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Abstract: By using a bilinear smoothing estimate recently developed in [1], together with several

linear Strichartz-type estimates established therein, we improve the threshold for local well-posedness

of the quartic Zakharov-Kuznetsov equation and prove that it is locally well-posed in H*(R x T) for all
1

s > 3
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1. Introduction

For s € R and initial data uy € H*(R x T), we consider the Cauchy problem

O+ 0 Agu = £0, (u'),  ut=0)=up, (CP)

associated with the quartic Zakharov-Kuznetsov equation (3-gZK). The equation itself constitutes
a generalization of other well-known equations in two distinct ways. On the one hand, it can be
viewed as a two-dimensional analogue of the quartic Korteweg-de Vries equation®, for which the well-
posedness theory has been extensively studied in the past; see, for instance, [5—11], as well as the more
recent global well-posedness result at low regularity in [12]. On the other hand, 3-gZK is a higher-
order generalization of the Zakharov-Kuznetsov equation (with quadratic nonlinearity), which has been
derived on both R* and R? as a model for the propagation of nonlinear waves in plasmas [13, 14].

We briefly review the development of the well-posedness theory for 3-gZK, both in the non-periodic

“The celebrated Korteweg-de Vries equation, closely related in spirit to Camassa-Holm-type equations (cf. [2—4] and references
therein), is a classical model for shallow water wave propagation.
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and semiperiodic settings: On R?, Linares and Pastor [15] initiated the study by proving local well-
posedness in H*(R?) for s > %, global well-posedness for s > 1 under an additional smallness
assumption on the H'-norm of the initial data, and ill-posedness for initial data in H3(R?), in the
sense that the data-to-solution map fails to be uniformly continuous at this scaling-critical regularity.
By further optimizing the interplay between the well-known Kato smoothing effect and two maximal
function estimates, Ribaud and Vento [16] improved the local result to s > 15—2, and Griinrock [17]
subsequently closed the remaining gap of 1—12 of a derivative to the scaling threshold by proving local
and small data global well-posedness in homogeneous Besov spaces qu, using a newly developed
maximal function estimate within the framework of the function spaces U” and V?.

Regarding the semiperiodic case, Farah and Molinet [18] established local well-posedness in H*(R x T)
for all s > 1— by developing a linear L*-estimate and using it in conjunction with a bilinear smoothing
estimate due to Molinet and Pilod [19]. This result, again under a smallness assumption on the H'-
norm of the initial data, implied global well-posedness for all s > 1, and, just recently, the local result
was improved to s > % [1] by developing novel linear L*- and L°-Strichartz-type estimates and using
them in the context of a fixed-point argument in Bourgain’s X, spaces.

In this short note, we build on the results from [1] and further refine the local theory by additionally
making use of a bilinear smoothing estimate developed therein. This allows us to lower the regularity
threshold to s > %, and the precise statement of our result is given in the following theorem.

Theorem 1.1. The Cauchy problem (CP) for the quartic Zakharov-Kuznetsov equation is locally well-
posed for every s > % That is, for each s > % and every uy € H*(R X T), there exists a lifespan

0= 5(”1/!0” é ) >0anda unique solution
uec Xél (cp)
$3

to (CP). Moreover, for every 6 € (0,5), there exists a neighborhood U  H*(R X T) of uy such that the
data-to-solution map

STH'RXT)I2U > X, (9),  vo> So)=v
5,3
is smooth.

2. Notation, function spaces, and Strichartz-type estimates

In this preliminary section, we fix notational conventions, introduce the function spaces we will
work with, and recall the known linear and bilinear Strichartz estimates that will be needed in the
proof of Theorem 1.1.

In the following, we denote by |x|5 := x7 + ... + x2 the Euclidean norm and by (x) := (1 + |x|§)% the
Japanese bracket of a vector x € R", omitting the subscript when taking the modulus of a real or
complex number. Moreover, for (£, ) € R X Z, we set |(£, ¢)|* = 3&? + ¢* to simplify notation, and for
a € R, we write a+ := a + € and a— = a — &, where € > 0 denotes an arbitrarily small positive real

number that may vary from line to line”. If a, b are positive real numbers, we write a < b if there exists

"We also often write co— to denote a very large positive real number.
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a constant ¢ > O such thata < ¢b, a ~ b, if botha < b and b < a hold, and a < b if ¢ can be chosen
to be very close to zero. For an admissible function f : R X R X T — C, we denote its space-time
Fourier transform by f: ]T(T, ¢, q), and partial Fourier transforms are denoted using subscripts, as in
F.f or F,,f. We also use the Fourier transform and its inverse to define the Riesz and Bessel potential
operators of order —s € R:

I'=F I QhFy and T = FNE @) Ty

As with the Fourier transform, we use subscripts whenever the operators are meant to act with respect
to a single variable only, as in, for example,

L=FEF or 1= F g F.

We equip the Sobolev spaces H*(R x T) with the norm ||-||gs = ||J*:||;2, while for 1 < p,g < oo, we
endow the mixed L”L? spaces such as L L!, L' L], and L’T’yLZ with the usual nested L?- and L?-norms
(see the notation in [1]). Here, we use the subscript # when the integration in the time variable is taken
over all of R, and 7 > 0 when the time variable ¢ is restricted to the interval [—-7, T]. If, moreover,
©(&, q) = & +g?) denotes the phase function associated with the linear part of 3-gZK, then the norms

of the well-known Xj ;,(¢) spaces, for regularity indices s, b € R, are given by

= [ & 00— e 1.0 dir .

qeZ

Lastly, for 6 > 0, we also introduce the time-restricted Bourgain spaces

Xf,;,(QD) = {fli-sorxr € Xsp(@)},

endowed with the norm

1l = inflfllxuier @ F € Xon@)s  Flisamaxr = £,

as these will be the spaces in which we seek local solutions to (CP). For notational convenience, we
suppress the dependence of the phase function, and we now collect the Strichartz-type estimates that
will be needed later.

We begin by recalling the bilinear smoothing estimate

1

1 &
IMP@ Nz Ses 193 “ullxy, W,y £> 0. B> 2.1)

with

MPGLv)(r.6,q) = fR Yl anf - 1¢ - &g - aP|

q1€Z
Uty EL V(T =11, E = E1Lg — qi) d(T, &),

which allows for a gain of up to %— derivatives for widely separated wave numbers and originally goes
back to Molinet and Pilod [19] (see Proposition 3.1 in [1] for a proof of this particular version). As
explained in Remark 3.2 of [1], this estimate can be interpolated with a trivial bilinear bound to obtain

IMPGu, )iz = Nl My s (2.2)

+,

(S}
[Nl
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which will be useful for estimates by duality. In addition to that, we have a collection of linear estimates
at our disposal, all of which were established in [1]. These include the almost optimal linear L*-estimate

1

lillzy, Seo Nl &> 0. B>, 2.3)
the Airy L%-estimate
il 5 Wul,, >3, 2.4)
and the optimized LS-estimate
1
g, Sreplldll;, o Toe >0, b> = (2.5)

For later estimates involving duality, we interpolate the above bounds with the trivial bounds

ldlz2, = Il 2.6)
and .
Nullee, <es lullx,..,» >0, b>s, 2.7
respectively, thereby obtaining the estimates
lallse < llllx, 2.8)
,, 1
lellps < Hellx, (2.9)
1
W2 ullps: < llullx, (2.10)
Xy +,2+
1
2 ullg. < IIMIIXM, (2.11)
leller < Nlullx, (2.12)
Xy g+t
and
lleelle- < Nullx, | - (2.13)
Xy 9+,2

All of these estimates were already employed in [1] to establish local well-posedness for s > % In the
present work, we additionally incorporate the bilinear refinement

1

1
WP vz, Sep lullx, My, €>0, b> (2.14)

of the linear estimate (2.3), with
1. 1
P= T 5 X e @207 o

(see Proposition 3.11 in [1]) into the forthcoming case-by-case analysis. This additional tool will prove
useful because, in the case where it fails to apply, the resulting frequency regime will be such that the
Airy L®-estimate (2.4) can be applied a total of three times in its optimal configuration (i.e., with a loss
of only ¢ of a derivative each time), ultimately leading to s > 1.
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3. Proof of Theorem 1.1

We now turn to the proof of a quadrilinear X ,-estimate. The well-posedness statement in Theorem
1.1 then follows from this estimate via a fixed-point iteration, which is standard in the literature and
thus omitted.

Proposition 3.1. For every s > %, there exists € > 0 such that the quadrilinear estimate

4 4
||ax[ﬂ ui)nx&_wg < [ v, (3.1)
i=1

i=1
holds for all time-localized functions uy, us, u3, ug € X Lie

Proof. Let = denote the convolution constraint (7, &, qo) = (71 + T2 + T3 + 74, &1 + E + & + &4, q1 +
q> + q3 + q4). Then, by duality, and after applying Parseval’s identity, we can write

4
18, []‘[u,JnX&_W i fR > f > o)
i=1

q0€Z 91:92,43€Z
— 4
(0, éo, qo>]_[ﬁ,-(n,fi,ql~> 1,72, 75, 61,6, E)d(T0,80)| = sup 1,
i=1

<1
Il s,

and since the norms appearing on the right-hand side of estimate (3.1) depend only on the
modulus of the Fourier transform, we may, without loss of generality, assume that ]’;,74\,- > 0 for all

€ {1,2,3,4}. Moreover, in the forthcoming discussion, we may restrict ourselves, by symmetry, to
the frequency configuration (€, ¢1)| > I(€2, ¢2)| > I&, ¢2)| = (€, ¢)l, and we finally fix the notation
u(t,x,y) = u(—t,—x,—y) and note that the X;,-norms under consideration are reflection-invariant,
since the phase function is odd. With this, we conclude the preliminary remarks and turn to a detailed
case-by-case analysis.

@) [(€1,g1)| <

In this case, the pointwise estimate

4
€00, o))" <0 | [((&n g

i=1

holds for every s € R, so that undoing Plancherel, followed by an application of Holder’s inequality,
leads us to

S WAl N wllzs 11 ualls W usllze 11 all

txy Xy
< Ifll,, ]—[nuinx&%ﬂ,
i=1

where, in the final step, we have assumed 0 < % — 2£ and made use of (2.3) and the trivial bound (2.7),
with all occurring derivative losses being negligible due to assumption (i).

AIMS Mathematics Volume 11, Issue 8, 25090-25099.
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(i) 11,0l > 1
(11.1) (€1, g0l > |(E4, ga)l:

(ii.1.1) (&0, o)l > 1(&3, g3)I:
In this situation, we have

€l{(€o, 90))° S |11, q)P = I(§4,q4)|2|% (&1, q)) (€ qa))7
1o, g0)P = 1(&, q3)|2|% (0, qo))* (€3, 43)) (&2, 02)) 5,

and after undoing Plancherel and applying Holder’s inequality, we obtain

u||ze .

1xy

Iy S WMPuy, T 5wl \MP f, T 5u)l 175

We then estimate the first two factors using (2.1) and (2.2), respectively, and treat the last one by means
of the Sobolev embedding theorem (2.7). This yields

<
e Sl il ool sl ol

4

< | |||ui||le+F,
: o2
i=1

and the last step works for every s > 1, provided that & > 0 is chosen sufficiently small.

(i1.1.2) [(£0, g0)| < 1(&3, g3)I:
The active assumptions allow us to infer the pointwise bound

Eol{Eor 0))° < [IE aDP = 1w a)P|* (1 g)) (En ga)y
€050, 40)) 3 ((E2r 42T ((E3, q3)) T,

and after applying Parseval’s identity, followed by Holder’s inequality, we obtain
1
Iy S IMPQ wy, TS5 ug)llgz 2T Fllyge 17 Tl g 1977 sl
Xy Xy Xy Xy

The first factor can now be treated using (2.1), the second using (2.11), and the remaining two factors
can be estimated by means of (2.12). This leads us to conclude

10,1

7tate

4
Vi L
2 =3 2

4
<[ iy, .
2

i=1

with the last step being valid for all s > %, provided that € > 0 is chosen small enough.

(i1.2) [(§1, gDI ~ 1(&2, )l ~ 1(&3, g3)| ~ |(€s qa)l:

(ii.2.1) €. a)P = 1€7. 9P| 2 (€1, q1)P for some tuple (i, j) € {0, ..., 4%, i # j:

The cases corresponding to tuples (i, j) with i # 0 and j # O can be treated in exactly the same way as
in case (ii.1.2), since (&9, g0)) < ((ék, gx)) holds for all k£ € {1,2, 3,4}. It therefore remains to examine

AIMS Mathematics Volume 11, Issue 8, 25090-25099.
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what happens, for instance, in the case (i, j) = (0, 1) (all remaining cases can be treated analogously):
Under the active assumptions (ii.2) and (ii.2.1), we have the pointwise bound

1 1 4 1
1€0l{(€0, 90))" < [I€1, @I = (o, go)P|* (&1 g1)) (o, q0)) 2 n((fk, a0,
k=2

which allows us to conclude that

4
o — 1 3
Iy S IMPU a0, I3 Pllgz, | |16 el
k=2 “

(Plancherel’s theorem and Holder’s inequality). The first factor is now estimated using (2.2), while all
remaining factors can be handled by means of (2.5). We finally obtain

4
SR T N
k=2

4
< | [l

k=1

and the last step is valid for every s > %, provided that € > 0 is chosen sufficiently small. This
completes the discussion of this subcase.

(ii.2.2) [, g = (€}, g)IP] < 11, g0)P for all tuples @i, j) € {0, ..., 4}*:

We now arrange the &; for i € {1, 2, 3,4} in ascending order of their modulus and consider two cases.

(i.2.2.1) |Eminl < Emed;| < Emed,| < 1Emaxl:
If |€max] < |1, q1)l, then (ii.2.2) and (ii.2.2.1) would imply

lgol ~ g1l ~ g2l ~ 1g3l ~ |gal ~ (€1, q1)
with
llg:l = 1(&1, gl < (&1, 1) forall i€{0,1,2,3,4},

which would contradict g, + ¢» + g3 + g4 = go. Hence, we must have |£q.4] ~ [(€1, ¢1)|. Without loss

of generality, let (|€minls [€med; s [Emed,|s [Emaxl) = (€11, €21, €3], I€4D). The active assumptions (i1.2.2) and
(11.2.2.1) then lead to the relations

g1l ~ gzl ~ lgs| ~1(1, g0l withlgi| =11, g0l < 11, g0

. (3.2)
forall ie{l,2,63},
from which it follows (note assumption (ii.2.2)) that we must also have
lqol ~ lgqal ~ 1(§1,q1)l  with |lgo| — |gall < |(&1, g1 (3.3)

(otherwise one would obtain |go| < (€1, q1)l, Ig4] < |(&1, 1), and thus also |gy — g4| < (€1, q1)|, which
would be incompatible with the convolution constraint ¢, + ¢> + g3 = qo — g4, as the relations in (3.2)
imply that |g; + g2 + g3| ~ |(£1, ¢1)]). Now, combining the relations from (3.2) and (3.3) and taking the

AIMS Mathematics Volume 11, Issue 8, 25090-25099.
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convolution constraint into account, it follows that g4 and at least one other g; for i € {1, 2, 3} must have
the same sign; without loss of generality, we take ¢, and ¢4. For this configuration, we then have

13(¢1 +§4)2 —(q1 + 614)2| ~ |(§1,Q1)|2 > &) + &l ~ &l ~ 161, g0l > 1,

so that we may infer the pointwise bound

1E0l(€0, G0))° S 11 + El3((Er, q1))* ((Eas g)) T IE0]5 ((E0y o)) 3~
(€2, 42)) (&3, q3)) T+

Undoing Plancherel, followed by an application of Holder’s inequality, then yields
iplyps— g Eol 25 25
Iy S NP I )l W8T fllg I Tollge 115 Wl

and the first factor is handled using (2.14), while the remaining factors can be estimated using (2.11)
and (2.12). Thus, we arrive at

%4—5

4
Sy, el | [l
f 0,%—2& s,%#—s i ! %t

4
S [

i=1

which is valid for every s > %, provided that € > 0 is chosen small enough.

(11222) |§min| < |§med1| < |§med2| ~ |‘§:max|:
We may again, without loss of generality, assume |€peq,| = [€3] and [Emax| = [€4]. Due to the active
assumption (ii.2.2.2), we then have both |&y| < |£3] and |&] < |€4], so that we may write

Eol{(€0, 40)Y’ S (1 q1))* (€22 422 IE0l5 ((E0s 40)) 3118 ((E3r g3)) o
ET((En ga))F .

By undoing Parseval’s identity and a subsequent application of Holder’s inequality, it follows that
_ 1 L1 L 1y
I < Wl 5wl 2 T3 Fll S T8 sl IS Tl

and for the first two factors we employ (2.3), while the remaining factors are treated using (2.11) and
(2.10). We ultimately obtain

4
-5 Il el ];[uuinxwm

4

< | |||ui||Xrl+F’
! s,5+8
i=1

with the last step being valid for every s > %, provided that € > 0 is chosen small enough. This
completes the proof of (3.1). O
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4. Conclusions

The work presented in this article improves the local well-posedness theory for the quartic
Zakharov-Kuznetsov equation on R X T by incorporating a recently developed bilinear smoothing
estimate into a case-by-case frequency analysis in Fourier space. This analysis establishes a
quadrilinear estimate in Bourgain’s X ,-spaces, ultimately yielding local well-posedness in H*(R x T)
for all s > % via a fixed-point argument. Given that the scaling heuristic predicts the scaling critical
regularity to be s, = %, it remains an open question whether the regularity threshold established in this
work is optimal. Indeed, the construction of examples that obstruct well-posedness in H*(R x T) for

all s < s/, where s” € [s,, %], does not appear to be feasible at this time.
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