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Abstract: Let R = GR(p2,m) denote the Galois ring of characteristic p2 with residue field Fq �
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length mi. The Chinese Remainder Theorem decomposes each GQC code into constituents over the
extension Galois rings GR(p2,md), and the weight problem thereby reduces to counting the positions
at which certain trace sums vanish. We develop character-sum formulas for these trace-zero counts,
organizing the analysis according to whether the active constituent parameters are zero, nilpotent, or
units. Nilpotent constituents reduce to trace equations over the residue field and are evaluated by
finite-field Gauss sums, whereas unit and mixed constituents require an analysis of the principal p-
layer based on the Teichmüller decomposition, carry traces, and addition carries. One consequence
is that residue data alone do not determine the trace-zero count over GR(p2,m): Two units with the
same residue but distinct principal p-parts may yield different Hamming weights. For one- and two-
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of nilpotent and unit constituents. Closed evaluations are obtained in the purely nilpotent cases and
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1. Introduction

1.1. Background and motivation

Let R = GR(p2,m) be the Galois ring of characteristic p2 with residue field Fq � R/〈p〉 and
cardinality q2, where q = pm. The study of linear codes over Galois rings and, more generally, over
finite chain rings lies at a rich intersection of algebra, combinatorics, and information theory. Its central
motivation comes from a landmark result: Certain families of nonlinear binary codes with exceptional
combinatorial properties, notably the Kerdock, Preparata, and Goethals codes, arise as Gray images of
Z4-linear codes [1]. That discovery revealed that the nilpotent layers of a finite ring carry nontrivial
algebraic information and can therefore produce images far superior to any available from purely finite-
field constructions.

Since that foundational work, codes over finite chain rings and Galois rings have been investigated
extensively; see, for example, [2, 3]. A recurring theme is that the ring structure enriches the weight
enumerator in ways that cannot be captured by ordinary finite-field trace methods alone [4, 5]. The
present paper addresses a central instance of this phenomenon for generalized quasi-cyclic (GQC)
codes over R = GR(p2,m).

Generalized quasi-cyclic codes unify several classical families: Cyclic codes arise as the special
case ` = 1, ordinary quasi-cyclic codes correspond to equal block lengths, double cyclic codes
correspond to ` = 2, and various multiblock cyclic constructions fall within the same framework.
The algebraic structure of GQC codes has been studied through generator descriptions, constituent
decompositions, trace representations, and enumeration formulas; see [6–8]. In particular, the
structural theory of one-generator GQC codes over chain rings was developed in [9–11]. A structural
decomposition alone, however, does not determine the Hamming weight distribution; that requires an
explicit count of the positions at which the constituent trace sums vanish in R. The present paper
supplies this count.

1.2. The weight problem and related work

Weight distributions are among the most delicate and informative invariants of a linear code. They
govern error-correcting performance, determine whether a code is minimal, and bear on questions of
projectivity and optimality [12–14]. Over finite fields, weight computations for cyclic and irreducible
cyclic codes typically reduce to exponential sums

∑
x∈D ψ(ax), which are evaluated by means of Gauss

periods and Gauss sums; see [15–17]. Over finite rings, the problem is substantially harder, because
the weight of a codeword depends not only on its residue modulo the maximal ideal but also on its
higher-layer structure. This additional complexity is reflected in complete weight enumerators, torsion
codes, and related invariants of codes over Galois rings; see [18–20].

For GQC codes, the Chinese Remainder Theorem (CRT) decomposition under the coprimality
assumption gcd(mi, p) = 1 identifies the constituent rings K j = GR(p2,md j) and furnishes trace
representations of codewords. Computing the weight distribution then amounts to counting those
indices r for which the trace expressions TrK j/R(A jα

−r
j ) vanish in R. The weight problem is therefore,

in essence, a trace-zero counting problem over extension Galois rings.
The closest precursor to the present work is [21], which studied GQC codes over the equal-

characteristic chain ring Fq + uFq with u2 = 0. In that setting, the trace decomposes cleanly as
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Tr(a + ub) = tr(a) + utr(b), so both layers are governed by ordinary finite-field traces, and the resulting
formulas can be expressed entirely in terms of finite-field Gauss sums. Over R = GR(p2,m), by
contrast, every element admits a Teichmüller expansion a + pb, and multiplication of Teichmüller
representatives produces carry terms that are intrinsic to the mixed-characteristic setting. For a unit
A = A0 + pA1 ∈ K×, the vanishing condition TrK/R(Aα−r) = 0 involves both a residue-layer equation
and a principal p-layer equation whose interaction is governed by carry traces and addition carries.
This interaction has no analog over equal-characteristic rings, and its treatment is the central technical
contribution of the paper.

1.3. Main contributions

The main contributions of the paper are the following:
• Under the assumption gcd(mi, p) = 1, we obtain an explicit trace representation for GQC codewords

over R = GR(p2,m), which reduces the Hamming weight problem to counting the zero positions of
trace sums over the extension Galois rings GR(p2,md) (see Theorem 3.2).
• We express the Hamming weight of a codeword directly in terms of trace-zero counts. If N(0)

i (c)
denotes the number of vanishing trace positions in the ith block, then

wtH(c) =
∑

i

(
mi − N(0)

i (c)
)
.

Determining the weight distribution is therefore equivalent to evaluating these counts (see
Theorem 3.4).
• For a nilpotent parameter pA, the trace-zero condition reduces to the finite-field equation

trFqd /Fq(Ā ᾱ
−r) = 0,

and we evaluate the resulting cases by means of multiplicative characters and Gauss sums (see
Theorems 4.2 and 4.3).
• For a unit A = A0 + pA1, the trace-zero condition splits into a residue-layer condition and a principal

p-layer condition. The latter involves carry traces, and, in the two-unit case, addition carries, as
well. We derive character period formulas covering all combinations of zero, nilpotent, and unit
parameters in the two-constituent setting (see Theorem 4.12).
• We show that residue data alone do not determine the trace-zero count over GR(p2,m): Two

units with the same residue but distinct principal parts can yield different Hamming weights (see
Example 5.6).
• For selected one- and two-constituent families, we compute complete Hamming weight distributions

and indicate conditional finite-field applications to minimality, projectivity, and Griesmer-type
optimality, valid whenever a separate Fq-linear realization with the same Hamming enumerator is
available.
The GQC setting is essential here because it permits unit–nilpotent and unit–unit interactions

between distinct constituents, and these interactions are precisely where the principal p-layer and the
carry terms enter the trace-zero analysis.

1.4. Organization

Section 2 introduces Galois rings, the Teichmüller expansion, trace maps, additive characters,
Hamming weights, and GQC codes. Section 3 presents the trace representation and the stratified weight
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formula. Section 4 derives trace-zero formulas for all nine constituent-type combinations, including
the new unit and mixed-unit cases. Section 5 collects the Gauss-sum and period evaluations required
for explicit weight counts, together with worked examples that illustrate the distinction between the
residue layer and the principal layer. Section 6 records conditional finite-field applications under
an explicitly stated separate-linear-realization assumption. Table 1 lists the principal symbols and
specialized terminology used throughout the paper.

Table 1. Nomenclature.
Symbol Meaning
p, q = pm A prime number; the cardinality of the residue field of R.
R = GR(p2,m) Galois ring of characteristic p2, cardinality q2, residue field Fq.
Rd = GR(p2,md) Degree-d unramified extension of R, with residue field Fqd .
T ,Td Teichmüller sets of R and Rd, respectively.
z0, z1 Residue part and principal p-part of z = z0 + pz1.
τ, τd; λd Teichmüller lifts from Fq and Fqd ; canonical additive character of Fqd .
Trd = TrRd/R; trFqd /Fq Galois ring trace from Rd to R; finite-field trace from Fqd to Fq.
χ, χRd Additive character of R and the induced character χRd = χ ◦ Trd.
m1, . . . ,m`; Ai Block lengths of the GQC code; the ith cyclic block ring R[x]/〈xmi − 1〉.
g j(x), d j A basic irreducible factor and its degree d j = deg g j.
e j(x), e(x) CRT idempotent generating the summand associated with g j(x).
K j = GR(p2,md j) Constituent extension ring corresponding to g j(x).
α j Teichmüller lift in K j of a chosen root ᾱ j of ḡ j(x), satisfying g j(α j) = 0.
C j The jth constituent of the GQC code C.
S i,r(c) Trace sum determining the rth coordinate of the ith block.
N(0)

i ,N(p)
i ,N(×)

i Numbers of zero, nonzero nilpotent, and unit trace sums in block i.
Q j = qd j Cardinality of the residue field of K j.
ω j A fixed generator of the multiplicative character group of F×Q j

.
GQ j(ψ, λ j) Gauss sum of the multiplicative character ψ with respect to λ j.

ḡ j, ∆̄ j Character-selection parameters ḡ j = gcd
(

Q j − 1
q − 1

, u j

)
, ∆̄ j =

Q j − 1
ḡ j

.

alternating-/constant-sign The two sign behaviors of semiprimitive Gauss sums in (5.5).
κd Carry trace associated with the Galois ring trace on GR(p2,md).
T j(C; r), κ j(C; r) Constituent-indexed trace and carry-trace functions of (4.24).
γh Addition carry for a sum of h Teichmüller representatives.
ρA, πA Residue-layer and principal/carry-layer functions associated with A.
νA Residue trace function associated with a nilpotent parameter pA.
Z(A, B) Number of indices at which the corresponding two-constituent trace sum vanishes.
ΘA,B(z) Galois ring character period associated with the parameters A, B and the multiplier z ∈ R.

2. Preliminaries

This section collects the algebraic background and fixes the notation used throughout the paper.

2.1. Galois rings

Definition 2.1. Let p be a prime, let m be a positive integer, and set q = pm. The Galois ring R =

GR(p2,m) is the unique Galois extension of Zp2 of degree m, up to isomorphism. It is a finite chain
ring of characteristic p2 and cardinality q2, with maximal ideal 〈p〉 and residue field R/〈p〉 � Fq.
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Definition 2.2. The Teichmüller set T of R is the unique set of q elements satisfying tq = t for all t ∈ T
and containing 0. Every element z ∈ R has a unique Teichmüller expansion

z = z0 + pz1, z0, z1 ∈ T .

Moreover, z ∈ R× if and only if z0 , 0, and z ∈ pR \ {0} if and only if z0 = 0 and z1 , 0. Throughout
the paper, z0 is called the residue part of z, and z1 its principal p-part; correspondingly, we refer to the
first and second Teichmüller components of an expression as its residue layer and its principal p-layer.
The same terminology is used for the extension rings Rd introduced next.

Definition 2.3. For each positive integer d, let Rd = GR(p2,md). Its residue field is Fqd , its cardinality
is q2d, and its Teichmüller set is denoted by Td. The Galois ring trace Trd = TrRd/R : Rd → R is defined
by

Trd(a) =

d−1∑
i=0

σi(a),

where σ denotes the Frobenius automorphism of Rd over R. The trace is compatible with reduction
modulo p, in the sense that

Trd(a) = trFqd /Fq(ā),

where a bar denotes reduction modulo p.

The partition of K = GR(p2,md) used throughout is

K = {0} ∪
(
pK \ {0}

)
∪ K×,

where, in Teichmüller notation, pK \ {0} = pT ∗d and K× = T ∗d ∪ (T ∗d + pT ∗d ), with T ∗d = Td \ {0}.

2.2. Additive characters

Additive characters are the primary tool for converting trace-zero conditions into character-sum
expressions by means of orthogonality.

Definition 2.4. Let χ : R→ C× be a generating additive character of R. For a ∈ R, write χa(x) = χ(ax).
For K = Rd, the induced additive character is χK = χ ◦ TrK/R.

The additive character orthogonality relation used throughout is

1
|R|

∑
z∈R

χ(zy) =

1, y = 0,
0, y , 0,

(2.1)

which holds because R = GR(p2,m) is a finite Frobenius ring of cardinality q2. The Gauss-sum
evaluations needed in later sections are collected in Section 5.

2.3. Hamming weight

All weights considered in this paper are Hamming weights over the ring alphabet R.

Definition 2.5. For z = (z1, . . . , zn) ∈ Rn, the Hamming weight is

wtH(z) =
∣∣∣{1 ≤ j ≤ n : z j , 0}

∣∣∣.
For a code C ⊆ Rn, the Hamming weight distribution is the sequence (A0, A1, . . . , An) given by

Ai =
∣∣∣{c ∈ C : wtH(c) = i}

∣∣∣.
AIMS Mathematics Volume 11, Issue 8, 25322–25354.
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2.4. Generalized quasi-cyclic codes

Let m1, . . . ,m` be positive integers, and set

Ai = R[x]/〈xmi − 1〉, A = A1 × · · · × A`.

Definition 2.6. An R-linear code C ⊆ Rm1+···+m` is a generalized quasi-cyclic (GQC) code over R with
block lengths (m1, . . . ,m`) if it is an R[x]-submodule of A under the identification Rm1+···+m` � A. Its
Euclidean dual is

C⊥ = {y ∈ Rm1+···+m` : x · y = 0 for all x ∈ C}, x · y =
∑

i

xiyi,

and it is itself a GQC code with the same block lengths.

Throughout the paper, we impose the standing coprimality assumption

gcd(mi, p) = 1 for all 1 ≤ i ≤ `. (2.2)

Under (2.2), each polynomial xmi − 1 is separable modulo p and therefore factors over R into pairwise
coprime monic basic irreducible polynomials, where a monic polynomial g(x) ∈ R[x] is called basic
irreducible if its reduction ḡ(x) modulo p is irreducible over Fq; basic irreducible polynomials are
irreducible in R[x], and R[x]/〈g(x)〉 is again a Galois ring; see [22,23]. Consequently, the CRT applies
to every block ring Ai.

3. Structural decomposition and weight stratification

This section converts the CRT decomposition of a GQC code into trace sums and then expresses
the Hamming weight in terms of trace-zero counts on those sums. The key step is to separate the zero,
nilpotent, and unit strata before applying character-sum methods.

3.1. CRT constituent decomposition

Let g1(x), . . . , gt(x) be the distinct monic basic irreducible polynomials over R that appear in the
factorizations of xmi − 1 for 1 ≤ i ≤ `. By (2.2), each xmi − 1 is squarefree modulo p, so that

xmi − 1 =

t∏
j=1

g j(x)εi, j , εi, j ∈ {0, 1}.

Set d j = deg g j and

Gi, j =

R[x]/〈g j(x)〉, if εi, j = 1,
0, if εi, j = 0.

Proposition 3.1. There is an R[x]-module isomorphism

A �
t⊕

j=1

(
G1, j × · · · ×G`, j

)
,
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and
R[x]/〈g j(x)〉 � Rd j = GR(p2,md j).

Every GQC code C ⊆ A admits a constituent decomposition C �
⊕t

j=1 C j, where C j is an Rd j-linear
code supported on those coordinates i for which g j(x) | xmi − 1.

For each j, choose a root ᾱ j ∈ Fqd j of ḡ j(x). Because g j(x) | xmi − 1 for some i with gcd(mi, p) = 1,

the element ᾱ j has a unique lift α j ∈ Rd j = GR(p2,md j) satisfying g j(α j) = 0, αqd j−1
j = 1. Thus, α j lies

in the Teichmüller set of Rd j; it is called a Teichmüller root of g j(x). The existence and uniqueness of
this lift follow from Hensel’s lemma, as ᾱ j is a simple root of the separable polynomial xmi − 1 modulo
p; see [24, 25].

3.2. Trace representation of codewords

Theorem 3.2. Let C �
⊕t

j=1 C j be the constituent decomposition, let α j ∈ Rd j be a fixed Teichmüller
root of g j(x), and set x j,i = 0 whenever εi, j = 0. Then, every codeword c ∈ C has the form

c =
(
c1(x1, . . . , xt) | · · · | c`(x1, . . . , xt)

)
,

where the ith block is given by

ci(x1, . . . , xt) =

 1
mi

t∑
j=1

Trd j

(
x j,i α

−r
j
)

0≤r<mi

. (3.1)

Conversely, every word obtained from (3.1) by a choice of x j ∈ C j belongs to C.

Proof. Fix a block index i, and put Ai = R[x]/〈xmi − 1〉. Because gcd(mi, p) = 1 by (2.2), the integer
mi is a unit in R. By Proposition 3.1,

Ai �
⊕
εi, j=1

R[x]/〈g j(x)〉,

and evaluation at α j identifies R[x]/〈g j(x)〉 with Rd j = GR(p2,md j) for every active j.
To verify the inverse trace formula, let D be a common multiple of the degrees d j occurring in the

factorization of xmi − 1, and embed all the Rd j into the common splitting ring RD = GR(p2,mD).
Let σ denote the Frobenius automorphism of RD/R. Because every α j is a Teichmüller element,

one has σs(α j) = α
qs

j . Moreover, because g j(x) | xmi − 1, every conjugate αqs

j is an mith root of unity in
RD.

Let x j,i ∈ Rd j be the jth constituent component of the ith block, with x j,i = 0 whenever εi, j = 0.
Define ai,r to be the right-hand side of (3.1), and put ai(x) =

∑mi−1
r=0 ai,r xr. Evaluating at αk gives

ai(αk) =
1
mi

t∑
j=1

mi−1∑
r=0

Trd j

(
x j,iα

−r
j

)
αr

k.

Expanding the trace in the common splitting ring yields

Trd j

(
x j,iα

−r
j

)
=

d j−1∑
s=0

σs(x j,i)α
−qsr
j ,
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and consequently,

ai(αk) =
1
mi

t∑
j=1

d j−1∑
s=0

σs(x j,i)
mi−1∑
r=0

(
αkα

−qs

j

)r
.

We now evaluate the inner geometric sum. Put ρ j,k,s = αkα
−qs

j . Because both αk and αqs

j are mi-th
roots of unity, we have ρmi

j,k,s = 1. If ρ j,k,s , 1, then its residue modulo p also differs from 1; indeed,
Teichmüller lifting is injective, so equality of the residues would force αk = α

qs

j . Hence, 1 − ρ j,k,s is a
unit in RD, and

mi−1∑
r=0

ρr
j,k,s =

1 − ρmi
j,k,s

1 − ρ j,k,s
= 0.

If ρ j,k,s = 1, then every summand equals 1, and therefore,
mi−1∑
r=0

ρr
j,k,s = mi.

Suppose first that j , k. The equality αk = α
qs

j would imply that α j and αk lie in the same Frobenius

orbit, that orbit being {α j, α
q
j , . . . , α

qd j−1

j } in the case of α j. Their minimal basic irreducible polynomials
would then coincide, contrary to g j , gk. Thus,

mi−1∑
r=0

(
αkα

−qs

j

)r
= 0 ( j , k).

Now, let j = k. If αk = α
qs

k for some 0 ≤ s < dk, then αk is fixed by σs; because its Frobenius orbit
has length dk = deg gk, this is possible only for s = 0. Hence,

mi−1∑
r=0

(
αkα

−qs

k

)r
=

mi, s = 0,
0, 1 ≤ s < dk.

It follows that the only surviving term in the preceding expansion is the one with j = k and s = 0, so

ai(αk) =
1
mi
· mi · xk,i = xk,i.

Thus, ai(x) takes precisely the prescribed constituent value xk,i at every active root αk. By the CRT,
it is therefore the unique element of Ai corresponding to the tuple (x j,i)εi, j=1, and hence, the coefficient
formula in (3.1) is exactly the inverse CRT map on the ith block.

Applying this argument block by block shows that every choice x j ∈ C j produces a codeword of
C. Conversely, every codeword of C has a unique constituent tuple in

⊕t
j=1 C j, and the inverse CRT

formula recovers it in the form (3.1). This completes the proof. �

Definition 3.3. For c ∈ C, 1 ≤ i ≤ `, and 0 ≤ r < mi, define

S i,r(c) =

t∑
j=1

Trd j

(
x j,i α

−r
j
)
, (3.2)

so that ci,r = m−1
i S i,r(c). Because mi is a unit in R, the element ci,r is zero, nonzero nilpotent, or a unit

if and only if S i,r(c) is zero, nonzero nilpotent, or a unit, respectively.
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3.3. Stratified weight formula

For c ∈ C and 1 ≤ i ≤ `, define the stratum counts

N(0)
i (c) =

∣∣∣{0 ≤ r < mi : S i,r(c) = 0}
∣∣∣,

N(p)
i (c) =

∣∣∣{0 ≤ r < mi : S i,r(c) ∈ pR \ {0}}
∣∣∣,

N(×)
i (c) =

∣∣∣{0 ≤ r < mi : S i,r(c) ∈ R×}
∣∣∣,

so that
mi = N(0)

i (c) + N(p)
i (c) + N(×)

i (c).

Theorem 3.4. For every codeword c ∈ C,

wtH(c) =
∑̀
i=1

(
N(p)

i (c) + N(×)
i (c)

)
=

∑̀
i=1

(
mi − N(0)

i (c)
)
. (3.3)

In particular, the Hamming weight of c is completely determined by the trace-zero counts N(0)
i (c).

Proof. Fix a codeword c ∈ C. By the trace representation of Theorem 3.2, the coordinate at position r
of the ith block is

ci,r = m−1
i S i,r(c), 0 ≤ r < mi.

The coprimality assumption gcd(mi, p) = 1 implies that mi is a unit in R = GR(p2,m), so that
multiplication by m−1

i is a bijection on R. In particular,

ci,r = 0 ⇐⇒ S i,r(c) = 0.

For each fixed block i, the three sets

{r : S i,r(c) = 0}, {r : S i,r(c) ∈ pR \ {0}}, {r : S i,r(c) ∈ R×}

partition {0, 1, . . . ,mi − 1}, whence N(0)
i (c) + N(p)

i (c) + N(×)
i (c) = mi. Because a coordinate contributes

1 to the Hamming weight exactly when it is nonzero, the contribution of the ith block is

N(p)
i (c) + N(×)

i (c) = mi − N(0)
i (c).

Summing over i = 1, . . . , ` gives (3.3), and the final assertion is immediate. �

Remark 3.5. Computing the homogeneous weight would require the separate counts N(p)(c) and
N(×)(c), as well. For the Hamming weight, by contrast, only the distinction between zero and nonzero
coordinates matters, so that N(0)

i (c) alone suffices via (3.3).

Remark 3.6. Over rings of characteristic p built from a base field, trace-zero conditions typically split
into finite-field trace equations that can be handled by ordinary Gauss sums. The situation over R =

GR(p2,m) is different, owing to the mixed-characteristic structure. A unit A = A0 + pA1 ∈ K× with
A0 ∈ T

∗
K and A1 ∈ TK gives a vanishing condition TrK/R(Aα−r) = 0 that imposes both a residue-layer

equation and a principal p-layer equation, the latter involving carry traces. This is the key obstruction
in the unit and mixed cases treated in Section 4.
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4. Explicit trace-zero formulas over GR(p2,m)

This section evaluates the trace-zero counts that appear in Theorem 3.4, with attention restricted to
one- and two-constituent configurations over R = GR(p2,m). The key distinction is between nilpotent
parameters, whose trace-zero equations descend to residue-field trace equations, and unit parameters,
whose vanishing conditions involve the principal p-layer.

Throughout this section, set

K j = GR(p2,md j), Q j = qd j , j = 0, 1,

and let α j ∈ K×j be Teichmüller units whose residues ᾱ j ∈ F
×
Q j

have common order n. Trace-zero counts
are taken over 0 ≤ r < n. For a general GQC block of length mi, the same formulas apply on each full
orbit; if the active root has order nα | mi, then the count over 0 ≤ r < mi is obtained by applying the
multiplicity factor mi/nα.

Fix primitive elements ξ j of F×Q j
, write ᾱ−1

j = ξ
u j

j , and define

ḡ j = gcd
(

Q j − 1
q − 1

, u j

)
, g j = gcd(Q j − 1, u j), ∆̄ j =

Q j − 1
ḡ j

, ∆ j =
Q j − 1

g j
. (4.1)

The symbols ω j and λ j denote, respectively, a fixed generator of the multiplicative character group
of FQ j and the canonical additive character of FQ j . The semiprimitive cases use the sign patterns
stated in Lemma 5.2, which specialize the general character sums produced by the trace-zero formulas.
Here, and throughout the paper, the term semiprimitive refers to the hypothesis of Lemma 5.2: The
multiplicative character involved has order N ≥ 3, some power pe satisfies pe ≡ −1 (mod N), and the
field size is p2eδ. Under this hypothesis, the Gauss sums G(ψt, λ) for 1 ≤ t ≤ N − 1 are all equal to
±
√

Q, and (5.5) lists the two possible sign behaviors: We call the first branch, in which the sign is
(−1)t and thus alternates with t, the alternating-sign pattern, and the second branch, in which the sign
is the constant (−1)δ−1, the constant-sign pattern.
Remark 4.1. The purely nilpotent cases reduce to ordinary finite-field Gauss sums. The unit and mixed
cases do not reduce in this way in general: The principal p-layer contributes carry traces, and in
the unit–unit case, addition carries, as well. These carry terms constitute the mixed-characteristic
obstruction that distinguishes the unit cases from the nilpotent ones.

4.1. Pure nilpotent cases

Let A = pÃ ∈ pK j. By the R-linearity of the trace together with p2 = 0,

TrK j/R(pÃα−r
j ) = p TrK j/R(Ãα−r

j ).

Moreover, py = 0 in R if and only if ȳ = 0 in R/pR � Fq, so the trace-zero condition is equivalent to
the residue-field equation

trFQ j/Fq(
¯̃A ᾱ−r

j ) = 0.

The nilpotent trace-zero count therefore depends only on the residue ¯̃A.
For A = pÃ ∈ pK0 \ {0} with ¯̃A = ξb

0, define

Z0(pÃ) =
∣∣∣{0 ≤ r < n : TrK0/R(pÃα−r

0 ) = 0}
∣∣∣ =

∣∣∣{0 ≤ r < n : trFQ0/Fq(
¯̃A ᾱ−r

0 ) = 0}
∣∣∣. (4.2)
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Theorem 4.2. With the notation of (4.1) and (4.2),

Z0(pÃ) =
n
q

+
(q − 1)n

q(Q0 − 1)

ḡ0−1∑
s=0

GQ0(ω
−∆̄0 s
0 , λ0)ω∆̄0 s

0 ( ¯̃A). (4.3)

Moreover, the following evaluated forms hold.
(a) If ḡ0 = 2, and p is odd, then

Z0(pÃ) =
n
q
−

(q − 1)n
q(Q0 − 1)

+ (−1)md0+b−1(
√
−1)

md0(p−1)2

4
(q − 1)n

√
Q0

q(Q0 − 1)
. (4.4)

(b) If ḡ0 ≥ 3, and the semiprimitive Gauss sums have the alternating-sign pattern, then

Z0(pÃ) =


n
q
−

(q − 1)n
q(Q0 − 1)

(
1 −

√
Q0(ḡ0 − 1)

)
, ω∆̄0

0 ( ¯̃A) = −1,

n
q
−

(q − 1)n
q(Q0 − 1)

(
1 +

√
Q0

)
, otherwise.

(4.5)

(c) If ḡ0 ≥ 3, and the semiprimitive Gauss sums have the constant-sign pattern with Q0 = p2eδ, then

Z0(pÃ) =


n
q
−

(q − 1)n
q(Q0 − 1)

(
1 + (−1)δ

√
Q0(ḡ0 − 1)

)
, ω∆̄0

0 ( ¯̃A) = 1,

n
q
−

(q − 1)n
q(Q0 − 1)

(
1 + (−1)δ−1

√
Q0

)
, otherwise.

(4.6)

The same formulas hold for B = pB̃ ∈ pK1 \ {0} after the subscript 0 is replaced by 1.

Proof. We prove the formula for the K0-constituent; the case of K1 is identical. For readability, write

Q = Q0, α = ᾱ0, ω = ω0, λ = λ0, ḡ = ḡ0, ∆̄ = ∆̄0,

and put β = α−1 = ξu0
0 . By the nilpotent reduction above, Z0(pÃ) is the number of indices r for which

trFQ/Fq(
¯̃Aβr) = 0.

Indeed,
TrK0/R(pÃα−r

0 ) = p TrK0/R(Ãα−r
0 ),

and an element py ∈ pR vanishes if and only if its residue coefficient ȳ ∈ Fq is zero. The Galois ring
trace condition is therefore equivalent to the stated finite-field trace equation.

Applying additive-character orthogonality (2.1) over Fq gives

Z0(pÃ) =
n
q

+
1
q

∑
a∈F∗q

n−1∑
r=0

λ(a ¯̃Aβr).

More precisely, for each r,

1
q

∑
a∈Fq

λ(a ¯̃Aβr) =

1, trFQ/Fq(
¯̃Aβr) = 0,

0, trFQ/Fq(
¯̃Aβr) , 0,
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and the contribution of a = 0 is n/q, which gives the preceding expression.
For x ∈ F∗Q, expand the additive character in terms of multiplicative characters:

λ(x) =
1

Q − 1

Q−2∑
h=0

GQ(ω−h, λ)ωh(x).

Substituting x = a ¯̃Aβr and interchanging the finite sums yields

Z0(pÃ) =
n
q

+
1

q(Q − 1)

Q−2∑
h=0

GQ(ω−h, λ)ωh( ¯̃A) ×

∑
a∈F∗q

ωh(a)


 n−1∑

r=0

ωh(βr)

 .
After the substitution x = a ¯̃Aβr, the sum over a ∈ F∗q is nonzero only when ωh|F∗q = 1, whereas the

sum over r is nonzero only when ωh(β) = 1. These conditions translate into

q − 1 | h and hu0 ≡ 0 (mod Q − 1).

In fact, ∑
a∈F∗q

ωh(a) =

q − 1, q − 1 | h,
0, otherwise.

On the other hand, because β has order n,

n−1∑
r=0

ωh(βr) =

n, hu0 ≡ 0 (mod Q − 1),
0, otherwise.

The two orthogonality relations thus act as independent selection rules.
By (4.1), the surviving exponents are exactly h = ∆̄s for 0 ≤ s ≤ ḡ− 1, with contributions q− 1 and

n from the respective sums.
To see this explicitly, put L = (Q − 1)/(q − 1), and write h = (q − 1)t. Then, hu0 ≡ 0 (mod Q − 1)

is equivalent to L | tu0, and, because ḡ = gcd(L, u0), this holds precisely when

t =
L
ḡ

s, 0 ≤ s ≤ ḡ − 1.

Hence,

h = (q − 1)
L
ḡ

s =
Q − 1

ḡ
s = ∆̄s.

This gives (4.3).
It remains to specialize the Gauss sums. The term with s = 0 contributes GQ(1, λ) = −1. If ḡ = 2,

then ω∆̄ is the quadratic character of F∗Q; by Lemma 5.1 together with ¯̃A = ξb
0, we obtain ω∆̄( ¯̃A) = (−1)b,

which yields (4.4).
Indeed, in this case,

GQ(ω−∆̄, λ) = (−1)md0−1(
√
−1)

md0(p−1)2

4
√

Q,
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and multiplication by ω∆̄( ¯̃A) = (−1)b produces the final sign in (4.4).
Now, assume ḡ ≥ 3, and set χ = ω∆̄, so that χ has order ḡ. Formula (4.3) becomes

Z0(pÃ) =
n
q

+
(q − 1)n
q(Q − 1)

−1 +

ḡ−1∑
s=1

GQ(χ−s, λ)χs( ¯̃A)

 .
Under the alternating-sign pattern, the last sum equals

√
Q

∑ḡ−1
s=1(−χ( ¯̃A))s, which is

√
Q(ḡ − 1) when

χ( ¯̃A) = −1 and −
√

Q otherwise; this gives (4.5).
The latter evaluation follows from the finite geometric sum

ḡ−1∑
s=1

zs =

ḡ − 1, z = 1,
−1, zḡ = 1 and z , 1,

applied with z = −χ( ¯̃A).
Under the constant-sign pattern, the sum equals (−1)δ−1√Q

∑ḡ−1
s=1 χ

s( ¯̃A), which is (−1)δ−1√Q(ḡ − 1)
when χ( ¯̃A) = 1 and (−1)δ

√
Q otherwise; this gives (4.6).

Indeed,
ḡ−1∑
s=1

χs( ¯̃A) =

ḡ − 1, χ( ¯̃A) = 1,

−1, χ( ¯̃A) , 1,

which yields the two alternatives in (4.6). �

Let A = pÃ ∈ pK0 \ {0} and B = pB̃ ∈ pK1 \ {0}. By the same nilpotent reduction, the simultaneous
trace-zero count is

Zpp(A, B) =
∣∣∣{0 ≤ r < n : trFQ0/Fq(

¯̃A ᾱ−r
0 ) + trFQ1/Fq(

¯̃B ᾱ−r
1 ) = 0}

∣∣∣. (4.7)

The admissible character pairs are collected in

A01 =
{
(h, k) : 0 ≤ h < Q0 − 1, 0 ≤ k < Q1 − 1, ωh

0�F∗q ·ω
k
1�F∗q= 1, ωh

0(ᾱ−1
0 )ωk

1(ᾱ−1
1 ) = 1

}
. (4.8)

Theorem 4.3. With the notation of (4.7) and (4.8),

Zpp(A, B) =
n
q

+
(q − 1)n

q(Q0 − 1)(Q1 − 1)

∑
(h,k)∈A01

GQ0(ω
−h
0 , λ0) GQ1(ω

−k
1 , λ1)ωh

0( ¯̃A)ωk
1( ¯̃B). (4.9)

When B = 0 or A = 0, this reduces to the corresponding one-constituent formula of Theorem 4.2.

Proof. Set
Yr = trFQ0/Fq(

¯̃Aᾱ−r
0 ) + trFQ1/Fq(

¯̃Bᾱ−r
1 ).

Additive-character orthogonality over Fq gives

Zpp(A, B) =
1
q

n−1∑
r=0

∑
a∈Fq

λ(aYr),

the term with a = 0 contributing n/q. For a , 0, expand both additive characters over FQ0 and FQ1 in
terms of multiplicative characters. The sum over a ∈ F∗q is nonzero precisely when ωh

0|F∗q · ω
k
1|F∗q = 1,

in which case it contributes q − 1. The sum over r is nonzero precisely when ωh
0(ᾱ−1

0 )ωk
1(ᾱ−1

1 ) = 1, in
which case, it contributes n. These are exactly the conditions defining A01 in (4.8), and (4.9) follows.
When one parameter is zero, the formula collapses to (4.3). �
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4.2. Two-layer trace corrections in characteristic p2

The following definitions isolate the correction terms that are absent from the nilpotent cases. They
record, respectively, the failure of the Teichmüller lift to commute with the trace (the carry trace) and
with addition (the addition carry).

Let d ≥ 1, let K = GR(p2,md), and write τd : Fqd → Td and τ : Fq → T for the respective
Teichmüller lifts.

Let Frp : z 7→ zp denote the p-Frobenius automorphism on every finite extension of Fp, and let Fr−1
p

denote its inverse. For h ≥ 1, define the universal carry polynomial

Cp,h(X1, . . . , Xh) =



h∑
j=1

Xp
j −

 h∑
j=1

X j


p

p


mod p

∈ Fp[X1, . . . , Xh].

The quotient has integer coefficients, because every nontrivial multinomial coefficient occurring in(∑
j X j

)p
is divisible by p.

Definition 4.4. For x ∈ Fqd , define κd(x) ∈ Fq by

TrK/R(τd(x)) = τ
(
trFqd /Fq(x)

)
+ p τ

(
κd(x)

)
. (4.10)

Equivalently,
κd(x) = Fr−1

p

(
Cp,d

(
x, xq, . . . , xqd−1))

. (4.11)

Definition 4.5. For a1, . . . , ah ∈ Fq, define γh(a1, . . . , ah) ∈ Fq by

h∑
j=1

τ(a j) = τ

 h∑
j=1

a j

 + p τ
(
γh(a1, . . . , ah)

)
. (4.12)

Equivalently,
γh(a1, . . . , ah) = Fr−1

p

(
Cp,h(a1, . . . , ah)

)
. (4.13)

For h = 2, we write γ(a, b) in place of γ2(a, b).

Proposition 4.6. The maps κd and γh of Definitions 4.4 and 4.5 exist and are unique. Moreover, they
are given by (4.11) and (4.13), respectively.

Proof. For any finite field k of characteristic p, identify GR(p2, [k : Fp]) with the ring W2(k) of length-
two p-typical Witt vectors. Under this identification, the Teichmüller lift is τ(a) = [a] = (a, 0),whereas
pτ(b) = (0, bp).

Let a1, . . . , ah ∈ k, and put s =
∑h

j=1 a j. The Witt addition formula gives

h∑
j=1

[a j] =
(
s, Cp,h(a1, . . . , ah)

)
,
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whereas [s]+p[b] = (s, bp). Therefore,
∑h

j=1[a j] = [s]+p[b] holds precisely when bp = Cp,h(a1, . . . , ah).
Because k is perfect, the p-Frobenius is bijective, and hence, b = Fr−1

p

(
Cp,h(a1, . . . , ah)

)
. This proves

both the existence and the explicit formula for γh. Uniqueness follows from the uniqueness of the
Teichmüller expansion z = z0 + pz1.

For the carry trace, the Frobenius conjugates of τd(x) over R are τd(x), τd(xq), . . . , τd(xqd−1
), and

consequently,

TrK/R(τd(x)) =

d−1∑
r=0

τd(xqr
).

Applying the preceding addition formula in K gives

TrK/R(τd(x)) = τd

 d−1∑
r=0

xqr

 + p τd

(
Fr−1

p Cp,d(x, xq, . . . , xqd−1
)
)
.

The first argument is trFqd /Fq(x) ∈ Fq. The second argument also lies in Fq, because applying the q-

Frobenius cyclically permutes (x, xq, . . . , xqd−1
), whereas Cp,d is symmetric, and Fr−1

p commutes with
the q-Frobenius. The preceding identity is thus exactly (4.10), with κd given by (4.11). Its uniqueness
again follows from the uniqueness of the Teichmüller expansion. �

Remark 4.7. For p = 3, we have C3,2(u, v) = −(u2v + uv2), so the two-variable addition carry is
γ(u, v) = Fr−1

3
(
−(u2v + uv2)

)
. Similarly, when d = 2,

κ2(x) = Fr−1
3
(
−(x2xq + x(xq)2)

)
.

In particular, over F9 one has Fr−1
3 (z) = z3.

Remark 4.8. The functions κd and γh are intrinsic to GR(p2,m). In the nilpotent cases, every term
involving κd or γh is multiplied by p and therefore vanishes, as p2 = 0; this is why Theorems 4.2
and 4.3 involve finite-field data only. For unit parameters, by contrast, these correction terms survive
in the second Teichmüller layer and must be accounted for explicitly, as made precise in Lemma 4.9
below.

Lemma 4.9. Let A = A0 + pA1 ∈ K× with A0 ∈ T
∗
d and A1 ∈ Td, and let α ∈ K× be a Teichmüller unit.

For 0 ≤ r < n, define

ρA(r) = trFqd /Fq(Ā0 ᾱ
−r), πA(r) = κd(Ā0 ᾱ

−r) + trFqd /Fq(Ā1 ᾱ
−r), (4.14)

called the residue-layer function and the principal/carry-layer function of A, respectively. Then,
TrK/R(Aα−r) = 0 if and only if ρA(r) = 0, and πA(r) = 0.

Proof. Because α is a Teichmüller unit, the products A0α
−r and A1α

−r are Teichmüller elements. By
the R-linearity of the trace,

TrK/R(Aα−r) = TrK/R(A0α
−r) + p TrK/R(A1α

−r).

Applying (4.10) to A0α
−r gives

TrK/R(A0α
−r) = τ(ρA(r)) + p τ(κd(Ā0ᾱ

−r)).
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Compatibility of the trace with reduction modulo p gives

TrK/R(A1α
−r) = τ(tr(Ā1ᾱ

−r)) + pY

for some Y ∈ R, and multiplying by p and using p2 = 0 annihilates the term pY . Combining these
identities by means of (4.14),

TrK/R(Aα−r) = τ(ρA(r)) + p τ(πA(r)).

By the uniqueness of the Teichmüller expansion in R, this vanishes if and only if ρA(r) = 0, and
πA(r) = 0. �

Lemma 4.9 is the key structural result distinguishing the unit cases from the nilpotent ones: The
vanishing of TrK/R(Aα−r) imposes two conditions on each index r. In particular, two units A = A0 +

pA1 and A′ = A0 + pA′1 with the same residue A0 but with A1 , A′1 can give different values of
πA, and hence different trace-zero counts, even though they are indistinguishable at the residue level.
This phenomenon, which has no counterpart in the characteristic-p model, is illustrated concretely in
Example 5.6.

4.3. One-unit cases

Let K0 = GR(p2,md0) and Q0 = qd0 , and let α0 ∈ K0 be the Teichmüller root. For A = A0 + pA1 ∈

K×0 , define
U0(A) =

∣∣∣{0 ≤ r < n : TrK0/R(Aα−r
0 ) = 0}

∣∣∣. (4.15)

The map πp : pR → Fq is defined by πp(pb) = b̄ for b ∈ T . By Lemma 4.9, the count (4.15) is
governed by a residue trace condition together with a second, principal layer condition. For z ∈ R,
define the Galois-ring period

Θ0(z; A) =

n−1∑
r=0

χK0(z Aα−r
0 ). (4.16)

The term Galois ring period is used by analogy with the classical Gauss periods over finite fields: The
summation runs over the cyclic orbit {α−r

0 : 0 ≤ r < n} rather than over the full multiplicative group,
and the additive character of the field is replaced by the induced character χK0 of the Galois ring.

Theorem 4.10. For A = A0 + pA1 ∈ K×0 ,

U0(A) =
1
q2

(
n + R0(Ā0) + P0(A)

)
, (4.17)

where

R0(Ā0) =
∑
b∈T ∗

Θ0(pb; A) = (q − 1)
n

Q0 − 1

ḡ0−1∑
s=0

GQ0(ω
−∆̄0 s
0 , λ0)ω∆̄0 s

0 (Ā0), (4.18)

and

P0(A) =
∑
a∈T ∗

∑
b∈T

n−1∑
r=0

χK0((a + pb)(A0 + pA1)α−r
0 ). (4.19)
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Hence,

U0(A) =
1
q2

(
n + (q − 1)

n
Q0 − 1

ḡ0−1∑
s=0

GQ0(ω
−∆̄0 s
0 , λ0)ω∆̄0 s

0 (Ā0) + P0(A)
)
. (4.20)

The same formula, with the subscript 0 replaced by 1, holds for a unit B ∈ K×1 .

Proof. Applying orthogonality (2.1) with y = TrK0/R(Aα−r
0 ) and summing over r gives

U0(A) =
1
q2

∑
z∈R

n−1∑
r=0

χK0(z Aα−r
0 ).

Decomposing R = {0} ∪ pT ∗ ∪ (T ∗ + pT ), the term with z = 0 contributes n, the terms with z = pb
and b ∈ T ∗ contribute

∑
b Θ0(pb; A), and the unit terms contribute P0(A) as defined in (4.19); this

gives (4.17).
For the pT ∗-contribution, p2 = 0 gives

pb(A0 + pA1)α−r
0 = pbA0α

−r
0 ,

and compatibility of the additive characters with reduction modulo p then gives

χK0(pbAα−r
0 ) = λ0(b̄ Ā0 ᾱ

−r
0 ).

Expanding λ0 by means of (5.6) and applying the selection rules (5.7) and (5.8), only the exponents
h = ∆̄0s with 0 ≤ s ≤ ḡ0 − 1 survive, which yields (4.18). Substituting into (4.17) gives (4.20).
The unit contribution P0(A) cannot be reduced to a function of Ā0 alone, as (a + pb)(A0 + pA1) =

aA0 + p(aA1 + bA0), so that the p-coefficient depends on the principal part A1. �

4.4. Mixed two-constituent cases

For A ∈ K0 and B ∈ K1, define

Z(A, B) =
∣∣∣{0 ≤ r < n : TrK0/R(Aα−r

0 ) + TrK1/R(Bα−r
1 ) = 0}

∣∣∣ (4.21)

together with the combined Galois ring period

ΘA,B(z) =

n−1∑
r=0

χK0(z Aα−r
0 ) χK1(z Bα−r

1 ). (4.22)

Lemma 4.11. For all A ∈ K0 and B ∈ K1,

Z(A, B) =
1
q2

(
n +

∑
b∈T ∗

ΘA,B(pb) +
∑
a∈T ∗

∑
b∈T

ΘA,B(a + pb)
)
. (4.23)

Proof. Put
Yr = TrK0/R(Aα−r

0 ) + TrK1/R(Bα−r
1 ) ∈ R.

Applying orthogonality (2.1) with y = Yr and summing over r,

Z(A, B) =
1
q2

n−1∑
r=0

∑
z∈R

χ(z Yr).
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By the R-linearity of the trace and the additivity of χ,

χ(z Yr) = χK0(z Aα−r
0 ) χK1(z Bα−r

1 ),

so Z(A, B) = q−2 ∑
z∈R ΘA,B(z). Decomposing R = {0} ∪ pT ∗ ∪ (T ∗ + pT ) and noting that ΘA,B(0) = n

gives (4.23). �

For C ∈ FQ j , put

T j(C; r) = trFQ j/Fq(Cᾱ
−r
j ), κ j(C; r) = κd j(Cᾱ

−r
j ), 0 ≤ r < n. (4.24)

For A = A0 + pA1 ∈ K×0 and B = B0 + pB1 ∈ K×1 , define

ρA = T0(Ā0; r), πA = κ0(Ā0; r) + T0(Ā1; r), ρB = T1(B̄0; r), πB = κ1(B̄0; r) + T1(B̄1; r). (4.25)

These agree with the residue layer and principal/carry layer functions of Lemma 4.9, now written in the
constituent-indexed notation of (4.24); note that κ0, κ1 denote the carry-trace functions and must not be
confused with the constituent rings K0,K1. For nilpotent parameters pÃ ∈ pK0 \{0} and pB̃ ∈ pK1 \{0},
define

νA = T0( ¯̃A; r), νB = T1( ¯̃B; r). (4.26)

The dependence on r is suppressed whenever no confusion can arise. For functions f , g : {0, . . . , n −
1} → Fq, define

Z( f , g) =
1
q2

∑
a,b∈Fq

n−1∑
r=0

λ(a f (r) + bg(r)) =
1
q2

(
n + R( f ) +L(g) +M( f , g)

)
, (4.27)

where

R( f ) =
∑
a∈F∗q

n−1∑
r=0

λ(a f (r)), L(g) =
∑
b∈F∗q

n−1∑
r=0

λ(bg(r)), M( f , g) =
∑
a∈F∗q

∑
b∈F∗q

n−1∑
r=0

λ(a f (r) + bg(r)). (4.28)

Theorem 4.12. The count Z(A, B) defined in (4.21) is given by the following nine cases:
Case I. If A = B = 0, then Z(A, B) = n.

Case II. If A = pÃ , 0, and B = 0, then Z(A, B) is given by Theorem 4.2.
Case III. If A = 0, and B = pB̃ , 0, then Z(A, B) is given by the subscript-1 version of Theorem 4.2.
Case IV. If A = pÃ , 0, , and B = pB̃ , 0, then Z(A, B) is given by Theorem 4.3.
Case V. If A ∈ K×0 , and B = 0, then Z(A, B) = U0(A), where U0(A) is given by Theorem 4.10.

Case VI. If A = 0, and B ∈ K×1 , then Z(A, B) = U1(B), the subscript-1 analog of Theorem 4.10.
Case VII. If A = A0 + pA1 ∈ K×0 , and B = pB̃ ∈ pK1 \ {0}, then

Z(A, pB̃) = Z(ρA, πA + νB).

Case VIII. If A = pÃ ∈ pK0 \ {0}, and B = B0 + pB1 ∈ K×1 , then

Z(pÃ, B) = Z(ρB, νA + πB).
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Case IX. If A = A0 + pA1 ∈ K×0 , and B = B0 + pB1 ∈ K×1 , define

ρA,B = ρA + ρB, πA,B = πA + πB + γ(ρA, ρB).

Then, Z(A, B) = Z(ρA,B, πA,B).
In Cases VII–IX, the residue layer terms of (4.28) evaluate as

R(ρA) =
(q − 1)n
Q0 − 1

ḡ0−1∑
s=0

GQ0(ω
−∆̄0 s
0 , λ0)ω∆̄0 s

0 (Ā0), (4.29)

R(ρB) =
(q − 1)n
Q1 − 1

ḡ1−1∑
s=0

GQ1(ω
−∆̄1 s
1 , λ1)ω∆̄1 s

1 (B̄0), (4.30)

R(ρA,B) =
(q − 1)n

(Q0 − 1)(Q1 − 1)

∑
(h,k)∈A01

GQ0(ω
−h
0 , λ0)GQ1(ω

−k
1 , λ1)ωh

0(Ā0)ωk
1(B̄0), (4.31)

whereA01 is as in (4.8), and the parameters ḡ j and ∆̄ j are as in (4.1).

Proof. Cases I–IV. For A = pÃ and B = pB̃, the identity p2 = 0 gives

TrK0/R(Aα−r
0 ) + TrK1/R(Bα−r

1 ) = p
(
TrK0/R(Ãα−r

0 ) + TrK1/R(B̃α−r
1 )

)
,

which vanishes if and only if T0( ¯̃A; r) + T1( ¯̃B; r) = 0. Cases I–IV therefore reduce to the residue field
trace formulas of Theorems 4.2 and 4.3, the cases with one zero parameter being immediate.

Cases V and VI are precisely Theorem 4.10 applied to K0 and to K1, respectively.
Cases VII–IX. Let Yr = TrK0/R(Aα−r

0 ) + TrK1/R(Bα−r
1 ).

Case VII: A = A0 + pA1 ∈ K×0 and B = pB̃. The two-layer trace expansion via (4.10) and (4.14)
gives

TrK0/R(Aα−r
0 ) = τ(ρA) + pτ(πA), TrK1/R(pB̃α−r

1 ) = pτ(νB).

Because p2 = 0, addition in the p-layer produces no further carry, so Yr = τ(ρA) + pτ(πA + νB). By
the uniqueness of the Teichmüller expansion, Yr = 0 if and only if ρA = 0, and πA + νB = 0. Applying
additive-character orthogonality over Fq via (4.27) gives Z(A, pB̃) = Z(ρA, πA + νB).

Case VIII is symmetric to Case VII: One obtains Yr = τ(ρB) + pτ(νA + πB), and hence, Z(pÃ, B) =

Z(ρB, νA + πB).
Case IX: Both parameters are units. Using (4.10) together with the addition carry (4.12),

τ(ρA) + τ(ρB) = τ(ρA + ρB) + pτ(γ(ρA, ρB)),

so Yr = τ(ρA,B) + pτ(πA,B). Then, Yr = 0 if and only if ρA,B = 0, and πA,B = 0, which gives Z(A, B) =

Z(ρA,B, πA,B).
Residue layer evaluations. Formula (4.29) follows by expanding λ0 via (5.6) in

R(ρA) =
∑
a∈F∗q

n−1∑
r=0

λ0(aĀ0ᾱ
−r
0 )

AIMS Mathematics Volume 11, Issue 8, 25322–25354.



25341

and applying the selection rules (5.7) and (5.8); the surviving exponents are h = ∆̄0s with 0 ≤ s ≤ ḡ0−1.
Formula (4.30) follows in the same way with the subscript 1.

For (4.31), we have

R(ρA,B) =
∑
a∈F∗q

n−1∑
r=0

λ0(aĀ0ᾱ
−r
0 )λ1(aB̄0ᾱ

−r
1 ).

Expanding both characters, the sum over a ∈ F∗q imposes ωh
0|F∗qω

k
1|F∗q = 1, and the sum over r imposes

ωh
0(ᾱ−1

0 )ωk
1(ᾱ−1

1 ) = 1. These are precisely the conditions definingA01 in (4.8), and (4.31) follows. �

Remark 4.13. Case IX of Theorem 4.12 reveals the full complexity of the mixed-characteristic weight
problem. The p-layer condition πA,B = 0 involves five contributions coming from (4.25): the carry
traces κd0 and κd1 of the two residue constituents, the principal traces tr(Ā1ᾱ

−r
0 ) and tr(B̄1ᾱ

−r
1 ) coming

from the second Teichmüller component of each unit, and the addition carry γ(ρA, ρB) arising from the
interaction of the two residue traces. None of these terms has a counterpart when the base ring is a
field.

5. Gauss-sum evaluations and explicit weight formulas

This section collects the Gauss-sum tools required for the explicit weight formulas and then
establishes the Galois ring period formulas for the unit cases. Hamming weights are obtained from
trace-zero counts by means of Theorem 3.4.

Let Q = qd, let ξ ∈ F×Q be a primitive element, and let ω be the multiplicative character determined
by

ω(ξ) = exp
2π
√
−1

Q − 1

 . (5.1)

For the canonical additive character λQ of FQ, the Gauss sum is

GQ(ψ, λQ) =
∑
x∈F×Q

ψ(x) λQ(x). (5.2)

In the next two lemmas, which are classical, the symbols q and λ1 denote a generic prime power
and the canonical additive character of the corresponding field; they are applied in this paper with the
generic field size replaced by Q0 or Q1, and are not to be confused with the global parameter q = pm

and the character λ1 of FQ1 fixed in Section 4.

Lemma 5.1. Let η and λ1 be the quadratic and the canonical additive character of Fq, respectively,
where q = pr, and p is odd. Then,

G(η, λ1) = (−1)r−1(
√
−1)r(p−1)2/4√q. (5.3)

Lemma 5.2. Let ψ be a multiplicative character of order N ≥ 3, and let e be the least positive integer
with pe ≡ −1 (mod N). If q = p2eδ, then

G(ψ, λ1) =

(−1)δ−1√q, p = 2,

(−1)δ−1+δ(pe+1)/N √q, p > 2.
(5.4)
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Moreover, for 1 ≤ t ≤ N − 1,

G(ψt, λ1) =

(−1)t √q, if N is even, and p, δ, (pe + 1)/N are all odd,

(−1)δ−1√q, otherwise.
(5.5)

The first branch of (5.5) is the alternating-sign pattern, and the second branch is the constant-sign
pattern, in the terminology fixed in Section 4.

Lemma 5.3. Let Q = qd, let ξ be a primitive element of F×Q, let ω be as in (5.1), and let λ be a nontrivial
additive character of FQ. Then, for every x ∈ F×Q,

λ(x) =
1

Q − 1

Q−2∑
h=0

GQ(ω−h, λ)ωh(x). (5.6)

Assume, moreover, that ᾱ−1 = ξu, where n is the order of ᾱ−1 in F×Q. Then,

∑
a∈F×q

ωh(a) =

q − 1, h ≡ 0 (mod q − 1),
0, otherwise,

(5.7)

n−1∑
r=0

ωh(ᾱ−r) =

n, hu ≡ 0 (mod Q − 1),
0, otherwise.

(5.8)

The exponents satisfying both selection rules simultaneously are exactly

h = ∆̄s, 0 ≤ s ≤ ḡ − 1, (5.9)

where ḡ and ∆̄ are as in (4.1) with the subscripts suppressed.

Proof. The expansion (5.6) follows by writing GQ(ωh, λ) =
∑

y∈F∗Q
ωh(y)λ(y), substituting, and invoking

the orthogonality of the multiplicative character group.
Indeed,

1
Q − 1

Q−2∑
h=0

GQ(ω−h, λ)ωh(x) =
1

Q − 1

∑
y∈F∗Q

λ(y)
Q−2∑
h=0

ωh(xy−1),

and, by multiplicative-character orthogonality,

Q−2∑
h=0

ωh(xy−1) =

Q − 1, y = x,

0, y , x,

so only the term with y = x survives, which proves (5.6).
For (5.7), note that F∗q is the unique subgroup of order q − 1 in F∗Q, so the restriction of ωh to F∗q is

trivial if and only if h ≡ 0 (mod q − 1).
More explicitly, with L = (Q − 1)/(q − 1), the element ξL generates F∗q, and hence,

∑
a∈F∗q

ωh(a) =

q−2∑
j=0

ωh(ξL j) =

q−2∑
j=0

exp
(
2πi h j
q − 1

)
.
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This geometric sum equals q − 1 when q − 1 | h and vanishes otherwise.
For (5.8), since ᾱ−1 = ξu, we have ωh(ᾱ−r) = exp(2πi hur/(Q−1)), and the sum is a geometric series

equal to n when hu ≡ 0 (mod Q − 1) and to 0 otherwise.
Indeed,

n−1∑
r=0

ωh(ᾱ−r) =

n−1∑
r=0

(
exp

(
2πi hu
Q − 1

))r

.

Because ᾱ−1 has order n, the ratio is an nth root of unity. The sum therefore equals n precisely when
the ratio is 1; that is, when Q − 1 | hu, and it equals 0 otherwise.

To identify the simultaneous solutions, write h = (q − 1)t from (5.7), and substitute into the orbit
condition. Setting L = (Q − 1)/(q − 1) and ḡ = gcd(L, u), the condition L | tu reduces to (L/ḡ) | t,
which gives (5.9).

To justify the last reduction, write

L = ḡ L1, u = ḡ u1, gcd(L1, u1) = 1.

Then,
L | tu ⇐⇒ ḡL1 | t ḡu1 ⇐⇒ L1 | tu1,

and, because gcd(L1, u1) = 1, this is equivalent to L1 | t, that is, to (L/ḡ) | t. Thus, t = L/ḡs, 0 ≤ s ≤
ḡ − 1, and consequently, h = (q − 1)t = (q − 1)(L/ḡ)s = (Q − 1/ḡ)s = ∆̄s. These are exactly the ḡ
residue classes of exponents satisfying both selection rules. �

Galois ring period formulas for unit cases

The following two theorems establish the period formulas for Cases V–IX of Theorem 4.12. They
combine additive character orthogonality on R with the decomposition R = {0} ∪ pT ∗ ∪ (T ∗ + pT ).

Theorem 5.4. Assume that the additive characters are chosen compatibly with reduction modulo p, so
that, for every x ∈ FQ0 and every b ∈ T ∗,

χK0

(
pb τd0(x)

)
= λ0(b̄ x). (5.10)

Let A = A0 + pA1 ∈ K×0 with A0 ∈ T
∗
d0

and A1 ∈ Td0 . Then, U0(A) is given by (4.20), with R0(Ā0) as
in (4.18) and P0(A) as in (4.19). Moreover, U0(A) equals the number of indices 0 ≤ r < n satisfying
the two-layer system

ρA(r) = 0 and πA(r) = 0, (5.11)

where ρA(r) and πA(r) are as defined in (4.25).

Proof. For 0 ≤ r < n, set Yr = TrK0/R(Aα−r
0 ). Applying orthogonality (2.1) and summing over r,

U0(A) =
1
q2

∑
z∈R

n−1∑
r=0

χK0(zAα−r
0 ).

Decomposing R = {0} ∪ pT ∗ ∪ (T ∗ + pT ), the term with z = 0 contributes n, the pT ∗-terms contribute∑
b∈T ∗ Θ0(pb; A) as in (4.16), and the unit terms contribute P0(A) from (4.19); this recovers (4.17).
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For the pT ∗-contribution, p2 = 0 gives pbAα−r
0 = pbA0α

−r
0 , and compatibility (5.10) gives

χK0(pbAα−r
0 ) = λ0(b̄ Ā0ᾱ

−r
0 ). Applying (5.6) together with the selection rules (5.7) and (5.8), only

the exponents h = ∆̄0s survive, so
∑

b∈T ∗ Θ0(pb; A) = R0(Ā0) as in (4.18). This establishes (4.20).
For the two-layer description, write

Yr = TrK0/R(A0α
−r
0 ) + pTrK0/R(A1α

−r
0 ).

Applying (4.10) to A0α
−r
0 and compatibility modulo p to A1α

−r
0 , together with the simplification p2 = 0,

Yr = τ(ρA(r)) + pτ(πA(r)),

where ρA(r) and πA(r) are given by (4.25). By the uniqueness of the Teichmüller expansion, Yr = 0 if
and only if (5.11) holds. �

Theorem 5.5. Assume that (5.10) holds with the subscript j for K j, λ j, and Q j. Let A = A0 + pA1 ∈ K×0
with A0 ∈ T

∗
d0

and A1 ∈ Td0 .

(i) If B = pB̃ ∈ pK1 \ {0}, then

Z(A, pB̃) =
1
q2

(
n + RA + PA,pB̃

)
, (5.12)

where RA is given by (4.29), and

PA,pB̃ =
∑
a∈T ∗

∑
b∈T

n−1∑
r=0

χK0((a + pb)Aα−r
0 )χK1((a + pb)pB̃α−r

1 ). (5.13)

(ii) If B = B0 + pB1 ∈ K×1 with B0 ∈ T
∗
d1

and B1 ∈ Td1 , then

Z(A, B) =
1
q2

(
n + RA,B + PA,B

)
, (5.14)

where

RA,B =
∑
b∈T ∗

n−1∑
r=0

λ0(b̄ Ā0ᾱ
−r
0 )λ1(b̄ B̄0ᾱ

−r
1 ), (5.15)

PA,B =
∑
a∈T ∗

∑
b∈T

n−1∑
r=0

χK0((a + pb)Aα−r
0 )χK1((a + pb)Bα−r

1 ). (5.16)

Proof. We apply the master formula (4.23) of Lemma 4.11 and identify the pT ∗- and the unit layer
contributions in each case.

(i) Let B = pB̃. The unit contribution is immediately PA,pB̃ from (5.13). For b ∈ T ∗, the identity
p2 = 0 gives pb · pB̃ = 0, so ΘA,pB̃(pb) =

∑
r χK0(pbAα−r

0 ). Again because p2 = 0, we have
pbAα−r

0 = pbA0α
−r
0 , and by (5.10), χK0(pbA0α

−r
0 ) = λ0(b̄ Ā0ᾱ

−r
0 ). Applying the selection rules gives∑

b∈T ∗ ΘA,pB̃(pb) = RA as in (4.29), which establishes (5.12).
(ii) Let B = B0 + pB1 ∈ K×1 . The unit contribution is PA,B from (5.16). For b ∈ T ∗, the identity

p2 = 0 gives pbAα−r
0 = pbA0α

−r
0 and pbBα−r

1 = pbB0α
−r
1 . Applying (5.10) to each factor,

ΘA,B(pb) =
∑

r

λ0(b̄ Ā0ᾱ
−r
0 )λ1(b̄ B̄0ᾱ

−r
1 ),
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so that
∑

b∈T ∗ ΘA,B(pb) = RA,B as in (5.15), which establishes (5.14).
For the unit–unit layer structure, using (4.10) together with (4.12),

TrK0/R(Aα−r
0 ) + TrK1/R(Bα−r

1 ) = τ(ρA,B(r)) + pτ(πA,B(r)),

where
ρA,B(r) = ρA(r) + ρB(r),

and
πA,B(r) = κd0(Ā0ᾱ

−r
0 ) + κd1(B̄0ᾱ

−r
1 ) + tr(Ā1ᾱ

−r
0 ) + tr(B̄1ᾱ

−r
1 ) + γ(ρA(r), ρB(r)),

in agreement with (4.25). By the uniqueness of the Teichmüller expansion, Yr = 0 if and only if
ρA,B(r) = 0, and πA,B(r) = 0. �

Example 5.6. Let R = GR(32, 2), so that q = 9. Set F9 = F3(ι), ι2 = −1,F81 = F9(ζ), ζ2 = 1 + ι.

The element ξ = ι + ζ is primitive in F×81. Let K = GR(32, 4), whose residue field is F81, and choose
Teichmüller units α0, α1 ∈ K× such that ᾱ−1

0 = ξ8, and ᾱ−1
1 = ξ24. Both have order n = 10 in F×81.

For this choice, Q = 81, and q = 9, and ḡ j = gcd
(
(Q−1)/(q−1), u j

)
= 2 for j = 0, 1, where u0 = 8,

and u1 = 24. Because G81(η, λ) = −9, formula (4.3) gives∣∣∣∣{0 ≤ r < 10 : trF81/F9(Cᾱ
−r
j ) = 0

}∣∣∣∣ = 1 − η(C).

A nonsquare residue therefore gives Z = 2, whereas a square residue gives Z = 0.
Choose

U = ξ69, V = ξ27, A0 = ξ66, B0 = ξ, A1 = ξ21, B1 = ξ31,

where U and V are nonsquares, and set A = A0 +3A1 and B = B0 +3B1, so that 3U and 3V are nilpotent
parameters, and A0, B0, A, and B are units.

For K = GR(32, 4), the carry trace and the addition carry are

κ(x) = −(x2xq + x(xq)2), γ(u, v) = −(u2v + uv2).

For 0 ≤ r < 10, set
uA(r) = tr(Ā0ᾱ

−r
0 ), uB(r) = tr(B̄0ᾱ

−r
1 ),

νU(r) = tr(Ūᾱ−r
0 ), νV(r) = tr(V̄ᾱ−r

1 ),

and introduce the compact carry notation

κA(r) = κ(Ā0ᾱ
−r
0 ), κB(r) = κ(B̄0ᾱ

−r
1 ), γA,B(r) = γ

(
uA(r), uB(r)

)
.

The principal-layer functions associated with the mixed units A = A0+3A1 and B = B0+3B1 are θA(r) =

κA(r) + tr(Ā1ᾱ
−r
0 ), θB(r) = κB(r) + tr(B̄1ᾱ

−r
1 ), whereas for the pure units A0 and B0, the corresponding

principal layer functions are simply κA(r) and κB(r), respectively.
Table 2 gives the trace-zero count

Z(X,Y) =
∣∣∣{0 ≤ r < 10 : TrK/R(Xα−r

0 ) + TrK/R(Yα−r
1 ) = 0

}∣∣∣
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for each of the sixteen parameter pairs (X,Y). Because the block length is 10, the corresponding
Hamming weight is wtH(X,Y) = 10 − Z(X,Y). The two condition columns of Table 2 are to be read
successively. For each parameter pair (X,Y), define the residue-admissible index set

Ires
X,Y =

{
0 ≤ r < 10 : the residue-layer equation in the table is satisfied

}
.

Table 2. Trace-zero counts and Hamming weights over GR(32, 2) for the sixteen parameter
combinations.

No. Parameters Case type Residue layer Principal/carry layer Z wH

1 (0, 0) zero automatic automatic 10 0

2 (3U, 0) one nilpotent νU(r) = 0 — 2 8

3 (0, 3V) one nilpotent νV (r) = 0 — 2 8

4 (3U, 3V) nil–nil νU(r) + νV (r) = 0 — 6 4

5 (A0, 0) one pure unit uA(r) = 0 κ(Ā0ᾱ
−r
0 ) = 0 0 10

6 (A, 0) one mixed unit uA(r) = 0 θA(r) = 0 0 10

7 (0, B0) one pure unit uB(r) = 0 κ(B̄0ᾱ
−r
1 ) = 0 2 8

8 (0, B) one mixed unit uB(r) = 0 θB(r) = 0 2 8

9 (A0, 3V) unit–nilpotent uA(r) = 0 κ(Ā0ᾱ
−r
0 ) + νV (r) = 0 0 10

10 (A, 3V) mixed unit–nil uA(r) = 0 θA(r) + νV (r) = 0 0 10

11 (3U, B0) nil–pure unit uB(r) = 0 νU(r) + κ(B̄0ᾱ
−r
1 ) = 0 0 10

12 (3U, B) nil–mixed unit uB(r) = 0 νU(r) + θB(r) = 0 0 10

13 (A0, B0) pure–pure unit uA(r) + uB(r) = 0 κ(Ā0ᾱ
−r
0 )+ κ(B̄0ᾱ

−r
1 )+ γ(uA(r), uB(r)) = 0 0 10

14 (A, B0) mixed–pure unit uA(r) + uB(r) = 0 θA(r)+ κ(B̄0ᾱ
−r
1 )+ γ(uA(r), uB(r)) = 0 0 10

15 (A0, B) pure–mixed unit uA(r) + uB(r) = 0 κ(Ā0ᾱ
−r
0 )+ θB(r)+ γ(uA(r), uB(r)) = 0 2 8

16 (A, B) mixed–mixed unit uA(r) + uB(r) = 0 θA(r)+ θB(r)+ γ(uA(r), uB(r)) = 0 2 8

For the rows containing only zero or nilpotent parameters, no independent principal-layer equation
remains, and hence, Z(X,Y) =

∣∣∣Ires
X,Y

∣∣∣. When at least one parameter is a unit, define in addition the
principal/carry-admissible index set

I
pc
X,Y =

{
0 ≤ r < 10 : the principal/carry-layer equation in the table is satisfied

}
.

In those rows, the trace sum vanishes precisely when both layer equations hold, so that Z(X,Y) =∣∣∣Ires
X,Y ∩ I

pc
X,Y

∣∣∣. The column “Residue layer” thus records the first Teichmüller-layer condition, whereas
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the column “Principal/carry layer” records the additional condition arising from the principal 3-parts,
the carry traces, and, in the two-unit cases, the addition carry. For example, row 15 is determined by

Ires
A0,B = {0 ≤ r < 10 : uA(r) + uB(r) = 0} ,

I
pc
A0,B

=
{
0 ≤ r < 10 : κA(r) + θB(r) + γA,B(r) = 0

}
.

A direct evaluation gives
∣∣∣Ires

A0,B
∩I

pc
A0,B

∣∣∣ = 2, and therefore, Z(A0, B) = 2 and wtH(A0, B) = 8. Similarly,
row 16 is determined by uA(r) + uB(r) = 0 together with θA(r) + θB(r) +γA,B(r) = 0. Exactly two indices
satisfy both equations, and hence, Z(A, B) = 2 and wtH(A, B) = 8. Consequently, rows 15 and 16
share the same residue pair (Ā0, B̄0) but have distinct principal parts in the first parameter, and they
yield Z(A0, B) = 4 , 2 = Z(A, B). This confirms explicitly that residue data alone do not determine
the trace-zero count over GR(p2,m). The principal p-layer contributes through the carry trace κ, the
principal traces, and the addition carry γ.

Example 5.7. Let R = GR(4, 2), so that |R| = 16, p = 2, q = 4, R/2R � F4, and |2R| = 4. Consider the
two-block ambient space

A = R[x]/〈x3 − 1〉 × R[x]/〈x5 − 1〉,

and let S 3(x) = 1 + x + x2 and S 5(x) = 1 + x + x2 + x3 + x4. Define

C =
〈
(S 3(x) | S 5(x)), (2 | 0), (0 | 2)

〉
⊆ A,

or, equivalently,

C = {(a S 3(x) + 2 f (x) | a S 5(x) + 2g(x)) : a ∈ R, f ∈ R[x]/〈x3 − 1〉, g ∈ R[x]/〈x5 − 1〉}.

Because the 2-parts 2 f (x) and 2g(x) are free, and only the residue class ā ∈ F4 determines a coset
modulo 2R8, we have |C| = 4 · 48 = 49.

The Hamming weight distribution follows from (3.3). If ā = 0, then the codeword lies in (2R)8, and
each coordinate is independently 0 with probability 1/4 and nonzero nilpotent with probability 3/4,
which produces a binomial weight distribution. If ā , 0, then every coordinate is a unit of R, so that all
such codewords have Hamming weight 8; there are 3 · 48 of them. Writing Ai = |{c ∈ C : wtH(c) = i}|,

(A0, A1, . . . , A8) = (1, 24, 252, 1512, 5670, 13608, 20412, 17496, 203169),

with weight enumerator

WC(Y) =

7∑
i=0

(
8
i

)
3iY i +

(
38 + 3 · 48)Y8.

One verifies that
∑8

i=0 Ai = 49 = |C|. The nilpotent layer 2R8 produces the binomial term (1 + 3Y)8,
whereas each of the three nonzero residue classes forces all coordinates to be units and thus contributes
the full-weight term 3 · 48Y8.
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6. Applications: minimality, projectivity, and optimality

The formulas above determine Hamming weight distributions over R. Because an arbitrary R-linear
code need not admit an Fq-linear realization with the same weight enumerator, the applications below
are restricted to explicitly realized codes. For codes contained in (pR)N , the following proposition
provides a canonical Fq-linear Hamming isometry that preserves all nonzero weights, and hence their
ratio, exactly.

Proposition 6.1. Let R = GR(p2,m), let Fq � R/pR, and let τ : Fq → T be the Teichmüller lift. Define
Φ : pR→ Fq by Φ

(
pτ(a)

)
= a. Then, Φ is a bijective Fq-linear Hamming isometry, where the Fq-scalar

multiplication on pR is induced by Teichmüller representatives: c · pτ(a) = τ(c) pτ(a) for c, a ∈ Fq.
Consequently, if C ⊆ (pR)N is an R-linear code, then C = ΦN(C) ⊆ FN

q is an explicitly constructed Fq-
linear code satisfying |C| = |C| and wtH

(
ΦN(c)

)
= wtH(c) for every c ∈ C. In particular, C and C have

the same Hamming weight enumerator, and dimFq C = logq |C|. If C , {0}, then Wmin(C) = Wmin(C)
and Wmax(C) = Wmax(C), and therefore,

Wmin(C)
Wmax(C)

=
Wmin(C)
Wmax(C)

. (6.1)

Proof. Every element of pR has a unique representation pτ(a) with a ∈ Fq, so Φ is well-defined and
bijective. For a, b ∈ Fq, the Teichmüller addition formula gives τ(a) + τ(b) = τ(a + b) + pτ

(
γ(a, b)

)
.

Multiplying by p and using p2 = 0, we obtain pτ(a) + pτ(b) = pτ(a + b), and hence Φ is additive.
Because the Teichmüller lift is multiplicative, τ(c) pτ(a) = pτ(ca), and therefore, Φ

(
τ(c) pτ(a)

)
= ca =

c Φ
(
pτ(a)

)
. Thus, Φ is Fq-linear. Finally, pτ(a) = 0 if and only if a = 0, so Φ preserves zero and

nonzero symbols. More precisely, for every c = (c1, . . . , cN) ∈ (pR)N , Supp
(
ΦN(c)

)
= Supp(c), and

hence, wtH
(
ΦN(c)

)
= wtH(c) with neither multiplicative nor additive scaling. Because C is R-linear,

it is stable under multiplication by Teichmüller representatives, and hence, ΦN(C) is Fq-linear. The
bijection ΦN : C −→ C therefore identifies the sets of nonzero weights of C and C term by term. This
proves the asserted equalities of Wmin and Wmax, as well as the ratio in (6.1). �

Corollary 6.2 (Preservation of the Ashikhmin–Barg ratio). Let C ⊆ (pR)N be a nonzero R-linear code,
and let C = ΦN(C). Then, the Ashikhmin–Barg inequality holds for C if and only if the same numerical
inequality holds for the nonzero Hamming weights computed in C:

Wmin(C)
Wmax(C)

>
q − 1

q
⇐⇒

Wmin(C)
Wmax(C)

>
q − 1

q
.

The coordinatewise identification pR � Fq therefore introduces no weight ratio distortion.

Proof. This is immediate from (6.1). �

Remark 6.3. Proposition 6.1 realizes explicitly over Fq every code contained in (pR)N . No analogous
realization is asserted for general R-linear codes with unit coordinates. The finite-field criteria
below are therefore applied only after an explicit realization is available; for nilpotent-layer codes,
Proposition 6.1 and Corollary 6.2 guarantee in addition the exact preservation of Hamming weights.
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6.1. Minimal finite-field realizations

A nonzero codeword c in an Fq-linear code C is minimal if every codeword whose support is
contained in Supp(c) is a scalar multiple of c; the code is minimal if every nonzero codeword is
minimal [26]. Minimal codes are important in secret sharing [27], distributed storage, and secure
multiparty computation.

Lemma 6.4. A linear code C over Fq is minimal if

Wmin

Wmax
>

q − 1
q

, (6.2)

where Wmin and Wmax denote the minimum and the maximum nonzero Hamming weight, respectively.

Theorem 6.5. Let C ⊆ FN
q be an Fq-linear code with

WC(Y) = 1 + A1YW1 + A2YW2 , 0 < W1 < W2. (6.3)

For 0 ≤ ∂ ≤ q− 1, set L∂ = ∂W1 + (q− 1− ∂)W2. If either (6.2) holds, or if L∂ , (q− 1)U −V for every
0 ≤ ∂ ≤ q − 1 and all U,V ∈ {W1,W2}, then C is minimal.

Proof. By assumption, C is an Fq-linear two-weight code with weights W1 and W2. Minimality under
condition (6.2) follows from Lemma 6.4.

Otherwise, let c1, c2 ∈ C be Fq-linearly independent, and put

∂ = |{a ∈ F∗q : wtH(c1 + ac2) = W1}|.

Then,
∑

a∈F∗q wtH(c1 + ac2) = L∂. Because wtH(c1),wtH(c2) ∈ {W1,W2}, the quantity (q − 1)wtH(c1) −
wtH(c2) has the form (q−1)U−V for some U,V ∈ {W1,W2}. The assumed inequality L∂ , (q−1)U−V
then gives ∑

a∈F∗q

wtH(c1 + ac2) , (q − 1)wtH(c1) − wtH(c2)

for every independent pair, and minimality follows from [28, Theorem 11]. �

Example 6.6. Let R = GR(32, 2) and q = 9, and let K = GR(32, 8) have residue field FQ with
Q = 94 = 6561. Choose α ∈ K× with ᾱ−1 = ξ2, where ξ is primitive in F∗Q. Then, ᾱ has order
n = 3280, and from (4.1),

Q − 1
q − 1

= 820, ḡ = gcd(820, 2) = 2.

Consider the one-constituent GQC code

C =
〈
(0 | p e1(x))

〉
⊆ R[x]/〈x3280 − 1〉 × R[x]/〈x3280 − 1〉,

where e1(x) is the CRT idempotent, that is, the unique idempotent element of the block ring that
is congruent to 1 modulo the basic irreducible factor of x3280 − 1 having α as a Teichmüller root
and congruent to 0 modulo the complementary factors so that it generates the corresponding CRT
summand, and |C| = Q = 94.
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The first block of every codeword is identically zero, whereas the second block lies in (pR)3280.
Hence, C ⊆ (pR)6560, and Proposition 6.1 yields the explicit F9-linear realization C̃ = Φ6560(C) ⊆ F6560

9 .
Deleting the identically zero first block gives an F9-linear code C ⊆ F3280

9 . Because every deleted
coordinate is zero for every codeword, this puncturing changes no support and no Hamming weight.
Thus, C has the same cardinality, Hamming weight enumerator, minimum nonzero weight, maximum
nonzero weight, and weight ratio as C, and since, |C| = 94, the code C has dimension 4.

Every nonzero element of the active constituent pK has a unique expression pτK(a) with a ∈ F×Q.
The trace-zero formula below is therefore applied to A = τK(a), equivalently to Ā = a , 0. Applying
Theorem 4.2 with ḡ0 = 2 and using formula (4.4),

Z(pA) = |{0 ≤ r < 3280 : TrK/R(pAα−r) = 0}| =

328, η(Ā) = 1,
400, η(Ā) = −1.

The two nonzero Hamming weights are therefore W1 = 3280 − 400 = 2880 and W2 = 3280 − 328 =

2952, with weight enumerator

WC(Y) = 1 + 3280 Y2880 + 3280 Y2952.

By the Hamming isometry of Proposition 6.1, WC(Y) = WC(Y), and therefore, C has parameters
[3280, 4, 2880]F9 . The weight ratio satisfies

W1

W2
=

2880
2952

=
40
41

>
8
9

=
q − 1

q
.

By Corollary 6.2, the values W1 = 2880 and W2 = 2952 computed from the ring code are exactly the
minimum and the maximum nonzero Hamming weight of the explicitly constructed code C, with no
weight scaling and no ratio distortion. Hence, criterion (6.2) applies directly to C, and C is minimal by
Theorem 6.5. The weight enumerator was verified independently using Magma [29].

6.2. Projective two-weight and optimal finite-field realizations

Projective two-weight codes are connected with strongly regular graphs and with finite
geometry [30]. An [N,K] code over Fq is projective if d(C⊥) ≥ 3 or equivalently, if the columns
of any generator matrix are nonzero and pairwise nonproportional. For a two-weight enumerator (6.3),
projectivity can be checked by MacWilliams duality: It suffices to verify that B1 = B2 = 0 in the dual
weight enumerator.

The next theorem is a criterion for an Fq-linear two-weight code that has already been constructed.
In the present setting, it may be applied to a ring-derived code only after an explicit realization, such
as the one furnished by Proposition 6.1, has been obtained. The weight enumerator of an arbitrary
R-linear code alone is not used to assert projectivity.

Theorem 6.7. Let C ⊆ FN
q be an Fq-linear [N,K] two-weight code with enumerator (6.3), and define

the first two q-ary Krawtchouk polynomials by

P1(i) = (q − 1)N − qi, P2(i) = (q − 1)2
(
N − i

2

)
− (q − 1)i(N − i) +

(
i
2

)
. (6.4)
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If
P1(0) + A1 P1(W1) + A2 P1(W2) = 0, and P2(0) + A1 P2(W1) + A2 P2(W2) = 0, (6.5)

then d(C⊥) ≥ 3, and C is projective.

Proof. The MacWilliams identities give qK B j =
∑

i AiP j(i), where P j is the q-ary Krawtchouk
polynomial of degree j as in (6.4). Because C has only the weights 0, W1, and W2, conditions (6.5) are
precisely qK B1 = 0 and qK B2 = 0. Hence, B1 = B2 = 0, and d(C⊥) ≥ 3. �

Definition 6.8. An [N,K, d] code C over Fq is Griesmer optimal if

N =

K−1∑
j=0

⌈
d
q j

⌉
. (6.6)

If
∑K−1

j=0 d(d + 1)/q je > N, then no [N,K, d + 1] code over Fq exists, so d is best possible for the given
length and dimension.

Theorem 6.9. Let R = GR(4,m) and q = 2m, let K = GR(4, 3m) have residue field Fq3 , and let α ∈ K×

be a Teichmüller unit whose residue has order q3 − 1. Define C = 〈2e(x)〉 ⊆ R[x]/〈xq3−1 − 1〉, where
e(x) is the CRT idempotent for K (defined as in Example 6.6, with respect to the basic irreducible
factor having α as a Teichmüller root). Then, the Hamming weight distribution of C has the single
nonzero weight q3 − q2. Under the coordinatewise identification 2R � Fq, the corresponding Fq-linear
realization has parameters [q3 − 1, 3, q3 − q2], meets the Griesmer bound (6.6), and is optimal.

Proof. Under the CRT decomposition, C is identified with the nilpotent constituent 2K, and hence,
C ⊆ (2R)q3−1, |C| = |2K| = q3. By Proposition 6.1, C = Φq3−1(C) ⊆ Fq3−1

q is an explicitly constructed
Fq-linear code of dimension 3, and wtH(Φq3−1(c)) = wtH(c) for every c ∈ C. The realization therefore
preserves every nonzero weight exactly, including the minimum distance.

The nonzero elements of 2K are parametrized uniquely by 2τK(a) with a ∈ F×q3 . For such an a, the
nilpotent trace-zero condition reads TrK/R

(
2τK(a)α−r) = 0 if and only if trFq3/Fq

(
aᾱ−r) = 0.

Because ᾱ has order q3 − 1, the elements aᾱ−r with 0 ≤ r < q3 − 1 run through F×q3 . The kernel
of the nonzero Fq-linear trace map trFq3/Fq : Fq3 −→ Fq has q2 elements, exactly q2 − 1 of which are
nonzero. Every nonzero codeword therefore has (q3 − 1) − (q2 − 1) = q3 − q2 nonzero coordinates, and
consequently, N = q3 − 1, K = 3, and d = q3 − q2.

The Griesmer bound (6.6) with K = 3 gives

2∑
j=0

⌈
d
q j

⌉
= (q3 − q2) + (q2 − q) + (q − 1) = q3 − 1 = N,

so that the realization meets the bound and is optimal. Moreover,

2∑
j=0

⌈
d + 1

q j

⌉
= (q3 − q2 + 1) + (q2 − q + 1) + q = q3 + 2 > N,

so no [q3 − 1, 3, d + 1]Fq code exists. This confirms that the minimum distance d = q3 − q2 is the best
possible for the given length and dimension. �
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Example 6.10. Let R = GR(4, 2) and q = 4, and let K = GR(4, 6) have residue field F64. Choose
α ∈ K× whose residue has order 63 in F∗64, and let C = 〈2e(x)〉 ⊆ R[x]/〈x63 − 1〉. Then, |C| = 64 =

43, and Theorem 6.9 gives length 63, cardinality 43, minimum distance 48, and weight enumerator
WC(Y) = 1 + 63 Y48. Every nonzero codeword thus has Hamming weight 48. Verifying (6.6),

G4(3, 48) = 48 +

⌈
48
4

⌉
+

⌈
48
16

⌉
= 48 + 12 + 3 = 63,

and Proposition 6.1 yields the explicit F4-linear Hamming-isometric realization C = Φ63(C) ⊆ F63
4 .

Thus, C has parameters [63, 3, 48]F4 , meets the Griesmer bound, and is optimal. The parameters and
the weight enumerator were verified independently using Magma [29].

7. Conclusions

We have developed trace-sum formulas that determine the Hamming weight distributions of
generalized quasi-cyclic codes over R = GR(p2,m) under the assumption gcd(mi, p) = 1. By
means of the CRT decomposition, the weight problem reduces to counting the zero positions of trace
expressions over extension Galois rings. For two-constituent codes, we obtained formulas covering
every combination of constituent types: zero, nilpotent, and unit. The nilpotent cases reduce to
residue-field trace equations and are evaluated by finite-field Gauss sums (see Theorems 4.2 and 4.3).
The unit and mixed cases, by contrast, require a genuinely mixed-characteristic analysis, in which
the Teichmüller decomposition produces two-layer conditions involving the carry trace (4.10) and the
addition carry (4.12). A consequence is that residue data alone do not determine the trace-zero count:
Parameters with the same residue may yield different Hamming weights because their principal p-
parts contribute differently to the second layer. This phenomenon is illustrated in Example 5.6. The
resulting Hamming distributions can be applied in finite-field settings whenever a separate Fq-linear
realization with the same Hamming enumerator has been verified. In that case, one may apply the
Ashikhmin–Barg criterion, projectivity tests, and the Griesmer bound, as discussed in Section 6.

Natural directions for further work include repeated-root GQC codes, in which gcd(mi, p) > 1 for
some i; higher Galois rings GR(pa,m) with a ≥ 3, where additional p-layers and carry terms appear;
and extensions to additive cyclic and polycyclic codes over GR(p2,m).
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