min{2-3"-k-1, 3"} < min{2-3"-3, 3"}.

If2-3"—k—-i=23"thenwemusthave m = nandi =2-3"-k-3"=3"-k=3"-Fk It

implies that 2 + 2-3"! < k < 3" - 1sincei > 1 andi # 3" — k when 2 < k < 2 - 3™!. Hence,

1 <i<3m!-2=3"1_2 whichimplies that /; < n — 1. Note that 2 < j; <2371 <2.3"2 and

i = 3" — ji = 3"~ kimply that v3(k) = v3(ji). From (3.4), s\ = 1 and W = n— 1 —v3(k) when m = n,
we deduce that B

v3(g1a(D) = W = vs(s(3", 1) = W = ws(s) ) -

1 1
= 5(3" =3 —m-1)3"+ (-G - D > 5(3" -3 -m-1H3" -1 =1
with the equality if and only if /; = n — 1 and j, = 2. So, for k = 2-3""! + 2, one has

V38143 = 2)) = v3(814(3") = va(s')_ s ) =W+ 1 (3.5)

For any other integer k in this case, we have v3(g, (1)) > W + 2.

If2-3"—k—i<3"—2, then write 2 - 3" — k —i = 32 — j, with (L, j») € T, and 2| j,. Since
31 4+1<2-3"—k—i<min{2-3"-3,3"}, wehave m <[, < m+ 1. Also note that 2 < j, < %—1if
Lh=mand3"+3< j,<2-3"ifl, =m+ 1. By (1.2) fora =1,

1
M ) =53" =35 = (= 1)3" = j) + b~ 1= v3(ja).

vs(s >
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Hence, together with (3.4) one derives that

v3(gia(D) = W = v3(s(3", 1) + v3(s(3",2-3" =k —i)) = W = v3(s') Y+vs(s!) y-W

ml1,j1 n,b,j2
1
=3" - 5(3[1 +32) = (m = 1)3" = j1) = (m = L)(3"” - ja)
+ 1L+l —m—1+vs3k) —v3(j1) = v3(j2) =: Dy gy

Since2-3" - k=31 —j +32 - j,with2 <k <4-3"12<j,<2-3"and2 < j, <2-327! we
get that v3(k) — v3(j1) — v3(j2) = —max{vs;(ji), v3(j2)}. In what follows, we prove that D;, ;, > 1. Since
m < |, <m+ 1, there are two cases to consider.

The case l, = m.
In this case, we have 2 < j, < ’5‘— 1 <2-3"!'—1. Since 2| j,, one derives that 2 < j, <2-3""!1 -2
and v3(j,) < m — 2. Note that

1

Dy = 5(3"1 =30 —m—1)E" = j) + 1 = 1+ v3k) = v3(j1) = v3(a).

If1 <l; <m-1,then2 < j; <2-3"2 Thus, v3(j;) < m — 2, and one has
1 1
Dy 2 5(3'" =3 -m-1)@" - j)+lL-1-(m-2)> 5(3"’ =3 -m-LE"-D+1>2.

So, v3(g14(1) > W+2isproved when 1 </} <m—-1and , = m.

Ifl, = m, then§+1 < j; <£2-3"1 Note that j, + j, = k and 2
that 6 < k < 4-3"!' -2, Sincei # 3" ! whenm > 2 and 2 + 2 - 37!
4 < j, <2-3"1 -2 Thus, v3(j;) <m—2and

— 2. This implies

<<
<k <4-3"1_2 we have

Dy =m—1+v3(k) —v3(ji) —v3(jo) 2m—-1-(m-2) =1,

where the equality holds if and only if j; (or j,) equals 2 - 32 or 4 - 32 and v3(j,) = vs3(k) (or
v3(j1) = vs(k)). Hence, vi(g14(i)) = W + 1 is proved when /; = [, = m. Moreover, one notes that if
m>3and2-3"2+2<k<4-3"2_2 then

V3(81k(3" = 2-3"2) = v3(gra(3" = (k=2-3" D)) =wa(s) s ) =W (3.6)

nm2-3"2  “nmk-2-

Ifm>3and4-3"2+2<k<8-3"2—-2withk # 2-3"!, then (3.6) holds and

V3(g1a(3" = 43" %)) = v3(g14(3" — (k — 4 - 3"72))) = vy(sV -5 y=W+1. (3.7

nm,4-3m=2 " pnmk-4.3m-2

Ifm>3and 8-3"2+2<k<10-3"2% -2, then (3.7) holds.
For any other integer k in this case, we have v3(g (1)) > W + 2.

The case I, = m + 1.
In this case, we have 3" + 3 < j, <2 -3™. Note that

1 . m . .
Dy i1 = 5(3’" =3 = m=1)3" = j)+2-3" = o+ I + v3k) = v3(j1) — v3(ji)-
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If [, = m, thenby 2-3" —k —i = 3™ — j, > 3™ one knows that i = 3" — j; < 3™ — k. Thus,
k < j; <2-3m! By the definition of B, i # 3" — k. Hence, j, <2-3" — 2 and

D1 =2-3" = jo + m+v3(k) —vi(ji) = v3(jo) > 2.

So, v3(g14()) > W+ 2 is proved when [y =mand [, = m + 1.
If1 <l <m-1,then

1
Dy i1 2 5(3’" =3 —(m—-1)3" = j)+2-3"=2-3"+ 1 —m
1 1
= 5(3'" =3 —m-1)E" - ji+ 1) 5(3’" =3 —m-1HE" -1 =1,

where the equality holds if and only if j, =2-3", [, =m—1, j, = 2,i.e.,i = 3" —k = 3! —2. Hence,
v3(g14(@) > W+ 1lisprovedwhen 1 </, <m-1andl, = m+ 1. Moreover, if k =2 - 3"l 4+ 2, then

v3(g14(3™ = k) = v3(g14(3™) = v3(s" W )=Ww+1. (3.8)

nm—1,2 ’ Sn,m,

For any other integer k in this case, we have v3(g (1)) > W + 2.

Consequently, every term indexed by By U B, has 3-adic valuation at least W + 1. All possible terms
with v3(g1 (1)) = W + 1 are precisely those listed in (3.5)—(3.8). All other terms indexed by B, U B,
have 3-adic valuation at least W + 2.

Combining the estimates for B; and B; U B,, we obtain v3(g; «(i)) > W + 1 for all i € B’. Moreover,
all possible terms with 3-adic valuation exactly W + 1 are listed in (3.2)—(3.8). Since g;4(i) = O for
i € B\ B, it follows that v3(s,) > W + 1. This proves the estimate for the odd-index part s,, together
with the description of the possible W + 1-terms.

Estimate for the even-index part s;.

It remains to estimate the contribution from even indices. We prove that v3(s3) > W + 2.

Leti € C. Then, 2 | i. Ifeitheri > 3"+ 10or2-3"—k—i> 3"+ 1, then g, (i) = 0. Hence, it suffices
to consider C’ := C N [2-3" — k- 3",3"]. Equivalently, C’ =CnN|[2-3"—-k—-3"+1,3"-1], since C
consists of even integers. Note that C’ # @, since either2-3" —ke C' or3" -1 € C".

Forie C’,bothiand 2 - 3" — k — i are even. By Lemmas 2.3 and 2.5, we have

v3(s(3",0) = va(s(3", i+ 1) +vs(3" =) +n (3.9)
and
v3(s3:(3",2-3" =k —1i)) 2 v3(s(3",2-3" —k—i+ 1)) + n. (3.10)
Moreover, since i is even and 3 < i + 1 < 3", the inductive hypothesis and Lemma 2.6 imply
v3(s(3",i+ 1)) —v3(s(3",i— 1)) > —2n + 2. (3.11)
Then, it follows from (3.9)—(3.11) that

v3(g1u(D) = v3(s(", ) + v3(s3:(3",2- 3" —k — 1))
> v3(s(3", i+ 1) +v3(s(3",2-3" —k—i+ 1)) +2n
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> v3(s(3",i—1)+v3(s(3",2-3"—-k—-(i—-1))+2
=v3(s(3",i— 1)) + v3(s3(3",2-3" =k - (i — 1)+ 2 =v3(g1s(i — 1)) + 2. (3.12)
Sincei—1lisoddand2 <i <2-3"—k,one hasi— 1 € AU B. By the estimates for s; and s,, we know
that v3(g; x(i — 1)) > W. It follows from (3.12) that
v3(gru(D)) Z v3(guali— 1) +2 2 W+ 2.

Therefore, v3(g4(i)) > W+ 2 for i € C’, and consequently vs(s3) > W + 2. This proves the estimate
for the even-index part s3.

Combining the estimates for s, 55, and s3, we obtain V3(S,(Z,)n,k) = W. Therefore, formula (1.2) holds
for a = 2 whenever it holds for a = 1. This completes the proof of Lemma 3.1. O

The following decompositions will be used in Section 4 to isolate the possible leading terms in the
passage from 2 - 3" to 3"*!.

Remark 3.2. Let n,m,k € Zsuchthat ] <m <nand?2 < k < 4-3""! with 2 | k. If (1.2) holds for
a = 1, then from the proof of Lemma 3.1, we can conclude that

S;z”)mk =85+ 5+ 5

with 51, 5, 53 € Z, v3(51) = v3(s), ) = W, v3(52) = W + 1, and v3(53) = W + 2, where

250 st if2<k<2-3"1,

si=9 250 o8t ifke[2:3" 4+2,4.3 2] withm > 2,
M R e m-
G if k=4-3""
Ifm=2and k=2-3""+2.3"2 then by (3.3), (3.5), and (3.8), one has
=280 s+ ) )
If m > 2 and k = 4 - 32, then by (3.2),
52 = (szl,r)n,2~3m’2)2'

Assume now thatm > 3. If k € [2- 372 + 2,4 - 32 — 2], then by (3.6),

= _ D e
52 = 2sn,m,2-3’"‘2 Snmk—2.3m-2°

Ifkel[4-3"2+2,8-3"2 2] withk ¢ {2-37"1,2.3m1 4+ 2}, then by (3.6) and (3.7),

5. — 0D D eY] ey
52 = 2Sn,m,2-3m-2 Snmp-23m2 + 2Sn,m,4-3’”‘2 nmk—4.3m2"
If k =23 +2, then by (3.5)—(3.8),
s — 9D D (1) <D (1) oD
52 = 2S”»m—1,2 Snam0 + 2Sn,m,2~3’"’2 sn,m,k—2~3’"’2 + 2Sn,m,4~3”"2 sn,m,k—4~3’”’2'
If k = 8 - 32, then by (3.3),
s — (D 2
52 = (Sn,m,4~3’"’2) :
If k€ [8-3™2+2,10- 32 - 2], then by (3.7),
- _ 5D e
52 = 25n,m,4-3m’2 S pmk—a3m-2"

For any other k, one has 5, = 0.
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4. From 2 - 3" to 3"*!: proof of Theorem 1.3

In this section, we complete the proof of Theorem 1.3. By Lemma 3.1, it suffices to prove
formula (1.2) for @ = 1. We shall prove this by induction on n.

We briefly describe the structure of the inductive step. Assuming that Theorem 1.3 holds for n,
Lemma 3.1 gives the required formula for the family s(z) . The remaining task is to derive the formula
for ng]-zl,m,k' We do this by applying the convolution formula of Lemma 2.2, which expresses sﬁlljl,m’
a sum of products involving s(3", ) and s3:(2 - 3", -).

After reducing to even k, we denote by W, the value predicted by the formula. The proof then
proceeds by estimating the summands g () = s(3",1)s3:(2-3",3™ —k—1i). Even-index terms are shown
to have 3-adic valuation at least W,, ; + 1, and therefore cannot contribute to the leading valuation. Odd-
index terms may have 3-adic valuation as low as W,,,,— 1, so we isolate a special subset A of odd indices
containing all possible leading contributions. The key point is then to prove vs3(;cs 824(0) = Wy.
Once this is established, all remaining summands have strictly larger 3-adic valuation, and the desired
value of V3(S§z]+)l,m,k) follows.

¢ as

4.1. Induction setup

We first set up the inductive step. The case n = 1 is immediate. Indeed, then m = 1 and k = 2, and
v3(8(3,3 = 2)) = v5(s(3, 1)) = v3(2) = 0. Thus, Theorem 1.3 holds forn = 1.

Assume now that Theorem 1.3 holds for n. We prove it for n + 1. This is equivalent to showing that,
for all integers m and k satisfying 1 <m <n+1,2 <k <2-3"!+1,and k < 3™, one has

(-DF

vs(st D) = (3’“‘ 3" — (n+ 1 —m)3" - k)+m—1—v3([kj)+(m+v3(k))—. (4.1)

The case m = 1 is also immediate, since then k = 2 and
1
va(s,l110) = va(sBML 1) = (BT = D) = (3" =20 - 3),

Hence, we may assume that 2 < m < n+ 1. Moreover, by Lemma 2.4, it suffices to prove (4.1) for even
k. Thus, throughout the rest of this section, we assume that2 <m <n+ 1,2 <k <2-3™! and k is
even. It remains to prove

V(s (3"+1 3" — (n+ 1 =m)3" = k) +m— 1 —v3(k) = Wy (4.2)
4.2. The convolution decomposition and estimates for g (i)

In this subsection, we decompose s( ) i INto a sum of terms g :(7) and establish valuation estimates

for these terms according to the parity of i. By Lemma 2.2, with the substitution (m, n, k) — (3",2

3" 3" — k), we have
3m_

S = D SG Dsy(2- 313" — k= ).
i=1
Leti€ Zand 1 < i < 3" — k. Define g24(i) := s(3",i)s3(2 - 3",3" — k — i). Then,

Stk = Z 22.4(0). 4.3)
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The proof of (4.2) is based on the following strategy. We first establish two estimates for the
summands g (7):
v3(gox(@) = Wy — 1 if 2414,
v3(gai(@)) 2 W+ 1 if 20
The second estimate in (4.4) shows that even-index terms cannot affect the leading valuation. The first

estimate in (4.4) shows that possible low-valuation terms among odd indices can only have valuation
Wk — 1 or W, . Accordingly, define

4.4)

A= e[1,3" = k1N +22Z) : v3(gosx(@)) = Wys — 11,
Ay ={i € [1,3" = kI N (1 +22Z) : v3(g24 (D)) = Wyus}, A=A UA,.

We also define the two remainder sets

B:=([1,3" —kIn(1 +2Z))\ A, C:=[1,3" -kl N2Z.
Thus, the index set [1, 3" — k] is the disjoint union of A, B, and C. Set

Sai= D g, Spi= ) gul,  Sci= ) g,

icA icB ieC
Once (4.4) is proved, the definition of A will imply that
v3(Sp) > Wy + 1, v3i(Sc) > Wy + 1.

Thus, the only remaining leading contribution can come from S 4. The key estimate is

v3(S4) = Wi 4.5)

Therefore, to complete the inductive step, it remains to prove (4.4) and (4.5).

Odd indices.
Now we prove the first estimate in (4.4). Let i be an odd integer with 1 < i < 3" — k. Ifi > 3"

or 3" —k —i > 2-3" then g,4(i) = 0, and there is nothing to prove. Hence, we may assume that
3 —k-2-3"<i<3",
We first consider the boundary case i = 3" — k. In this case, 3" — k — i = 0, and therefore

(3n+l _ 1)|

v3(s3n(2 - 3", 3" =k — 1)) = v3(s3:(2 - 3", 0)) = vs( G = D)

) =3"—1. (4.6)

Ifi=3"—-k=3"thenby2 <m<n+land2<k<2-3"! wegetthatm=n+1andk =2 3"
Since s(3",3") = 1 and W, = W,;123» = 0, one then deduces that

v3(g24(D) = v3(8223(3") =3"=122=W,; +2

as required by (4.4). If i = 3" — k < 3" — 2, then m < n. By the inductive hypothesis and (4.6), we
obtain

V3(g2x(D) = Wy = va(s) )+ v3(53:(2-3",0) = Wyx = 3" —k—1>3""1—1>2.

n,m,k
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So, the first estimate in (4.4) holds when i = 3" — k.
It remains to consider the case 1 < i < 3™ —k — 2. Since i is odd and £ is even, the integer 3" —k — i
iseven,and 2 < 3" -k —i<2-3"-2. Write

i=3"—j, 3—k—-i=2-32-j,

where (11, j1) € Ty (L, j2) € T,y with 2 | j;and 2 | j,. Since 2 < k < 2-3™!, we have 3! <
3" —k < 3™ — 2. In particular, the case [y = I, = m cannot occur. Indeed, if [; = [, = m, then
3M—2>3" —k=i+3"—k—i=3"—j;+2-3"—j, >3"-2.3""1 1 2.3m_4.3m"1 = 3" which is
a contradiction. Since 2 | (3" —k—i)and 2 < 3" —k —i < 2-3", Lemma 2.5 also gives us that

v3(g2x (D) = v3(s(3", 1)) + v3(s3:(2 - 3", 3" —k —i)) = v3(s(3",0)) + v3(s(2-3",3" =k —=10)). (4.7)

We first consider the boundary case i = 3" — j; = 3". Then,; =m=n+1and j, =2-3""1=2.3"
sincel;, <m<n+1land2 < j <2-3""! Hence, 1 <, <m-1=n. Moreover, 2-32— j, =
3m—k—i=2-3"—k. Since 2 < j, < 4-327! we have 2 < k < 2-3"-2, and consequently v3(j,) = v3(k).
By the inductive hypothesis and (4.7), we derive that

V3(824(D) = Wik = v3(824(3") = Wasrse = v3(s') ) + v3(s) ) = Wosi

ml,j2

=3"-3"-m-1)Q2-3" - j+1)-1=:D,,
Ifl,=n,then2< j, =k<4-3"'and D,=-1.Ifn>2and 1 <, <n-1, then
D,>3"-3"-(m-1)2-32-1)-123"-3""-@2-3""'-1)-1=0,

where the equality holds if and only if j, = 2 and [, = n — 1. Hence, the first estimate in (4.4) holds
when i = 3". Moreover, in this boundary case, the possible equality cases are as follows:

v3(gai(@) = Wy — 1 if 2<k<4-3"1'=4.3"2 and i=3"=3"";
v3(gax (@) = Wy if k=4-3""+2=4-3"2+2 and i=3"=3"", m>3.
In all other cases with i = 3" = 3", one has v3(g24(i)) = Wi + 1.
Next, we consider the other boundary case 3" —k —i = 2-32 — j, =2.3". Then, [, = m = n+ 1 and

jo=4-327"1'=4.3" Hence, 1 <I; <m-1=n. Moreover, 3" — j, =i=3"—k. Thus,2 <k <3"—1,
and consequently v3(j;) = vs(k). By the inductive hypothesis and (4.7), we have

v3(g24(D)) — Wk

V3(g24(3" = k) = Wysra = va(s') )+ v3(s? ) = Wopia

nli,j1 n,n,0

1
= 5(3" -3 —m-1)@" - ji+1)-1=:D,.

Ifl, =n,then2<j,=k<2-3"'and D,=~-1.Ifn>2and 1 <[, <n-1, then
1 n l 1 1 n n—1 n—1
D1,2§(3 —3')—(n—ll)(3’—1)—125(3 -3 -3"-1)-1=0,

where the equality holds if and only if j; = 2 and /; = n—1. Hence, (4.4) holds when 3" —k—i = 2-3".
Moreover, in this boundary case, the possible equality cases are as follows:

v3(g2x(D) = Wos =1 if 2<k<2-3"""=2.3"2 and i=3"-k=3"" -k,
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va(gox() = Wy if k=2-3""+2=2-3"242and i=3"-k=3""~k m>3.

In all other cases with i = 3" — k = 3"~! — k, one has v3(g24(i)) > W + 1.
It remains to consider the case i < 3" —2 and 3" —k—i < 2-3"—2. Since i = 3" — j, and

3" —k—i=2-32~j,, wehavel, <nandl, < n. By the induction assumption and (4.7), we obtain

V3(824 (D) = Wonie = va(siy) ) +va(s) ) = Wik

n,ly, ja

1
= 5(3’" -3 -3+ @ =l + T =-m)+ (232 = )l + 1 —m)
+ 1L+ L —m—1+vs3k) —v3(j1) = v3(j2) =: Dy sy (4.8)

Therefore, it remains to prove that
D> —1. 4.9)

Note that 3" —k =i+3"—k—-i=3"—-j +2-32 - j,with2 <k <2-3"12<j, <2-3"! and
2 < j, < 43271 implies that

v3(k) = v3(j1) — v3(j2) = —max{v3(j1), v3(j2)}.

We prove (4.9) by considering the possible values of /. Since the case [; = [, = m has already been
excluded and 1 < [; < m, it remains to consider the following three cases:

L=m, lLI=m-1, 1<[,<m-2.

Case 1: 1} = m.
In this case, we have 2 < j; <2-3"'and 1 <, < m— 1. Hence, v3(j;) < m — 1 and v3(j») <
L, —1 < m-—2. Moreover,

Dy, = 3" = ji =32 +(2-3% = o)l + 1 =m) + L = 1 +v3(k) = v3(j1) = v3(n).

We distinguish two subcases according to whether j; attains its maximal value 2 - 3",
Subcase 1.1: j, =2 3",

In this case, i = 3™~!. We further distinguish the value of /,.

Ifl, =m—1,thenk = j, <4-3"2. A direct calculation gives

Dpmey =m—1-1=(m—-1)=-1.

If1 <L <m-2,thenm>3,i=3"and3" —k—-i=2-3"!~k =2-32—j,. Thus,

4-3"2+2 <k<2-3"1 -2 and consequently v3(k) = v3(jp). It follows that
Dy, =3""=3"Qm—-L -1+ D)+ (= Dm-L-1)=12 j,-2>0.

Moreover, the equality holds if and only if /, = m — 2 and j, = 2.
Subcase 1.2: 2 < j; <2-3™1 -2,
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In this case, v3(j;) < m — 2, and hence

Dy, 23" 42-3242-32 - j)L+1-m+L—1—-(m—2)
=31 _32Qm-L-D+D+(h-Dm—5L—-1)+2>2.

Combining the two subcases, we have proved (4.9) in the case /; = m. Moreover, the equality cases
in Case 1 are as follows.

V3(82,k(i)) = Wm,k -1if2<k<4. 3m—2 and i = 3m—l;
v3(gox(i) = Wyy if k=4-3"2+2 and i =3"", m>3.

In all remaining cases covered by Case 1, we have v3(g24(1)) = Wi + 1.
Case2: i =m-1.
In this case, we have 2 < j; <2 -3™2, and hence v3(j;) < m — 2. Moreover,

D1y =3""1 =32+ 232 = i)l + 1 —=m) + 1 = 2+ v3(k) — v3(jiy) — v3(J).

We distinguish three subcases according to the value of /,, where 1 < I, < m.

Subcase 2.1: I, = m.
In this case, 2 < j, < 4-3"! and

Dyoin =4-3"" = o+ m =2+ v3k) — v3(j1) — v3(ja).
If j,=4-3""! theni=23""!~k andso k = j, <2-3"2 Hence,
Dy im=m—-2—-m-1)=-1.
If2 < j, <4-3"! -2 then vs(jo) <m—1and
Dypoim=4-3""=@-3""-2)+m-2-(m-1)=1.
Hence, (4.9) holds in this subcase. The only exceptional case occurs when j, = 4 - 3™~!, therefore
v3(gax(@)) = Wy — 1 if 2<k<2-3"2? and i=3""-k

In all remaining cases of Subcase 2.1, D,,_,, > 1, hence v3(g2x(i)) > Wy + 1.

Subcase 2.2: I, =m — 1.
In this case, 2 < j, < 4 - 3™72. Note that in this case, j; + j, = k and

Dyt 1 = m =3 +v3(k) = v3(j1) — v3(jo).

We first identify the cases in which D,,_y,,-; = m —3 — (m —2) = —1. This happens only in the
following situations:

Ji=2-3"2 vs(k) = vs(ja) = valk = 2-3"7);
J»=2" 3m=2, v3(k) = v3(j1) = v3(k =2 - 3m—2);
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Ja=4-3"2 v3(k) = v3(ji) = vak —4-3"72).

In each of these cases,
Dm—l,m—l =m-3- (m - 2) =-1.

In all remaining cases, we have D,,_; -1 > 0. The equality D,,_;,,—1 = 0 occurs only in the following
exceptional cases:
J1=2-3"2 =43

or, when m > 3, in one of the following cases:

j1=2-3"3 or j, =2-3"3, v3(k) = v3(k —2-3");
jr=4-3"3 or jo =433 vl = valk —4-3");
jo=8-3"3 (k) = v3(k —8-3");
jo=10-3"3 yyk) = va(k — 10-3"3).

Thus, (4.9) is proved in this subcase.

The equality cases above yield the following possibilities for vs3(g, (7).
First, v3(g24(7)) = W,,x — 1 in the following cases:

2.3"242<k<2.-3" 2 i=3m1_p.3m2.
2.3"2 42 <k<4-3"2 i=3""1 (k=232
4.3"242<k<2-3" -2 i=3""1—(k—4.3m2).

Second, v3(g2.4(1)) = Wy if
k=2-3"" =372

or, when m > 3, in one of the following cases:

2:3"3 42 <k<14-3"3 -2, kg {2-3"2,8-3"0,4.3"2), j=3"1 2.3
23" +2<k<8-3"0 -2, k£2-3"7, i=3"" - (k-2-3");
4-3"3 42 <k<16-3"7 —2, kg {2-3"2,10-3"3,4-3"2), j=3"" _4.3"3,
4-3"342<k<10-3"7 =2, k£2-3"7, =3 = (k- 43"
8-3"3 +2<k<14-3"3 -2, k#4-3"2, i=3""— (k-8-3"7);
10-3"3 42 <k<16-3"7 —2, k#4-3"72, i=3""— (k- 10-3"),

For other i and k in this case, we have v3(g,4(1)) > Wy + 1.
Subcase 2.3: m>3and1 <L <m-2.

In this case, 2 < j, < 4-3"73, and hence v3(j,) < m — 3.

If j, =2-3"2 theni = 3" 2. Moreover, 3" —k —i = 23" —k = 2.32 — j, which implies
vi(k) = v3(j,). Therefore,

Dy, =3"1=32Qm-L-D+ D)+ (- Dm—15L-1)-1>0.

The equality in the last inequality can occur only when [, = m — 2 and j, = 2. In that case, k =
3m—3m2 _(2.3m2-2) =231 42 which contradicts the assumption 2 < k < 2 - 3™"!, Hence,
D14, > 1 when j; =2-3"2,
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If2 < j, <2-3m"2 -2, then vs(j;) < m— 3. Thus,

Dy1yy, 23" =32°Qm-L -1+ D+ jsm—L-1)+1L-2—(m-23)
=3"1_32Qm-L-D+D+(o—Dm-5L-1)>1.

Therefore, D,,_1;, > 1 throughout Subcase 2.3. Consequently, v3(g24(i)) > W,,x + 1 in this subcase.
Combining Subcases 2.1 to 2.3, we have D,,_;;, > —1 in Case 2. The equality cases in Case 2 were
identified in Subcases 2.1 and 2.2. In Subcase 2.3, all terms have valuation at least W, + 1.
Case3: m=>3and1 <l <m-2.
We first note that [, > m—1. Indeed, if , < m—2, then 3""! < 3"—k < 3" 2-242.3m2_2 =37 1_4,
which is a contradiction. Hence, [, = m — 1 or [, = m. Consider the following two subcases.
Subcase 3.1: I, =m — 1.
In this case, 2 < j, < 4-3™2, We first show that 2 < j, < 4-3"2 -2, Indeed, if j, = 4 - 32,
then 3"! < 3" —k = 3" — j, +2-3m"1 —4.3m2 < 371 _ 2 which is a contradiction. Hence,
2 < j, <4-3"2 -2 and so vs3(j,) < m — 2. Therefore,

1 . . . .
Dyt = =(3" ' =30+ @ — iU + 1T =m) + 1) = 2+ v3(k) — v3(ji1) = v3(j)

"2
3m—1 11
2 = S Qm—h =1+ Dt jim—h = D)+ 2= (m-2)
3m—1 11
:T—7(2(m—ll—1)+1)+(j1—1)(m—ll—l)—12().

The equality in the last inequality occurs if and only if
L=m=-2, ji=2 j,=2-3"2

Thus, Dy, ,,—1 > 0 holds in this subcase.
The equality case in Subcase 3.1 gives v3(g24(7)) = W, only when

k=4-3"242 [j=3"2_2=3"1_(k-2-3"%, m>3.

In all other cases of Subcase 3.1, we have v3(g24(1)) = Wi + 1.

Subcase 3.2: I, = m.
In this case, 2 < j, < 4-3"! and

1
Dy = 5(3'"+1 =3+ @B =+ T =m) = o+ L = 1+ v3(k) = v3(j1) = va(ja)

1

> 5(3'"+1 ~3+ @ =i+l -m)—4-3" -1 —-(m—-1)
1

= 5(3'"-1 —3+ @ -G+l -m)+ 1l —m
3m—1 11

=55 Q@m-L=D+D+(Gi-Dm-L -1 =120

The equality in the last inequality occurs if and only if

L=m=2, ji=2jr,=4-3""
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Thus, D, ,, > 0 holds in this subcase.
The equality case in Subcase 3.2 gives v3(g24(7)) = W, only when

k=2-3"24+2 i=3"2-2=3"1_k m>3.

In all other cases of Subcase 3.2, we have v3(g,4(i)) > W, + 1.

From Subcases 3.1 and 3.2, we obtain D;, ;, > 0 throughout Case 3. Hence, all terms covered by
Case 3 have 3-adic valuation at least W,,;. The equality cases have been identified in Subcases 3.1
and 3.2; in all other cases, the 3-adic valuation of g, (i) is at least W, + 1.

Combining Cases 1 to 3, we have proved that D, ;, > —1 in all remaining cases. Together with (4.8),

this gives v3(g2x(i)) = W, — 1 for every odd integer i with 1 <i < 3™ — k. Hence, the first estimate in
(4.4) is proved.

Even indices.

We now prove the second estimate in (4.4). Let i be an even integer with 1 < i < 3" — k. Then,
2<i<3"—-k-1.1Ifi>3"or3"—k—i>?2-3", then g,4(i) = 0, and there is nothing to prove. Hence,
we may assume that2 <i<3"-land 1 <3"-k-i<2 3"

Sincei—lisoddand 1 <i—1 < 3" — k — 2, the first estimate in (4.4) gives

V3(g24(i = 1)) = Wy — 1. (4.10)

On the other hand, since iisevenand 2 < i < 3"—1, and since 3" —k—iisodd with 1 < 3"—-k—i < 2.3",
the estimates (3.9), Lemma 2.5, (3.11), and (4.7) imply

v3(g24(0) = v3(s(3", 1)) + v3(s3:(2 - 3",3" =k — 1))
> v3(s(3" i+ 1) +n+v3(s(2-3%3" —k—i+ 1) +n
> v3(s3",i— 1) +v3(s(2-3"3" k= (i — 1) +2 = v3(gos(i — 1)) + 2. (4.11)

Combining (4.10) and (4.11), we obtain v3(g,x(i)) > W, + 1. This proves the second estimate in (4.4).

4.3. The leading contribution

The goal of this subsection is to identify the leading terms and to prove that their total contribution
has 3-adic valuation W,,;. More precisely, we shall determine the set A introduced above and prove
v3(S 4) = Wy, which is precisely (4.5).

Recall that

A=AjUAy,  Sa= ) guli),
i€A

where A and A, were defined by the conditions

v3(824(@) = Wy — 1 and  v3(g2x(i)) = Wi,

respectively. Thus, A consists exactly of the odd-index terms whose valuations may affect the leading
valuation.

We shall prove (4.5) in several steps. First, since the sets A; and A, depend on the value of k, we
decompose the possible values of k and give an explicit description of A; and A, in each range. Next,
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we replace g,4(7) by a corresponding term involving ordinary Stirling numbers and reduce the proof
of (4.5) to an equivalent estimate for a modified sum §’,. Finally, we prove this estimate case by case,
treating the exceptional cases first and then the remaining ranges of k.

Decomposition of the parameter range and description of A, A,.
Since the sets A; and A, depend on the value of k, we now decompose the even parameter range.
Define
Ki=1[2,2-3"7%1n2Z,  Ky={4-3"7}, Ks={2-3""},

and, for m > 3,
K,=[2+2-3"2 4.3"2_-2]Nn2Z,

K,=[2+4-3"2%2.3"1_2]1n2Z.

These sets are pairwise disjoint and their union is the full admissible even range
[2,2-3""1n2z,

with empty intervals omitted when m is small.
The ordinary ranges K, K;, and K4 will be further divided into subranges. These refinements are
used only to describe the possible leading indices in A; and A,.

For K, set
Ky =[2+2-3"3,4.3"3-2]n2Z,

K, = {4-3"73),
Ki;=[2+4-3"3,2.3"2_2]n2Z,

where K, is defined for m > 3, and K;;, K3 are defined for m > 4. We then set

3
Ky =K\ UKlj-

j=1
For K,, set
Ky ={2+2-3"2),
Ky =[4+2-3"28.3"3_2]n2Z,
Ky = {8-3"7),
Ky =[2+8-3"3,10-3"7 -2]n2Z,
K»s = {10-3"7},
Ky =[2+10-3"3, 4.3"2_2]1N27Z.
Here, K3, K>, Ky4, and Ky are defined for m > 4; for m = 3, only the singleton cases K3 and Kjs

occur.

For K4, set
Ky ={2+4-3"72),

{
Kp=[4+4-3"214.3"3-2]Nn2Z,
Ky = {14-3"73),

Ky =[2+14-3"316-3"3-2]n2Z,
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where Ky, K4», and K44 are defined for m > 4. Finally, set

Kys = K4\ UK4j-
=1

Thus, the subranges K, K;;, and K,; form disjoint decompositions of K;, K, and Kj, respectively,
after empty sets are omitted.
We now give the corresponding descriptions of A; and A,. We first record the two exceptional cases.
If k € K5, then
A =0, A, = {372,

If k € K3, then
Ay = {372,371, Ay =0

It remains to describe A; and A, on the three ordinary ranges. For an integer a and a finite set 7" of
integers, write
a-T:={a—t: teT}.

For k € K| U K; U K4, the sets A; and A, have the form
Ay =3"1 - Ty(k), Ay = 3" = Ta(k),

where 7' (k) and T, (k) are given as follows.
If k € K, then

T (k) = {0, k},
and
{2.3m73 k—2.3m3) k € Ky,
{23773y, k € Ko,
Ty(k) = -3 -3 -3 -3 N
{(2-3"2 k—=2-3"24.3"> k—-4.3""} ke K,
D, k e Kia.
If k € K5, then
Ty(k) =1{0,2-3"2 k—2-3"2},
and
{k,2-3"3 k—=2.3"3,4.3"3 k—4.3"3), keKy,
(2-3m3 k—2.3"3,4.3"3 k—4.3m3) k € Ky,
{k, . 3m= 3} m = 3, k € K23,
T(k) = {{4 - 3"}, m>4, ke Ky,
(2-3m3,4.3"3 k—4.3"3 k—8.3m3) k € Ky,
{2-3m73), k € Ks,
(2-3m3 4.3"3 k—-8-3"3 k—10-3"3), k € K.

If k € K4, then
Ty (k) ={2-3"2 k—4.3"72),

AIMS Mathematics Volume 11, Issue 8, 25553-25600.



25582

and
0, k—=2-3m2,2.3"3 4.3"3 k—-8-3"3 k—10-3"3}, ke Ky,
{2-3m3,4.3"3 k—8.3"3 k—10-3"3), k € Ky,
{0, k—2-3m2, 4.3m73) m=73, k€ Ky,
To(k) = :
{4_3m ‘}, m >4, k€K43,
{4-3"3 k—10-3m73), k € Kua,
D, ke K45.

The description above identifies all odd indices that may contribute to the leading valuation. We first
deal with the immediate case Ks.

The immediate case K.
Suppose that k € Ks. Then, k =2-3""!' A, = @, and A, = {3"2}. Hence,
V3( Z gz,k(i)) = V3( Z 82,k(i)) = v3(82231(3"7%)) = Wy
i€A i€Ay
Thus, (4.5) holds when k € K5.

Reduction to ordinary Stirling numbers.
It remains to consider k € U‘}:l K;. Fori € A, wehave 2 < 3" —k—-i<2-3". By Lemma 2.5,
applied with a = 2, we have

g2.4(0) = g5 (i) + O3 &),
where O(3") denotes an integer with 3-adic valuation at least r, and
g (D) := (3", 0)s(2 - 3", 3" — k — ).

Since i € A = A; U A,, this gives

82.(0) = g,(D) + 03",
Consequently,

(@) = valgoa(iy) = 4 ma b TE AL
vV l =V l =
30824 3082,k Wi, i€ A,

Define

S’ = Z &5 ().

i€cA

Then, S, = S/, + O(3""+*1). Therefore, to prove (4.5), it suffices to prove

va(SH) = vs( )" (3", )s(2-3",3" — k=) = Wy (4.12)

i€A
The exceptional case Kj;.
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We first prove (4.12) for k € K;. In this case, k = 4 - 32, A; = {3"2,3""!}, and A, = @. Thus,

E m-2 m—1 (1) () (L (2)
g2 k(l) - g2 k(3 ) + gz k(3 ) - nm 2,0 Snm 1,2:3m- -2 + Sn,m—l,O ' Sn,m_1’4.3m—2' (4'13)
€Ay

In Remark 3.2, by setting (n, m, k) — (n,m—1,2-3"2) and (n,m, k) — (n,m—1,4-3"2), respectively,
we obtain that

S = 20 S e T L =280 s o+ Liand s = (k) 0 + Lo,
(4.14)
where v3(L1) > va(st) | -5t )+ 2 and va(Lo) > va((st), ))?) + 2. By (4.13) and (4.14), we have
Sh= (131 10(5511;—2,0)2 + SE:;)n—z,oLl + Siil)n—l,OLZ' (4.15)
By the definition of A, together with (4.13) and (4.14), we deduce that
v3(85,(3" ) = v3(g54(3" ) = W — 1 = w35, (st %) (4.16)

and v3(s) Ly + ) | (L) > va(st) (s ) ) +2 = W + 1. Thus, (4.15) and (4.16) give

n,m—1,0 nm—1,0\"n,m-2,0

1 1 2
v3(S) = v3Bst) (s, ) = Wik

Hence, (4.12) is proved when k € Kj.

The remaining cases.

It remains to prove (4.12) for k € K; U K, U K4. In these cases, the terms indexed by A; produce the
principal contribution, while the terms indexed by A, must be combined with certain secondary terms
arising from the expansion in Remark 3.2.

To keep the formulas readable, we introduce the following abbreviations. For ay, a,, as € Z, let

— D (1) — D (1) Y]
Sa1 ay <= Sn,m—l,a1 sn’m—l’az’ Sal ,a2,a3 = Sn,m—l,a1 sn,m—l,az Sn,m—l,ag’
’ D (D ’ _ J (D (1)
Sﬂl az T Sn,m—2,a1 Sn,m—l,aQ’ Sdl ,a2,a3 = Sn,m—2,a1 Sn,m—l,a2 sn,m—l,a3’
’” — D (1) ” — D (1) (H
Sal a T Sn,m—2,a1 sn,m—Z,az’ Sal ax,az * Sn,m—2,a1 Sn,m—Z,az Sn,m—l,ag'

We now treat the cases k € K,k € K;, and k € K,, separately.

Case I: k € K;.
In this case, 2 <k <2-3"2and A, = 3! — {0, k}. Hence,

g,2,k(3m_1) = 31(11;)11 1,0 31(12;)11 1k g,2,k(3m_1 -k = szlr)n 1k silzjn 1,0° (4.17)
Setting (n, m, k) — (n,m — 1, k) in Remark 3.2, we get

2 1 1
szr)n 1Lk =2s f”)n 1.0 S;’L 1k+L11 +Lp = 250,k+L11 + Ly, (4.18)

AIMS Mathematics Volume 11, Issue 8, 25553-25600.



25584

where L1, L1 € Z, v3(Lqp) > V3(S0’k) + 2, and v3(L;p) > V3(S()’k) + 1 with

M ey
25n,m—1,2-3w3 S pm—1k=2:3m-3> k€Ki,
(1) 2
le — (Sn,m_l’z,:;m—}) 9 k € K127
(1) e (1 e
=123 " Spm-14-23m3 T 2sn,m—1,4-3’"‘3 S pm—1k-43m-37 k € Ki3,
0, k € K.
Moreover, since s> =5 =lifm=n+1,and s?® = ¢ if m < n, Remark 3.2 gives
’ nm—1,0 — Pnm-1,0 — - ’ nm—1,0 = “pm43m-1 >, 2 g
2 1 2
ng,r)n—l,O = (S;JL_I’O) + Lz = S()’() + L3, 4.19)
where V3(L13) > V3(S0’0) + 2.
Substituting (4.18) and (4.19) into (4.17), we obtain
. 1 -1
D ) =5, (3" ) + g, 3" = k) = S+ S+ S, (4.20)
i€Ay
where
—— 1 2 _ . . 1
S = 3“2,31—1,0) s;,l)n—l,k =380k Si2:= sil,r)n—l,Ole’ Si3 = si(l,r)n—l,OLH + Sil,l)n—l,kl‘l?"

By the definition of A; together with the second identity in (4.17) and (4.19), we have
V3(g'2,k(3m_l — k) = Woi — 1 =v3(So04)- 4.21)
So, we have
v3(S11) = v3(Soox) + 1 = Wy and v3(S13) 2 v3(Soon) +2 = Wis + 1. (4.22)
It remains to deal with S ;,. We first observe that
Sp=0 < keKy < A =02.
If k € K14, then S, = 0 and A, = @. Hence, by (4.20) and (4.22),

v3(S4) = vs( ) 8hx) = vs( D €,D) = v3(S11) = Wi

i€A i€A|

Thus, (4.12) holds when k € K.
It remains to consider k € K;; U K;» U Ki3. In this case, S 12 # 0 and A, # @. We claim that

V(S 12+ D ghu(D) = W + 1. (4.23)

iEAz

Assuming (4.23), it follows from (4.20) and (4.22) that

vi(S)) = V3(Z£§,k(i)) = V3(511 +Sn+Si3+ Z 8’2,;((1')) =v3(S11) = Wi

i€A €Ay

AIMS Mathematics Volume 11, Issue 8, 25553-25600.



25585

Thus, (4.12) holds in Case 1 once (4.23) is proved.

We now prove (4.23). We do this according to the three possible forms of A,, corresponding to
k € K1, k € K5, and k € K;3. In each subcase, we combine S, with the terms indexed by A, and
show that the resulting sum has 3-adic valuation at least W, ; + 1.

Subcase 1.1: k € K.
In this subcase, m > 4 and A, = 3" ! —{2.3"3 k —2.3"3}. Moreover,

1
Sta =501 oLia = 280303 o3, (4.24)

Since 2 <k—2-3"3 <2-3m3 -2 Remark 3.2 gives

g (3" =2-3"7) = S,(ql,,)n_l,zgw : Siz’;,l_]’k_z.3m73 = 28023m3 k-23m-3 + Li11, 4.25)
g;,k(3m_l - (k -2 3"’!—3)) = si(’l{:n—l,k—2~3’"_3 : Silz,,)n_l,z,3m—3 = 2S 0,2-3m=3 k—2.3m=3 + LllZa '
where min{v3(Ly11), v3(L112)} = va(So23m-34-2373) + 1.
Since A, = 3" ' —{2-3"3 k—2-3"3} and
v3(g5, (3" = 2-3"7)) = Wk = v3(S23m3 po23m3), (4.26)

from (4.24)—(4.26), we derive that

V3(S 12+ Z g'lk(i)) = v3(6S 023m-3 4-23m-3 + Liny + Li12) 2 va(So23m3423m3) + 1 = Wy + 1.
i€A)
Thus, (4.23) is proved in this subcase.

Subcase 1.2: k € K;».
In this subcase, m > 3 and k = 4 - 33, We have

1 1 1 2
S12= 81 0L12 = Sy oSy p30s)” = S22 230 (4.27)

n,m—1,0 n,m—1 nm—1,2-
and A, = (3! —2.3"73}. It follows from Remark 3.2 that

g’2,k(3m_1 2. 3m—3) =g . §@ = 2S0’2.3,,,,3’2'3mf3 + Loy, (4.28)

nyn—1,2-3m-3 nym—1,2-3m=3

where v3(Li21) > v3(S92.3m-323m-3) + 1. Therefore, by (4.27) and (4.28), we obtain

V(S Y 8h4(0) = vs(3S 23ms 2300 + Liat) 2 v3(Spazrp3m) + 1

€A

=v3(g5, (3" =2-3" )+ 1= W, + 1.

Thus, (4.23) is proved in this subcase.

Subcase 1.3: k € K.
In this subcase, m > 4 and 2 + 4 - 3" 3 < k <2 -3™2 — 2. Moreover,

_ D
Slz - Sn,m—l,O

L]Z = 2S 0,2:3m=3 k—2.3m-3 + 2S 0,4-3m-3 k—4.3m=3 (429)
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and Ay = 3" —{2.373 k—2.3m3 4 .33 k —4.3"3}, The two terms corresponding to 2 - 3”3
and k — 2 - 33 are handled as in Subcase 1.1. Since k — 2 - 3”73 € K;, (4.25) and (4.26) remain valid.
For the remaining two terms, Remark 3.2 gives

-1 -3 1 2
&3 =43 = s s = 280z + Lis, (4.30)
-1 -3 1 2
g3 = (k=43 =8 S s = 280z + Lin, (4.31)

where min{vs3(Lj3;), v3(Li32)} = v3(S04.3m-3 k—4.3m-3) + 1. Note that
V3(g'2,k(3m_l —4-3"7)) = Wyr = va(S 0433 4-a3m3). (4.32)
Combining (4.25), (4.26), and (4.29)—(4.32), we obtain
V3(S 12+ Z g'z’k(i)) = v3(6S8 02373 g—2.3m3 + L1y + Lo + 68 g 43m3 g_a3m3 + Li31 + L132)
icAy
> min{v3(S g 2.3m-3 k-2.37-3), V3(S 0 4.3m-3 k—43m-3)} + 1 = Wy + 1.
Thus, (4.23) is proved in this subcase.

Combining Subcases 1.1 to 1.3, we have proved (4.23). Hence, (4.12) holds in Case 1.

Case 2: k € K.
In this case, m > 3, A; = 3" —{0,2-3"2 k-2 -3™2}. We first record the three terms indexed by
Aj;. Recall from the first identity in (4.17) that

) oamely _ (D (@)
8k ) =810 Somtie

In addition, we have

&y =23 = g B = s S s (4.33)
g,z,k(3m_l —(k=2-3"7?) = Sil,r)n—l,k—zsw2 ’ Sﬁzz,r)n—l,Z-?am’z' (4.34)

We now expand the three s®-terms appearing above. First, setting (1, m, k) — (n,m—1,2-3"2) in
Remark 3.2, we get

e ZosD b Ly =250 sy =280+ Ly, (4.35)

nm—1,2:3m-2 nm=1,0 Py m—1,23m-2 nm=2,0 " Snm-1,0

where L, € Z and v3(L,;) > V3(S670) + 2.
Next, sincem >3 and2 +2-3"% < k <4-3"% -2, Remark 3.2 gives

n,m—1,k nm=2,0 sn,m—l,k—2-3m*2
where Ly, Loz € Z, v3(La3) 2 v3(S(, ,4u0) + 2, and v3(La2) 2 v3(Sy, , 5,) + 1 with
zsle,r)n—Z,Zsill,z)n—l,O + 2s£l]’3n_1’2.3hl*3 S,(11,,)11_1,k_2,3m73 + 2S£:J)n_1’4.3m73 Sil’r)n_l’k_4.3”173, ke K21’
2S21)n—1,2-3"1-3 Sil,;)n—l,k—z-3m-3 + 2s1(11,r)n—1,4-3’”‘3 s;{r)n—l,k—4-3’”‘3’ k € Ky,
2

L22 — 2Sf1{1)n—2,2siiz)n—21,0 + (siil)n—l,4~3'”‘3) ’ k e K23, m = 3,
(sill,r)rl—l,4-3m*3) ’ ke Ky, m>4,
2S23n—1,4-3m-3 Sitl,r)n—l,k—4-3m—3’ k € Ky,
0, ke K>5 U Ky.
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Finally, since k — 2 - 3"~% € K|, replacing k by k — 2 - 3"2 in (4.18) gives
S(z) = 2S(1) M + Loy + L25 =25 0.k=2.3m-2 + Loy + L25, (437)

n,m—1,k—-2-3m-2 nm-1,0" Sn’m_l’k_z.g,m—z

where Loy, Lys € Z, v3(Las) > v3(S gx-n.3m-2) + 2, and v3(Lya) > v3(S g —23m2) + 1 with

(1) (1
2sn,m—],2~3’”’3 sn,m—l,k—8-3’"*3’ k € Ky,
2
ey}
Ly = (Sn,m—1,2-3m—3) ’ k € Kys,
(1) (1) ) (1)
2sn,m—l,2-3’"’3 Spm—1k—g.3m3 T 2sn,m—1,4~3’"*3 S pm—1.k-10-3m-3° k € Kas,
0, ke K> U Ky U Kss.

Substituting (4.35)—(4.37) into the first identity in (4.17), (4.33), and (4.34), we obtain

D 8hiD) = £, 3" + 83, (3" + 833" = (k=237 ) =Sy + S + S, (438)
€A,
where
Sar 1= 65;(1{3;1—2,0 : Sf’:l?n—l,o ' SS;)n—l,k—zsm-Z =65 6,0,](—2-3’”—2’
S = S1(11,r)n—2,0L24 + sﬁil)n_ 1ol2, So3 = s;f;_2,0L25 + Sl(ir)n—l,OLB + sﬁ;-1,k—z-3m—2L21'
By the first identity in (4.17) and (4.36), we have
V385,37 = Wok = 1= v3(S g 5 302)- (4.39)
Therefore,
v3(S21) = va(S (s pzma) ¥ 1= Wik (4.40)
and the bounds for L,;, L,3, and L5 imply
V3(S23) 2 va(S( g4 pgma) T2 =Wy + L. (4.41)
It remains to control S ,,. We claim that
V(S22 + D 854(0) = W + 1. (4.42)
icA,
Assuming (4.42), it follows from (4.38), (4.40), and (4.41) that
v3(S4) = vs( ) 8hx0) = vs( ) () + ) 854(0))
icA icA, icA,
- V3(SZI +8Sn+Sxn+ Z g’z,k(i)) =v3(S21) = Wi
icA,

Thus, (4.12) holds in Case 2 once (4.42) is proved.
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We now prove (4.42). The argument follows the same pattern as in Case 1: the secondary term
S5, is combined with the contribution from A,. Since A, has six possible forms, corresponding to
k € K»,..., Ky, we treat these cases separately. In each case, we prove that the combined contribution
has 3-adic valuation at least W, + 1.

Subcase 2.1: k € K.
In this subcase, k =2 +2-3"2 m>4, Ly, # 0, Lo, = 0, and

Ay =3"" = {k,2-3" 0k =2-3"7,4.3"3 k- 4.3"7),

Moreover,
San =5 oLan = 28% 0 + 28 0 0.3m3 goa3nes + 28 0 43003 3. (4.43)
Noting that sill’,)n_l’k = Sf1],r)n—2,2’ the second identity in (4.17) and (4.19) remain valid, and we have
v3(85,3" ™ = k) = Wik = v3(S500)- (4.44)

Since k —2 - 3" 3 k — 4 - 33 € K|, the estimates (4.25), (4.26), and (4.30)—(4.32) remain valid.
Hence, applying the second identity in (4.17) together with (4.19), (4.25), (4.26), and (4.30)—(4.32),
(4.43), and (4.44), we obtain

N) (1)
V(S22 + Y 8h4(0)) = V(3800 + sty Lis + 602305 gazes + Lint + Liny

€Ay
+ 6S 0’4,3m—3,k_4,3m—3 + L13] + L]32)

> min{vs(S é,o,o), V3(S0.23m-3 k2.3m-3), V3(S 0,433 g—g.3m-3)} + 1 = Wi + 1.

Thus, (4.42) is proved in this subcase.

Subcase 2.2: k € Ky.
In this subcase, Ly, # 0, Loy = 0, and A, = 3" —{2.3m3 - 2.3m3 4.3m73 | _4.3m73),
Moreover,

—_ D
522 - sn,m—l,O

L22 =25 0,2-3m-3 k—2.3m=3 + 28 0.4-3m=3 k—4.3m=3+ (445)

Since k —2-3"3 and k — 4 - 3" € K, (4.25), (4.26), and (4.30)—(4.32) remain valid. Combining
them with (4.45), we get

V3(S »+ Z g’z,k(i)) = v3(6S 023m-3 g—23n3 + Li11 + Liga + 68 0 4.3m-3 k43m-3 + Liz1 + L132)

iEAz

> min{v;(S 0’2‘3171—3’/(_2.3171—3), v3(S 0,4.3m—3’k_4,3m—3)} +1= Wm,k + 1.

This proves (4.42) in this subcase.

Subcase 2.3: k € Kys.
Here, k = 8 - 3™3. We consider two cases according to whether m = 3 or m > 4.
If m = 3, then Ay = 3" — {k,4 - 3" 3} and

1
S =50 oL =28% 40+ Soaams 4z, (4.46)
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Since S;{r)n—l,k = Sfir)n—Z,Z’ as in Subcase 2.1, the second identity in (4.17) remains valid, as do (4.19) and

(4.44). Moreover, by Remark 3.2,

gh (3" =433 =5 52 = 28 g43m343m3 + Loy, (4.47)

Jm—1,43"-3  “nm—14.3m"3

where v3(Ly31) > v3(S g.4.3m-3 43m-3) + 1. Note that
v3(g5, (3" =4+ 3"7)) = Wk = v3(Sg.a3m-3 430-3). (4.48)
Thus, combining the second identity in (4.17) with (4.19), (4.44), and (4.46)—(4.48), we get

. 1
V3(S 2» + Z gllk(l)) = V3(3S 5’0’0 + sz(1,l)n—2,2L13 + 38 0.4.3m-3 4.3m-3 + Ly3y)

iEAz

> min{v3(§ 2,0,0)» V3(So43m3a3m3)} +1 =Wy, + 1.
If m > 4, then A, = {3 ! —4.3"3} and

Sp=s  Ly=s (s )Y =S g4am3.43m3. (4.49)

nm—1,0 n,m—1,0N"pn m—1,4.3m-3

Applying (4.47)—(4.49), we obtain

v3(S2 + Z &54(0)) = v3(3S g aamaazms + Lo1) 2 v3(Spazmiagns) + 1= Wy + 1.

€Ay

Thus, (4.42) is proved in this subcase.

Subcase 2.4: k € Kyg.
In this subcase, m > 4,2 +8-3"3 <k <10-3"3 -2 andA, =3""' —{2.3"3 4.3"3 k4.
373 k — 8 - 373}, Moreover,

1 1 ’
Sy = S;’;_2’0L24 + S( ) Ly =28 0.2:3m3 f—8.3m=3 + 28 0,4-3m-3 f—4.3m=3 - (450)

n,m—1,0

Since k—4-3"3 € Kyand k—2-3m3,8-3"3 € K,, (4.30) and (4.31) hold, and Remark 3.2 gives

8§,k(3m_1 -2-3"%) = siiz)n—l,2-3m‘3 ' Silz,zz—l,k—2-3"’-3 =28 3m jogans T Loat, 4.51)
gé’k@m_] —(k=8-3"7) = siil)n—l,k—8~3m‘3 ' sl(jr)n—l,S-Sm-3 = 28 2qma pggns T Loaa, .
where min{vs(Ly41), v3(Loa2)} = v3(S 033 4_g.am-3) T 1. Note that (4.32) holds and
V3(gé,k(3m_] -2 3m—3)) = Wm,k = V3(S(,),2~3’"‘3,k—8-3m‘3)' (452)

Combining (4.30)—(4.32) and (4.50)—(4.52), we obtain
V3(S »+ Z g’lk(i)) =V3(68 (5 3n3 4_ggms + Li3t + Lizo + 68 043m-3 k4303 + Loa1 + Loao)
i€A)

2 min{v3(S6’2.3m—3,k_8_3m—3)5 V3(S0’4.3m—3’k_4.3m—3)} +1= Wm,k + 1.

Thus, (4.42) is proved in this subcase.
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Subcase 2.5: k € Kys.
In this subcase, k = 10 - 33, L,, = 0, and A, = {3""' — 2 - 3"3}. Moreover,

Sxn = S;(afzn—z,oL% = Sff,fn_z,o(Sff,f,,_l,z.wz)z =8 0233 2303 (4.53)
Since 8 - 3"~3 € K,, Remark 3.2 gives
(3" =2:3"7) = szl,r)n—l,2-3’"’3 ' S512,1)11—1,8~3'"*3 = 28023m323m3 T Lasi, (4.54)
where v3(Las1) 2 va(S (), 35 5m5) + 1.
Note that
v3(g5,(3" " =2-3"7)) = Wyp = va(S 0233 2.3m3)- (4.55)

Then, it follows from (4.53)—(4.55) that
V3(522 + Z g,z’k(l)) = v3(3S6’2.3m—372_3m—3 + L251) 2 v3(S6,2.3m—3’2,3m—3) + 1 = Wm,k + 1'
i€Ay

This proves (4.42) in this subcase.

Subcase 2.6: k € Ky.
In this subcase, m > 4,2+ 10-3"3 <k <4-3"2 -2 [,, =0, and

Ay =3"1—(2.3m3 4.3m3 k—8.3"3 k—10-3"3).
Moreover,

_ D
S22 - Sn,m—Z,O

’ ’
L24 =28 0,2-3m-3 k—8.3m=3 + 28 0,4-3m=3 f—10-3m=3" (456)

Since k —2-3"3 k—4-3"3 and 10 - 3" € K>, (4.51) remains valid. By Remark 3.2, we have

glz,k(3m_1 —4.3"%) = S;{;—1,4-3m-3 ) sizz,;—l,k—4-3'"‘3 =25 6,4-3"1-3,k—10-3m-3 + Lagi, 4.57)
g,(3" " = (k=10-3"7)) = Si{;)n—l,k—l()-3m‘3 ' S512,1)11—1,10-3m‘3 =28 43m3 4103m0 + Losas .
where min{vs(Lag1), va(Lae2)} 2 Va(S( 4 305 yg.qms) + 1.
Note that (4.52) holds and we have
V3(g,2’k(3m_l - 4 . 3m—3)) = Wm,k = V3(S€)’4,3m—3’k_10.3m—3)- (458)

Applying (4.51), (4.52), and (4.56)—(4.58), we obtain

’ . 7’ ’
V3(S »+ Z gz,k(l)) = v3(6S (5 3m3 4 _gams T Loat + Loas + 68 505 103m + L6l + Log2)
iEAz

> min{v3(S(,)’2,3n1—3’k_8_3m—3)’ V3(S(’)’4,3m—3’k_10,3m—3)} + 1 = Wm,k + 1

Thus, (4.42) is proved in this subcase.
Combining Subcases 2.1 to 2.6, we prove (4.42). Hence, (4.12) holds in Case 2.

Case 3: k € K.
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In this case, m > 3 and A; = 3" — {2 -3" 2,k — 4 - 3"2}. Thus, the contribution from A, consists
(1 2)

of two terms. Recall from (4.33) that g’z’k(S’"*) = Sym=20 " S0 1 n3m2- MoOTCOVEL,
glz,k(3m_l —(k—-4-3"%) = sz],r)n—l,k—4~3”"2 ' sfr)n—l,4~3m—2' (4.59)

We now expand the two s®-terms appearing above. Setting (1, m, k) — (n,m—1,4-3""%) in Remark
3.2, we get

e =0 Yy, = St + Lai, (4.60)

n,m—1,4-3m=2 n,m-2,0

where v3(La1) = v3(S () + 2. Since k — 2 - 3% € K, replacing k by k — 2 - 3"~ in (4.36) gives

(2) —_ 97D D _ ’
Sn,m—l,k—2~3m‘2 = 2Sn,m—2,0 Sn,m—l,k—4~3’”‘2 + Ly + Lys = 28 0.k—4-3m-2 + Ly + Lys, (461)

where v3(La3) 2 v3(S|, , 5.0) + 2 and v3(Lap) 2 v3(S, , 5.0) + 1. Moreover,

(1 )] )] (1) (1) (1
zsn’m—z’zsn’m—lao + 25,1,,,,_1,2,3%3 S =1 —8.3m-3 + 2sn,m—1,4-3’”*3 S m—1,k=10-3-3 k€ Ky,
(1 )] (1) (1)
2Sn,m—l,2-3’"‘3 sn,m—l,k—8-3m‘3 + 2“grl,m—l,4-3"1‘3 Sn,m—l,k—10-3’"‘3’ k € Ky,
2
(1 )] M _
L 2sn,m—2,2sn,m—1,0 + (Sn’m_l’4.3m,3) s k € Ky, m= 3,
; ” i k € K. >4
Spm-143m-3) > 43, M 2 4,
(1) M
2sn,m—1,4~3’"‘3 Sn,m—l,k—10~3’”‘3’ k € Ky,
0, k e Kys.

Substituting (4.59)—(4.61) into (4.33), we obtain

- -2 -1 )
D8 =5, (3" + g5, (3" = (k= 4-3"7) =S4 + Sy + S 3, (4.62)
iEA]
where
. ()] 2 (D _ 7
Sa1 1= 308, m20)"S ot heazm2 = 3 gouaqnrs
— D — D (¢Y)
S = Sn,m—2,0L42’ S43 = Sn,m—2,0L43 + Sn,m—],k—4~3m*2L4l'

By the definition of A, together with (4.59) and (4.60), we have

V(g5 (3" = (k= 4-3"72) = Wy = 1 = v3(S 4 _g3ma)- (4.63)
Consequently,
V3(S4l) = V3(S (,)I,O,k—4~3’"'2) +1= Wm,k’ (464)

and the bounds for L4 and L43 imply

V3(S43) 2 va(S (g gqna) +2= Wig + 1. (4.65)
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It remains to deal with S 4,. We first observe that
S42:0 — k€K45 — A, =0a.
If k € Kys, then S4, = 0 and A, = @. Hence, by (4.62), (4.64), and (4.65),

vaSH) = vs( D" 5, D) = va( D" hu(D) = v3(Sar + S3) = v3(Sar) = Wi

i€A €A
Thus, (4.12) holds when k € K;s.

It remains to consider k € U‘;: 1 K4j. In this case, S4 # 0 and A, # @. We claim that

V(a2 + D g5u(0) = W+ 1. (4.66)

i€Ay

Assuming (4.66), it follows from (4.62), (4.64), and (4.65) that

v3SH) = vs( - g d) =vs( D ghud+ ) g5,(0)

i€A €A} €Ay
= V3(S41 +Sp+Sp+ ; glz,k(i)) =v3(S41) = Wi
1€EA)

Thus, (4.12) holds in Case 3 once (4.66) is proved.

We now prove (4.66). The argument follows the same pattern as in Case 1 and 2: the secondary
term S 4, is combined with the contribution from A,. Since A, has four possible forms, corresponding to
k € K41,..., Ky, we treat these cases separately. In each case, we prove that the combined contribution
has 3-adic valuation at least W,,,; + 1.

Subcase 3.1: k € Ky;.
In this subcase, k =2 +4-3"2% m > 4, and

Ay =3"1—{0,k-2-3"22.3"3 4.3"3 k—-8-3"3 k—10-3"3).

Moreover,
1
Sa = 52,1)1172,0]442 =25 6/,2,0 +28 6,2-3m-3,k—8-3m-3 +2§ 6,4-3'"-3,1(—10-3”1-3' (4.67)
Since k =2 + 4 - 32, we have sffr)n_l = sff,)n_2 ,. Thus, Remark 3.2 gives
-1y _ D 2) _
g,2k(3m ) - sn,m—l,O ’ Sn,m—l,k - 256:2,0 + L411’ (4 68)
-1 -2 -2 (1) 2) ’
g’2’k(3m - (k - 2 : 3m )) = gé’k(Sm - 2) = Sn,m—2,2 : Sn’m_l’2,3m—2 = 2S(,),’2,0 + L4127

where min{v3(Lai1), v3(La12)} 2 v3(S 7, ) + 1.
Since k —2-3"3and k—4-3"3 € K,, (4.51), (4.52), (4.57), and (4.58) hold, and we have

v3(85,3" ) = Wk = v3(S{a)- (4.69)
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Combining (4.67)—(4.69) with (4.51), (4.52), (4.57), and (4.58), we obtain

V3(S o+ Z g'z,k(i)) = 36800+ Latt + Laio + 68, 305 4 _gzns T Loa1 + Lo

€Ay

’
+ 65 0,4-3m-3 f—10.3m-3 + L261 + L262)

2 min{v3(S 6:2’0)5 V3 (S 6,2~3’"’3,k—8~3’”’3)’ V3(S 6,4~3’”’3,k—10~3’"’3)} +1= Wm,k + 1.

So, (4.66) is proved in this subcase.

Subcase 3.2: k € Ky,.
In this subcase, m > 4,4 +4-3"2 <k <14-3"3 -2 and

Ay =3"1_2.3"3 4.3"3 k-8.3"3 k—10-3"3).
Moreover,

— D Y\ ’
So= Sn,m—z,oL42 =28 0.2.3m-3 k-g.3m-3 T 28 0,4-3m73 k—10-3m-3* (4.70)

Since k—2-3"73 and k—4-3"* € K,, the estimates (4.51), (4.52), (4.57), and (4.58) apply. Combining
these estimates with (4.70), we obtain that

V3(S o+ Z g'Z,k(i)) =368 5 3m3 _gans + Loar + Loao + 65 4 305 _10.3m3 + Lo61 + Log2)

€A,

> min{V3(S (,)’2.3}71—3’](,8_3771—3)7 V3(S 6,4.3771—3,]{,10,3»1—3)} +1= Wm,k + 1

Thus, (4.66) is proved in this subcase.

Subcase 3.3: k € Ky3.
In this subcase, k = 14 - 373, We consider two cases according to whether m = 3 orm > 4. If
m=3,then A, =3"' —{0,k—2-3"24.3"3} and

Sip =S soLlar = 28000+ S 4 ams gans- (4.71)

Since m =3 and k = 143", one has s | =  Thus, (4.68) and (4.69) hold. It follows from
Remark 3.2 that

gé’k(Sm_l - 4 ° 3"’1_3) = Sill,l)ﬂ—l,4-3m_3 : S,(,f:n_l’losm—S = 2S(’)’4_3l11—3’4,3m—3 + L431’ (4'72)

where v3(Laz1) = v3(S( ;303 4 3u3) + 1. Note that
V3(gé,k(3m_l -4 3m—3)) = Wm,k = v3(S6’4.3m—3’4.3m—3)' 4.73)
Combining (4.71)—(4.73) with (4.68), and (4.69), we get
V3(S a2+ Z g'z,k(i)) = 368020 + Lat1 + Laiz + 38 (4 53 4305 + Laz1)

i€Ay

2 min{V?,(S (,),’2’0)7 V3(S (,),4.3111—3’4.3":73)} + 1 = Wm,k + 1
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If m > 4, then A, = 3! — {4 -3"3} and

_ D _ D 2 s
Sa2=5,, 20l = sn,m—z,o(sn,m_1,4.3m—3) =S 0 43m3 4.3m- (4.74)

By (4.72)—(4.74), we obtain

V3(S 0+ Z glz,k(l)) = V3(3S (,)’4.3m—3y4_3m—3 + L431) = V3(S (/),4_3111—3’4,3;)1—3) +1= Wm,k + 1.

iEAz
Thus, (4.66) is proved in this subcase.
Subcase 3.4: k € Kya.

In this subcase, m > 4 and A, = 3" — {4 - 373,k — 10 - 3"3}. Moreover,

—_ D _ ’
Sa =5, 20la =28 0,4-3m3 f—10-3m-3"

(4.75)

Sincem > 4and 2+ 14-3"3 <k < 16-3"3 -2, we have k — 4 - 3" € K,. Hence, the estimates
(4.57) and (4.58) apply. Combining them with (4.75), we get

Va(s o+ Z glz,k(i)) =V3(6S (4 3n3 4 10.3m3 + Laot + Log2)

iEAz

> V3(S (/)’4,3111—3’](_10,3:11—3) +1= Wm,k + 1.

Thus, (4.66) is proved in this subcase.

From Subcases 3.1 to 3.4, we have proved (4.66). Hence, (4.12) holds for k € Kj.

Combining Cases 1 to 3, together with the previously treated cases k € K3 and k € K5, we
obtain (4.12) for all admissible k. Therefore, (4.5) follows, and the analysis of the leading contribution
is complete.

We now complete the inductive step. By (4.3) and the above decomposition,

M
n+1,mk
By (4.5), we have v3(S 4) = W,,x. Moreover, by (4.4) and the definition of A, we have v3(Sg) > W, ;. +1
and v3(S¢) = W, + 1. It follows that

S :SA+SB+Sc.

v3(s Y= va(Sa+Sp+Se) = Wo

n+1,mk

Thus, (4.2) holds. Hence, (1.2) holds for @ = 1 and even k at level n + 1. By Lemma 2.4, it also holds
for odd k. Therefore, (1.2) holds fora = 1 at level n + 1.

By induction, formula (1.2) holds for a = 1 for all positive integers n. Finally, Lemma 3.1 gives the
corresponding formula for a = 2. This completes the proof of Theorem 1.3.

5. Consequences of the main formula

In this section we derive three consequences of the main formula. The first compares two adjacent
orders, namely a3" + 1 and a3". The second identifies the maximal 3-adic valuation among the families
{s(3",k)} and {s(2 - 3", k)}. The final consequence translates these bounds into estimates for elementary
symmetric functions, giving a partial verification of the conjecture of Leonetti and Sanna in the present
3-adic setting.
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5.1. Proof of Theorem 1.6

We first prove Theorem 1.6, which compares v3(s(a3” + 1,k + 1)) with the 3-adic valuations of
Stirling numbers of order a3".

Leta € {1,2}, and let n, k € Z* with k < a3".

We first deal with the two boundary cases. If k = a3", then 2 | (k — a), and v3(s(a3" + 1,a3" + 1)) =
v3(1) = v3(s(a3”,a3")) = 0. Thus, (1.4) holds in this case. If k = a3" — 1, then 2 t (k — a), and
v3(s(@3" + 1,a3") = v3((*;"")) = n and v3(s(a3",a3") = 0. Hence, (1.4) also holds for k = a3" - 1.
So, Theorem 1.6 holds when k € {a3" — 1, a3"}.

It remains to consider 1 < k < a3" — 2. By the recurrence relation for Stirling numbers of the first
kind (see, for example, [33]), we have

s@3" +1,k+1)=a3"s(a3",k+ 1) + s(a3", k). (5.1

We distinguish two cases according to the parity of k — a.
If2|(k—a), then?2 { (k+ 1 —a), and so we may write k + 1 = a3" — 2t — 1, where t € Z with
0<r< % By Lemma 2.3 and Lemma 2.6, we deduce that

v3(a3"s(a3", k + 1)) = v3(s(a3",a3" — 2t — 1)) + n = v3(s(a3",a3" — 21)) + v;(2t + 1) + 2n
=v3(s(a3", k+2)+wk+1)+2n
> v3(s(a3", k) + v3(k + 1) + 2 > v3(s(a3", k)). (5.2)

From (5.1) and (5.2), we obtain
va(s(a3" + 1,k + 1)) = v3(s(a3", k)).

This proves (1.4) when 2 | (k — a).
If 2 + (k — a), then we can write k = a3" —2¢ — 1 with¢ € Zand 0 < ¢ < % Again, by
Lemma 2.3, we have

v3(s(a3", k)) = vs3(s(a3",a3" =2t — 1)) = v3(s(a3",a3" = 2¢')) + v;2' + 1) +n
=w(s(@3", k+ 1)) +va3" —k)+n>vi(s(@a3", k+ 1)) +n. (5.3)

Hence, by (5.1) and (5.3) we obtain
v3(s(a3" + 1,k + 1)) > min{v3(a3"s(a3", k + 1)), v3(s(a3", k))} = v3(s(a3",k + 1)) + n.

Thus, (1.4) holds when 2 ¢ (k — a). This finishes the proof of Theorem 1.6.

5.2. Proofs of Theorems 1.7 and 1.8

Next, we prove Theorems 1.7 and 1.8. Both arguments have the same structure: using Theorem 1.3,
we compare vi(s(a3”", k)) with the 3-adic valuation at k = 1, and show that the latter gives the desired
upper bound.

Proof of Theorem 1.7. For n = 1, we have k € {1,2,3}. Since s(3,1) = 2, s(3,2) = 3, and s(3,3) = 1,
(1.5) is immediate.
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Assume now that n > 2. The boundary cases are again immediate: v3(s(3",3")) = 0 and v3(s(3",3" -
1)) = n. Hence, (1.5) holds when k € {3" — 1, 3"}.
It remains to consider 1 < k < 3" — 2. Write k = 3/ — j, where (I, j) € T,,. By Theorem 1.3,

n,l,j

V(s ) = (3" 3 —(-D@ - H+i-1- v3([2J) + (L +v3(j)e;. (5.4)

We first handle the exceptional case n = 2. If [ = 1, then j = 2 and (5.4) gives v3(sf11’1)’/.) =2<4.1If
[=2,then2 < j <7,and (5.4) gives ‘

nsl) = 1= 2]) + @+ vt < 3+ 1)) <4,

nl,j

Therefore, (1.5) holds when n = 2.
We now assume n > 3. Since 1 </ <n,2<j<2-37"+1andj< 3, wehave v3(j) <1-1.
By (5.4), we obtain

nl,j

v3(s(3", 1)) — v3(s(3", k)) = %(3“ —2n=1)—v3(s )

= %(31 —D+m-D@' -j-1)=-20+1 +v3([2'J) — (L +v3(j))e; =: D).

It remains to show that D(l) > 0.
If jis even, then2<]<2 31, and

D<“ 2(31 D+n-0D3B"—j-1) =20+ 1+3())

%( 3-D+m-n3 "' -1D-20+1> %(31—1)—2“120.
If jis odd, then> 2,3 < j <231 + 1. In this case,
D)) = (31 D+n-D3" —j-1D=31-vi()+v:(— D +1.
For [ = 2, one checks directly that D(zlj > 1 holds for j € {3,5,7}. For [ > 3, we have
D)) > (31 D+n-D3"1-2)-31-(1-1)+1> %(3’— 1)—4l+2>3.

Thus, D (1) > 0 in all cases, hence (1.5) holds for n > 3. This completes the proof of Theorem 1.7. O

The proof of Theorem 1.8 is parallel, using the formula in Theorem 1.3 with @ = 2. We give the
details.

Proof of Theorem 1.8. First, the boundary cases follow from v3(s(2 - 3",2 - 3")) = 0 and v3(s(2 - 3", 2
3" — 1)) = n. Thus, (1.6) holds fork € {2-3" — 1,2 - 3"}.
Nowlet1 <k <2-3"—2. Writek =2-3'— jwith (I, j) € T,,. By Theorem 1.3,

Vva(s@ ) = —m=-DQR-3=j+i-1- v3([ J) + (L + v3()e;. (5.5)

n,l,j
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We first handle the exceptional case n = 1. In this case, we have /[ = 1 and 2 < j < 5. By (5.5),

v3(s(2 - 3", K6) = (1 + v3(j)e; - w([éj) <2.

Hence, (1.6) holds whenn = 1.
We now assume n > 2. By (5.5), we have

V323" 1) = v3(s(2-3Lk) =3"—n—1—v;3(s2 )

n,l,j
_al I J N . @
=34+ m-D2-3-j-1)-2+ w(bj) — (I +v3(j)e; =: D).
It remains to show that ij) > 0.
If jiseven, then2 < j < 4-3"!and
D =3'+(n-DQ2-3 - j-D=2+v()2(n-D2-3" -1 +3-20>1

Thus, (1.6) holds when j is even.
If jis odd, then 3 < j < 4-3"! + 1 and v3(j) < [, where v3(j) = [ holds if and only if j = 3. In this
case,

DY =3'+(n-0Q2-3 - j-1)=3l-vs(j) +vs(j - D
For v3(j) = [, we have j = 3’ and
ij) =m-D3'-D+3' -4l>1
since 1| </ <nandn > 2. Forvs(j) <!- 1, we have
DY >(mn-0n2-3"-2)+3' -4i+120.
Thus, ij) > 0 in all cases, and (1.6) follows for n > 2. The proof of Theorem 1.8 is complete. O

5.3. Proof of Corollary 1.9

Finally, we prove Corollary 1.9. The point is to translate the valuation estimate for Stirling numbers
of the first kind into one for the corresponding elementary symmetric functions.
Leta € {1,2}. By (1.1), we have
s@3"+1,k+1)

H(a3", k) = o (5.6)

Assume that 2 | (k —a),n >3 and 1 < k < a3". Then, by (5.6) and Theorems 1.6—1.8, we obtain

v3(H(a3",k)) = va(s(@3" + 1,k + 1)) — v3((a3™)!) = v3(s(a3", k)) — v3((a3")!)
< vi(s(a3", 1)) — v3((@3")!) = v3((@3" = D! —v3((@3™)!) = —v3(a3") = —n.

This proves Corollary 1.9. O
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6. Conclusions

In this paper, we prove the 3-adic case of Conjecture 1.2 for the Stirling numbers of the first kind.
More precisely, we obtain an explicit formula for vi(s(a3",k)) for a € {1,2} and 1 < k < a3". As
consequences, we derive a comparison formula for the adjacent family s(a3" + 1, k + 1) and determine
the maximal 3-adic valuations in the ranges considered above.

For primes p > 5, Hong and Qiu [32] obtained partial results on v,(s(ap,k)) and on the near-
diagonal family v,(s(ap”,ap” — k)). They also proposed Conjecture 1.2 for v,(s(ap",ap™ — k)) in a
wider range, but a complete result for p > 3 remains open.

The restriction to the prime 3 is essential to the present method. Indeed, when p = 3, the congruence
class of k modulo p—1 is completely determined by the parity of k. In particular, every integer & satisfies
k= 1_(—2_1)k (mod 2). Thus, the correction term T} in Conjecture 1.2 always falls into its first case.

For primes p > 5, several nontrivial residue classes modulo p — 1 occur, and the Bernoulli-
number term in Conjecture 1.2 can no longer be absorbed into a parity distinction. Consequently,
a corresponding leading-term analysis would require additional congruence information and a
substantially finer decomposition of the parameter range.
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