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1. Introduction

The primary objective of inverse scattering problems is to retrieve the physical properties—such as
the location, shape, and material characteristics—of unknown objects from measured scattered
fields [1-3]. Due to their fundamental nonlinearity and severe ill-posedness, these problems are
notoriously difficult to solve. Nevertheless, given their profound significance across various
disciplines—including mathematics, engineering, medicine, and physics—researchers have
developed a wide array of algorithms, predominantly based on Newton-type iterative schemes.

Among iterative approaches, gradient-based and Newton-type schemes have been widely
investigated. Notable examples include a focusing-based iterative Newton technique for retrieving the
electrical profile of a nonmagnetic object [4], a regularized Newton-type iteration scheme for
reconstructing an open sound-hard crack using phaseless far- and near-field data [5], the contrast
source inversion (CSI) approach for retrieving a heterogeneous dielectric profile in the ablation
zone [6], a partial differential equation (PDE)-constrained optimization method for reconstructing the
dielectric properties of a medium in microwave imaging [7], an optimal control technique for shape
reconstruction of 2D extended scatterers [8], and a surrogate-model-free iterative method for
retrieving 3D objects [9]. Alongside these deterministic methods, other distinct methodologies have
been developed, such as the magnetic resonance electrical impedance tomography (MREIT)
technique for visualizing conductivity images of an electrically conducting object [10] and a
numerical convexification algorithm for the simultaneous reconstruction of dielectric permittivity and
electric conductivity [11]. Furthermore, stochastic and global optimization techniques, including a
particle swarm optimization (PSO) algorithm for 3D medical image registration [12] and a modified
two-step Monte Carlo continuation algorithm for the inverse scattering problem of acoustic-elastic
interaction with random periodic interfaces [13], have been utilized to explore the solution space.

While these diverse iterative approaches can yield highly accurate reconstructions, they each face
specific methodological challenges. Traditional Newton-type and gradient-based methods are highly
susceptible to converging to local minima, require complex selection of appropriate regularization
schemes, and often face non-convergence issues. Consequently, their successful application relies
heavily on a highly reliable initial guess [14, 15]. Conversely, global optimization methods like PSO
and Monte Carlo approaches mitigate the initial guess dependence but typically demand exceptionally
high computational costs. Motivated by these respective limitations, various non-iterative algorithms
have been actively developed to efficiently identify the location or shape of unknown scatterers
without any prior information. For example, these include the direct sampling method [16-18],
factorization method [19-21], migration techniques [22—-24], MUltiple SIgnal Classification (MUSIC)
algorithm [25-27], linear sampling method [28-30], orthogonality sampling method [31-33], and
topological derivative-based methods [34-36].

Among these qualitative approaches, the bifocusing method (BFM) has proven to be a valuable
imaging technique utilizing a multistatic measurement system in both inverse scattering problems and
microwave imaging. Notable applications include damage detection in concrete voids [37],
ultra-wide-band tomographic radar imaging [38, 39], anomaly detection from scattering parameter
data [40—42], and the real-time tracking of moving small objects without incident field data [43].
Recently, the mathematical structure of the BFM-based imaging function has been revealed under the
assumption that complete elements of the so-called multi-static response (MSR) matrix are collected;
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its applicability has also been theoretically explored in [44].

Despite its theoretical appeal, deploying the BFM in real-world scenarios introduces significant
physical and mathematical hurdles. In practical experimental setups, such as the 2D Fresnel
experimental configuration, there are inherent restrictions on the scanning trajectory of receivers. For
a given transmitter position, an active receiver typically only covers a partial angular sector. These
physical constraints prevent the acquisition of full measurement data, which often leads to an
incomplete MSR matrix. Although constructing a full MSR matrix is practically unachievable, it
remains possible to retrieve small objects using the standard BFM-based imaging function for
transverse magnetic (TM) polarized waves, and the theoretical basis for its applicability was
established in [45]. As indicated above, most research has focused on applying the BFM to TM
polarization. To the best of our knowledge, there exist very few theoretical studies regarding
BFM-based imaging for transverse electric (TE) polarized waves.

In this paper, we consider the application of the BFM for identifying the existence, location, and
shape of small objects in limited-aperture inverse scattering problems using TE polarized waves. It
is important to emphasize that the direct application of the standard BFM-based imaging function is
mathematically problematic. Because the traditional function evaluates the synthesis inversion of the
gradients of Green’s functions, it carries the inherent risk that its denominator can become zero at
specific evaluation points within the domain [44]. This fundamental flaw can lead to unexpected blow-
ups and severe instability in the imaging results, making the conventional formulation inappropriate
for retrieving target objects. For this reason, a modified BFM-based imaging function is proposed to
overcome these practical limitations and mathematical instabilities. To bypass the mathematical risk of
a zero denominator, the proposed approach avoids unexpected blow-ups by replacing the inner product
of the gradients of Green’s functions with the product of Green’s functions themselves. Moreover,
to address the issue of incomplete data, we partition the receiver indices and construct an adapted
MSR matrix by assigning a value of zero to the unmeasured scattered field data, motivated by several
studies [30, 35,46]. Within the framework of the BFM approach, setting these unmeasured values to
zero is well-justified. As demonstrated in recent literature on microwave imaging [42], this specific
zero-padding strategy within the BFM guarantees the best localization results for small objects.

In addition to demonstrating the applicability of the designed imaging function, we rigorously
prove that the imaging function can be represented as an infinite series comprising Bessel functions of
the first kind, the objects’ material properties, and the receivers’ angular aperture. This result
elucidates the strong dependency of the imaging results on both the sizes and the magnetic
permeabilities of the targeted objects, providing a logical, theoretical basis for the
frequency-dependent trade-off observed in microwave imaging: the balance between achieving high
image resolution at sufficiently high frequencies and the generation of unwanted artifacts. In order to
validate the theoretical result, various numerical simulation results using noise-corrupted synthetic
data are presented. Additionally, the applicability of the methodology is validated against a 2D
Fresnel experimental dataset [47], specifically targeting the identification of a perfectly conducting
metallic object characterized by a non-smooth Lipschitz boundary.

To explicitly clarify the novelty of this study relative to the existing literature, the key differences
between the present work and the recent study [44] are summarized as follows: First, the theoretical
and numerical results in [44] rely on the ideal assumption that all elements of the MSR matrix are
completely measurable. In contrast, our current work explicitly deals with practical, real-world
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situations where the MSR matrix is inherently incomplete due to limited-aperture constraints. Second,
although [44] noted the potential applicability of the BFM to limited-aperture problems using an
experimental Fresnel dataset, it explicitly designated the theoretical investigation of this topic as a
significant future research endeavor. The present study actively bridges this gap by establishing a
rigorous theoretical framework for the BFM under limited-aperture inverse scattering configurations
utilizing transverse electric (TE) polarized waves. Therefore, the primary novelty of our work is not
Green-function-based denominator modification itself—which is an existing remedy—but rather the
first successful application and theoretical justification of this modified functional under practical,
incomplete multi-static response (MSR) conditions. Finally, under the ideal full MSR conditions
described in [44], the TE polarization imaging functional inherently produces a ring-like shape at the
actual location of the object, which complicates precise localization. However, in the limited-aperture
problems addressed in this study, we demonstrate that the BFM-based imaging functional effectively
eliminates this ring artifact. Instead, it generates a distinct, large peak exactly at the object’s location,
allowing for highly accurate positional recognition. Consequently, we elucidate the reasoning behind
this phenomenon and demonstrate that the proposed functional provides reliable qualitative
localization of the target objects.

This paper is organized as follows. In Section 2, the fundamental concepts of the 2D forward
problem, data measurement configuration, representation formula for the scattered field, and the
modified BFM-based imaging function are presented. In Section 3, we analyze the mathematical
structure of the imaging function and discuss the applicability of object identification, the dependence
on material properties, and qualitative localization. In Section 4, various numerical simulation results
using synthetic datasets corrupted by random noise and a 2D Fresnel experimental dataset are
exhibited to support the theoretical findings. A short conclusion including future perspectives is
provided in Section 5.

2. Traditional and modified imaging functions for the bifocusing method

2.1. Problem formulation, measurement configuration, and the scattered field

Let us assume a homogeneous domain Q C R? containing multiple small objects denoted by D,
with a smooth boundary dD; for s = 1,2,...,S. These objects are modeled as small circular disks
centered at ry; with radius @, and are presumed to be sufficiently isolated from one another. For a
given angular frequency of the operation w = 2nf, the background domain Q and each object D,
are characterized by their magnetic permeability, i.e., the values of electric conductivity and dielectric
permittivity are constant such that o’(r) = oy ~ 0 and &(r) = & = 8.854 x 10~'? F/m. Consequently, by
letting u, and oy = 47 x 1077 H/m be the values of the magnetic permeability of D, and Q, respectively,
the distribution of permeability u(r) over the entire domain can be described by the following piecewise
constant function:

» TED, >
u(r) = Hs " where D= U D;.
Mo, TE Q \ Da

s=1

With this, the background wavenumber is defined as ky = w /€yito.
Leta, (im=1,2,...,M)and b, (n = 1,2,..., N) represent the positions of the transmitter A and
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the receivers B, respectively. Using polar coordinates, we set a,, and b, as
a,, = Ad,, = A(cos?,,,sin,,) and b, = BO, = B(cos0,,sin0,),

respectively (see Figure 1), where A and B denote the radii of the transmitter and receiver locations,

respectively.

... 00000 ...
o %
® ®
® ®
® ®
® ®
. S @ Transmitter A
® @ °» @
H s ® Receiver B
® @ » O
® ®
® ®
.. . . ..
® ®
o ° )
(2 » @ °®
® o
[ 7S o®
®ec0ee®

Figure 1. [llustration of transmitter and receiver arrangements.

Throughout this paper, the time-harmonic dependence of e’ is assumed. The incident field
generated by a point source at a,, can be formulated using Green’s function: For r € Q,

ine (T, 8,) = G(r, 2,,) = iHéz)(kolr — a,l), 2.1)

where H(()z) denotes the zeroth-order Hankel function of the second kind. Let u(r, a,,) denote the total
field at a position r € Q corresponding to an incident field originating from the transmitting antenna
located at a,,. Then, the total field u(r, a,,) satisfies the following scalar Helmholtz equation:

1
V-(—Vu(r, am))+cu280u(r,am):0 in Q
u(r)

with the transmission condition

1 outva)) 1 dulcan)) o 10 s
s Ov(X) |- po Ov(r) |,
provided the following limit exists:
ou(r, a,,)

= }lir% Vu(r + hv(r),a,,) - v(r),

ov(r)

where v(r) denotes the unit outward normal vector at position r. Furthermore, the total field measured
at the receiving antenna b,, when the incident field is emitted from a,,, is denoted by u(b,, a,,).
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Let us incorporate the measurement data as the scattered field ugcq(b,,a,,), which is defined as
the difference between the total and incident fields. Note that it satisfies the following Sommerfeld
radiation (or outgoing wave) condition:

Ir Olr| Ir|

In order to introduce the imaging function, one needs a representation formula for the scattered field
data ug.,(b,,a,,). Owing to [2], us(b,,a,) can be represented by a double-layer potential integral
incorporating an unknown density function ¥ (r, a,,) € L*(dD):

a sca ’ ’ . . . . .
llim \/m M + ikoUsear (T, r’)) =0 uniformly in all directions L.

B 0G(b,,r)
Uscat(bp, @) = fa vy Y(r, a,)dr. (2.2)

However, without prior knowledge regarding the object D, deriving a closed-form expression for the

density function ¥ is unfeasible. Consequently, to design an imaging function, we adopt the following
asymptotic expansion formula derived in [48].

Lemma 2.1. For a sufficiently high frequency f, the scattered field us..(b,, a,,) can be represented as

s
tsea (b 8,) = 21 ) 0 (u) VG, 1) - VG(ay,1,) + o(a?), (23)
s=1 MS + l’to
where o(a/f) is uniforminry € D, s =1,2,...,8S.

Remark 2.1 (Transverse magnetic polarization). Based on [49], transverse magnetic (TM)
polarization represents a scenario where the electric field is aligned parallel to the invariant axis of
the scatterer. In this case, for a non-magnetic medium (u(r) = ug for r € Q), the time-harmonic total
field u(r, a,,) satisfies the following scalar Helmholtz equation:

Au(r,a,) + kgu(r,a,) =0 in Q
with the transmission condition

u(r,a,)|- —u(,a,)l, on 9dD,, s=1,2,...,85.

2.2. Standard BFM-based imaging function

Here, we briefly introduce the standard BFM-based imaging function for identifying D;. To this
end, let us generate a multi-static response (MSR) matrix K such that

uscat(bla al) uscat(bl ’ aZ) e uscat(bl ) aM)
_ uscat(bZ’ al) uscat(b2’ aZ) e uscat(bZ, aM)
uscat(bN» al) uscat(bN’ aZ) e uscat(bN’ aM)

Then, by neglecting the asymptotic term o(@?) from (2.3), K can be written as

VG(bla rs) : V(;(al, rs) e VG(bh rs) ' VG(aM, rs)

5 _ VG(by,r,) - VG(as,ry) -+ VG(by,r,) - VG(ay, T,

KzZJTZa/Z'uS o (b, ). (aj,ry) (b ). (ap, ry)
s=1 ’ #S+l't0 . I .

VG(by,ry) - VG(ag,ry) --- VG(by,r,) - VG(ay,ry)
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VG(bl’ rs)T
> = 110\ | VG(ba, )"
N ; VG(i,r) VG(a,r,) --- VG(ay,r,)|
=1 Ms T Mo :
VG(by, )"

Based on the above, considering conventional BFM-based imaging, the imaging function forms every
image point r € Q through the synthesis inversion of VG(b,,r) - VG(a,,r) for all m and n.
Correspondingly, the imaging function &(r) can be introduced as follows: For each r € Q,

i ZN] tsear(Dys Ay)
VG(b,.r) - VG(a,,r)

m=1 n=1

§(r) = : 2.4)

Remark 2.2 (Inappropriate imaging function). Unfortunately, direct application of (2.4) is
problematic. To explain this, we consider the following:

iko(r — 1’)
dr —r/|

Then, it is easy to examine that there exists r € L for some m,n € N such that

k(z)(bn - l') : (am - I‘)
16|bn - r”am - rl

This entails the inherent risk that the denominator of the imaging function &(r) of (2.4) becomes zero.
See Figure 2 for an illustration and Figure 3 for related imaging results.

VG(r, 1) = HP(kolr = ¥'|), for r#r.

VG(b,,r) - VG(a,,r) = — H?P (kolb,, — ¥)H (kola,, — 1|) = 0.

b n

r
Figure 2. Illustration of the case where VG(b,,r) - VG(a,,,r) = 0.

Imaging result at f = 4GHz Imaging result at f = 8GHz Imaging result at f = 12GHz
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Figure 3. Maps of §(r) at f = 4,8, 12 GHz.
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Based on Remark 2.2, it seems inappropriate to apply &(r) to retrieve D. To avoid these
unexpected blow-ups, we adopt a mathematical strategy inspired by [50] and consider the following
alternative BFM-based imaging function by replacing the inner product VG(b,,r) - VG(a,,, r) with
G(b,,r)G(a,,r): Foreachr € Q,

(LTf (I') — ZM: ZN: uscat(bn, am) (2 5)
o — G(b,.1)G(a,,1)|’ '

m=1 n

Remark 2.3. We explicitly note that this denominator substitution is an adopted regularization
technique for numerical stability rather than a genuinely new idea of this study. We note that this
modification alters the original TE scattering structure, since the leading term for magnetic
permeability contrast inherently involves the gradients of Green’s functions. However, as
demonstrated later in Theorem 3.1 and the numerical simulation results, this modified functional
effectively retains the necessary peak properties via Bessel functions. Thus, it remains technically
sound and highly appropriate for localizing objects in TE-polarized scattering.

2.3. Description of the experimental setup and modified BFM-based imaging function

As discussed in Section 2.2, implementing the imaging function in (2.5) requires the acquisition of
the complete MSR matrix K. However, practical limitations inherent to the Fresnel experimental setup
restrict the receiver’s scanning trajectory [47], where the position of the mth transmitter A,, and nth
receiver 8, are given by

a, = Ad,, = A(cos 9, sind,), I, =(m— DAY =10°(m - 1), (2.6)

and
b, = B0, = B(cos 8,,sinb,), 0,=m—-1)A0=5"n—-1), 2.7

respectively, with A = 0.720m £+ 0.003m and B = 0.760m + 0.003 m. Thus, we set A = 0.720m
and B = 0.760 m. Specifically, for a given transmitter position a,,, the active receiver only covers a
partial angular sector defined by #,, + 60° < 6, < #,, + 300° (as illustrated in Figure 4). Consequently,
constructing the full MSR matrix is unachievable, rendering the direct application of (2.5) impractical
for the reconstruction of the objects D.

® ®

® ®

o ‘.
@6% : 3
Jem-vmo o ® e b,forne I(m ®
300 S 4 (m) -4
® ®

®

®

®

®

®

~

\®8: active receiver S
\ o*
a, ¢

Figure 4. Illustration of receiver rotation corresponding to the transmitter.
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To address this incomplete data issue, we partition the receiver indices. Let Z(m) denote the set
of indices for active receiver positions b, relative to a,,, and let J(m) represent the complementary
set of unmeasured receiver indices. Instead of interpreting the missing data handling as a simple data
completion procedure, we explicitly define a binary measurement mask matrix B = [b,,,], where

1 if nel(m),
bnm:{ if n (m)

) (2.8)
0 if negJim).

We then construct an adapted MSR matrix A = [a,,] as the Hadamard product of the full MSR matrix
K and the binary measurement mask B (i.e., A = K o B), which effectively assigns a value of zero to
the unavailable scattered field measurements:

o { thea(Br @) if 1 € Z(m), 29)

0 if neJm).
We refer to Figure 5 for illustrations of the modulus of A, such that |A| = [|a,,|]. It is crucial to clarify
the mathematical meaning of these zero entries induced by the binary mask: algebraically, this zero-
filling procedure is exactly equivalent to restricting the summation over the receivers from the full set
(n=1,2,...,N) to the actively measured index set Z(m). By employing this adjusted matrix and the
restricted summation, we formulate a modified BFM-based imaging function §grm(r) as follows: For
eachr € Q,

S = PO o i 3 ) @.10)
P max o) L £ G0, 1)G(@y,T)’ '
MSR matrix‘ at f = 4GHz

MSR matrix at f = 8GHz MSR matrix at f = 12GHz

10 fE= 10 10 =
20 = E 20 20
_SE== 30 30 £ £
= 40 40 S .
% 50 50 e EEES
60 60
‘ 70 70
30 10 20 30 10 20 30

Figure 5. Visualization of |A| from the dataset rectTE 8f.exp in [47].

Remark 2.4. Note that if one assigns b,,, = C(# 0) for n € J(m) in (2.8), the imaging performance
depends significantly on the value of the constant, and it cannot be guaranteed that satisfactory results
will be achieved in most scenarios. We refer to [24,42] for related works.

3. Structure of the imaging function: Theoretical result and related discussions

Based on the numerical simulation results in Section 4, we can observe that it is possible to
recognize the existence and outline shape of D, through the map of Fgrw(r). In order to explain this
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phenomenon theoretically, we explain that the imaging function can be expressed by an infinite series
of the Bessel function of integer order. For a proper derivation, we introduce a useful result derived
in [51].

Lemma 3.1 (Representation formula). Let 6, be given by (2.7), # € S! = {r e R : |r] = 1}, r =
Ir|(cos ¢, sin@) € R?, and 6, < 6 < Oy. Then for sufficiently large N, the following relationship holds
uniformly.

-0 Oy + 0, — 29
COS
2 2

RN . 0
5 D0, DT < Jylhole sine

+ i(L -9 + sinc(Oy — 0;) cos(Oy + 0, — I — ¢s)) J1(kolr])

||
. (3.1)
1- Oy — 06 1- (¢ 0 2pd — 29
+Zi”Jp(k0|r|)sinc( p)(On 1)COS( p)(Oy + 6,) + 2p¢
2 2
p=2
= 1 Oy — 06 1 [¢) 0)) —2pd — 29
+Zi”Jp(k0|r|)sinc( + p)(Oy 1)COS( + p)(Oy +61) —2po ,
e 2 2

where J, is the Bessel function of order p and sinc denotes the “sinc function”, which is defined as

sin x

sinc(x) =

Specially, if Oy — 6, = 2m, i.e., the full-aperture measurement configuration, then

1 N . r
— > @, D™ ~ i[— 3| I (ko|r). 3.2
N;( e ’(|r| ) 1 (kolr) (3.2)
Additionally,
1S
5 2, = dolkolr. (3.3)

n=1

Now, we derive the main result in this paper.

Theorem 3.1 (Asymptotic representation of the imaging function). Consider the far-field asymptotic
regime, where 4kolr — a,,| > 1 and 4ko|lr — b,| > 1 for all m, n, and r € Q. Furthermore, assume
a sufficiently dense angular sampling of transmitters and receivers. Then, by letting ry — r = |ry —
r|(cos ¢y, sin @), the imaging function Fepm(T) can be represented as follows:

Form () = % () ~ il a? (Z : ;ZZ) (A@) +Em), (3.4)
where
A(r) = (sinc 23—”) Jolkolr — 1 y])* + (1 + sinc 43—”) Ji(kolr — 1) (3.5)
and
E(r) = i (smc 2P ine M) T, (kolr = 1,])7. (3.6)
P
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Proof. Since 4ky|r — a,,| > 1 and 4ky|r — b,| > 1 for all m, n, and r € Q, the following asymptotic
forms hold:

1 "\ ,—ikoB ) 1
Yol by = S50 o L)

N Kot — o]
(1+ l')e_ikoA . 1
HP (klr — a,,|) = ———¢™T 1 0 ———|,
o (Kolr = anl) = — 7= Kot — an]

ko(1 + i)e 0B
VHO(kylr — b, |) = =20 TY¢ g oihobr 1 ,
o (Kole =bi) = === =D,
iko(1 + De koA 1
VHO (kolr — al) = R EDET g iatr 0( )
Vk()Aﬂ' |I' - am|

By incorporating truncation error terms of O((kor — b,|)™"), O((kolr —a,])™"), O(r = b,|™"), and O(|r —
a,,|”!), we can write

VG(bn, rs) ° VG(am’ rs) ~ —k2(0 . 0 )eiko(an+0m)'(r.v_r)
G(b,.r)G(a,,r) o

and correspondingly,

Z VG(b,,1,) - VG(a,,T;) ~ —k2 Z @, - 3,,)e Iy
nel(m) G(b”’ r)G(am, l‘)

nel(m)

— _k(Z)etk()I’m(l‘s—r) Z (en . 0m)elk00n‘(l‘x—l‘).
nel(m)

Under the assumption of sufficiently dense angular sampling (M is sufficiently large), the discrete
summations over the transmitters can be approximated by continuous angular integrals. This step
inherently introduces a discretization error associated with the Riemann sum approximation. Subject
to these asymptotic and discretization conditions, since 6, = %, + n/3 and 8y = 9, + 5n/3, direct
application of (3.1) yields

1 .
(gn . 0m)elk00n'(rs_r)
#[1 (m)] n;;m
2 4 _
~ —[sinc Z\ Jotkolr, — ) + i |1 + sine = | [ =25 .9, ) 71 (kolr, — x])
3 3 /\|r;—1|

°° 21 - 21 +

+ Y iP=1y (sinc 2 =pm ine (—p)”) T, (kolrs — 1)) cos(p(F — b))
4 3 3

and correspondingly,

M

M VG(b,,r,) - VG(a,,r,) o
Z Z G(bn, r)G(am, I’) ~ _k(z)#[f(m)] Z e kodhn-(rs )(\Pl + \112 + \P3), (37)

m=1 nel(m) m=1

where #[Z (m)] denotes the cardinality of the set 7 (m), i.e., the total number of actual receiving locations
per emission, and

2
¥, = (sinc {) Jo(kolrs — 1)),
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4\ [ty -
W, =i[1 +sinc =[BT o9 ) 7ol — 1)),
3 |rs - I'|

(o0

Y, = Z P(~1)PH! (sinc Z(I;—I))ﬂ + sinc 2(“3_—]?)”) Jy(kolrs = x|) cos(p(Py, — ¢)).

p=2

First, direct application of (3.3) yields:

M M
. 2 . 2
E oty = (sinc ?”) Jo(kolrs — 1)) E kot r) —M(sinc ?’T) Tolkolrs — ¥ (3.8)

m=1 m=1

Next, by applying (3.2),
M

. 4 (- .
DY (UL PR o FELAPR PR
m=1

Iry —rl

m=1

(3.9)
4
~ —M(l + sinc ?”) Jy(kolr, — 2.

Finally, for p, g, r € R, since sin(pr — pa) = (—1)?*! sin(pa) and

n if p=gq,

2
cos(pd + r) cos(gd + r)dd =
[ costpo + neostar + ) {0 e

we can examine that

M

M 21
D cos(p(thy = 6) = 3 [ cos(ptd =0yt =0,

m=1
M

M 2
D cos(p(F = $,)) cOS(q(B — ¢)) ~ o fo cos(p(d = ¢s)) cos(q(? — ¢5))dd = .

m=1

Since the following Jacobi-Anger expansion formula holds uniformly,

eikoz?m-(rs—r) = JO(kﬂlrs - I'|) +2 Z quq(k0|rs - rl) COS(Q(ﬁm - ¢s)),

g=1
we have
M _ M 27
2, ¢ cos(p(B — 6.)) x5 Jokolr, — xi) f cos(p(¥ — ¢;))dd)
m=1 0

[

M 21
# 2 ) it =) [ costatd — ) cos(p(t — 8.)d9
gq=1
=Mi"J,(ko|rs — rl).
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Thus,
M
Z ekt (e,
m=1
> 21 - p)n 21 + p)r u
= Z iP(—1)PH! (sinc Tp + sinc Tp) Jp(kolrs — 1) Z 0P cos(p(9 — By))
p:2 m=1

~ —MZ (sinc M + sinc M) Jp(kolry — r))? = —ME&(r).
p= 3 3

(3.10)
Finally, by plugging (3.8)—(3.10) into (3.7), we can obtain
i D VG(b,,1,) - VG, )
4 i Gb,, 1)G(@, 1)
) . 2rm ) . 4rm )
~ kgM#[1(m)]| | sinc 3 Jolkolry — r])* + |1 + sinc 3 Jilkolry — r])* + E(r)
and this leads to (3.4). O

Based on Theorem 3.1, we derive the following result.

Corollary 3.1 (A rough upper bound on |E(r)|). Under the assumptions of Theorem 3.1, |E(r)| is
bounded above by 0.2067. Moreover; the value of |E(r)| decreases as O((ko|r — xy|)*) in the immediate
vicinity of the object D,. Furthermore, numerical evaluations suggest its value remains relatively
small when evaluated far from the object D;.

Proof. Let
2(1 - 2(1 +
a, = sinc 20— p + sinc %
Then
3V3 3
m(1—9g2) P77
3V3 . 343
a,={ ——— = =3 1 which implies a, <a, = —.
’ dn3qr2) DTS P PRy
33
——, p=3g+2,
4n(3q+ 1)y P71
Notice that since Jy(x) < 1, J1(x) < 0.58186, and (see [52, Formula 9.1.76])
Jo(x)? +2 ) I =1,
p=1
we can observe that
- 1 1
> Ikl =) = 5(1 = Jothalr = 1) = 271 holr = w2 < 5.
p=2
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Therefore,

&) =

2(1 - 2(1
(sinc —( 3 P + sinc —( ; p)ﬂ) »

< a, Z J(kole — 1)) < —\/_ ~ 0.2067.

p=2

Suppose that r is situated in the immediate vicinity of ry € D;. Since ky|r — ry| — 0, the following
asymptotic form of the Bessel function holds:

(3.11)

k — 1y
J(%k—r®-—(ﬁg—jl).
p

2

Since the series for &(r) starts at p = 2, the leading term is governed by J,(ko|r — r,|)>. Consequently,
we obtain E(r) = O((ko|r — rg|)*), which indicates that the value of E(r) decreases rapidly and becomes
negligible asr — r;.

In other words, assume that there exists a small number 6 > 0 such that 0 < kglr — ry| < 6 < o(1).
Then, since 6 < 1 and p > 2, we have 6*” < 6. With this, based on (3.11), we can examine

(9]

SUEDY

p=2

(o)

2(1 —p)7r . 2(1+p)rm 1 o2 ) 1 @
sinc ——— + sinc 3 . e . YTl <0 pzz;‘ 2= D(phar =0 Z b,.

p=2

Note that since

bt _ -1 (P> @ p-1
by (prDP-1 (p+ DD @ dp(pt D(pt2)

=r(p),

elementary calculus shows that the sequence {b,./b,} is strictly decreasing (see Figure 6 for an
illustration of r(x)). Thus, using

1 by 1 bper by
by=—, —=—, and < f > 2,
T2 b, 96 Y pa T, P
we have
= by by b 52
& Y b= br+ =+ —=+—+--- | = 1
EmI <8 > b, (2+96+962+963+ o5 < o).

p=2

Therefore, the value of &E(r) can be disregarded if the search point is close to the object D;.

Finally, suppose that r is situated sufficiently far from r; € D; such that kolr — ry| > 0.25. As
shown in Remark 3.1 and Table 1, numerical evaluations confirm that the magnitude of &(r) remains
sufficiently small and does not exceed the theoretical upper bound of 0.2067, ensuring that it does not
disrupt the primary imaging phenomena.
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0.008 :
0.006 a
0.004 :
0.002 :
0 1‘0 26 3‘0 40 5‘0 66 7b 8‘0 9b 100
Figure 6. Plot of r(x) for 2 < x < 100.
Table 1. Numerical values of max £ (x, P) at various frequencies.
f=2GHz f=4GHz f=8GHz f =10GHz
P=10 4.0583 x 1073 4.5404 x 1073 4.4791 x 1073 3.7562 x 1073
P =107 1.4641 x 107 1.0609 x 10~ 1.0076 x 10~* 1.1261 x 107*
P=10° 0 2.3692 x 1079 2.3358 x 107° 2.8069 x 107°
P> 10* 0 0 0 0

O

Remark 3.1 (Numerical validation of Corollary 3.1). In order to validate the result in Corollary 3.1,
we consider the numerical values of L(x, P):

2 P
Z Z (smc 2d-pi + sinc @) Jp(kolx = z4))?

s=1 p=2

Li(x,P) = (3.12)

with z; = 0.03 and zo = —0.04, which serves as the 1D analog of the term |E(r)| from (3.6). As shown
in Table 1, the numerical evaluation demonstrates that the maximum value of L,(x, P) is sufficiently
small for x € R. Hence, we can conclude that the term |E(r)| is negligible.

Based on Theorem 3.1 and Corollary 3.1, we discuss some properties of the imaging function.

Discussion 3.1 (Availability of object detection). The imaging function consists of the terms
Jolkolr — 14))?, Ji(kolr — 1y])?, and E(r). Since Jo(0) = 1 and J,(0) = O for all nonzero integers p,
&erm(T) is expected to exhibit large-magnitude peaks at v = vy € Dy. Furthermore, the properties of Jy
introduce an inherent trade-off depending on the applied frequency: While a sufficiently high
frequency provides high-resolution imaging, it also generates numerous artifacts. Conversely,
operating at a lower frequency reduces these artifacts at the expense of image sharpness. This
mathematical structure essentially explains why the modified imaging functional remains perfectly
appropriate and effective for TE-polarized scattering despite the absence of the gradient terms in the
denominator.

AIMS Mathematics Volume 11, Issue 8, 25526-25552.



25541

Discussion 3.2 (Dependence of the frequency of operation). Building upon Discussion 3.1, we examine
the effect of the applied frequency. For a comprehensive analysis, we visualize the following quantity:

2

2 2 4
Z (sinc ?ﬂ) Jo(kolx — z5)* + SZ:; (1 + sinc ?ﬂ) J1(kolx — Zs|)2‘

s=1

Lr(x) =

with z; = 0.03 and z, = —0.04, which serves as the 1D analog of the term A(r) from (3.5). Figure 7
illustrates that at a sufficiently high frequency (f = 8,10 GHz), L,(x) exhibits global maxima exactly
at x = zy and x = 7o, demonstrating that D can be accurately identified via §gpm(r). Conversely, at
f = 4GHz, the global maxima shift to the neighborhood of 7y and z,. While this prevents the exact
localization of Dy, the presence and total number of the objects remain identifiable at such moderate
frequencies. At lower frequencies, however, the global maximum of L,(x) emerges at x = —0.005,
corresponding to the midpoint of 7, and z,, indicating that low-frequency regimes produce inaccurate
imaging results.

-0.1 0.04 0,005 0.03 0.1
Figure 7. Plots of £,(x) at frequencies of f = 2 GHz, 4 GHz, 8 GHz, and 10 GHz.

Discussion 3.3 (Dependence of material properties). Ifr =r; € D, for s = 1,2,...,S, then since
s
s . 2
Z af (,u ,uo) sinc il
s=1 Hs +IJO 3

the value of Ferpm(r) also depends on the size and permeability (i.e., material properties) of Dy. For
example, if the sizes and permeabilities satisfy

0[% (#1 —/lo) < a%(m —Mo)’
M1+ Ho M2 + Ho

Ipem(r) ~

then §Fprpm(ry) < &eem(r2). In such a case, the existence and outline shape of D, can be recognized
through the map of &srm(r), while D, cannot be.

Discussion 3.4 (Influence of the factor &(r)). As demonstrated in Corollary 3.1 and Remark 3.1, the
magnitude of E(r) is bounded above by 0.2067 and decreases as O((kolr — r,)*) in the immediate
vicinity of the objects. Although a strict theoretical bound for the far-field is highly complex,
numerical evaluations demonstrate that its value remains relatively small. Furthermore, as
demonstrated in Discussions 3.1 and 3.2, the principal imaging phenomena, including target
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localization and the frequency-dependent generation of artifacts, are already fully governed by the
dominant Jo(kolr — r,|)* and J,(kolr — r,|)* terms. Consequently, the influence of E(r) on the map of
Ieem(r) is extremely minimal. This indicates that the residual infinite series of higher-order Bessel
functions comprising &(r) does not significantly interfere with the primary detection peaks, thereby
ensuring that the robust identification of the objects remains valid.

Based on Discussions 3.1-3.4, we can conclude the following result for the qualitative localization
of objects.

Corollary 3.2 (Qualitative localization of objects). Under the same condition as that applied for
Theorem 3.1, objects Dg can be qualitatively localized through the map of ¥srm(r) for sufficiently
high frequency.

4. Numerical simulation results: Synthetic and Fresnel experimental dataset

In this section, we present the results of numerical simulations on synthetic and Fresnel
experimental datasets to support Theorem 3.1.

4.1. Simulation results with the synthetic dataset

For the synthetic data experiment, we consider three objects D, (s = 1,2,3) located at
r; = (0.07m,0.05m), r, = (—0.07m, 0.00 m), and r; = (0.04 m, —0.06 m). Table 2 lists the parameter
values of the four experimental cases. The transmitter and receiver setup is identical to that of
Subsection 2.3, the homogeneous domain € is set to (—0.1 m, 0.1 m) X (=0.1 m, 0.1 m), and the maps
of Fppm(r) are obtained at frequencies of f = 2GHz, 4 GHz, 8 GHz, 10 GHz, and 12 GHz. After
generating the unperturbed scattered field data, white Gaussian noise is added to achieve a
signal-to-noise ratio (SNR) of 20 dB.

Table 2. Permeabilities and sizes of objects in the synthetic data experiment.

Cases I 7 U3 a s a3 References
Case 1 St St St 0.10m 0.10m 0.10m Example 4.1
Case 2 3uo Suo 7o 0.10 m 0.10 m 0.10 m Example 4.2
Case 3 Suo Suo Suo 0.15m 0.10 m 0.05m Example 4.2
Case 4 3uo Suo 7o 0.15m 0.10 m 0.05m Example 4.4

Example 4.1 (Objects with the same radii and permeabilities). Figure 8 illustrates maps of Fgrm(r) in
the presence of D, for Case 1. The imaging results indicate that the presence of Dy becomes
detectable at f > 4GHz. At f = 4GHz, however, the exact shape of D cannot be resolved due to
blurring, whereas the outlines of all objects Dy are clearly identifiable at f > 6 GHz. Conversely, at
f = 2GHz, neither the presence nor the shape of all D, can be recognized, whereas at f > 10 GHz,
the existence and shapes of D, and D5 can be identified, though recognizing the presence of D, may
remain challenging. Consequently, we conclude that while a sufficiently high frequency enables the
determination of both the existence and outline of small objects, low and extremely high frequencies
vield poor imaging performance. These findings successfully corroborate Theorem 3.1 as well as
Discussions 3.1 and 3.2.
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01 Imaging result at f = 2GHz

0.05

y — axis (m)

m

201 005 0 0.05
x — axis (m)
01 Imaging result at f = 8GHz

y — axis (m)

-0.05 0
z — axis (m)

Figure 8. (Example 4.1) Maps of &grm(r) for Case 1.
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Imaging result at f = 10GHz
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Imaging result at f = 6GHz
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01 Imaging result at f = 12GHz 1
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0
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2 — axis (m)

0.05 0.1

Example 4.2 (Objects with different permeabilities). Figure 9 shows maps of Fgrm(Y) in the presence
of Dy for Case 2. As theoretically predicted in Discussion 3.3, the value of Fgrm(r) when r € Dy
heavily depends on the material properties of the objects. Consequently, the object D3 with the highest

permeability exhibits the most prominent peak, whereas D, with the lowest permeability appears the
weakest. Similar to the observations in Example 4.1, poor imaging performance is observed at a low

applied frequency (f

2GHz), where the distinct shapes cannot be recognized. At moderate

frequencies (f = 4 GHz to 8 GHz), the existence and outlines of the objects are clearly identifiable.

Imaging result at f = 2GHz
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Imaging result at f = 10GHz
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Imaging result at f = 6GHz
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Figure 9. (Example 4.2) Maps of &grm(r) for Case 2.
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Example 4.3 (Objects with different radii). Figure 10 illustrates the imaging results for Case 3.
Consistent with the proportional relationship established in Discussion 3.3, the object D\ with the
largest radius dominates the imaging map with the strongest intensity, while the smallest object D5 is
extremely faint and difficult to detect across most frequencies. At extremely high frequencies
(f = 10GHz), artifacts become prominent; the large peak representing D begins to split into
multiple artifacts, which makes exact shape reconstruction difficult. Overall, these simulation results
successfully confirm that variations in either permeability or size significantly influence the magnitude
of the imaging function, thereby corroborating the theoretical expectations outlined in Discussion 3.3.

01 Imaging result at f = 2GHz 1 Imaging result at f = 4GHz 1 Imaging result at f = 6GHz 1

0.05 08 0.8 0.05 08

£ £ RN 06
B 0.6 & : -4
" . 21 %
3 3 @

| | | 0.4
= EN 0.4 >

-0.05 0.4 N
0.2
0.2
01 0.2
-0.1 -0.05 0 (J 05 0.1 ).l -0.05 0 . ll,l -0.05 0.05 0.1
r — axis m r — axis ]H T — axis l’Il

Imaging result at f = 8GHz Imaging result at f = 10GHz Imaging result at f = 12GHz

1 0.1 1 0.1
0.8 0.8
0.05
0.6 0.6 )
04 04
-0.05
0.2 0.2
0.1 0.1

-0.1 -0.05 0 0. -0.05 0 05 0. -0.1 -0.05 0 0.05 0.1
x — axis (m) x — axis (m) z — axis (m)

Figure 10. (Example 4.3) Maps of §grw(r) for Case 3.

0.05

0

y — axis (m)
y — axis (m)

y — axis (m)

-0.05

Example 4.4 (Objects with different radii and permeabilities). Here, we consider the identification of
small objects where both the radii and permeabilities of the objects vary simultaneously. Figure 11
shows maps of §erm(r) for Case 4. As mentioned in Discussion 3.3, we can observe that the value of
&erm(r) at Dy is proportional to aff(,us — uo)/(us + po). At moderate frequencies (e.g.,
f = 4GHz and 6 GHz), the imaging results are consistent with Discussion 3.3: The dominant peak
appears at r € Dy, whereas D5 appears extremely faint. At a low frequency (f = 2GHz), consistent
with the observations in Examples 4.1 and 4.2, the process results in a single blurry artifact
dominated by D,. However, as the frequency increases to f > 8 GHz, the large peak at x € D, splits
into multiple severe ring-like artifacts, making its exact shape unidentifiable at
f = 10GHz and 12 GHz. Furthermore, D, also begins to suffer from similar distortions. Fortunately,
we can verify that the value of ¥rm(r) reaches a local maximum when r € Ds at
f = 10GHz and 12 GHz, so identification is possible to some extent. This demonstrates a critical
trade-off: while D| dominates the imaging map at lower frequencies, higher frequencies are required
to properly localize D, and D, albeit at the cost of distorting the shapes of D, and D,.
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Imaging result at f = 2GHz

Imaging result at f = 4GHz Imaging result at f = 6GHz
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Figure 11. (Example 4.4) Maps of §gpm(r) for Case 4.

Example 4.5 (Imaging with a small number of measurement data). Here, we consider the effect of the
number of measurement data. To this end, we generate an MSR matrix with m = 1,5,...,33
(AY = 40° from (2.6) and M = 9) and n = 1,5,...,69 (A8 = 20° from (2.7) and N = 18), and apply
the imaging function §gpm(r) for Case 1. Based on the imaging results in Figure 12, compared to the
results in Example 4.1, the reduced number of transmitters and receivers significantly degrades the
overall imaging performance. While the approximate locations of the objects can still be somewhat
recognized at moderate frequencies (e.g., [ = 4 GHz, 6 GHz, and 8 GHz), the imaging results suffer
from severe artifacts and blurring across all frequencies. At lower frequencies (f = 2GHz) and
extremely high frequencies (f = 10GHz and 12 GHz), the objects are almost entirely obscured by
these artifacts, making it highly difficult to identify their exact existence and outline shapes. These
results clearly demonstrate that a sufficient number of measurement data is essential to guarantee
accurate localization and shape reconstruction without severe distortion.

Example 4.6 (Effect of different proportions of missing data). Here, we examine the influence of the
missing data proportions and their configurations on the imaging performance. Figure 13 displays the
maps of §erm(r) at f = 4GHz for Case 1 when the active receiver only covers a partial angular
sector defined by 3, + ¢ < 6, < ¥, + 2n — ¢) corresponding to different active aperture sizes
¢ = 120°, 150° and 180°. As the proportion of missing data increases, we can observe a significant
degradation in both image resolution and amplitude. Notably, the severe lack of multi-static response
data introduces a strong directional bias, the identified objects become heavily blurred, and their
distinct peaks begin to merge into distorted artifacts. This numerically validates that while zero-filling
is a mathematically justifiable strategy within the BFM framework, excessive data omission from
severe aperture limitations intrinsically compromises the qualitative localization performance by
generating overwhelming artifacts.
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Imaging result at f = 2GHz

Imaging result at f = 4GHz Imaging result at f = 6GHz
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Figure 12. (Example 4.5) Maps of §gpw(r) for Case 1.
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Figure 13. (Example 4.6) Maps of §gpv(r) at f = 4 GHz for Case 1.

4.2. Simulation results with the Fresnel experimental dataset

Here, we consider the identification of a perfectly conducting object with a non-smooth boundary
using data from the 2D Fresnel experimental dataset rectTE_8f.exp (see, e.g., [47]). The simulation
setup remains identical to that of the previous examples, except that the object D is a metallic target
featuring a rectangular cross-section of dimensions 0.0127 m X 0.0254 m. In contrast to the synthetic
data experiments, the numerical simulations were performed without adding artificial noise to the
measured scattered field data.

Example 4.7 (Perfectly conducting object with a Lipschitz boundary). Based on the imaging results
exhibited in Figure 14, we can observe that, consistent with the synthetic data simulation results, the
location of D cannot be identified at a low applied frequency (f = 2 GHz). Interestingly, however, in
contrast to the synthetic results, two prominent peaks emerge around D. At higher applied frequencies,
while the existence and location of D can be recognized, these two large peaks persist. It is interesting
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to note that if a sufficiently high frequency (f = 10 GHz and 12 GHz) is applied, it is possible to identify
the existence and highly accurate location and shape of D through the map of ¥gem(r). Consequently,
further research into the identification of metallic objects with a Lipschitz boundary is required to
investigate the underlying causes of this phenomenon.

Imaging result at f = 6GHz

Imaging result at f = 2GHz

Imaging result at f = 4GHz
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Figure 14. (Example 4.7) Maps of Fgpm(r). The black rectangle describes the boundary of
the metallic object.

5. Conclusion and perspectives

In this study, we designed and theoretically investigated a modified BFM-based imaging function
to localize small penetrable objects using an incomplete MSR matrix obtained from transverse
electric polarized waves. Based on the asymptotic expansion formula of the scattered field, we derived
an asymptotic representation demonstrating that the imaging function can be expressed as an infinite
series comprising Bessel functions of the first kind, the objects’ material properties, and the receivers’
angular aperture. This theoretical result elucidates why the designed imaging function successfully
provides robust qualitative localization by exhibiting high-intensity peaks at the locations of the
objects. It also explicitly explains the frequency-dependent nature of the imaging performance: While
a sufficiently high frequency provides the necessary resolution to qualitatively localize the presence of
the objects, it inevitably introduces multiple artifacts. Conversely, a lower frequency suppresses
artifacts at the cost of degraded resolution. Therefore, rather than enabling exact or unique shape
recovery, our result confirms that the functional serves as a reliable qualitative indicator. Furthermore,
we theoretically predicted and numerically confirmed that the magnitude of the imaging function’s
output is directly proportional to the permeability and size of the target. Finally, the proposed method
successfully provided qualitative localization of the target objects using both synthetic data and a
Fresnel experimental dataset for a metallic target with a non-smooth boundary. However, an
interesting phenomenon was observed in the experimental results, where two distinct artifact peaks
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persistently appeared around the target object. To elucidate the fundamental cause of this
phenomenon, further in-depth research on the qualitative localization of metallic objects with
Lipschitz boundaries is left for future work. Furthermore, extending the current theoretical framework
to derive a generalized representation formula with arbitrary aperture-dependent coeflicients remains
a valuable subject for future research. Furthermore, extending the current theoretical framework to
derive a generalized representation formula with arbitrary aperture-dependent coefficients remains a
valuable subject for future research.
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