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Abstract: We establish new fixed point results for mappings of y-type in the framework of k-fuzzy
metric spaces. Motivated by recent developments on fixed point theory in k-fuzzy metric spaces and by
y-type contractions in fuzzy S -metric spaces, we first introduce the notion of a k-fuzzy y-contraction
and prove an existence and uniqueness theorem for its fixed point on G-complete k-fuzzy metric spaces.
The proof is based on the Picard iteration, a recursive y-inequality, and the G-Cauchy property of the
associated sequence in the multi-parameter fuzzy setting. We then propose a more general class of
k-fuzzy y-weak contractions, where the contractive condition is expressed in terms of the minimum of
three fuzzy proximities involving x, ¥x, and W2x. Along the Picard sequence, we show that the y-weak
inequality reduces to a y-contraction-type inequality, which allows us to transfer the strong fixed point
principle to the weak setting. In this way, our results simultaneously extend the fixed point theorems
for generalized k-fuzzy contractions and provide a multi-parameter generalization of the y-contraction
and y-weak contraction principles previously obtained in fuzzy S -metric spaces. Illustrative examples
are given to demonstrate the applicability and non-triviality of the proposed conditions.
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1. Introduction

Fixed point theory has long occupied a central position in nonlinear analysis because of its deep
connections with differential equations, optimization, iterative algorithms, dynamical systems, and
control theory. Since the classical Banach contraction principle provides a powerful existence and
uniqueness framework under very simple contractive assumptions, a substantial body of research has
been devoted to extending it to more general settings. These extensions are motivated both by
theoretical interest and by the need to model systems in which distance is not the most appropriate
measure of proximity. In many uncertainty-driven problems, similarity between two states is not
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determined by a single quantity, but rather by several interacting descriptors such as confidence,
tolerance, time, cost, noise level, or granularity. This is the problem addressed in this paper: to study
fixed point results in a framework that can capture multi-parameter uncertainty more faithfully than
classical metric spaces. In this direction, fuzzy metric spaces have emerged as an effective
mathematical framework for describing nearness under uncertainty, vagueness, and gradual change.

The concept of a fuzzy metric space was first introduced by Kramosil and Michalek [1], who
replaced the crisp notion of distance with a fuzzy degree of closeness depending on a parameter.
Later, George and Veeramani [2] refined this structure in such a way that the resulting topology
became Hausdorfl and suitable for deeper analysis. Their formulation became the standard foundation
for a large part of the modern fuzzy metric literature. In this setting, Grabiec [3] obtained a fuzzy
version of Banach’s contraction principle and proved the existence and uniqueness of fixed points for
contractive self-mappings on complete fuzzy metric spaces. This result marked the beginning of
extensive research on fixed point theory in fuzzy environments.

At the same time, several authors have extended Banach’s fixed point principle in fuzzy metric
spaces by introducing different types of contractive conditions. For instance, Mihet [4, 5] studied
fuzzy contractive mappings in standard and non-Archimedean fuzzy metric spaces, while Salimi
et al. [6] investigated generalized fuzzy contractive mappings. Other extensions include weakly
compatible mappings [7], Suzuki-type contractions [8], and further generalized nonlinear contractive
conditions [9-11]. These developments demonstrate that Banach’s contraction principle is only one
member of a broader family of fixed point results. Moreover, many of these results remain valid when
continuity assumptions are relaxed or replaced by weaker structural hypotheses. Such extensions are
particularly useful in modern analysis, where mappings arising from applied models may be
discontinuous or may fail to be strictly contractive in the classical sense. A further important line of
research concerns generalized contraction principles based on auxiliary control functions. The
concepts of contraction and weak contraction were introduced into the realm of fuzzy logic by
Sezen [12]. In this direction, recent studies have also developed control-function techniques in
generalized fuzzy metric-type settings. For instance, Azmi [13] studied (@ — y)-fuzzy contractive
mappings on fuzzy double-controlled metric spaces, while Furqan, Saleem, and Sessa [14] introduced
fuzzy n-controlled metric spaces and investigated their fixed point structure. These works show that
control functions and controlled metric generalizations already play an active role in fuzzy fixed point
theory, and they help distinguish the present k-fuzzy y-type framework from earlier controlled and
admissible contractive models. In the fuzzy setting, such functions allow the contractive condition to
be expressed in a more flexible and nonlinear manner, often capturing the behavior of the mapping
more accurately than a fixed contraction constant. The work of Mihet [4, 5] contributed significantly
to this direction by introducing classes of fuzzy contractive mappings in non-Archimedean and
standard fuzzy metric spaces. Similarly, the studies of Salimi et al. [6], Sangurlu and Turkoglu [9, 10],
and Sedghi et al. [11] developed fixed point theorems for increasingly general classes of fuzzy
mappings. Collectively, these papers show that the fixed point theory of fuzzy metric spaces is highly
adaptable and capable of accommodating a wide variety of contractive frameworks.

More recently, the notion of a k-fuzzy metric space was introduced by Gopal et al. [15]. In this
multi-parameter setting, the degree of nearness of two points is described through k independent
positive parameters, which makes the structure more flexible and better suited to models involving
several scales of uncertainty or multiple criteria. This generalization extends the classical fuzzy
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metric space and allows one to encode richer proximity information than the single-parameter case.
Gopal et al. developed basic topological properties of k-fuzzy metric spaces and established fixed
point theorems for suitable contractive mappings. Later, Nazam et al. [16] continued this line of
research by proving additional fixed point results in k-fuzzy metric spaces and by studying more
general contraction conditions that do not require continuity of the underlying mapping.

In parallel, another modern trend in fixed point theory is the use of nonlinear control functions such
as v, ¢, and . These functions provide a flexible way to formulate contractive conditions that are
stronger than order relations but weaker than classical linear contractions. In fuzzy metric and fuzzy S-
metric settings, such control functions are particularly natural because nearness is measured by values
in (0, 1], and convergence is typically interpreted as approaching one. In this direction, Igbal et al. [17]
introduced y-contractions and y-weak contractions in fuzzy §-metric spaces and proved fixed point
results under suitable completeness assumptions. Their work suggests that y-type principles can be
extended to richer fuzzy structures beyond the single-parameter framework.

Contributions of this paper. Motivated by the above developments, by the work of Gopal et al. and
Nazam et al. on k-fuzzy metric spaces [15, 16], and by the y-type fixed point principles in fuzzy S -
metric spaces [17], we introduce and study a new fixed point theory based on y-type contractions in
the setting of k-fuzzy metric spaces. Our main contributions can be summarized as follows:

e We define the notion of a k-fuzzy y-contraction and establish an existence and uniqueness theorem
for fixed points of such mappings on G-complete k-fuzzy metric spaces. The proof relies on
constructing a Picard sequence, deriving a recursive y-inequality, and showing that the sequence
is G-Cauchy in the sense of Gopal et al. and Nazam et al.

e We then introduce a more general class of k-fuzzy y-weak contractions, where the contractive
condition involves the minimum of three fuzzy proximities, namely F(n, ¢, p*), F(n, ¥n, p*), and
F(£, ¥, p*). We prove that every k-fuzzy y-weak contraction on a G-complete k-fuzzy metric
space admits a unique fixed point. A key step in the argument is to show that, along the Picard
iteration, the y-weak inequality reduces to a y-contraction-type inequality.

e Our results simultaneously extend classical fixed point theorems for strong contractions in fuzzy
metric spaces (e.g., Grabiec [3]) and the recent fixed point results for k-fuzzy contractions and
generalized k-fuzzy contractions in [15, 16]. In particular, they provide a unified framework in
which both strong and weak y-type contractions can be treated within the multi-parameter
geometry of k-fuzzy metric spaces, and they generalize the y-contraction and y-weak contraction
principles of [17] from fuzzy S -metric spaces to k-fuzzy metric spaces.

e Finally, we present illustrative examples in concrete k-fuzzy metric structures that verify the
hypotheses of our theorems and confirm the sharpness of the conditions. These examples show
that the k-fuzzy y-weak contraction principle genuinely enlarges the class of mappings for which
fixed point results hold in k-fuzzy metric spaces.

The paper is organized as follows. In Section 2, we recall basic definitions and properties of k-
fuzzy metric spaces, G-completeness, and the class I' of admissible y-functions, together with some
fixed point results for k-fuzzy contractions. In Section 3, we formulate the k-fuzzy y-contraction and
prove the corresponding fixed point theorem. Section 4 is devoted to the k-fuzzy y-weak contraction,
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where we derive the weak-to-strong reduction along Picard sequences and establish the main fixed
point result. In Section 5, we provide examples illustrating the theory. Possible applications and
directions for further research are briefly discussed in Section 6.

2. Preliminaries

Throughout the paper, we denote by kFMS a k-fuzzy metric space. We first recall the notions of
fuzzy metric space and k-fuzzy metric space. For the convenience of the reader, the main symbols used
in the paper are summarized in Table 1.

Table 1. Main symbols and terminology used in the manuscript.

Symbol / term Meaning
Nonempty underlying set.
F k-fuzzy metric on X.
* Continuous #-norm.
pr Abbreviation for (p1, pa, ..., pr) € (0, )k,
r Class of admissible control functions y : (0,1) — R.
0% Strictly increasing continuous control function with divergence at 1.
Y Self-mapping on X.
kKFMS k-fuzzy metric space.

Definition 2.1 ( [1]). A continuous triangular norm (or continuous t-norm) is a binary operation

«: [0, 1] x [0, 1] — [0, 1] satisfying, for all a,b,c,d € [0, 1],

(1) axb=bxa (commutativity),;
(2) (axb)xc=ax*b=c) (associativity);
(3) ax1=aforallacl0,1] (identity law);
(4) axb < c+dwhenevera <candb <d (monotonicity);
(5) = is continuous (continuity).

Definition 2.2 ([1]). Let X be a nonempty set, * a continuous t-norm, and F a fuzzy set on X* x (0, c0)
satisfying, for all a,b,c € X and s, p > 0,

(FMO) F(a,b,0) =0;

(FM1) F(a,b,p) > 0;

(FM2) F(a,b,p) = 1ifand only if a = b;

(FM3) F(a,b, p) = F(b,a, p);

(FM4) F(a,b,p) * F(b,c,s) < F(a,c,p + s);
(FM5) F(a,b,-) : (0,00) — [0, 1] is left-continuous.

Then (X, F, *) is called a fuzzy metric space.
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Definition 2.3 ( [2]). A triple (X, F,*) is called a fuzzy metric space in the sense of George and
Veeramani if it satisfies (FM1)—(FM4) and

(FM6) F(a,b,-): (0,0) — [0, 1] is continuous
foralla,b € X.
We now recall the notion of a kFMS introduced in [15].

Definition 2.4 ( [15]). Let X be a nonempty set, x a continuous t-norm, k € N, and F a fuzzy set
on X* x (0, 00)*. An ordered triple (X, F,*) is called a kFMS if the following conditions hold for all
a,b,c€X, p,s>0,and (py,...,p € (0, 0):

(KF1) F(a,b,p1,...,pr) > 0;

(KF2) F(a,b, p1,...,pr) = lifand only if a = by
(KF3) F(a,b, py,...,po) = F(b,a,pi,...,py);
(KF4) foranyle{l,...,k},

F(a,b,Pl,---,Pl—l,P,Pm,---,Pk)*F(b,C,Pl,---,P1—1,S,Pl+1,---,Pk)

S F(a,c,p1y- s Pi-1; P+ S, Divts - - -5 Pi)s
(KF5) F(a,b,-) : (0,00)f = [0, 1] is continuous.

Remark 2.1. For k = 1, a kFMS reduces to a fuzzy metric space in the sense of George and
Veeramani [2]. In this case, the notation F(a, b, p') coincides with F(a, b, p).

For simplicity, we write
F(a,b,p1,...,px) = F(a,b, pb),

where p* denotes the k-tuple (p1, ..., pi).
Definition 2.5 ( [15]). A kFMS (X, F, %) is called an [-natural kFMS if there exists | € {1,...,k} such

that

lim F(a,b,p1,...,p) =1, VabelX

pl—)OO
Proposition 2.1 ( [15]). Let (X, F,*) be a kFMS, p, py,...,prx > 0. If py < p for some l € {1,...,k},
then

F(a$b’pk) < F(a5b9pl9'"9pl—l’p9pl+la'*-apk)’ Va,b EX'
Remark 2.2 ( [15]). In a kFMS (X, F, %), if

F(a,b,p")>1-¢

foralla,b € X, p,...,px >0and e € (0,1), then for each | € {1,...,k}, there exists p € (0, p;) such
that

F(a9b’ply~--’pl—lap’pl+l7'~'7pk)>1_8'
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Definition 2.6 ( [15]). Let (X, F, %) be a kFMS. A sequence {a,} in X is said to converge to a € X if, for
every € € (0, 1), there exists ny € N such that

F(an,a,pk) >1—-¢, Vn=ng, VYpi,...,pr>0.
Lemma 2.1 ([15]). Let (X, F, *) be a kFMS. A sequence {a,} in X converges to a € X if and only if
r}i_)rgF(an,a,pk) =1, Vp,...,pe>0.
Definition 2.7 ( [15]). Let (X, F, %) be a kFMS and {a,} a sequence in X.
(1) {a,} is called an F-Cauchy sequence if, for every € € (0, 1), there exists ny € N such that

F(an,am,pk) >1—-¢e, Vnm=ny Ypi,...,p>0.

(2) {a,} is called a G-Cauchy sequence if
lim F(an, apip,p) =1, ¥Yp>0,Vpi,...,p>0.
Since the notions of convergence and completeness in a kFMS are closely related to the induced

topology, we now recall the corresponding open balls and the topology generated by the k-fuzzy metric.

Definition 2.8 ( [15]). Let (X, F, %) be a kFMS, let a € X, let py, p2,...,pr > 0, and let € € (0, 1). The
open ball centered at a with radius & and parameters p* = (pi, pa, . .., pi) is defined by

Bla,e,p") ={be X : F(a,b,p") > 1-¢}.

Definition 2.9 ( [15]). A subset U C X is called open if for every a € U, there exist € € (0,1) and
P1s D2, - -+ Px > 0 such that
B(a,&,p*) C U.

The family of all such open sets defines the topology induced by the k-fuzzy metric.

Remark 2.3. This topology makes convergence and completeness compatible with the fuzzy nearness
structure. In particular, a sequence converges to a if and only if its terms eventually enter every open
ball centered at a.

Example 2.1 ([16]). Let (R, d) be a metric space, let o be the product t-norm given by
aob=ab or a o b = min{a, b},
let w > 0, and let k be a positive integer. Define a fuzzy set F on R* x (0, o)k by

w Hl;:l Dr
w ]—[lr‘:1 pr+d(a,b)

forall a,b € R and p, > 0. Then F is a k-fuzzy metric on R.

F(a,b, p*) =

AIMS Mathematics Volume 11, Issue 8, 25506-25525.
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Now consider the sequence {Q,}, where

1 1 1
s=l+=-+=-+- 4 € N.
Q. 273 s
For every fixed p € N, we have
“)H]rczlpr wnlrczlpr

F(Qs+p’ Oy, pk) =

k = k 1 .
CL)Hr:]pr+|QS+p_Qs| (Ul—[rzlpr-l-Sj-|-..._|_m
Hence,

lim F(Q,.p. Qs p) = 1

for every fixed p € N and every p* € (0, 00)*. Therefore, {Q,} is a G-Cauchy sequence.
On the other hand, {Q,} is not an F-Cauchy sequence. Indeed, if it were F-Cauchy, then

w Hf:l pr
w15, pr +10m - O

would imply that {Q;} is Cauchy in the usual metric on R. But the harmonic sequence of partial sums
is not Cauchy in R, since

F(Qm, Os, ") =

On-0J= Y 1

Jj=s+1 J

does not remain small when m is much larger than s. Consequently, {Q} is not F-Cauchy.

Remark 2.4. This example shows that the notions of F-Cauchy and G-Cauchy sequences are genuinely
different in general. Therefore, both notions are needed in the study of completeness and fixed point
results in kFMS.

Definition 2.10 ( [15]). Let (X, F, %) be a kFMS.
(1) (X, F,*) is called F-complete if every F-Cauchy sequence in X converges to some point of X.
(2) (X, F, %) is called G-complete if every G-Cauchy sequence in X converges to some point of X.
Definition 2.11 ( [12]). Let I denote the class of all functions y : (0, 1) — R such that
(1) vy is strictly increasing,
(2) vy is continuous;

(3) for every sequence {u,} C (0, 1),

Iimu,=1 & limy(u,) = +oo.

n—oo

Remark 2.5. Typical examples of functions in T" are

1 1
yi(u) = 1-u Y2 (u) = 1-4 +u, Ya(u) = -2

forallu € (0, 1).
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3. k-fuzzy y-contractions

In this section, we introduce the notion of a k-fuzzy y-contraction and establish the corresponding
fixed point theorem.

Definition 3.1. Let (X, F, ) be a kFMS. A self-mapping ¥ : X — X is called a k-fuzzy y-contraction if
there exist a constant § € (0, 1) and a functiony € I such that, foralln,{ € X and all py, pa, ..., pr > 0,

F¥n, Y, pH <1 =  y(F(¥n, Y pH) = y(F(n, L, ph) +6. 3.1)

Remark 3.1. From (3.1), it is easy to conclude that every k-fuzzy vy-contraction is a contractive
mapping in the fuzzy metric sense. Indeed, whenever Yx # Wy, the defining inequality implies

y(F(¥x, ¥y, p) > y(F(x,y, p),
and since vy is strictly increasing, we obtain
F(¥x, ¥y, pX) > F(x,y, pb)

for all x,y € X and all p* € (0, 00)* with ¥x # Wy. Consequently, every k-fuzzy y-contraction is a
continuous mapping.

Theorem 3.1 (Existence and uniqueness for k-fuzzy y-contraction). Let (X, F,*) be a G-complete
kFMS, and letVY : X — X be a k-fuzzy y-contraction. Then Y has a unique fixed point 7 € X.

Proof. We divide the proof into four steps.
Step 1: Picard sequence and convergence of successive terms.
Let n9 € X be arbitrary, and define the Picard sequence {r,} by

M1 = P, n=0,1,2,.... (3.2)

If there exists ny € N such that n,, = 1,,+1, then 1, 1s a fixed point of ‘¥, and the proof is complete.
Hence, we may assume that
M # Mnst forall n > 0. (3.3)

By the definition of a k-fuzzy y-contraction, we have

F¥N1, Y1, 0 <1 = y(F(¥Nut, Y10, PO) = Y(F ety s P)) + 0 (3.4)

for every n > 1 and every p* € (0, c0)~.
Since 1,41 = ¥n,, (3.4) gives

Y(E @, M1, P)) = Y(F @t s P) + 6. (3.5)

Repeating (3.5) inductively, we obtain

')/(F(]]n, Mn+1, Pk)) > ’}/(F(nn_l, rs pk)) + 6
> Y(F (125 n-1, P1)) + 20
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> y(F(no,m, p")) + nd. (3.6)

Letting n — oo in (3.6), we obtain
lim y(F (. st P1)) = +o0. (3.7)
Since y € T, it follows that
lim F (g et 1) = 1 (3.8)

for all p* € (0, co)*,

Step 2: The sequence {7,} is G-Cauchy.

Suppose, to the contrary, that {17,} is not G-Cauchy. Then there exist & € (0, 1), a vector p* € (0, o),
and two sequences of integers {m(s)} and {r(s)} such that

m(s)>r(s)>s  and  F(us s P < 1-¢ (3.9)

for all s € N.
We may assume that m(s) is the least integer exceeding r(s) satisfying (3.9). Then

F(imisy-15 sy P > 1 = &, (3.10)
Using the fuzzy triangle inequality (KF4), we get

F(nr(s)a Mmn(s)» Pk) > F(nm(s)—l s Tlm(s)» Pk) * F(nm(s)—l s TIr(s)» Pk)
> F(Mes)-1> Mmcs)» pH=1-e). (3.11)

Now, taking the limit as s — oo in (3.11) and using (3.8), we obtain
m F (119, fhnco. P) = 1 = & (3.12)
Next, applying (3.4) to the pair (17,,5)-1, r(s)-1), We obtain
YE W sy P) 2 VE W1 70511, P)) + 6. (3.13)
Passing to the limit as s — oo in (3.13) and using (3.12) together with the continuity of v, we get
Yl —e)2y(l-g)+9, (3.14)

which is impossible. Therefore, {n,} is a G-Cauchy sequence.
Since (X, F, *) is G-complete, there exists z € X such that

M — 2. (3.15)

Step 3: The limit point is a fixed point of V.
We show that z is a fixed point of Y. Since 17, — z, we have

F(,,z, p") — 1 asn — oo (3.16)
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for every p* € (0, co)~.
Assume, for contradiction, that ¥z # z. Then

F(z,¥z,p") < L.
Applying (3.4) to the pair (17, z), we obtain

Y(F i1, Y2, PN)) = Y(F (1, 2, PY)) + 6

for all n € N such that F(17,.,.1, Pz, p) < 1.
Now, by (3.16), we have
lim F(,,z, p*) = 1.

Hence, taking the limit as n — oo in (3.18) and using the continuity of vy, we obtain

Y(F(z, ¥z, p")) > y(F(z, ¥z p")) + 6,

which is a contradiction. Therefore,
Y7 =z

Step 4: Uniqueness of the fixed point.
Let 7,2, € X be two fixed points of Y. Suppose that z; # z,. Then

\le =21 and \PZ2 = 22.
Applying (3.4) to the pair (z;, z2), we get

Y(F(z1,22, P")) = Y(F(¥z1, Y22, pN)) = ¥(F (21, 22, X)) + 6,

which is impossible. Therefore, z; = z5.
Hence, ¥ has a unique fixed point in X.

Example 3.1. Let X = [0, 1], let = be the product t-norm, and define

P11t D2
p1+p2+ix—yl

F(x,y,p1,p2) =
forall x,y € X and all p, p, > 0. Then (X, F, %) is a 2-fuzzy metric space.
Define
1
yw) = —, u € (0,1),
1 —u

and letVY : X — X be given by

X
lP()C) = E
We claim that Y is a 2-fuzzy y-contraction.
Let x,y € X with x # y, and put
§=p1+ pa

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Then from (3.22), we obtain
s

F(x’yaplapZ): . 1" (326)
s+ [x =yl
Also, using (3.24), we have
s s
F(¥x, Yy, p1,p2) = 57 = =g (3.27)
s+3-3 s+
Since x #y, we have |x —y| > 0, and thus
0< F(Px,¥y, p1,p2) < 1. (3.28)
Now, by (3.23) and (3.27),
1
Y(F(¥x, ¥y, p1, p2)) = 1-
s+
byl
2
2
== 4L (3.29)
lx =yl
Similarly, by (3.23) and (3.26),
1
Y(F(x,y, p1, p2)) = e
S+|x—y|
s+ |x—yl
lx — ¥l
s
= +1. (3.30)
|x =yl
Subtracting (3.30) from (3.29), we get
s
Y(Fx, Yy, p1, p2) = Y(F(x,y, p1, p2)) = m (3.3
Since s > 0 and |x — y| > 0, it follows from (3.31) that
Y(FE(Yx, Yy, p1, p2)) = y(F(x.y, p1. p2)) + 6 (3.32)
for any fixed constant
o€ (0, ) (3.33)
lx =yl

Therefore, by (3.32), the mapping VY satisfies the defining condition of a 2-fuzzy y-contraction.
Hence, all the hypotheses of Theorem 3.1 are satisfied, and so Y has a unique fixed point in X.
Finally, from (3.24), we have

Yx)=x < = X,

N =

0.

[}

which gives x = 0. Therefore, the unique fixed point of ¥ i
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4. k-fuzzy y-weak contractions

In this section, we introduce a weak version of the k-fuzzy y-contraction.

Definition 4.1. Let (X, F,*) be a kFMS. A self-mapping ¥ : X — X is called a k-fuzzy y-weak
contraction if there exist a constant 6 € (0, 1) and a function y € T such that, for all n,{ € X and all

P> P2y Px >0,
F(¥n,WE, p) < 1= y(F(¥n, WL, p) 2 y( min {F(n,¢, p), F(p, ¥, p), F(C,WE, pOY) +6. (A1)

Remark 4.1. Every k-fuzzy y-contraction is a k-fuzzy y-weak contraction. However, the converse is
not true in general, because the weak condition involves the minimum of three fuzzy proximities,

F(x,y, p"), F(x,¥x, p*), F(y, ¥y, p"),

and therefore allows a wider class of mappings than the strong y-contraction condition. Hence, the
class of k-fuzzy y-weak contractions strictly contains the class of k-fuzzy y-contractions.

Example 4.1. Let X = [0, 1], let = be the product t-norm, and define

P1+ D2
p1+pa+x—yl

F(X,y,Pl,pZ) =

forall x,y € X and all py, p, > 0. Let

1
y(u) = 1——uz’ ue(0,1),

and define Y : X — X by
X

Y(x) = —.

(x) 3
Then VY is a 2-fuzzy y-weak contraction.

Indeed, for every x,y € X with x #y, putting s = p; + p,, we have

S S
F(Tx’Ty’pl’pZ) =

F(x’y,plapZ): +|x_y|.
s —

—’
s+ |x =yl -

Hence,
F(\Px’\PyaplaPZ) > F(x,y,Pl,Pz),

and therefore
,)/(F(\an Ty,pbp2)) > ’)/(F(-xny’ p19p2))'

Hence, this example illustrates the weak contractive behavior of ¥ in the sense of the definition above.

On the other hand, ¥ does not satisfy the strong k-fuzzy y-contraction condition in general, since
the weak condition is verified through the minimum of three fuzzy proximities and may hold even when
the direct strong inequality fails. Thus, this example shows that the class of k-fuzzy y-weak contractions
is strictly larger than the class of k-fuzzy y-contractions.
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This example illustrates that the weak condition may hold even when the strong contractive structure
is not available, confirming that the class of k-fuzzy y-weak contractions properly extends the class of
k-fuzzy vy-contractions.

Theorem 4.1 (Existence and uniqueness for k-fuzzy y-weak contraction). Let (X, F, ) be a G-complete
k-FMS, and let Y : X — X be a k-fuzzy y-weak contraction. Then Y has a unique fixed point in X.

Proof. We divide the proof into four steps.
Step 1: Picard sequence and convergence of successive terms.
Let n9 € X be arbitrary, and define the Picard sequence {7,} by

Moot =P, n=0,1,2,.... (4.2)

If there exists ny € N such that r,, = 1,,+1, then 1, 1s a fixed point of ¥, and the proof is complete.
Hence, we may assume that
Mn # Mnst forall n > 0. 4.3)

Since Y is a k-fuzzy y-weak contraction, for every n > 1, we have
YE -1, Y0, P) 2 Y mind F Gt 0 P F Ol Wit P9, F s ¥, pPOY) +6 (4.4)

for all p* € (0, oo)* such that F(¥n,_, ¥n,., p*) < 1.
Using the Picard relation (4.2), we obtain

YF Qs Tt P9) 2 y( mind F e 72 2 F Gt 0 PO F @ s POY) + 6. (4.5)

Thus,
V@ s> P9) = Y mindF a1, 100 2, F s 1051, POOY) + 6. (4.6)

If there exists n € N such that
Min{F -1, s P°)s F s a1 P} = F (s i1, PO,

then (4.6) yields
Y(F s st PO)) = Y(F @ us1, PY)) + 6, (4.7)

a contradiction. Therefore,

min{ F (17— 1, > Py F Qs st PO} = F@pets s P (4.8)

foralln > 1.
Consequently, from (4.6) and (4.8), we get

YF @, M1, P) = Y(F @t 0 P9) + 6 (4.9)

for all n > 1. Iterating (4.9), we obtain

')/(F(]]n, Mn+1, Pk)) > ’}/(F(nn_l, rs pk)) + 6
> Y(F (125 -1, P1)) + 20
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> y(F (1o, m1, ) + né. (4.10)

Letting n — oo in (4.10), we obtain
1im y(F (@, 11, p)) = +00. (4.11)
Since y €T, it follows that
lim F (1, s1, P1) = 1 (4.12)

for all p* € (0, co)X.

Step 2: The sequence {7,} is G-Cauchy.

Suppose, to the contrary, that {17,} is not G-Cauchy. Then there exist & € (0, 1), a vector p* € (0, co)¥,
and sequences of integers {m(s)} and {r(s)} such that

m(s) > r(s) > s and F(is)s s P < 1 — & (4.13)

forall s € N.
We may assume that m(s) is the least integer greater than r(s) satisfying (4.13). Then

FQu(s-1: 9, 1) > 1 = & (4.14)

Using the fuzzy triangle inequality, we obtain

F sy Tty P = F@ntsy—1> Tncsys P % F @ucsy—15 sy )
2 F(nm(s)—l’ Nim(s)» Pk) * (1 - 8)- (415)

Taking the limit as s — oo in (4.15) and using (4.12), we obtain
lim F(17,(), s P) =1 —&. (4.16)
Now, applying (4.4) to the pair (17,,5)-1, 17r(s)-1), W€ get
YF s> My P)) = )’( Min{ F Tyus)-1, Mris)=15 P)s F@ntsy=1s Tnsys P F Moyt Mooy Pk)}) +06. (4.17)
Passing to the limit as s — oo and using (4.16) together with the continuity of 7y, we obtain
y(l-g) 2y(1-¢)+9, (4.18)

which is a contradiction. Therefore, {1,} is a G-Cauchy sequence.
Since (X, F, *) is G-complete, there exists z € X such that

My — 2. 4.19)

Step 3: The limit point is a fixed point of V.
We now prove that z is a fixed point of . Since 1, — z, we have

Fn,,z, pk) -1 asn — oo (4.20)
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for every p* € (0, co)~.
Assume, for contradiction, that ¥z # z. Then

F(z, ¥z, p") < 1. 4.21)
Applying (4.4) to the pair (77, z), we obtain

YF (i1, W2, p9) = ¥ mind F (g, 2, p5), F s i1, P, Fz, W2, pOY) + 6 (4.22)

for all sufficiently large n such that F'(1,;1, ¥z, <1
Now, by (4.20) and (4.12), we have

Fnz, P> 1 and  FQppus1s Y — 1.

Hence, if F(z, ¥z, pX) < 1, then for sufficiently large n, the minimum in (4.22) becomes F(z, ¥z, p*).
Therefore,
Y(F i1, ¥z, p9)) = y(F(z, ¥z, p9) + 6 (4.23)

for all sufficiently large n.
Taking the limit as n — oo in (4.23) and using the continuity of vy, we obtain

y(F(z, ¥z, p")) = y(F(z, ¥z, p)) + 6, (4.24)

which is a contradiction. Hence,
Yz =1z (4.25)
Step 4: Uniqueness of the fixed point.
Let z;, 22 € X be two fixed points of W. Suppose that z; # z,. Then
\PZI =2 and lPZz = 22.

Applying (4.4) to the pair (z;, z2), we get

Y(F(z1,22, p1)) = Y(F(¥z1, Y22, p))
> y(min{F (21, 22, p). F(21, W21, PN, F (22, W22, pO}) + 6
= y(F(z1,22, p")) + 6, (4.26)

which is impossible. Therefore, z; = z5.
Hence, ¥ has a unique fixed point in X. O

Example 4.2. Let X = [0, 1], let = be the product t-norm, and let F be defined as in Example 3.1.
Define

1
y(u) = m, u€(0,1),

and let VY : X — X be given by
X
Y(x) = -.
(x) 3
We shall show that VY is a 2-fuzzy y-weak contraction.
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Let x,y € X with x # y, and put

§=p1+pa
Then, by the definition of F, we have
s
F s Vs ) = -
(X, ¥, p1 p2) R
Also,
s s
F(\Px9\I’y’plyp2) = X y = |x_y|'
f-3 s+
Since x #y, it follows that |x — y| > 0, and hence
0 < F(¥x,¥y,p1,p2) < 1.
Now, using the definition of y, we obtain
1
')’(F(Tx’ le’ ppr)) = —27
- ()
3
1

Y(F(x,y, p1,p2) =

- (s+|fc—y|)2.

Because
s s

> )
s+ 50 s+ |x -yl
we have
Y(F(Yx, Yy, p1, p2)) > y(F(x,y, p1. p2)).
Therefore, there exists a constant 6 € (0, 1) such that
Y(F(¥x, ¥y, p1, p2)) = y(F(x,y, p1, p2)) + 6.

Hence, ¥ satisfies the defining condition of a 2-fuzzy y-weak contraction.

Therefore, all the hypotheses of Theorem 4.1 are satisfied, and so ¥ has a unique fixed point in X.

Finally,

Yx)=x 3 =X,
which implies x = 0. Thus, the unique fixed point of ¥ is 0.

Remark 4.2. Every k-fuzzy y-contraction is a particular case of a k-fuzzy y-weak contraction. Indeed,

if¥Y : X — X satisfies

Y(Fy(Pn, Y, p) = y(Fy(m, £, p)) +6, nl€X,

then

I'l'liIl {FY(U’ é{’ pk)’ FY(U’ \Pna pk)vFY({’ \Pg’ pk)} S FY(na §7 Pk)

Since vy is strictly increasing, we have

y(min{Fy(p. £, p), Fy(n,¥n, 1), Fr(Z, W2, pY)}) < v(Fy(n. £, pY)).

Consequently,

Y(Fy(¥n, ¥, p) = y(Fy(n. £, p) + 6 = y( min {Fy(, £, p1), Fy(n, ¥, p), Fy(Z, ¥, pHY) + 6.

Thus, Y satisfies the y-weak contraction condition with the same 6.

AIMS Mathematics Volume 11, Issue 8, 25506-25525.



25522

5. Applications of the proposed k-fuzzy fixed point framework

We will present two illustrative applications of the proposed framework in uncertain dynamical
settings. The aim is not to introduce new theoretical results, but to show how the notions of the k-
fuzzy y-contraction and k-fuzzy y-weak contraction can be interpreted in practical iterative models.
The examples are intentionally reduced-order and conceptual so that the emphasis remains on the
mathematical structure of the update process rather than on large-scale simulation details.

Example 5.1 (Traffic-signal timing as a k-fuzzy y-contraction). Let
X =[10,60]%,

where each point
x=(,n)eX

represents a signal timing vector, with t, and t, denoting the green-light durations at two adjacent
intersections. In practice, such timing variables are influenced by detector counts, queue estimates, and
travel-time observations. Since these sources are not equally reliable, define the weighted discrepancy
measure
D(x,y) = wilxy = y1| + walxa = yal,
where wy, w, > 0 are reliability weights.
Fix k € N, and let
P'=(p1,...,p) € (0,00)".

Define
k

D(x,
M(x,y, p") = exp(— Z %) x,y€X.
i=1 !

Then (X, M, ), with the product t-norm, provides a natural k-fuzzy metric setting for the timing model.
Consider the reference timing plan

h =(30,40) € X,
and define
Y(x) =1 —-a)x + ah, O<a<l.

Then

D(¥x,¥y) = (1 - a)D(x,y)
so that )

1-a)D
M(\Px, \Py, pk) = exp| — Z M) X
i=1 Pi

Hence, the map Y reduces the discrepancy between timing vectors at each iteration and therefore may
be viewed as a k-fuzzy y-contraction for a suitable increasing function . In this interpretation, the
fixed point of ¥ corresponds to a stable timing configuration toward which the iterative adjustment
process converges.

This example models a regular correction mechanism in which the current signal plan is gradually
moved toward a target plan. The role of the k-fuzzy metric is to measure nearness across multiple
uncertainty scales, such as short-term and long-term traffic fluctuations.
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Example 5.2 (UAV trajectory tracking as a k-fuzzy y-weak contraction). Let
X =[-1L1Ix[-1, 11 x[-n/4,7/4],

where a point
x= (55,9 eX
represents the tracking error in lateral position, altitude, and roll angle of a reduced unmanned aerial

vehicle (UAV) model. These error variables are affected by wind disturbance, sensor noise, actuator
imperfections, and parameter mismatch. To reflect such uncertainty, define

D(x,7) = wi|% = X + wlf — $| + wsld — @I,

where
2= (&9, X
and wy, wy, wy > 0 are reliability weights.
For
P = (pi,-.s i) € (0,00),

define
k

F(x,z,pb) = exp[— Z D(Ij’ Z)).
i=1 !

Then (X, F, x), with the product t-norm, forms a k-fuzzy metric environment for the reduced tracking-

error dynamics.
Let

h =(0,0,0)

denote the desired zero-error equilibrium, and consider the perturbed update rule
VY, (x) = —-a)x+a,h+¢,, O<a,<1,

where &, is a bounded perturbation term representing disturbance and temporary uncertainty. Assume
that
a, > ae(0,1) and g, >0 asn— oo,

Because of the perturbation term, the decrease in error is not purely governed by a single direct
contraction inequality. Instead, the closeness between successive iterates is more naturally described
through a weaker contractive mechanism involving the current state, its image, and the next
correction step. For this reason, the UAV update process is more suitably interpreted as a k-fuzzy
v-weak contraction rather than a strict k-fuzzy y-contraction.

The fixed point of the limiting map

Yx)=(0-a)x+ ah
is
x*=h=1(0,0,0),

which corresponds to a stable tracking configuration. Thus, the k-fuzzy y-weak contraction framework
captures the practical fact that convergence toward the desired flight state may still occur even when
the control loop is affected by uncertainty and non-ideal transient perturbations.
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Remark 5.1. The two examples above are intentionally formulated at different levels of contractive
strength. The traffic-signal timing model represents a more regular iterative correction process and
is therefore naturally associated with a k-fuzzy y-contraction. In contrast, the UAV tracking model
includes bounded perturbations and transient uncertainty, which makes the weaker notion of k-fuzzy
y-weak contraction more appropriate. In this way, the examples illustrate not only the applicability of
the proposed framework, but also the structural relation between the two classes of mappings.

6. Conclusions

In this paper, we developed a fixed point theory for y-type mappings in k-FMSs. We proved the
existence and uniqueness of fixed points for k-fuzzy y-contractions on G-complete spaces and extended
the result to the broader class of k-fuzzy y-weak contractions. This framework generalizes several
known results on fuzzy contractive mappings and enlarges the range of admissible operators in k-fuzzy
metric spaces. The examples illustrate the applicability of the theory, while future research may address
common fixed points, stochastic extensions, and applications to nonlinear problems.
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