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Abstract: The paper proposes a new adaptive algorithm for solving variational inequality problems
(VIPs) with pseudo-monotone operators. Such problems are central to modeling equilibrium in
supply chain networks, where asymmetric cost structures lead to pseudo-monotonicity. The proposed
method integrates convex combination techniques with an adaptive step-size criterion, requiring only a
single metric projection per iteration. We prove linear convergence under strong pseudo-monotonicity
and weak convergence under pseudo-monotonicity. Numerical experiments on a blood supply chain
network with 24 routes and three demand scenarios show that the algorithm performs competitively
with recent methods in terms of residual reduction and achieves the lowest execution time. The
results demonstrate the algorithm’s efficiency and scalability for large-scale network optimization, with
potential impact on healthcare logistics and related applications.
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1. Introduction

For H , a real Hilbert space with a nonempty subset C ⊂ H and a mapping A : H → H , we
consider the problem

find w∗ ∈ C such that 〈A(w∗), w − w∗〉 ≥ 0, ∀w ∈ C. (1.1)
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This problem is referred to as a variational inequality problem (VIP). Variational inequalities naturally
arise as first-order optimality conditions for constrained optimization problems involving differentiable
convex functions. The systematic study of problems of the form (1.1) dates back to the work
of Lions and Stampacchia [1] in finite-dimensional spaces and was later considered in infinite-
dimensional settings; see, for instance, [2, 3] and the references therein. Owing to their generality,
variational inequality formulations have found extensive applications across science, economics, and
engineering [4–6].

VIPs constitute a powerful and unifying framework that encompasses a broad class of equilibrium
and optimization models arising in practice. Applications of VIPs include economic equilibrium
and game-theoretic models [7, 8]; contact and friction problems in engineering mechanics [9, 10];
constrained optimization and saddle-point formulations in mathematical programming [11, 12]; traffic
flow and network equilibrium problems in transportation science [13]; as well as models from
applied sciences such as structural analysis and fluid dynamics [14]. As a consequence of this wide
applicability, variational inequalities play a central role in modern mathematical analysis, bridging
theoretical developments with real-world modeling.

A classical approach to solving VIPs relies on fixed point schemes obtained through the use of the
metric projection ΠC : H → C onto a closed and convex setC. This projection operator is characterized
by the inequality

〈w − ΠC(w), z − ΠC(w)〉 ≤ 0, ∀ z ∈ C, ∀w ∈ H . (1.2)

This characterization ensures that a point w∗ ∈ C is a solution of (1.1) if and only if it satisfies the fixed
point equation

w∗ = ΠC
(
w∗ − βA(w∗)

)
, (1.3)

where β > 0. As a consequence of this equivalence, several projection-type fixed point iterations have
been developed for solving VIPs. A substantial example is the Picard iteration

wn+1 = ΠC
(
wn − βA(wn)

)
,

commonly known as the projected gradient method.
This method is guaranteed to converge provided that the operator A is either strongly monotone

or inverse strongly monotone, together with a suitable choice of the step-size parameter β; see,
for instance, [15–17]. However, these assumptions are often restrictive. To relax the assumptions,
Korpelevich [18] introduced the celebrated extragradient method, defined by the iterative schemeun = ΠC

(
wn − βA(wn)

)
,

wn+1 = ΠC
(
wn − βA(un)

)
.

(1.4)

This method converges for monotone and Lipschitz continuous operators and therefore significantly
enlarges the class of solvable VIPs. Compared to the projected gradient method, extragradient relaxes
the strong monotonicity requirement to just monotone. However, each iteration requires two metric
projections and two evaluations of the operator A, which may increase the computational cost in
large-scale settings.

Since the introduction of the extragradient method (1.4), numerous refinements have been proposed
with the aim of reducing computational cost while preserving convergence guarantees. For example,

AIMS Mathematics Volume 11, Issue 8, 25229–25264.



25231

Popov’s extragradient method [19] decreases the number of operator evaluations by efficiently reusing
information from previous iterations. The subgradient extragradient method [20, 21] replaces the
second projection onto the feasible set C with a projection onto a suitably constructed half-space,
which often admits a closed-form expression and is therefore particularly attractive for large-scale
problems.

Projection and contraction methods [22] incorporate an additional contraction step to enhance
convergence speed, especially when strong monotonicity is present. Other developments based on
reflected–gradient ideas include the projected reflected–gradient algorithm [23] and the forward–
reflected–backward algorithm [24]. Moreover, step-size strategies motivated by geometric
considerations have led to the golden ratio algorithm [25].

The subgradient extragradient method [20] and other extragradient variants [26, 27] have further
enriched the field. Dual extrapolation techniques [28] and modified forward-backward splitting [29]
provide alternative perspectives. Recent contributions include modified projected gradient
methods [30], effective iterative projection schemes [31], and inertial contraction approaches [32].
Fully adaptive methods for quasi–monotone problems [33] and hierarchical variational inequalities
on manifolds [34] represent further progress. Unified schemes for split inclusions [35], Halpern-
type mean subgradient extragradient methods [36], and accelerated hybrid Mann-type algorithms [37]
have also been studied. Additional approximation techniques for monotone inclusions and variational
inequalities can be found in [38–40], while extragradient methods in CAT(0) spaces [41] extend
the theory to non-Euclidean geometries. Collectively, these contributions highlight the flexibility
of projection-based methods and their continuous evolution in response to increasing computational
demands.

Most of the recent developments include the use of adaptive step-size rules that do not require
knowledge of the Lipschitz constant [33], and the incorporation of viscosity terms to achieve strong
convergence [34]. In particular, methods based on the golden ratio [25] have shown remarkable
acceleration for monotone operators, while inertial techniques have been extended to pseudo-monotone
settings [42, 53].

Among projection-based algorithms, the forward–backward–forward method, commonly referred
to as Tseng’s algorithm [29], has emerged as an efficient alternative to the classical extragradient
scheme. This method is defined by the iterative processun = ΠC

(
wn − βnA(wn)

)
,

wn+1 = un − βn
(
A(un) −A(wn)

)
,

(1.5)

and requires only one projection per iteration. By incorporating an explicit correction step involving
differences of the operator, it significantly reduces computational complexity while maintaining
convergence under less restrictive conditions. Tseng’s forward–backward–forward method reduces the
projection cost to one per iteration while retaining convergence under monotonicity, making it more
suitable for large-scale problems. Owing to its close connection with forward–backward splitting,
this algorithm is particularly well suited for large-scale and stochastic settings, where per-iteration
efficiency is critical.

To further enhance convergence performance, inertial or momentum-based extrapolation techniques
have been integrated into such schemes, drawing inspiration from acceleration principles such as
Nesterov’s method and the heavy-ball approach. Inertial variants of the forward–backward–forward
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algorithm introduce momentum terms that exploit information from previous iterates, often resulting
in faster convergence and improved numerical stability, especially for ill-conditioned or nonsmooth
problems. Weak convergence results for these inertial schemes have been established [42, 43]; linear
convergence rates under appropriate assumptions are derived in [44, 45]; and successful applications
to a variety of practical models are reported in [46–48]. Further developments include modified
Tseng-type methods [49], accelerated forward-backward-half-forward splitting [50], and inertial Tseng
methods for image recovery [51]. Collectively, these contributions demonstrate the effectiveness of
single-inertial strategies.

Recently, double inertial extrapolation strategies have been introduced, in which two distinct
momentum terms are incorporated into the iterative process. An example is the double inertial
forward–backward–forward algorithm investigated in [50]. By combining multiple extrapolated
points within the update rule, such schemes aim to further amplify acceleration effects beyond
those achieved by single-inertial methods. Under suitable choices of parameters, double inertial
algorithms have demonstrated improved convergence properties and enhanced numerical performance,
which has stimulated growing interest in their theoretical analysis and practical applications; see, for
instance, [52, 53] (viscosity and relaxed Tseng methods) and [54, 55] (single-projection and self-
adaptive strategies). These inertial variants accelerate convergence in practice, but they typically
require two projections or involve more complex parameter tuning.

The development of variational inequality algorithms is largely motivated by their ability to
approximate solutions to models arising from a wide range of real-world phenomena. In particular,
the optimization of supply chain networks has become a critical concern in today’s competitive and
resource-constrained environment, where organizations must innovate while minimizing costs in the
face of increasing demand and persistent economic challenges. Supply chains involving perishable
goods, such as food, pharmaceuticals, and blood, are especially complex due to limited shelf life and
the high disposal costs associated with excess inventory [56–58].

Effective mathematical models are therefore essential for addressing issues related to preservation
time, surplus management, and the resulting financial and operational implications. Blood supply
chains, encompassing collection, processing, storage, and distribution, pose additional challenges,
including shortages that disrupt medical services and oversupply that leads to waste and environmental
concerns [56, 59]. These challenges necessitate models that explicitly account for perishability,
processing losses, capacity constraints, and uncertain hospital demand.

Recent advances in supply chain modeling from various methodological perspectives can be found
in [60–68] and the references therein. Within this context, Semenov and Denysov [59] proposed
a computational framework for comparing several adaptive variants of extragradient-type methods.
Their study examined the numerical behavior of these algorithms on a blood supply chain network
using a software platform that allows flexible adjustment of model parameters. A key feature of
these adaptive schemes is that they do not require prior knowledge of the Lipschitz constant of
the underlying operator, while still preserving convergence and computational efficiency. The three
adaptive algorithms considered in [59], which may be viewed as adaptive counterparts of Popov’s
method, Tseng’s method, and a forward–reflected gradient scheme, update the step size dynamically
using only information generated during the iterative process.

Following this line of research, a perturbed variant of Tseng’s forward–backward–forward
algorithm was introduced in [69] for the effective solution of blood supply chain network problems.
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Starting from an initial point w0 ∈ H , with β0 > 0, λ ∈ (0, 1), and d0 = −A(w0), the method generates
sequences {wn}, {zn}, and {dn} iteratively based on

zn = ΠC(wn + βndn) ,

wn+1 = zn + βn
(
A(wn) −A(zn)

)
,

dn+1 = −A(wn+1) + ξndn,

βn+1 = min
{
βn,

σ‖wn − zn‖

‖A(wn) −A(zn)‖

}
.

(1.6)

The numerical experiments reported therein illustrate the effectiveness of the proposed scheme on
a realistic blood supply network comprising of collection sites, processing and storage facilities,
distribution centers, and demand points. The results underscore the broad applicability of the algorithm
within real Hilbert spaces, highlighting its potential for addressing a wide class of optimization
problems and for supporting improved decision-making and operational efficiency in blood supply
chains and related application domains.

To provide a clear overview of key developments, Table 1 summarizes the some of the methods,
highlighting the operator type, per-iteration operator evaluations and projections, and step-size strategy.

Table 1. Comparison of selected popular variational inequality algorithms.
Method Operator type Operator evaluations Projections Step-size

per iteration per iteration
Projected gradient [15, 16] strongly monotone 1 1 fixed
Extragradient [18] monotone 2 2 fixed
Popov’s extragradient [19] monotone 1 2 fixed
Subgradient extragradient [20, 21] monotone 2 1 fixed/adaptive
Tseng’s forward–backward–forward [29] monotone 2 1 adaptive
Golden ratio algorithm [25] monotone 2 1 fixed
Forward–reflected–backward [24] monotone 2 1 adaptive
Double inertial Tseng [50] monotone 2 1 adaptive
Single projection with double inertial [54] pseudo-monotone 2 1 adaptive

The aim of this work is to propose an efficient method for approximating solutions of VIPs, with
specific applications such as blood supply chain networks. To this end, we introduce a new algorithm
based on convex combination techniques, which approximates solutions even when the underlying
operator is pseudo-monotone rather than monotone. The algorithm requires only a single computation
of the metric projection per iteration and incorporates an adaptive step-size criterion. Table 1 situates
the proposed algorithm within the current literature.

A key contribution of the proposed method lies in its combination of convex combination ideas
with an adaptive step-size rule, enabling it to handle pseudo-monotone operators while retaining strong
theoretical and geometrical properties. We establish that the generated sequence converges to a solution
of the variational inequality and further prove linear convergence under strong pseudo-monotonicity. In
addition, the requirement of only one metric projection per iteration enhances computational efficiency,
making the method well suited for large-scale applications. To demonstrate its practical relevance, we
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provide a numerical illustration on a blood supply chain network, comparing the method with state-
of-the-art algorithms and showing its competitiveness and reliability. Moreover, we illustrate how the
method can be applied to support efficient blood supply management, in line with recent studies [59,
69]. This is particularly important, as blood supply chain management is critical to healthcare systems
and requires reliable strategies to meet fluctuating demand. Finally, we present a generic non-monotone
(but pseudo-monotone) example, demonstrating the method’s strong performance relative to recently
developed algorithms.

2. Preliminaries

LetH be a real Hilbert space equipped with the inner product 〈·, ·〉 and the induced norm ‖·‖. Recall
that in such spaces, for any w, y ∈ H , the polarization identity holds:

2〈w, y〉 = ‖w‖2 + ‖y‖2 − ‖w − y‖2 = ‖w + y‖2 − ‖w‖2 − ‖y‖2,

and, equivalently, we have
‖w − y‖2 + ‖w + y‖2 = 2‖w‖2 + 2‖y‖2.

These elementary relations play a crucial role in deriving energy-type estimates and error bounds for
the iterative schemes studied later.

Throughout the paper, we consider an operator A : H → H endowed with standard regularity
properties commonly used in variational inequality theory. In particular, A is said to be monotone on
H if

〈A(w) −A(y), w − y〉 ≥ 0, ∀w, y ∈ H .

Moreover,A is called η-strongly pseudo-monotone, for some η > 0, if for all w, y ∈ H , the implication

〈A(y), w − y〉 ≥ 0 =⇒ 〈A(w), w − y〉 ≥ η‖w − y‖2

holds. The operatorA is said to be pseudo-monotone if

〈A(w), y − w〉 ≥ 0 =⇒ 〈A(y), y − w〉 ≥ 0, ∀w, y ∈ H ,

and it is called L-Lipschitz continuous onH if there exists a constant L > 0 such that

‖A(w) −A(y)‖ ≤ L‖w − y‖, ∀w, y ∈ H .

Besides the generic situation illustrated in Example 5.1, pseudo-monotone operators arise naturally
in a wide range of equilibrium problems where classical monotonicity assumptions are too restrictive.
For example, in traffic assignment models, travel cost functions are often asymmetric due to congestion
and network effects, leading to formulations that are not monotone but still pseudo-monotone.
Similarly, economic equilibrium models with non-symmetric or nonlinear cost structures, as well
as supply chain and network flow problems with congestion effects, frequently give rise to pseudo-
monotone variational inequalities [70, 71]. Furthermore, pseudo-monotonicity provides a flexible
framework that captures these real-world features while ensuring the existence of equilibria under
suitable conditions and allowing the development of convergent numerical methods. Therefore, the
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study of VIPs involving pseudo-monotone operators is both theoretically significant and practically
relevant.

Let C ⊂ H be a nonempty, closed, and convex set. For any w ∈ H , there exists a unique point
ΠC(w) ∈ C, called the metric projection of w onto C (see, e.g., [72]). This projection operator enjoys
several fundamental properties that will be repeatedly used in the analysis. In particular, it is firmly
non-expansive in the sense that for all w, y ∈ H ,

〈w − y, ΠC(w) − ΠC(y〉 ≥ ‖ΠC(w) − ΠC(y)‖2, (2.1)

which guarantees that

‖w − z‖2 ≥ ‖w − ΠC(w)‖2 + ‖z − ΠC(z)‖2, ∀w ∈ H , ∀ z ∈ C. (2.2)

Lemma 2.1. [73] Let {wn} ⊂ H andD ⊂ H satisfy:

(i) limn→∞ ‖wn − w∗‖ exists for every w∗ ∈ D;

(ii) Every weak cluster point of {wn} belongs toD.

Then {wn} converges weakly to some w∗ ∈ D.

Lemma 2.2. [74] Let A : C → H be pseudo-monotone and continuous. Then, the following are
equivalent for ŵ ∈ C:

(i) ŵ solves the VIP (1.1);

(ii) 〈A(w),w − ŵ〉 ≥ 0, w ∈ C.

With the necessary notation and preliminary results established, we now introduce the proposed
perturbed convex combination algorithm.

3. Perturbed convex combination algorithm and its convergence analysis

This section presents a perturbed convex combination algorithm with a step size supporting adaptive
strategies for solving VIPs involving pseudo-monotone mappings in the framework of real Hilbert
spaces. The section also discusses the convergence analysis of the sequence generated by the algorithm.

Remark 3.1. Algorithm 1 is well-defined considering that there are many possible choices of step
sizes that satisfy the required condition. For instance, one could consider the following update:

(S1) For the given σ and βn, define βn+1 := min
{
βn, σ

‖wn − zn‖

‖A(wn) −A(zn)‖

}
.

(S2) For any τ ∈ [0, 1], define βn+1 :=
τσ

L
.

Selecting any of the two forms above as the step size, one can easily establish the required condition

βn+1‖A(wn) −A(zn)‖ ≤ σ‖wn − zn‖.

AIMS Mathematics Volume 11, Issue 8, 25229–25264.



25236

Moreover, the two selections provide a sequence of iterates of step lengths that converges to a positive
real number. Note that this convergence property for the second step size is trivial, while for the first
case, you can note that βn+1 ≤ βn for all n > 1, and the Lipschitz condition onA guarantees that

βn+1 ≥ min
{
βn, λ

‖wn − zn‖

‖A(wn) −A(zn)‖

}
≥ min

{
βn,

λ

L

}
.

Thus, by induction, we get that βn ≥ min
{
β1,

λ

L

}
for all n > 1, which implies that {βn} is a monotonic

decreasing sequence that is bounded below, and thus, converges to its infimum.

Algorithm 1 Perturbed Convex Combination Algorithm with Adaptive Step Size

1: Select β1 > 0, χ ∈
(
0, 1

2

)
, σ ∈

(
0, 1
√

2

)
, and initial points z0, z1 ∈ H .

2: Set w1 = ΠC (χz0 + (1 − χ)z1 − β1A(z1)).
3: Having zn and wn, compute

zn+1 = wn + βn(A(zn) −A(wn)).

4: Update βn+1 such that

βn+1‖A(wn) −A(zn)‖ ≤ σ‖wn − zn‖. (3.1)

5: Compute the next iterate

wn+1 = ΠC (χzn + (1 − χ)zn+1 − βn+1A(zn+1)) .

6: Update n← n + 1 and return to step 3.

Theorem 3.2. Suppose that A : H → H is a pseudo-monotone mapping, and that S , ∅. Let {wn}

and {zn} be sequences generated by Algorithm 1. For any x∗ ∈ S, define the sequence

an := ‖zn − x∗‖2 + χ‖zn−1 − x∗‖2.

Then, the following inequality holds:

an+1 ≤ an + χ(2χ − 1)‖zn − zn−1‖
2 −

(
1
2
−

β2
n

β2
n+1

σ2
)
‖wn − zn‖

2. (3.2)

Furthermore, if the sequence {βn/βn+1} converges to a number less than or equal to 1, then the sequence
{an} converges as well, and consequently,

lim
n→∞
‖zn − zn−1‖ = 0 and lim

n→∞
‖wn − zn‖ = 0.

Proof. Take x∗ ∈ S. Then
〈A(x∗), y − x∗〉 ≥ 0, ∀y ∈ C,
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which implies that 〈A(x∗),wn − x∗〉 ≥ 0 since wn ∈ C. Consequently,A being pseudo-monotone yields

〈A(wn),wn − x∗〉 ≥ 0. (3.3)

Now, from

wn = ΠC((χzn−1 + (1 − χ)zn) − βnA(zn)),

we get

〈wn − (χzn−1 + (1 − χ)zn) + βnA(zn), x∗ − wn〉 ≥ 0. (3.4)

Hence, from (3.3), we obtain

〈βnA(wn),wn − x∗〉 ≥ 0⇔ 〈−βnA(wn), x∗ − wn〉 ≥ 0.

Add this inequality to (3.4), and we obtain

〈wn − (χzn−1 + (1 − χ)zn) + βnA(zn) − βnA(wn), x∗ − wn〉 ≥ 0. (3.5)

We have from zn+1 = wn + βn(A(zn) −A(wn)) and (3.5) that

〈zn+1 − (χzn−1 + (1 − χ)zn), x∗ − wn〉 ≥ 0. (3.6)

Consequently, we have from (3.6) that

0 ≤ 〈zn+1 − (χzn−1 + (1 − χ)zn), x∗ − wn〉

= 〈zn+1 − (χzn−1 + (1 − χ)zn), x∗ − zn+1 + zn+1 − wn〉

= 〈zn+1 − (χzn−1 + (1 − χ)zn), x∗ − zn+1〉

+〈zn+1 − (χzn−1 + (1 − χ)zn), zn+1 − wn〉.

So, we get

〈zn+1 − (χzn−1 + (1 − χ)zn), zn+1 − x∗〉

≤ 〈zn+1 − (χzn−1 + (1 − χ)zn), zn+1 − wn〉

= 〈zn+1 − (χzn−1 + (1 − χ)zn), zn+1 − (χzn−1 + (1 − χ)zn)〉
+〈zn+1 − (χzn−1 + (1 − χ)zn), χzn−1 + (1 − χ)zn − wn〉

= ‖zn+1 − (χzn−1 + (1 − χ)zn)‖2

+〈zn+1 − (χzn−1 + (1 − χ)zn), χzn−1 + (1 − χ)zn − wn〉

= ‖zn+1 − (χzn−1 + (1 − χ)zn)‖2

+〈χzn−1 + (1 − χ)zn − wn,wn + βn(A(zn) −A(wn)) − (χzn−1 + (1 − χ)zn)〉
= ‖zn+1 − (χzn−1 + (1 − χ)zn)‖2 − ‖wn − (χzn−1 + (1 − χ)zn)‖2

+βn〈χzn−1 + (1 − χ)zn − wn,A(zn) −A(wn)〉. (3.7)

Also,

2〈zn+1 − (χzn−1 + (1 − χ)zn), zn+1 − x∗〉
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= ‖χzn−1 + (1 − χ)zn − zn+1‖
2 − ‖χzn−1 + (1 − χ)zn − x∗‖2

+‖zn+1 − x∗‖2. (3.8)

If we plug (3.8) into (3.7), we get

‖χzn−1 + (1 − χ)zn − zn+1‖
2 − ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖zn+1 − x∗‖2

≤ 2‖zn+1 − (χzn−1 + (1 − χ)zn)‖2 − 2‖wn − (χzn−1 + (1 − χ)zn)‖2

+2βn〈χzn−1 + (1 − χ)zn − wn,A(zn) −A(wn)〉.

Therefore,

‖zn+1 − x∗‖2 ≤ ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖zn+1 − (χzn−1 + (1 − χ)zn)‖2

−2‖χzn−1 + (1 − χ)zn − wn‖
2

+2βn〈χzn−1 + (1 − χ)zn − wn,A(zn) −A(wn)〉. (3.9)

Now,

‖zn+1 − (χzn−1 + (1 − χ)zn)‖2

= ‖wn − (χzn−1 + (1 − χ)zn) + βnA(zn) − βnA(wn)‖2

= ‖wn − (χzn−1 + (1 − χ)zn)‖2 + 2βn〈wn − (χzn−1 + (1 − χ)zn),A(zn) −A(wn)〉
+β2

n‖A(zn) −A(wn)‖2. (3.10)

If we plug (3.10) into (3.9), we get

‖zn+1 − x∗‖2 ≤ ‖χzn−1 + (1 − χ)zn − x∗‖2 − ‖χzn−1 + (1 − χ)zn − wn‖
2

+β2
n‖A(zn) −A(wn)‖2. (3.11)

Using the parallelogram identity, we get

‖wn − zn‖
2 + ‖(χzn−1 + (1 − χ)zn − wn) + (χzn−1 + (1 − χ)zn − zn)‖2

= 2‖χzn−1 + (1 − χ)zn − wn‖
2 + 2‖χzn−1 + (1 − χ)zn − zn‖

2,

and so

‖χzn−1 + (1 − χ)zn − wn‖
2 ≥ −‖χzn−1 + (1 − χ)zn − zn‖

2 +
1
2
‖wn − zn‖

2. (3.12)

Using (3.12) in (3.11), we obtain that

‖zn+1 − x∗‖2 ≤ ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖χzn−1 + (1 − χ)zn − zn‖
2

−
1
2
‖wn − zn‖

2 + β2
n‖A(zn) −A(wn)‖2

≤ ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖χzn−1 + (1 − χ)zn − zn‖
2

−
1
2
‖wn − zn‖

2 +
β2

n

β2
n+1

β2
n+1‖A(zn) −A(wn)‖2
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≤ ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖χzn−1 + (1 − χ)zn − zn‖
2

−
1
2
‖wn − zn‖

2 +
β2

n

β2
n+1

σ2‖zn − wn‖
2

= ‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖χzn−1 + (1 − χ)zn − zn‖
2

−
(1
2
−

β2
n

β2
n+1

σ2
)
‖wn − zn‖

2. (3.13)

Thus, we get

‖χzn−1 + (1 − χ)zn − x∗‖2 = χ‖zn−1 − x∗‖2 + (1 − χ)‖zn − x∗‖2

−χ(1 − χ)‖zn − zn−1‖
2.

Also,

‖χzn−1 + (1 − χ)zn − zn‖
2 = χ2‖zn − zn−1‖

2.

Hence,

‖χzn−1 + (1 − χ)zn − x∗‖2 + ‖χzn−1 + (1 − χ)zn − zn‖
2 = χ‖zn−1 − x∗‖2 + (1 − χ)‖zn − x∗‖2

+ χ(2χ − 1)‖zn − zn−1‖
2. (3.14)

Plugging (3.14) into (3.13), we get

‖zn+1 − x∗‖2 ≤ χ‖zn−1 − x∗‖2 + (1 − χ)‖zn − x∗‖2

+χ(2χ − 1)‖zn − zn−1‖
2 −

(1
2
−

β2
n

β2
n+1

σ2
)
‖wn − zn‖

2.

Hence,

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2 ≤‖zn − x∗‖2 + χ‖zn−1 − x∗‖2 + χ(2χ − 1)‖zn − zn−1‖
2

−
(1
2
−

β2
n

β2
n+1

σ2
)
‖wn − zn‖

2. (3.15)

We then have from (3.15) that

an+1 ≤ an + χ(2χ − 1)‖zn − zn−1‖
2 −

(1
2
−

β2
n

β2
n+1

σ2
)
‖wn − zn‖

2, (3.16)

where an := ‖zn − x∗‖2 + χ‖zn−1 − x∗‖2. Since χ(2χ − 1) < 0 and the sequence {βn/βn+1} converges to
a number less than or equal to 1, we conclude that the sequence {an} is monotone nonincreasing and
possesses a limit. Consequently, the desired results are achieved. �

Next, we provide a result with sufficient conditions to guarantee the convergence of the sequence
generated by the proposed algorithm to an element of S. To establish the convergence, the following
condition is crucial. A mappingA : H → H is said to satisfy Condition A if

wn ⇀ y and
lim inf

n→∞
‖A(wn)‖ = 0

 =⇒ A(y) = 0. (3.17)

AIMS Mathematics Volume 11, Issue 8, 25229–25264.



25240

Remark 3.3. Condition A is satisfied by several important classes of operators commonly encountered
in applications. In particular, continuous monotone operators, such as gradients of differentiable
convex functions, satisfy this condition, thereby covering a broad range of optimization models. In
finite-dimensional settings (H = Rd), continuous pseudo-monotone operators also satisfy Condition A.
These classes arise frequently in practice, including in optimization, equilibrium, and variational
models, making the assumption widely applicable. Moreover, Condition A is typically easy to verify
in applications, as it follows directly from standard properties such as monotonicity, continuity, or
convexity of the underlying problem. Since Condition A is a theoretical property and does not involve
any parameter to be chosen by the user, it imposes no additional implementation burden.

Theorem 3.4. Suppose that A : H → H is an L-Lipschitz pseudo-monotone mapping that satisfies
Condition A. Let S , ∅ and suppose the sequence {βn/βn+1} converges to a number less than or equal
to 1. Then the sequences {zn} and {wn} generated by Algorithm 1 both converge weakly to an element
of S.

Proof. By Theorem 3.2, we have that

lim
n→∞
‖zn−1 − zn‖ = 0 and lim

n→∞
‖zn − wn‖ = 0.

Consequently,
lim
n→∞
‖χzn−1 + (1 − χ)zn − zn‖ = 0,

and
‖wn − (χzn−1 + (1 − χ)zn)‖ ≤ ‖wn − zn‖ + ‖χzn−1 + (1 − χ)zn − zn‖ → 0, n→ ∞.

By the fact assumption thatA is Lipschitz continuous, we have

lim
n→∞
‖A(zn) −A(wn)‖ = 0.

So, we have from Algorithm 1 that

‖zn+1 − wn‖ = βn ‖A(zn) −A(wn)‖ → 0, n→ ∞.

Since {zn} is bounded, there exists a subsequence {znk} ⊂ {zn} such that zn j ⇀ z ∈ H , j→ ∞. We show
that z ∈ S. By the definition of wn, we have that wn j = ΠC(χzn j−1 + (1 − χ)zn j − βn jA(zn j)). By (1.2),

〈χzn j−1 + (1 − χ)zn j − wn j − βn jA(zn j), y − wn j〉 ≤ 0, ∀ y ∈ C,

and so

1
βn j

〈χzn j−1 + (1 − χ)zn j − wn j , y − wn j〉 ≤ 〈A(zn j), y − wn j〉, ∀ y ∈ C.

Hence,

1
βn j

〈χzn j−1 + (1 − χ)zn j − wn j , y − wn j〉 + 〈A(zn j),wn j − zn j〉 ≤ 〈A(zn j), y − zn j〉 (3.18)
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for all y ∈ C. Since {zn j} is bounded, by the Lipschitz continuity ofA, we have that {A(zn j)} is bounded.
Moreover, lim

j→∞
‖χzn j−1 + (1 − χ)zn j − wn j‖ = 0 and the boundedness of {wn j} imply that

lim inf
k→∞

〈A(zn j), y − zn j〉 ≥ 0, ∀ y ∈ C. (3.19)

Consequently, the fact that lim
i→∞
‖A()wn j) −A(zn j)‖ = 0 and

〈A(wn j), y − wn j〉 = 〈A(wn j) −A(zn j), y − zn j〉 + 〈A(wn j), zn j − wn j〉

+〈A(zn j), y − zn j〉, (3.20)

yield

lim inf
k→∞

〈A(wn j), y − wn j〉 ≥ 0, ∀ y ∈ C.

Now, choose a sequence {δk} of positive numbers that is decreasing and δk ↓ 0. For each k, let Nk be
the smallest positive integer such that

〈A(wnr ), y − wnr〉 + δi ≥ 0, r ≥ Nk. (3.21)

Since {δi} is decreasing, we have {Nk} is increasing. Furthermore, for each k, we can suppose that
FwNk , 0 (otherwise, wNk is a solution). Let gNk =

A(wNk )
‖A(wNk )‖2 . We have 〈FwNk , gNk〉 = 1, for each k.

From (3.21), we have for each k that〈
A(wNk), y + δkgNk − wNk

〉
≥ 0.

A being pseudo-monotone implies〈
A(y + δkgNk), y + δkgNk − wNk

〉
≥ 0.

Thus, 〈
A(y), y − wNk

〉
≥

〈
A(y) −A(y + δkgNk), y + δkgNk − wNk

〉
− δk

〈
A(y), gNk

〉
. (3.22)

We now prove that limk→∞ δkgNk = 0. Since zn j ⇀ z and limk→∞ ‖zn j − wn j‖ = 0, we have wNk ⇀ z as
k → ∞. Since {wn} ⊂ C, we have z ∈ C. SinceA satisfies Condition A, we have

0 < ‖A(z)‖ ≤ lim inf
k→∞

‖A(wn j)‖.

Since {wNk} ⊂ {wn j} and δk → 0 as k → ∞, we obtain

0 ≤ lim sup
k→∞

‖δkgNk‖ = lim sup
k→∞

(
δk

‖A(wn j)‖

)
≤

lim supk→∞ δk

lim infk→∞ ‖A(wn j)‖
= 0,

and so limk→∞ δkgNk = 0. Since A is Lipschitz continuous, {wNk} and {gNk} are bounded, and
limk→∞ δkgNk = 0, we obtain from (3.22) that

lim inf
k→∞

〈
A(y), y − wNk

〉
≥ 0.
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Therefore, for all y ∈ C,〈
A(y), y − z

〉
= lim

k→∞

〈
A(y), y − wNk

〉
= lim inf

k→∞

〈
A(x), y − wNk

〉
≥ 0.

We then obtain that z ∈ S by Lemma 2.2.

Now, define
bn := χ‖zn−1 − zn‖

2 → 0 (n→ ∞),

and
cn := 2χ

〈
zn−1 − zn, zn − x∗

〉
→ 0 (n→ ∞),

since {zn} is bounded. Note that

χ‖zn−1 − x∗‖2 = χ‖zn−1 − zn‖
2 + 2χ

〈
zn−1 − zn, zn − x∗

〉
+ χ‖zn − x∗‖2,

and so

an = ‖zn − x∗‖2 + χ‖zn−1 − x∗‖2

= ‖zn − x∗‖2 + χ‖zn − x∗‖2 + χ‖zn − zn−1‖
2 + 2χ

〈
zn−1 − zn, zn − x∗

〉
= (1 + χ)‖zn − x∗‖2 + χ‖zn − zn−1‖

2 + 2χ
〈
zn−1 − zn, zn − x∗

〉
= (1 + χ)‖zn − x∗‖2 + bn + cn.

Hence,
(1 + χ)‖zn − x∗‖2 = an − bn − cn. (3.23)

Since limn→∞ bn = 0, limn→∞ cn = 0, and limn→∞ an exists, we have that limn→∞(1 + χ)‖zn − x∗‖2 exists.
Now,

lim
n→∞
‖zn − x∗‖2 =

1
1 + χ

lim
n→∞

(
(1 + χ)‖zn − x∗‖2

)
exists. We then obtain the weak convergence of {zn} by Lemma 2.1, and the weak convergence of {wn}

follows immediately. �

Theorem 3.5. Suppose that A : H → H is ζ-strongly pseudo-monotone and L-Lipschitz continuous
with constant L > 0. If βn = β ∈

(
0, 1
√

2L

)
, then the sequence {zn} converges at least linearly to the

unique solution x∗ ∈ S.

Proof. Since x∗ ∈ S, we have
〈A(x∗),wn − x∗〉 ≥ 0.

SinceA is ζ-strongly pseudo-monotone, it follows that

〈A(wn),wn − x∗〉 ≥ ζ‖wn − x∗‖2. (3.24)

Repeating the same line of reasoning from (3.3) to (3.15), we obtain

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2

≤ ‖zn − x∗‖2 + χ‖zn−1 − x∗‖2 + χ(2χ − 1)‖zn − zn−1‖
2
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−

[(
1
2
− β2L2

)
‖wn − zn‖

2 + 2ζβ‖wn − x∗‖2
]
. (3.25)

Next, we estimate the terms involving wn:

‖zn − x∗‖2 = ‖(zn − wn) + (wn − x∗)‖2 ≤ 2
(
‖zn − wn‖

2 + ‖wn − x∗‖2
)
.

Thus, we have the following inequality:

−
(
‖zn − wn‖

2 + ‖wn − x∗‖2
)
≤ −

1
2
‖zn − x∗‖2.

Now, we estimate the remaining terms:[(
1
2
− β2L2

)
‖wn − zn‖

2 + 2ζβ‖wn − x∗‖2
]

≥ min
{

1
2
− β2L2, 2ζβ

} (
‖wn − zn‖

2 + ‖wn − x∗‖2
)
.

So, we obtain the following inequality:

−

[(
1
2
− β2L2

)
‖wn − zn‖

2 + 2ζβ‖wn − x∗‖2
]

≤ −min
{

1
2
− β2L2, 2ζβ

} (
‖wn − zn‖

2 + ‖wn − x∗‖2
)

≤ −
1
2

min
{

1
2
− β2L2, 2ζβ

}
‖zn − x∗‖2.

Plugging this into (3.25) gives:

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2 ≤ ‖zn − x∗‖2 + χ‖zn−1 − x∗‖2

+χ(2χ − 1)‖zn − zn−1‖
2

−
1
2

min
{

1
2
− β2L2, 2ζβ

}
‖zn − x∗‖2.

Next, for any r > 0, we obtain

χ(2χ − 1)‖zn − zn−1‖
2 = χ(2χ − 1)‖zn − x∗‖2 + χ(2χ − 1)‖zn−1 − x∗‖2

+2χ(2χ − 1)〈zn − x∗, x∗ − zn−1〉

≤ χ(2χ − 1)‖zn − x∗‖2 + χ(2χ − 1)‖zn−1 − x∗‖2

−2χ(2χ − 1)‖zn − x∗‖‖x∗ − zn−1‖

≤ χ(2χ − 1)‖zn − x∗‖2 + χ(2χ − 1)‖zn−1 − x∗‖2

−rχ(2χ − 1)‖zn − x∗‖2 −
1
r
χ(2χ − 1)‖zn−1 − x∗‖2

= χ(2χ − 1)(1 − r)‖zn − x∗‖2
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+χ(2χ − 1)
(
1 −

1
r

)
‖zn−1 − x∗‖2.

Thus, we have the following inequality:

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2

≤

(
1 + χ(2χ − 1)(1 − r) −

1
2

min
{

1
2
− β2L2, 2ζβ

})
‖zn − x∗‖2

+χ

(
1 + (2χ − 1)

(
1 −

1
r

))
‖zn−1 − x∗‖2.

Note that for r ∈
(
1, 1 − c

2χ(2χ−1)

)
, where c := 1

2 min
{

1
2 − β

2L2, 2ζβ
}
, we have

c̃ := max
{

1 + (2χ − 1)
(
1 −

1
r

)
, 1 + χ(2χ − 1)(1 − r) − c

}
∈ (0, 1).

Thus, we obtain the following inequality:

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2 ≤ c̃
(
‖zn − x∗‖2 + χ‖zn−1 − x∗‖2

)
,

which inductively implies that

‖zn+1 − x∗‖2 + χ‖zn − x∗‖2 ≤ c̃n
(
‖z1 − x∗‖2 + χ‖z0 − x∗‖2

)
.

Therefore, the sequence {zn} converges (at least) linearly to x∗. �

Having proved the convergence properties of the algorithm, the next section illustrates its practical
behavior on a blood supply chain network.

4. The setting of blood supply chain network

Following the network architecture introduced in [69], we present in Figure 1 a schematic
illustration of the blood supply chain and introduce the associated mathematical formulation. This class
of network equilibrium models for blood logistics has been extensively investigated; see [56, 59, 69]
and related works for comprehensive discussions.
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S

B1 B2 B3 · · · BNc

P1 P2 · · · PNt

D1 D2 D3 · · · DNs

H1 H2 H3 H4 H5 · · · HNd

Collection Nodes

Processing / Labs / Storage

Distribution Centers

Demand Points/
Hospitals etc.

Source

⇒ Blood Collection⇔

⇒ Testing/Processing/Storage⇔

⇔ Shipment⇒

⇔ Distributions⇒

Figure 1. Blood supply network topology [69].

The scenario considered, shown in Figure 1, is a multi-echelon blood supply chain comprising of
four tiers: Collection centers (blood drives), processing and testing facilities, distribution centers, and
hospitals (demand points). Blood products are perishable and subject to losses at each stage. The
decision maker must determine the optimal flow of blood from collection to hospitals to minimize
total cost, including operational, disposal, and shortage costs, while respecting capacity constraints
and uncertain demand. This problem is formulated as a variational inequality.

The network in Figure 1 represents the movement of blood products from collection facilities to
processing units, then to distribution centers, and finally to hospitals. Let Ncf , Npu, Nsd, and Ndl

denote the numbers of collection, processing, distribution, and demand nodes, respectively. The set
of admissible routes is {ρ` : ` ∈ R}, where R indexes all routes, and x` denotes the flow assigned to
route ρ`.

We define the feasible paths by P = {pk : k ∈ K}, where each path pk corresponds to a directed
chain from a collection node to a hospital. The decision variable yk represents the initial flow injected
into path pk. The objective is to determine an optimal feasible vector y∗ = (y∗k, k ∈ K) that balances
cost, risk, and demand satisfaction.

Blood handling at each stage may result in unavoidable losses due to testing, processing, or
expiration. To model this effect, each route ρ` is assigned a retention coefficient θ` ∈ (0, 1], assumed
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to be independent of the flow magnitude. Consequently, an inflow x` yields an effective output of θ`x`,
while the discarded quantity is (1 − θ`)x`.

Let α`(x`) and β`(x`) denote the unit operational and disposal costs on route ρ`, respectively. The
corresponding total is computed by

α̃`(x`) = x`α`(x`), β̃`(x`) = x`β`(x`).

Aggregating these costs across the network yields the total operational-disposal cost function

Ψ1(x) :=
∑
`∈R

x`
(
α`(x`) + β`(x`)

)
, x = (x`, ` ∈ R).

For each feasible path pk, the cumulative survival factor is defined as

ωk =
∏
`:ρ`∈pk

θ`.

Thus, an initial flow yk generates a delivered quantity ωkyk. The total supply delivered to demand node
Hm is therefore

qm =
∑

k:pk∈Pm

ωkyk,

where Pm denotes the set of paths terminating at Hm. The realized demand at Hm is uncertain and
modeled as a random variable ξm with probability density function gm. Its cumulative distribution
function is

Pm(z) = Prob(ξm < z) =

∫ z

0
gm(s) ds.

At each demand node, shortages and surpluses are quantified by

S m = max{0, ξm − qm}, Em = max{0, qm − ξm}, m ∈ D,

whereD is the index set of demand nodes. Their expected values are

E(S m) =

∫ ∞

qm

(s − qm)gm(s) ds, E(Em) =

∫ qm

0
(qm − s)gm(s) ds.

Given the societal importance of timely blood availability, shortages incur a severe penalty π(1)
m ,

reflecting health and social consequences. Conversely, excess supply results in wastage penalties π(2)
m

due to perishability and disposal costs; see [56, 75]. The expected penalty at node Hm is thus

E
(
π(1)

m S m + π(2)
m Em

)
= π(1)

m E(S m) + π(2)
m E(Em),

and the aggregate penalty across all demand nodes is

Ψ2(x) :=
∑
m∈D

(
π(1)

m E(S m) + π(2)
m E(Em)

)
.

Due to the sequential organization of the network, routes can be indexed so that downstream routes
always have larger indices than upstream ones. Under this convention, the flow on route ρ` can be
expressed in terms of path flows as

x` =
∑

k:ρ`∈pk

κ`kyk,
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where

κ`k =


δ`k

∏
r∈S`k

θr, S`k , ∅,

δ`k, S`k = ∅,

S`k denotes the set of routes preceding ρ` along pk, and δ`k = 1 if ρ` ∈ pk and 0 otherwise.
In addition to cost considerations, supply uncertainty, particularly at collection facilities, introduces

significant operational risk. Following [56,76], we associate a unit risk function rh with each collection
route and define the total risk contribution accordingly. A risk sensitivity parameter γ > 0 is introduced
to reflect the decision-maker’s attitude toward uncertainty.

The overall objective function can thus be written as

Φ(y) =
∑
k∈K

(
Ak(y) + Bk(y) + γRk(y)

)
+

∑
m∈D

(
π(1)

m E(S m) + π(2)
m E(Em)

)
,

where
Ak(y) = yk

∑
`∈R

κ`kα`(x`), Bk(y) = yk

∑
`∈R

κ`kβ`(x`), Rk(y) = yk

∑
`∈C

κ`kr`(x`),

and C denotes the index set of collection routes. The feasibility condition requires

yk ≥ 0, k ∈ K .

Assuming that Ak, Bk, and Rk are convex and continuously differentiable, minimizing Φ is equivalent
to the following variational inequality: Find y∗ ∈ R|K|+ such that∑

k∈K

(yk − y∗k)Ak(y∗) ≥ 0, ∀ y ∈ R|K|+ ,

whereAk(y) =
∂Φ(y)
∂yk

. The explicit form ofAk follows directly from the chain rule and the representation
of x` in terms of path flows; see [56] for further details.

The cost functions α`(x`) and β`(x`) represent, respectively, the unit operational and disposal costs
along route `. The retention coefficient θ` models the fraction of blood that survives testing and
handling. The expected shortage and surplus penalties, π(1)

m E(S m) + π(2)
m E(Em), capture the societal

cost of blood unavailability and the wastage cost of excess supply. By imposing suitable conditions
on Ak, Bk, or Rk, the resulting operator A can be pseudo-monotone, reflecting the fact that the overall
cost function is generally not convex due to asymmetric congestion effects and interactions among
echelons.

For the purpose of numerical illustration, primarily to showcase the performance of the proposed
algorithm relative to benchmark methods, we consider settings in which the objective functions are
convex, ensuring that the mapping is pseudo-monotone and, in fact, monotone. Cases involving non-
monotone pseudo-monotone operators are instead addressed in Example 5.1.

4.1. Numerical illustrations

Consider the blood supply network depicted in Figure 2, consisting of two collection points (B1, B2),
two processing and storage facilities (P1, P2), two distribution nodes (D1,D2), and three demand points
(H1,H2,H3). The four layers correspond directly to the echelons described in the model: Collection
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nodes (Layer 1) represent the sources of blood; processing nodes (Layer 2) perform testing and
conversion; distribution nodes (Layer 3) act as intermediate warehouses; and demand nodes (Layer 4)
are hospitals with stochastic demand.

The network topology generates a total of 24 feasible paths, categorized according to the demand
nodes as follows:

P1 =
{
[1, 3, 7, 11], [1, 3, 8, 14], [1, 4, 9, 11], [1, 4, 10, 14],

[2, 5, 7, 11], [2, 5, 8, 14], [2, 6, 9, 11], [2, 6, 10, 14]
}
,

P2 =
{
[1, 3, 7, 12], [1, 3, 8, 15], [1, 4, 9, 12], [1, 4, 10, 15],

[2, 5, 7, 12], [2, 5, 8, 15], [2, 6, 9, 12], [2, 6, 10, 15]
}
,

P3 =
{
[1, 3, 7, 13], [1, 3, 8, 16], [1, 4, 9, 13], [1, 4, 10, 16],

[2, 5, 7, 13], [2, 5, 8, 16], [2, 6, 9, 13], [2, 6, 10, 16]
}
.

Here, Pk denotes the set of paths terminating at demand node Hk, for k = 1, 2, 3.

S

B1 B2

P1 P2

D1 D2

H1 H2 H3

1

2

3
4

5
6

7

8

9

10

11
12 13

14 15
16

Figure 2. Blood supply network topology. Layer 1: two collection centers B1, B2; Layer 2:
two processing/storage facilities P1, P2; Layer 3: two distribution nodes D1,D2; Layer 4:
three demand points (hospitals) H1,H2,H3. Each directed path from a source to a demand
node represents a feasible route for blood flow [69].
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For the demand profile, we assume that H2 corresponds to a major surgical center with the highest
blood requirements, followed by H3, and finally H1 with comparatively lower demand. The demands
at each node are modeled using uniform distributions over [5, 20], [55, 80], and [35, 65] for H1, H2,
and H3, respectively. Formally, the probability distribution for the demand ξk at node Hk is given by

Pmk

 ∑
i:l̄i∈Lk

ξi fi

 =
1
bk

 ∑
i:l̄i∈Lk

ξi fi − ak

 , k = 1, 2, 3,

with a1 = 5, b1 = 15, a2 = 55, b2 = 25, and a3 = 35, b3 = 30.
Operational risk associated with collection routes is included in all experiments as

ř1(x1) = 2x2
1, ř2(x2) =

3
2

x2
2.

We also introduce the following residual metric to monitor convergence:

Res(2)
n =

∥∥∥wn+1 − ΠC
(
wn+1 − β

∗A(wn+1)
)∥∥∥ .

To evaluate the numerical performance of Algorithm 1 in a supply chain network, as depicted in
Figure 2, we adopt the settings described and compare them with related schemes known for such
optimization tasks. The proposed algorithm, denoted by PrpALg, is evaluated alongside two other
schemes: SpkALg (as presented in (1.6)) and a variant of [19], denoted PpvALg, which operates with
the following initial conditions: z0,w0 ∈ C, σ ∈ (0, 1/3), and β0 > 0. The iterative scheme for PpvALg
is given by:

zn+1 = ΠC (zn − βnG(wn)) , wn+1 = ΠC (zn+1 − βnG(wn)) .

We also include the adaptive scheme from [24], denoted MalALg, which uses initial values w0,w1 ∈ C,
σ ∈ (0, 1/2), and β0, β1 > 0, iterating according to:

wn+1 = ΠC (wn − βnG(wn) − βn−1 (G(wn) − G(wn−1))) .

The stepsize for both algorithms is updated using the adaptive rule:

βn+1 = min
{
βn, σ

‖wn+1 − wn‖

‖G(wn+1) − G(wn)‖

}
.

In the MATLAB implementation, PrpALg is set with parameters χ = 0.0001 and σ = 0.707, and
the residual error criterion Res(1)

n = ‖wn+1 − zn+1‖
2 + ‖zn+1 −wn‖

2. For SpkALg, we use ξn = 1
(1+n)1.00001‖dn‖

,
with σ = 0.9, and the residual error Res(1)

n = ‖wn+1 − zn‖
2 + ‖zn − wn‖

2. For PpvALg, the parameters
are σ = 0.25, and the residual error Res(1)

n = ‖wn+1 − zn+1‖
2 + ‖zn+1 − zn‖

2. For MalALg, the parameters
are σ = 0.45, and the error criterion Res(1)

n = ‖wn+1 − wn‖
2 + ‖wn − wn−1‖

2. The initial iterate w0 is
randomly generated from a uniform distribution on the interval [0, 1], and the initial step sizes are set
as β0 = β1 = 1.

For each method, the optimal flows, total cost, and waste are recorded once 500 iterations have been
completed. The experiment is conducted across three distinct cases, each with different sets of flow
and waste costs, as well as varying route multipliers:
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• Case 1: The risk-aversion coefficient is set to γ = 0.7, with shortages and surpluses for the three
demand nodes specified as:

S (1)
m = 2800, S (2)

m = 2000, S (3)
m = 2500, E(1)

m = 80, E(2)
m = 60, E(3)

m = 100.

The results of this experiment are presented in Figure 3, which shows the residual decays, and
in Table 2, which displays the distinct values of the flow and waste cost functions along with the
corresponding route multipliers. The table also presents the obtained expected demand values
and the optimal flow for each route.
• Case 2: The risk-aversion coefficient is set to γ = 0.8, with shortages and surpluses for the three

demand nodes specified as

S (1)
m = 2800, S (2)

m = 2000, S (3)
m = 2500, E(1)

m = 50, E(2)
m = 60, E(3)

m = 50.

The results of this experiment are presented in Figure 4, which shows the residual decays, and in
Table 3 which presents similar terms to those in Table 2 but with distinct values.
• Case 3: The risk-aversion coefficient is set to γ = 0.5, with shortages and surpluses for the three

demand nodes specified as

S (1)
m = 2900, S (2)

m = 3000, S (3)
m = 300, E(1)

m = 60, E(2)
m = 70, E(3)

m = 50.

The results of this experiment are presented in Figure 5, which shows the residual decays, and in
Table 4, which presents similar terms to those in Table 2 but with distinct values.

Remark 4.1. The step-size parameter σ is chosen individually for each algorithm within its admissible
convergence range. Since different algorithms have distinct parameter constraints and sensitivities,
selecting a common fixed value of σ may lead to suboptimal or even invalid performance for some
methods. Therefore, σ is tuned separately to ensure a fair and meaningful comparison. Numerical
experiments indicate that the relative performance of the algorithms remains consistent under moderate
variations of higher values of σ within the feasible range.

Following the results obtained in Figures 3–5 and Tables 2–4, it is evident that Algorithm 1
performs reasonably and comparatively well, demonstrating promise in the context of blood supply
chain networks among other problems. Notably, the compared algorithms are recognized as the best
performers in this type of supply chain network, as recorded in [59, 69]. Furthermore, the results
clearly show that the expected demand values remained within the acceptable uniform ranges, even
before 500 iterations. Therefore, the proposed algorithm not only works effectively for cases involving
pseudo-monotone operators that are not necessarily monotone, but it also appears to be competitive
and promising, even among algorithms for the monotone class of operators.

The encouraging results on the supply chain application motivate further testing on standard
benchmark problems, which we present next.
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Figure 3. Residual decay of the four algorithms for convergence in Case 1.

Table 2. Total supply cost α̃`(u`) = a`u2
` + b`u`, waste cost β̃`(u`) = c`u2

` , route multipliers
θ`, and optimal route values (i.e., the equilibrium flows x` obtained as the solution of the
variational inequality) for each algorithm based on Case 1.

ρ` θ` a` b` c` PrpALg SpkALg PpvALg MalALg

1 1 13 13 0.8 35.9489 35.90412 35.24464 35.58818
2 0.79 2.9 8 0.7 67.47724 67.52288 66.73232 67.82186
3 1 5.3 9 0.6 0 -0.00037 0 0
4 0.99 1.2 12 0.8 35.9489 3.59E+01 35.24464 35.58818
5 1 1 3 0.6 50.41729 5.04E+01 50.95778 50.72208
6 0.67 8.6 2 0.8 2.889733 2.963634 1.760759 2.857194
7 0.62 4 8 0.3 7.985935 7.82899 5.306275 8.513018
8 0.96 5 2 0.4 42.43135 42.55008 45.6515 42.20906
9 0.8 0.4 7 0.3 19.82526 19.93707 17.50856 18.19853

10 1 6 1 0.4 17.70027 1.76E+01 18.56334 18.94809
11 0.24 7.3 6 0.7 0 -5.53E-05 0 0
12 1 3 2 0.4 20.81149 20.8037 17.29674 19.83689
13 0.28 5.5 5 0.5 0 -1.75E-05 0 0
14 1 8.7 2 0.7 7.04358 7.030722 7.04847 7.023714
15 0.91 2.6 8 0.4 22.16801 2.22E+01 26.10893 23.24049
16 1 4.1 2 0.5 29.22279 2.92E+01 29.23139 29.20458

Expected demands
q∗1 7.04358 7.030708374 7.04847 7.023714
q∗2 40.98438 40.98925242 41.05586 40.98574
q∗3 29.22279 29.22943791 29.23139 29.20458
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Figure 4. Residual decay of the four algorithms for convergence in Case 2.

Table 3. Total supply cost α̃`(u`) = a`u2
` + b`u`, waste cost β̃`(u`) = c`u2

` , route multipliers
θ`, and optimal route values for each algorithm based on Case 2.

ρ` θ` a` b` c` PrpALg SpkALg PpvALg MalALg

1 0.77 7 15 0.8 32.81036 32.52095 32.0772 32.74174
2 0.99 2 11 0.7 69.3699 69.36818 69.76203 69.40171
3 1 3.7 1 0.6 0 -0.00012 0 0
4 0.99 1.2 1 0.8 25.26398 2.50E+01 24.69944 25.21114
5 1 1 3 0.6 64.93755 6.52E+01 65.97183 64.83477
6 0.67 8 2 0.7 3.738652 3.438511 3.092579 3.872927
7 0.92 4 1 0.3 35.86728 3.67E+01 39.38681 36.45648
8 0.96 5 2 0.5 29.07027 28.49907 26.58502 28.37828
9 0.8 0.4 2 0.3 11.96486 10.96503 10.76215 11.76502
10 1 6 1 0.4 15.55137 1.61E+01 15.76232 15.78887
11 0.24 1.3 3 0.3 0 -1.68E-05 0 0
12 1 3 2 0.4 42.56979 42.56993 42.51272 42.55298
13 0.98 0.5 3 0.2 0 -4.37E-05 2.332871 0.399
14 0.7 0.7 2 0.6 10.00042 10.01207 10.07456 10.01594
15 0.11 0.6 4 0.4 0 -3.71E-05 0 0
16 0.98 0.1 5 0.1 33.45841 3.35E+01 31.20938 33.01609

Expected demands
q∗1 7.000295 7.008442 7.052194 7.011155
q∗2 42.56979 42.56993 42.51272 42.55298
q∗3 32.78924 32.80712 32.8714 32.74678
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Figure 5. Residual decay of the four algorithms for convergence in Case 3.

Table 4. Total supply cost α̃`(u`) = a`u2
` + b`u`, waste cost β̃`(u`) = c`u2

` , route multipliers
θ`, and optimal route values for each algorithm based on Case 3.

ρ` θ` a` b` c` PrpALg SpkALg PpvALg MalALg

1 0.97 6 12 0.7 60.24931 60.23908 60.89652 60.41836
2 0.99 9 13 0.6 48.17792 48.1808 47.97685 48.13273
3 1 1.7 3 0.8 26.38897 26.32711 30.02493 27.39191
4 0.99 3.2 4 0.5 32.05286 3.21E+01 29.0447 31.2139
5 1 1 3 0.2 30.97609 3.10E+01 27.29733 29.9611
6 0.87 0.7 2 0.6 16.72004 16.66009 20.19975 17.6903
7 0.72 3 5 0.4 57.36506 5.74E+01 57.32226 57.35301
8 0.36 6 2 0.7 0 9.53E-05 0 0
9 0.48 0.4 4 0.5 0 2.33E-05 0 0

10 1 4 3 0.4 46.27877 4.63E+01 46.32803 46.29232
11 0.54 1.3 2 0.1 0 5.64E-05 0 0
12 1 6 2 0.3 41.30284 41.30339 41.27203 41.29417
13 0.48 0.3 1 0.3 0 2.25E-05 0 0
14 0.6 0.6 2 0.5 8.731806 8.731576 8.749704 8.736732
15 0.31 0.8 4 0.7 0 6.32E-06 0 0
16 0.78 0.11 3 0.2 37.54696 3.75E+01 37.57833 37.55559

Expected demands
q∗1 5.239084 5.238976 5.249822 5.242039
q∗2 41.30284 41.30339 41.27203 41.29417
q∗3 29.28663 29.28625 29.3111 29.29336
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5. Additional numerical results

In this section, we present the implementation and numerical performance of Algorithm 1 applied to
certain test function. Its performance is then compared with several well-established methods from the
same class in order to assess the effectiveness, computational efficiency, and accuracy of the algorithm.

Example 5.1. Consider the operatorA : Rm → Rm defined by

A(w) :=
(
e−w>Mw + ξ

)
(Hw + p),

where M ∈ Rm×m is a symmetric positive definite matrix, H ∈ Rm×m is symmetric and positive semi-
definite, p ∈ Rm is a given vector, and ξ > 0 is a positive real number. As shown in [42, Example 2.1],
the operatorA is pseudo-monotone and satisfies a Lipschitz-type continuity condition.

For the numerical implementation, the problem dimension is fixed at m = 40. The initial iterates
z0 = z1 ∈ R

m are generated randomly, with each component uniformly distributed over the interval
[−1, 1]. The initial step size is set to β1 = 0.001. The matrix M is chosen as

M = Q>Q + 2Im,

where Q ∈ Rm×m is a randomly generated matrix, ensuring that M is positive definite. Similarly, the
matrix H is defined by

H = B>B,

with B ∈ Rm×m chosen at random, which guarantees that H is positive semi-definite. The vector p is
generated randomly in [0, 1], and the parameter ξ is selected uniformly from the interval [5, 6].

The feasible set is taken to be a polyhedral subset of Rm defined by

C :=
{
x ∈ Rm

∣∣∣ Bprojx ≤ bproj
}
,

where Bproj ∈ R
l×m is a randomly generated matrix with entries uniformly distributed in [−1, 1] and

bproj = (10, 10, . . . , 10)> ∈ Rl is a constant vector.
Numerical results are reported for up to 300 iterations in order to examine the influence of the

parameters χ and σ. The projection onto the feasible set C is implemented to enforce the linear
inequality constraints Bprojx ≤ bproj. Convergence behavior is assessed using the residual measure

Res(w) :=
∥∥∥w − ΠC

(
w − εA(w)

)∥∥∥2
, ε = 10−4,

which serves as the primary indicator of the algorithm’s performance.
Based on Example 5.1, Figure 6 indicates that smaller values of χ lead to faster convergence,

as evidenced by a more rapid decay of the residual Res. In addition, larger values of σ appear to
further enhance the convergence behavior. These observations naturally raise the following question:
Is it possible to allow σ to be greater than or equal to 1/

√
2, and if so, would such a choice result

in additional acceleration of the algorithm? Furthermore, it is of interest to investigate whether the
observed performance pattern persists for problems other than the test case in Example 5.1. A related
and important question is whether the influence of these parameters can be theoretically justified, rather
than being supported solely by empirical evidence.

AIMS Mathematics Volume 11, Issue 8, 25229–25264.



25255

To assess the effectiveness of the proposed approach applied to Example 5.1, we analyze it
against five recently developed methods that have demonstrated strong empirical performance,
including schemes incorporating inertial or extrapolation techniques. For each competing method,
the algorithmic parameters are chosen in accordance with the convergence requirements specified in
the respective original studies.

The proposed method, denoted by PrpALg, corresponds to Algorithm 1, with parameters selected
as χ = 0.0001 and σ = 0.707. It is compared with the golden ratio algorithm of Malitsky, referred
to as MlkALg, which employs the golden ratio constant φ = (1 +

√
5)/2 and an upper step-size bound

λ̄ = 105. Then, the forward–backward–forward scheme with relaxation, labeled BotAlg corresonding
to Algorithm 3.1 in [42], is implemented with the fixed parameter ρn = 10−5. We also include a
modified Tseng-type method with extrapolation from previous iterates, denoted TngAlg, based on
Algorithm (3.1) in [77] and using the adaptive strategy described therein with µ = 0.49.

In addition, the single-projection method with double inertial extrapolation proposed in [54],
referred to as ThnAlg, is tested using the parameter choices α = 0.45, β = 0.93, θ = 0.35, µ = 0.9, and
αn = 1/n2. Finally, Tseng’s splitting algorithm with two inertial terms from [50], labeled WngAlg,
is implemented with parameters αn = 1 − 10−n, βn = 0.1 − (1000 + n)−1, µn = 0, µ = 0.9,
pn = 1/n2, and θn = 0.45 − (1000 + n)−1. All algorithms are initialized with the same starting points
z0 = z1 ∈ R

m, which are generated randomly in the same manner as in Figure 6, with each component
drawn from the interval [−1, 1]. Moreover, all step sizes are initialized uniformly with the common
value β1 = 0.001. Nevertheless, the reported figures correspond to problems of varying dimensions
and constraint structures, which are deliberately chosen to demonstrate that the effectiveness of the
proposed algorithm is essentially independent of the dimensionality of the underlying problem.

It is evident from the numerical results obtained across four different problem dimensions
(Figures 7–10) that the residual decay produced by Algorithm 1 is highly competitive when compared
with that of the other five algorithms. In addition, the proposed Algorithm 1 consistently achieves
the lowest execution time among all the methods considered while remaining closely comparable to
Tseng’s splitting algorithm with double inertial terms reported in [50]. Overall, these observations
indicate that the proposed algorithm demonstrates strong efficiency and reliable performance for
implementation and adaptability.
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Figure 6. Convergence result of Algorithm 1 based on Example 5.1.
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Figure 7. Convergence results based on Example 5.1 with m = 40 and l = 15.

0 50 100 150 200 250 300 350
10

-6

10
-4

10
-2

10
0

10
2

10
4

PrpALg

MlkALg

BotAlg

TngAlg

ThnAlg

WngAlg

(a) Residual vs. Iteration

0 50 100 150 200 250 300 350

10
-2

10
-1

10
0

10
1

PrpALg

MlkALg

BotAlg

TngAlg

ThnAlg

WngAlg

(b) Cumulative Time vs. Iteration

Figure 8. Convergence results based on Example 5.1 with m = 70 and l = 30.
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Figure 9. Convergence results based on Example 5.1 with m = 30 and l = 25.
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Figure 10. Convergence results based on Example 5.1 with m = 100 and l = 40.

6. Concluding remarks

This paper proposed an adaptive algorithm for approximating solutions to VIPs, with a particular
focus on its application to blood supply chain networks. The proposed method, based on convex
combination techniques, is designed to handle pseudo-monotone operators, providing an efficient
approach even when the underlying operators are not monotone. The algorithm requires only a single
metric projection per iteration and exhibits an adaptive step-size criterion.

The theoretical analysis establishes the linear convergence of the algorithm and showcases its
applicability to real-world problems, particularly in healthcare systems for optimizing blood supply
chains. Through numerical experiments, we have shown that the proposed method outperforms
recently established algorithms in terms of convergence efficiency, making it a promising tool for
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large-scale network optimization problems.
Furthermore, the results of the study confirm that the proposed algorithm can provide scalable and

adaptable solutions for complex network optimization problems, offering significant advantages in
terms of computational efficiency and practical applicability. The ability of the algorithm to ensure the
efficient management of blood supply networks is a crucial contribution to improving decision-making
processes in healthcare logistics.

This work opens several avenues for future research. One promising direction involves extending
the algorithm to handle more complex, dynamic systems, such as multi-period supply chain
optimization or problems involving uncertainty and stochastic behavior. Additionally, applying the
method to other critical logistics and supply chain networks, including pharmaceuticals and food
distribution, would further demonstrate its versatility. Finally, exploring alternative step-size update
strategies and enhancing the scalability of the method for even larger-scale applications will be
important for broadening its impact in both theoretical and practical optimization frameworks.

Following the results obtained in Figures 3–5 and Tables 2–4, it is evident that Algorithm 1
performs reasonably and comparatively well, demonstrating promise in the context of blood supply
chain networks among other problems. Notably, the compared algorithms are recognized as the best
performers in this type of supply chain network, as recorded in [59, 69]. Furthermore, the results
clearly show that the expected demand values remained within the acceptable uniform ranges, even
before 500 iterations. Therefore, the proposed algorithm not only works effectively for cases involving
pseudo-monotone operators that are not necessarily monotone, but it also appears to be competitive
and promising, even among algorithms for the monotone class of operators.
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