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Abstract: In this paper, we establish the local existence and uniqueness of strong solutions to the
three-dimensional compressible Oldroyd-B system in a bounded domain, allowing the initial density
to vanish without imposing an initial compatibility condition. The initial data satisfy (oo, 7o) € H'(Q)N
Wh4(Q) and uy € H)(Q) with g € (3,6). The main analytical ingredient is a family of a priori estimates
independent of the compatibility condition and the artificial positive lower bound of the density. In
particular, time-weighted energy estimates recover higher regularity of the velocity for positive times.
These estimates, together with the elliptic estimates, allow us to propagate the H' N W4 regularity of
the nondiffusive stress, control both the nonlinear term g,(7, Vi) and the stress time derivative 7,, and
complete the compactness and uniqueness arguments.
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1. Introduction

Let Q c R3 be a bounded connected domain with a C? boundary. We consider the following
compressible Oldroyd—B system in Q x (0, T):

o, + div(pu) = 0, (1.1)
o(u; + u-Vu) —nygAu + Vdivu) + VP(p) = div, (1.2)
Aty +u- V1 + gu(1, Vi) + 7 = 2n.D(u). (1.3)

Here, p, u, and 7 denote the density, velocity, and symmetric extra-stress tensor, respectively. The
constant A > 0 is the relaxation time, while 7, > 0 and 17, > 0 are the solvent and polymeric viscosities,
respectively. The nonlinear constitutive term is defined by

ga(t,Vu) := tW(u) — Wu)t — a(D(u)t + 7D(u)), ac[-1,1],
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where | .
D(u) := z(Vu +(Vu)"), W(u) = E(vu —(Vu)")

are the symmetric and skew-symmetric parts of Vu, respectively. The pressure law P = P(p) is assumed
to satisfy

P € C([0, )), P(0) = 0. (1.4)

The mathematical analysis of Oldroyd-B fluids has attracted considerable attention.  For
incompressible viscoelastic flows and related models, numerous results are available concerning the
existence, uniqueness, and long-time behavior of solutions. Local existence and uniqueness of strong
solutions to the incompressible Oldroyd-B model were first established by Guillopé and Saut [1].
They subsequently proved global existence for sufficiently small initial data under weak coupling
assumptions [2]. Further well-posedness results in Sobolev spaces were obtained by Chemin and
Masmoudi [3], while Zi-Fang—Zhang [4] established global solutions in a critical framework. We
refer to [5-8] for additional developments. For the full incompressible Oldroyd—-B model, however, the
global existence of weak solutions remains a challenging open problem. An important partial result
was obtained by Lions—Masmoudi [9], who proved global existence of weak solutions for general
initial data under a simplified constitutive law in which the strain-rate contribution is neglected.

Compared with the incompressible theory, the analysis of strong solutions to compressible Oldroyd—
B systems is less developed. Guillopé—Salloum-Talhouk [10] studied the local existence and
uniqueness of regular solutions to weakly compressible viscoelastic systems governed by an Oldroyd-
type constitutive law. Hu—Wang established global existence for multidimensional compressible
viscoelastic flows with small initial data [11], investigated singularity formation and blow-up
criteria [12], and proved local well-posedness of three-dimensional strong solutions for large initial
data [13]. More recently, Meng—Zhang [14] established global existence and uniqueness of strong
solutions to a multidimensional compressible Oldroyd-B model for sufficiently small initial data. In
the presence of vacuum, Fang—Zi [15] established local well-posedness of strong solutions with initial
data satisfying

0o =0, (0o, To) € H' n W9, uy € Dy N D?,

together with the compatibility condition

ns(Aug + V divug) + divtg — VP(po) = vpo & (1.5)

for some g € L. Yin—Zhang [16] subsequently established local existence and uniqueness of classical
solutions with vacuum under a natural compatibility condition of the form (1.5). Lu—Zhang [17]
considered a related compressible Oldroyd-B model including a polymer number density equation
and stress diffusion, and proved local well-posedness of strong solutions and weak—strong uniqueness
in several space dimensions. Recent progress on compressible Oldroyd—B systems includes stability
and exponential decay [18, 19], blow-up criteria in the presence of vacuum [20], and global small-data
solutions and large-time behavior [21-23].

It should be pointed out that the compatibility condition (1.5) imposes restrictive constraints
on the initial data in both the vacuum region and a neighborhood of the vacuum-nonvacuum
interface. This motivates the development of an alternative well-posedness theory that does not
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require such a condition. For Navier-Stokes systems, the removal of the initial compatibility
condition has received considerable attention. Li [24] initiated this line of research for the
inhomogeneous incompressible Navier—Stokes equations and established local well-posedness without
an initial compatibility condition. Compatibility-free local theories were subsequently developed
for the isentropic compressible equations by Gong-Li—Liu—Zhang [25] and for the heat-conductive
compressible equations by Li—Zheng [26]; see also [27-29] for related developments. To the best of our
knowledge, a corresponding compatibility-free strong-solution theory for the compressible Oldroyd—
B system with vacuum has not previously been established. Unlike the compatibility-free Navier—
Stokes equations [24-26], the present system contains a nondiffusive stress equation. Consequently,
the H' N W' regularity of T must be propagated directly, and the nonlinear stretching term g,(t, Vu)
requires additional coupled estimates.

The aim of this paper is to establish the local existence and uniqueness of strong solutions for the
compressible Oldroyd—B system in the presence of vacuum, without any initial compatibility condition.
Compared with the compatibility-based results of Fang—Zi [15] and Yin—Zhang [16], we retain the
allowance of vacuum and comparable regularity assumptions on the initial density and stress, but lower
the initial velocity regularity from H> N H, to H, and remove the compatibility condition (1.5).

Systems (1.1)—(1.3) are supplemented with the following initial and boundary conditions

(p,pl/l, 7-)|t:0 = (po,pOUO,TO), in Q’ (16)
u=>0, on 0Q, (L.7)

where py, 1y, and 7 are prescribed initial data.

We emphasize that the actual value of u, that we need is only in the non-vacuum region Q, := {x €
Q | po(x) > 0} but not in the vacuum region Q, := {x € Q| po(x) = 0}. More precisely, denote by ugeal
the initial velocity in the non-vacuum region Q,, and define .7 as

Sext = {ﬂo ‘ ity = ug™ on Q. , ity € Hg(Q)},

then any uy € .. can be chosen as the “initial” velocity without changing the initial condition (1.6).
In fact, for any uy € %, it is clear that

p U = pouaeal’ in Q+9
00 — .
0, m QO-

Due to the above explanation, throughout this paper, we always assume that the “initial” velocity u is
defined on the whole domain such that u, € Hé (Q).

Before stating the main results, we first clarify some necessary notations used throughout the paper
and state the definition of solutions to be established.

For 1 < p < oo and positive integer m, we denote by L7 = LP(Q) and W™’ = W™P(Q) the
standard Lebesgue and Sobolev spaces, respectively, and we write H™ = W™2. For simplicity, we
also use notations L” and H™ to denote the N product spaces (L”)" and (H™)", respectively. For
matrices A, B € R¥3, we set A : B := Y. _ A;;Bij,|Al := (A : A)V2, and for 1 < p < oo, ||Al|p» :=

i.j=1
1/ . . . . . .
( fg |A(x)|”dx) i , with the usual modification for p = co. The divergence of a tensor is taken row-wise,
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(divA); := Z;:l dA;;. We use || - ||, for the LP(€2) norm and abbreviate || - ||, as || - ||. For brevity, we

1
sometimes use ||(fi, f>,- -+ , fv)llx to denote the norm (Zfil ||f,~||§()7.
Throughout the paper, the pressure law P is fixed. The generic constant C may also depend on P
through its local C'-norm on bounded density intervals. More precisely, denote 5 by an upper bound
of the density, then C may depend on

P =1+ ||Pl||Loo(()’p).
For every 1 < p < oo and a vector F € L?, the solution v € Wé”’ N W2P of
-ns(Av+Vdivv) = F inQ, v=0 ondQ,
satisfies
Vllw2r < CQ, p, p)IIF] -
We now define the class of strong solutions used in this paper.

Definition 1.1. Let T > 0 and q € (3, 6). Assume that
p0>0,  (00,70) € H'(QNW(Q),  uyeHyQ), t19=1) ae inQ.

A triple (p, u, 7) is called a strong solution to systems (1.1)—(1.3) in Q x (0, T'), subject to (1.6)—(1.7),
if it possesses the regularities

p>0, (p,7) € C([0, T1; L>) N L=(0, T; H' n W'9), (o1, T1) € L¥(0,T; L?),
vpu € C([0,T1; L?), ue L=0,T; Hy) N L*0,T; H) N L0, T; W>9),
vou, € L*(0,T; L?), Vtu € L0, T; H*) N L*0, T; W>9), Vtu, € L*0, T; Hp).

Moreover, T = 7' a.e. in Q x (0,7). Equations (1.1)—(1.3) are required to hold a.e. in Q x (0, T),
supplemented with the initial condition (1.6).

Remark 1.1. The symmetry of the extra stress is preserved by the constitutive equation. Indeed,

(. Vi)' = g(7",Vu),  Dw)" = D(w).

Consequently, the antisymmetric part 7 — 7' satisfies a homogeneous linear transport-relaxation

equation with zero initial data. Therefore, 7(f) = 7(f)" for all t € [0, T].

Remark 1.2. From the regularities of p stated in Definition 1.1, together with the Gagliardo—
Nirenberg inequality and Sobolev embedding theorem W' s C(Q) for q € (3,6), we obtain
p € C(0, T];C(ﬁ)). Thanks to this and recalling that jpu € C([0, T1; L%, it is clear that
pu € C([0, T); L?). Therefore, the initial value of pu is well-defined.

Remark 1.3. The solution class in Definition 1.1 is adapted to the regularity of the initial data and
to the absence of an initial compatibility condition. Since uy € H(l)(Q), no H? trace of the velocity is
available at t = 0. Moreover, the momentum equation does not imply \Jpu,(0) € L* in the absence of
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the compatibility condition. It would therefore be inconsistent to require u € L*(0,T; H?) or Vou, €
L>(0,T; L?) up to the initial time. Instead, the time-weighted estimates

Viu e L¥(0,T; H*) n L*(0, T; W>9), Vtu, € L*(0,T; Hy)

describe the higher regularity generated for positive time without imposing an unsupported higher-
order trace at + = 0. These weighted bounds are uniform with respect to the artificial compatibility
quantities in the approximation and provide the time integrability needed for the compactness and
uniqueness arguments.

Remark 1.4. Formally, if the polymeric stress is neglected, the systems (1.1)—(1.3) reduces to the
isentropic compressible Navier—Stokes equations, for which the local well-posedness theory has been
established in [25] without any initial compatibility condition.

We now state the main result of this paper.

Theorem 1.1. Let g € (3, 6) and assume that
p0>0,  (po,T0) € H'( Q) NW(Q),  upe H)Q), T19=1) ae inQ.

Then there exists a positive time T, depending only on Q, a, A, g, ., 15, P, and @, such that systems
(1.1)—(1.3), subject to (1.6)—(1.7), has a unique strong solution in the sense of Definition 1.1 on Q X
(0, To), where @q := [|polle + (00, Tl awra + Vol

Remark 1.5. The local-in-time result in Theorem 1.1 is established in three dimensions for a bounded
connected domain with C* boundary and the no-slip condition ulsq = 0. It is proved for q € (3,6),
(0o, 7o) € H' N W', and u, € Hé, and it allows vacuum in the initial density.

Remark 1.6. Since W"4(Q) — L®(Q), the lower bound q > 3 is structural for the present functional
framework. In contrast, the upper bound q < 6 is a technical restriction of the present argument. It
arises from the time integral fOT t_%ﬁ dt, which is finite precisely when q < 6 in Proposition 2.2. Thus
the condition q < 6 is required by the interpolation step used in this proof.

The existence proof of Theorem 1.1 is based on compatibility-independent a priori estimates for the
quantity

!
() = 1+ 5up (Il + 0. Dllrcw + [VulP) + fo (I VPP + V2l + 1| VsVulP)ds,  (1.8)
for approximate solutions (p,u,7) to (1.1)—-(1.3), subject to (1.6)—(1.7). The approximation and
continuity framework follows the strategy developed in [25]. More precisely, we prove that there
exist positive constants € and C, independent of the compatibility quantity and the artificial positive
lower bound of the density, such that ®(7) < C provided that T%qd)z(T) < €. The stress equation
introduces difficulties that have no counterpart in the compressible Navier—Stokes equations [25, 26].
Since it contains no spatial diffusion, the H' N W' regularity of t cannot be recovered through
parabolic smoothing and must instead be propagated using the time integrability of |[V?ul|,. Moreover,
differentiating g,(r, Vu) produces products of the form VrVu and 7V2u. At the same time, divr
enters the Lamé equation for u, while div 7, occurs in the time-differentiated momentum estimate.
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Consequently, the stress estimate, the Lamé elliptic estimate, and the weighted estimate for u,
must be closed simultaneously. To overcome these difficulties, we address these couplings by
first deriving compatibility-independent time-weighted estimates for the velocity, then using the
constitutive equation to control 7;, and finally closing the H' N W' estimate for t together with the
elliptic estimates for u.

2. A priori estimates independent of the compatibility condition

In this section, we derive some a priori estimates for strong solutions to systems (1.1)—(1.3), subject
to (1.6)—(1.7), with initial data satisfying the compatibility condition (1.5). In particular, although the
approximate solutions satisfy the initial compatibility condition, the a priori estimates established in
this section do not depend on this condition. The density-transport estimates, continuity argument, and
basic time-weighted velocity estimates in this section follow the strategy developed for compressible
Navier-Stokes equations in [25, 26], where no initial compatibility condition is imposed. These
arguments, however, do not directly control the extra stress. The estimates specific to the present
compressible Oldroyd-B system include the propagation of 7 in H' N W', the control of 7, and
84(t, Vu), and their coupling with the Dirichlet Lamé elliptic estimates.

We now begin with the following local existence and uniqueness result for strong solutions to the
compressible Oldroyd-B system, proved in [15], where the natural compatibility condition is required.

Proposition 2.1. Let g € (3, 6], and assume that (pg, ug, 7o) satisfies
0 < po, (00, T0) € H'(Q) NW™(Q), uy € Hy(Q)NH*(Q), 7¢=1,ae.inQ,
and the compatibility condition

ns(Aug + V div up) + divty — VP(pg) = pog,

for some g € L*(Q).
Then, there exists a positive time 7, depending on Q, a, A, g, 1., 17, P, @y, ||V?uy|l, and ||g|| such that
systems (1.1)—(1.3) admits a unique strong solution (p, u, 7) in Q X (0, T,), satisfying

p=20, (o,7)eCUO0,T.I;H N W), (o,7,) € C(0,T.]; L* N L9),
u € C([0,T.]: Hyn H*) N L*(0,T.; W9),
u, € L*0,T,; HY), vou, € L¥(0,T,; L%).

It will be shown in this section that the existence time 7. in the above proposition can be chosen
depending only on Q, a, A, ¢, 7., n,, P, and the upper bound of

: 2
@ := [loolles + [1G00, TOllr1awra + [[Vatol|™

In particular, T, can be chosen independent of ||[V?u|| and ||g||. Let @ be the quantity given by (1.8).
The main content of this section is to obtain the local-in-time estimate of ® independent of ||V2u|| and
|lgll, and therefore independent of the initial compatibility condition.

In the rest of this section until the last proposition, we always assume that (p, u, 7) is a solution to
systems (1.1)—(1.3) in QX (0, T'), for some positive time 7" < 1, satisfying the regularities in Proposition
2.1 with T, there replaced by T. We emphasize again that C, which may vary from place to place, is a
generic constant depending only on Q, a, A, ¢, 1., 175, P, and the upper bound of @y.
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Proposition 2.2. It holds that

T os
f (IIVullm + ||V2u||q)dt < CT % ®X(T).
0

Proof. Applying the elliptic estimates to (1.2), one obtains
IV2ully < Cllouly + lloGu - Vyully + VPl + || div 7]l,).

It follows from the Holder, Gagliardo—Nirenberg, Sobolev, and Poincaré inequalities together with
(1.4) that

3g-6 5q6

lloudlg < C”p”oo”\/_ut” 7 || vpudly” < Cliolla” | Vpul |Vl 5
o - Vyully < llplssllallslVadlly < Cllollol Vull? [V,
IVPllg < 1P ()l Vollg-

Integrating these estimates over (0, 7)) and applying Holder’s inequality in time, we obtain

59-6
f lloull,dr < C ”p”ooq 1ol = V|| 5 dr

39-6

scqf‘if(T)(f II\/ﬁu,szt) (f ||«[Vu,||2dz) ’ (f r Zqédt)z
0 0

6—q 79—6
< CT % @ (T),

and
T T L,
f llo(u - Vull,dt < Cf llollcolVull2 ||V ul[2dz
0 0
5 T % 1 1
< CON(T) ( f ||V2u||2dt) T+ < CT*®XT),
0
as well as
T T
f (IVPll, + |l div 7]l)dt < Cf (IVolly + IVTll)dr < CTO(T).
0 0
Consequently,

T 79— 1 —-q
f V2l dr < C(T%qcbvﬁ(T) + THOXT) + TCD(T)) < CT& ®X(T),
0

where }1 > 64q forg € 3,6), T < 1, and ®(T) > 1 were used. The Sobolev and the Poincaré

inequalities then yield
T T
f IVulloods < Cf ||V2u||th < CTi‘qu)z(T).
0 0

The proof is complete. O
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Proposition 2.3. It holds that

6;
sup llolle < lloolle exp {CT <I>2(T>} ,

0<t<T

sup 1o, PO)llwis < € (14 75 0T) ) exp {CT 5 027}

0<t<T

Proof. For any given x € Q and s € [0, T'], define U(x, t; s) as
d
d—tU(x, 1;8) = u(U(x, 1;9), 1), Vi1el0,T],
U(x, s;s) = x.

Note that since u € L'(0, T; W) is guaranteed by Proposition 2.2, U is well defined. Then, it follows
from (1.1) that

d
d—tP(U (x,2;9),1) = —divu(U(x, t; 5), Dp(U(x, ; 5), 1), Vi1e(0,7).
Solving the above ordinary differential equation gives
P, 155),1) = p(x, s)e™k WuUEmonds -y gy e [0, ],
Setting ¢ = 0 in the above, one gets
p(x, 5) = po(U(x, 0; s))e b WHVCmnnde -y (x 5) € Qx [0, T,

It follows from Proposition 2.2 that

6-¢

| div ut]|oo (0)dor T % OX(T)
b

b ¢
sup ||plles(2) < llolloe < llpolle

0<t<T

proving the first conclusion.
Multiplying (1.1) by p?~! and integrating over Q, one deduces by integration by parts that

d
3 1Pllg < CliVullsliollg.

Applying the operator V to (1.1) and testing the resulting equation against [Vp|?~2Vp, it follows from
integration by parts that

d _
IVl < C [ (¥t + ATt 197l dx
! Q
< CAVUlIToI + ol Vol 172l

Consequently,

d d
g lPllwe = (Ilpllq + IIVpllq) < C(IVullsllollwra + llolloal V2 ully). 2.1)
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In a similar manner, one derives

d
g Pl = CAVulloliollzn + ol lIV2ull2),

and combined with (2.1), it yields

d
g Pllaawrs < CAIVullsllpllaowa + ol V22l 2 10)-

Applying the Gronwall inequality and using the first conclusion together with Proposition 2.2, one
obtains

T
T
2 C 1 IVullod
sup llpllgrawe < (||P0||H'mwhq +f llolleo IV M||L2qudt)€ I 9l
0

0<t<T

6—q
<C (1 n T64quD2(T)) oCT 0 @D, 2.2)
Finally, since P(0) = 0 and P € C!([0, o)), the Sobolev composition estimate gives

L 6-a
sup |P(llaiaws < CA + 1P (Olleo)llollaawra < C (1 + TZq@z(T))eCT T,

0<t<T

Combining this and (2.2) proves the second conclusion.

As a direct corollary of Proposition 2.3, one obtains:

Corollary 2.1. There is a sufficiently small positive constant € < 1 depending only on
Q,a, A,q,1., 15, P, and ®y, such that

sup [lolle < 2lloolleo, sup [I(o, P)llgiawra < C,
0<t<T 0<t<T
provided that
6—¢
T% OXT) < €. (2.3)

Since ®(T) > 1, it is easy to check that the following relations follow from (2.3):
3
3 6-q 2 2 11g-18 3
T®(T) = (T () (T)) T % <¢ <1, 2.4)
1.3 6=q _ 5 3 79-18 3
TiO}(T) = (T 7D (T)) T <6l <1, 2.5)

These consequences will be used frequently in the rest of this section.

Proposition 2.4. Let € be the number stated in Corollary 2.1 and assume that (2.3) holds. Then, the
following estimate holds:

sup ||7|lgawre < C.
0<t<T
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Proof. Multiplying (1.3) by |7]9~%t and integrating over Q, one deduces by the Holder and Sobolev
inequalities

gd%nfuz +I7l < € fQ (IValirl? + [Vullrf™) dx
< C(IVulloliTllg + 1VallglIllg ™)
which implies
d
S lelly < C (Ivullslizly + 19l ). (2.6)
Applying 9, to (1.3) gives
A0k0,Tjj + Ogu - Vi + u - VOiT;j + 018a(T, V1);j) + Ok7ij = 2.0, D(1);;.

Multiplying the resulting equation by |[V7]9728,7;; and integrating over €, we obtain

Ad
——||IVT||2 + ||VT||2 < Cf (qullVqu + [7lIV2u| |Vt + |V2u||VT|q‘1)dx
g dr 7 7 Q
< ClIVullo Vg + C (1 + [izlleo) IV ull V72
Combining this estimate with (2.6), and using W'4(Q) — L*(Q), one deduces by the Poincaré
inequality
d \% ' V2
d—tllfllwl»q < C(II Ullsolltllwra + IV-ullglitllwra + [[Vully + I ullq)

< C(IVullglirllyra + 1Vully) 2.7)

Similarly, the H'! estimate gives
d 2 2 2
Slellen < C(IVulllizll + 19 llellyr + IV2ll)

Consequently,

d

2 2
—ITllgiawie < C(”V ullznpalltllgrawea + IV M”Lzmlﬂ)-

dr
By the Gronwall inequality and Corollary 2.1, this implies

T T
sup [|7llgawre < (||T0||H'mwhq + Cf ||V2M||L20Lq dt) eXp {Cf ||V2u||L2qu dt}
0 0

0<t<T
< C(l + T‘Z‘J’q)Z(T))exp{CT?J’@Z(T)} <C
This completes the proof. O

Proposition 2.5. Under the conditions of Proposition 2.4, it holds that

T
sup [[(Vat, 7 + f (vl + IV2ul?) dt < C.
0

0<t<T
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Proof. By Corollary 2.1 and Proposition 2.4, it follows from (1.3) and the Holder and Sobolev
inequalities that

Il < € (lae - VoI + liga(r, Vi)lI* + 1zl + 1D )
< C (IllRIVTE + ITIZIVull?® + llel? + 1V2d) < € (1 + IVul?) (2.8)

Applying the estimates to (1.2) and using the Young and Gagliardo—Nirenberg inequalities, one gets
by Corollary 2.1 and Proposition 2.4

IV2ull” < Clloul® + lloGu - Vyull? + 1IVPIP + [ div 7I*)

< Cllolls Il vioud* + llollZ g Vulls + I1P' @IVl + Il div 7i[*)
< C(lvpul* + IV ulP IV ull + Vol + IV7I?)

1
< EIIVZMII2 + C(lVoul* + IVull® + [Vpll* + IVTI),
and thus,
IV2ull> < CUl Vo> + 1IVull® + Vo> + [[V7]). (2.9)

Multiplying (1.2) by u,, and integrating over €2, one obtains by the Young, Sobolev, and Gagliardo—
Nirenberg inequalities

s d )
T Z (VP + 11 divalP) + | Vol = — | plu- Vu - udx
dr
Q

2
—fVP-u,dx+fdiVT-u,dx.
Q Q

It follows from the Gagliardo—Nirenberg, Sobolev, and Young inequalities that for any positive number
n,

1 3 1
< llollecllealls VeIl Vioudll < CIVull>[V2ul|>]] vou,

fp(u -Vu - u,dx
Q

1
<4l Voudl> + nliVull® + C,l I Vull®. (2.10)

To handle the pressure term, integration by parts gives

f VP(p) - u,dx = —i f P(p)divudx + f 0,(P(p))divudx,
Q dr Jo Q

and, by (1.1) and Corollary 2.1, we further have

faz(P(,O))divudx SfIP'(p)I (ul[Vpol + pl div ul) [Vuldx
Q Q

< CIIP Ol (1lllsIToNs1V el + ol IVul) < CIIVul. @.11)

For the stress term, integration by parts gives

d
fdivr-u,dx:——fT:Vudx+fT,:Vudx
Q dr Jg Q
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d
< -5 f 7 Vudx + C(|t|? + [|[Vull?). (2.12)
Q

Combining (2.8) and (2.10)—(2.12), adding the resultant with (2.9) multiplied by a small positive
number €, and choosing 7 sufficiently small, one obtains

d (n, S| 4 : 1
E(%IIVM||2+%IIdlvu||2—fQP(p)dlvudx+fg;T:Vudx)+§||\/ﬁu,||2+%IIVzuHZ
< C(1+]Vull® +[IV7|?).

Integrating the above inequality over (0, T'), one deduces by the Cauchy inequality, Corollary 2.1, and
Proposition 2.4

T
N sup [|Vul” + f (1w ll* + & lIV2ull”) dt
0

0T
f T: Vudx)
Q
f To - Vuodx)
Q

< 2 sup [Vull + C[1 + sup (IPIP + Illl) + TO*(T)]

0<t<T 0<t<T

+

S2sup(

0<t<T

f P(p) div udx
Q

+ c(nvuou2 + +

f P(po) div ugdx
Q

T
+ Cf (1 +1Vull® + 1V7I17) i
0

< % sup [IVul> + C (1 + T (T)),

0<t<T
which, by (2.4), the conclusion follows from this and (2.8). O

Proposition 2.6. Under the conditions of Proposition 2.4, it holds that

T
sup [I( Vi vpu, Viv2u)|? + f 1 ViV P dt < C.
0

0<t<T

Proof. Differentiating (1.2) with respect to ¢ yields
o(uy + u-Vu) + p(u, - Vyu + p,(u; + (u - Vyu) — ns (Au, + Vdivu,) + Vo,(P(p)) = div 7,.

Testing the resulting equation with fu,, and integrating over Q X (0, T), one deduces after integration
by parts

1 ’ :
= sup || Viypul? +n, f (Vv + 1| Ve div | ) dt
0

2 0<t<T

1 T T T
=3 f I \/,z_)utll2 dt—f tfp(u, -Vu - u,dxdr + f tfa,(P(p)) div u,dxdzt
0 0 Q 0 Q

T T
+ f t f div 7, - u,dxdt — f t f pu - Viu,|*dxdt
0 Q 0 Q
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T 6
- t | pu-VQ(u-Vyu-u,)dxdt =: J:.
I =),

(2.13)

By the Young and Gagliardo—Nirenberg inequalities, it follows from Corollary 2.1 and Proposition 2.5

that J; < C and
T
ol < C f Al VPNl Vatlll Vo3l e
0
T
<C f IVl vl 2| ViVul? dt < CT®3(T),
0
T
3] < f t f IP"()I(ullVpl + pl div )| div i ldx dt
0 Q
T
<C f Vilulls IV plls + lloll IVl DIl ViVl dt
0
T
<c f VIVl ViVl < CTO(T),
0
T
ELe f Villedll ViV dt < CTO(T),
0
T 1 3
sl < C f 1l Vpllollulell VpullslIVall dt < CTH@3(T),
0
T
el < f t f Pl ((Vaulluag] + [l V2udug] + |ul| Ve[ Vg |y xe de
0 Q
T
< f ol Uil Vael 2l + N2V ellltlls + el 211V ellol Ve ) dit
0
T
<c f VAUVl ViVl dt < CT (T,
0
Substituting these bounds into (2.13), it follows from (2.5) that

T
sup || Vi vou|* +277sf | ViV, dt
0

0<t<T

< C(1+TOT) + TTOH(T) + T2OXT)) < C.
Combining this with (2.9), Corollary 2.1, and Propositions 2.4-2.5 gives

sup [| Viv2ull® < C sup (I Vi o> + dIVull® + d|Vpl* + #IV7IP) < C.

0<t<T 0<t<T
This finishes the proof.
Corollary 2.1 and Propositions 2.4-2.6 yield the following.

Corollary 2.2. Under the assumptions of Proposition 2.4, it holds that

D(T) + sup |I(r,, ViV2u, Vijpu)l’ < C,

0<t<T

(2.14)
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equivalently,

sup (Ilollee + G0, Dl + l1(z., Vat, Viv2u, Viypuy)IP)

0<t<T
T
+ f (Il vous, V2u, NeVuy)|?) dt < C.
0

Proposition 2.7. Under the assumptions of Proposition 2.4, it holds that

T
sup llofl + f IViV2ull2dr < C.
0

0<t<T
Proof. By (1.1), it follows from the Holder and Sobolev inequalities and Corollary 2.2 that

oAl = {lue - Vo + div upl| < [lullslVells + IVullllolle
< C(IIVplls + llollo)lVull < C.

Next, applying the elliptic estimates to (1.2) and using Corollary 2.2, one obtains by the Holder,
Sobolev, and Poincaré inequalities that

IV2ully < C (lloudly + lloGe - Vyully + VPl + Il div 7il,)
< C (llpllollzalls + ol lldloolVaells + 1P (Il Viell, + 1V1l)
< C(1+IVagll + IV2ull?).

and thus, by Corollary 2.2, one gets

T T
f INiV2ullzde < € f (1 + IVl + I VEVullV2ull?) de < C.
0 0

Together with the estimate for p,, this proves the proposition. ]

We conclude this section by showing that the existence time 7,y depends only on Q, a, 4, ¢, n., 15, P,
and the upper bound of @ but is independent of the quantities ||V?u|| and ||g]I.

Proposition 2.8. Let g € (3, 6) and assume that (oo, ug, 7o) satisfies
0<p<po, (po,T0) € H' nwWY, yye Hé N H?, To = Tg a.e. in €,

for some positive number p.

Then, there exist two [;ositive constants Ty and C depending only on Q,a, A, ¢q,7,.,7,, P, and the
upper bound of @, such that systems (1.1)—(1.3), subject to (1.6) and (1.7), admits a unique solution
(o, u,7)in Q x (0, Ty), satisfying

sup (Ilolle + 6o Dllzgawra + Gor 72, Vi, ViV2u, Niyjpup)IP) < C,

0<t<Ty

and

To
j(: (II( vou, Vu, ViVu)|* + || \/?Vzullj) dt < C.
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Proof. By Proposition 2.1, there is a unique local strong solution p, u, 7 on Q X (0, 7~) satisfying the
regularities stated in Proposition 2.1. By applying Proposition 2.1 inductively, one can extend the local
solution uniquely to the maximal time of existence 7,,,,. We claim that, if T,,,, < co, then the following
holds:

. 1
lim sup (HE + [0, Dllwra + ||u||Hz) = oo, (2.15)

- Tmi\x

Indeed, suppose otherwise. There exists a constant M > 0 such that

( 1
sup
0<t<Tmax \I1O

+ 1o, Dllwra + IIMIIHz) <M.

(o)

For each 1y € (0, Tnax), define

g = ns(Au(ty) + V div u(ty)) + div 7(ty) — VP(p(ty))
" Vp(to) .

Since 3 < g < 6, the Sobolev embedding W' < L™, the positive lower bound of p(t,), and the above
uniform bounds imply ||g, |l < Cy, where C), is independent of #,. Hence the data (p, u, 7)(t)) satisfy all
the assumptions and the compatibility condition of Proposition 2.1, with norms bounded independently
of #y. By Proposition 2.1, there exists a number 6 = 6(M) > 0, independent of #,, such that the solution
starting from ¢ = #, exists on [#y, fp + 6]. Choosing ty > Ty.x — 0/2 extends the solution beyond T,
which contradicts the maximality of Ty,,x. This proves (2.15).

Forany T € (0, Tha), (0, u, T) satisfies the regularities in Proposition 2.1 with 7' there replaced by
T. Let g be the constant stated in Corollary 2.1 and @ the function given by (1.8), and set

To = sup {T € (0, Ty | TH0X(T) < 60}.

Claim: Ty < Tpax. Assume by contradiction that Ty = Ty,.x. Then, by definition,

T%ONT) < €, VT € (0, Tmay). (2.16)
4.
Since ®(T) > 1, it follows from (2.16) that T, < 606"’. Thanks to (2.16), it follows from Corollary 2.2
that
O(T) + sup | ViVPull? < C, VT € (0, Tra),

0<t<T

for a positive constant C independent of 7' € (0, T1,x). Repeating the characteristic argument from
Proposition 2.3, one deduces by Proposition 2.2 and (2.16) that

T 5.
Gl p 2 pem b M €, YT € (0, T,

for a positive constant C independent of 7' € (0, T,,x). Combining the above two estimates yields

) 1
lim sup (”/—) + 1160, Dllwra + IIMIIH2) <C,

1T max
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which contradicts (2.15). This contradiction proves the claim.
Since Ty < T and O(T) is continuous on [0, T, ), one gets by the definition of T that

(=
T," ®*(Ty) = €. (2.17)

4q

Thanks to this and recalling that ®(7') > 1, it follows from Corollary 2.2 that Ty < €, and ®(T,) <
C, for a positive constant Cy depending only on Q, a, A, ¢, 7., n,, P, and the upper bound of ®,. As
4q.

a consequence, it follows from (2.17) that T, > (E—O)Gq . The corresponding estimates follow from

Corollary 2.2 and Proposition 2.7. This completes the proof. O

3. Proof of Theorem 1.1

We now prove Theorem 1.1. The proof is divided into two parts: the construction of a strong
solution by approximation and the uniqueness of the resulting solution.

3.1. Existence

We divide the existence proof into three steps.
Step 1. Construction of the initial data. Choose {uo,}®>, € Hy N H* such that up, — uo in H' as

n=1
n — oo. Set pg, = po + ,%z and 7o, = 7¢. Then, it is clear that

1
ll0allz= + 100ns Tonllatawta + IVatoll7, < o + 3 (3.1

for all sufficiently large n. Since po, > 0, pou, To, € H' N W4, and uy, € Hy N H?, it follows directly
that the approximate initial data (o, 4o, Ton) satisfy the following compatibility condition:

L ns(Auo,, + Vdiv ugy,) + div 7, — VP(p()n) c 2
" Pon -

Although ||ug,||z2 and ||g,||» need not be bounded uniformly in n, Proposition 2.8 provides a common
existence time 7 and uniform estimates independent of n, ||ug,||z2, and ||g,>.

Step 2. Approximate solutions and convergence. Thanks to (3.1) and Proposition 2.8, there are two
positive constants 7, and C independent of n such that systems (1.1)—(1.3) admits a unique solution
(Ons Un, T,) iIn Q X (0, Ty), and the following a priori estimates hold:

sup (Iloalleo + 6o T)llziowia + 1:0m: s Vu)I?) < C,

0<t<Ty
Sup ” \/zvzum \/;\/p_n tun”2 S C9 (3 2)
0<t<Ty .

To
fo (1 VPO, V11, NIV + || VIV w,|7) dt < €

for large n. Then, by the Banach—Alaoglu theorem and a diagonal argument, there exists a subsequence,
still denoted by (o,,, u,, 7,,), and (p, u, 7) satisfying

(0,7) € L¥(0,To; H' N Wh9), (o1, 71) € L™(0, To; L?), (3.3)
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u € L=0, To; Hy) N L*(0, To; H?), ViViu € L*(0, Ty; L?), (3.4)
ViVu, € L*(0, To; L), ViViu € LX0, Ty; LY), (3.5)
such that
Pn = P, in L*(0, To; H' N W"9), (3.6)
8iPn — s in L=(0, To; L?), 3.7)
7, =T, in L=(0, To; H' N W), (3.8)
AT, — 1, in L=(0, To; L), (3.9)
Uy — U, in L(0, To; HY), (3.10)
U, — u, in L*(0, To; H?), (3.11)
Oy, — U, in L*(6, To; Hy), (3.12)

for any 6 € (0,T,). Moreover, since W' << C(Q) for ¢ € (3,6), and H> << H' < [2, it
follows from the Aubin-Lions lemma and (3.6)—(3.12) that

Pn = P, in C([0, Tol; C(Q)), (3.13)
T, > T, in C([0, Ty): C(Q)), (3.14)
u, — u, in C([6, Tol; L*(Q)) N L*(8, To; Hy (). (3.15)

We next establish the convergence of the nonlinear terms. From the strong convergence (3.15), we
have
u, —» u in L*(8, Ty; L), Vu, —» Vu in L*(8,Ty; L?).

Thus, recalling (3.12)—(3.13) and (3.15), we obtain

(Onlhns \Pulhn) = (O, \JpU) in C([6, Tol; L?),
(pnatuna \/FTnatun) - (puta \/ﬁut)a in Lz(éa TO, Lz)

For the convection term, we decompose

pn(un : V)un - p(u : V)u
= (o0 = Pty - Vit + p((ty — 1) - VI + p(u - V)(uy, — ).

Using the uniform bounds of u, in L%(0, TO;Hé) and L*(0,Ty; H*), together with the strong
convergence u, — u in L*(6, To; Hy), we get

Pultty - Vg = pQu - VY in L'(6, To; L").

Moreover, we rewrite
u, - Vt,—u-Vr=w,—u)-Vr, +u-V(t, — 7).

Since Vr, — Vrin L0, To; L9) for g € (3, 6), we have
(et — ua) - VTn||L2(6,T0;L2) < lu, — u||L2(5,T0;L6)||VTn||L°°(5,T0;L3) - 0.
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Furthermore, since
Vr, = Vr in L0, Ty; L?),

for any ¢ € C°(Q X (0, Tp)), one deduces
To 3 To
f f[u -V(t, —1)] : pdxdt = Z f f(ak‘rn,,-j — OkTij)ugpijdx dt — 0.
s Ja ijk=1v0 JQ

Therefore,
u, - V1, = u-Vr in L*(5, To; L?).

By the bilinearity of g,,

llga(Tn, Vi) — gu(T, VM)||L2(§,T0;L2)
< Cllty, = 7llzs @001 Vitull 25 70:02)
+ Clltll 6,70 IVt — Vull 251002y = 0.

Thanks to (3.14) and (3.15), we conclude
8a(Tu, Vity) = 84(7, V) in L*(8, To; L?).
Since P € C!([0, »)) and p, — p uniformly,
P(p,) = P(p) in C([0, Tol; C(Q)),

and
VP(p,) = P'(0)Vp, — P'(p)Vp = VP(p)  in L0, To; LY).

Also, owing to (3.8), we have
div T, Sdivr  in L=, Ty; LY).

Moreover, by the weak lower semicontinuity of norms, it follows from (3.2) that

To To
f | Viou|* dt < lim inff I Vorsall* dt < C,
F) n—oo §
for any ¢ € (0, T)) and for a positive constant C independent of ¢, which implies

vpu; € L*(0, Ty; L?).

The regularity u € L'(0, Ty; W*9) can be proved in the same way as in Proposition 2.2.

Step 3. Existence. Thanks to the convergences (3.6)—(3.15), and the above convergence of the
nonlinear terms, one can pass to the limit as n — oo in the approximate equations of (o,, u,, 7,) to
show that (p, u, ) satisfies Eqs (1.1)—(1.3) in the sense of distributions. Due to the regularities (3.3)—
(3.5), one can further show that (p, u, 7) satisfies (1.1)—(1.3) a.e.in Q% (0, Ty). Moreover, since 7y = Tg,
the argument in Remark 1.1 applied to the limit stress equation yields 7 = 7" a.e. in Q x (0, T). The
initial conditions p|,-9 = po and 7|9 = 7¢ follow from (3.13) and (3.14), because p,|,—o = po + an and
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Tali=0 = To. We turn to the proof of the continuity of pu. From the regularities of the limit solution in
Step 2 and the embedding u € L*(0, Ty; H*) — L*(0, Ty; L™), we have

)illr20,75:22) < Nloeullz200,10:02) + lloUellr20,75:22)
< ||Pz||L°°(0,T0;L2)||M||L2(0,T0;L°°) +| \//_?||L°°(0,T0;L°°)|| \//_)ut”LZ(o,TO;LZ)-

Hence,
pu € H'(0,To; L?) — C([0, Tol; L?).

Moreover, the uniform estimates imply

”at(pn un)”Lz(O,To;Lz) <C.

Consequently,
”pnun(t) - pOnMOn” < C \/;

For every fixed t > 0, p,u,(t) = pu(t) in L?, while pg,uo, — potto in L*. Hence,
llow(t) = pouoll < C Vi.

Therefore,
pu € C([0, Tol; L), (ou)(0) = pouto.

It remains to verify the continuity of the weighted velocity /o u. For every 6 € (0, T), the weighted
regularity of u, gives
u, € L*(6, To; Hy).

Hence,
u € H'(6, To; Hy) — C([6, Tol; Hy).

Since p € C([0, Ty]; C(Q)), we also have
vVp € C([0, To; L™).

It follows that
Vou e C((0, Tol; L)

It suffices to prove the continuity at t = 0. For € > 0, define
E. :={xeQ:pylx) > &}
Since p(t) — po in L™, for all sufficiently small ¢ > 0,

p(t) > on E,, p(t) <2 onQ\E..

N M

On E.,

2 _ -
ICVou)(®) = Vpouollize,) < \g 1Gow)(®) = poollizqz,y + lloouollze, [lo® ™" = o5 || o i -
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Since |a™'? - b7'2| < C&™32la - bl, a, b > £, it follows that

ICvPuw)(@) = Veouollr2e,) — 0 ast — 0",

On Q\ E,, using u € L*(0, Ty; H}), we obtain

(VP (®) — Vpouollz@g, < V2ellu(@)ll + Ve llugll < C Ve.

Consequently,

lim sup [|(Vou)(t) — vpouoll> < C Ve.

t—0*
Letting € — 0 gives
(Vou)(t) = jpoup inL* ast— 0",
Therefore,
Vou € C([0, To]; L?).

3.2. Uniqueness

We proceed to prove the uniqueness of strong solutions established in Subsection 3.1. We use the
following singular Gronwall-type inequality stated in [25].

Lemma 3.1. Let T > 0 and let f, h, and G be nonnegative functions on [0, T], with f and h being
absolutely continuous on [0, T]. Assume that

d

3/ = af (1) + AVG(@),

d

3,10+ G0 < O + y().f (),
f(0) =0,

where A is a positive constant and «, 8, and y are nonnegative functions satisfying «, 8, ty € L'((0, T)).
Then the following estimates hold:

f() < AB+/th(0) exp {% ft(,b’(s) + AZBZSy(s))ds} ,
0

h(t) + f G(s)ds < h(0) exp { f (B(s) +A282sy(s))ds},
0 0

with B = 1 + eb “©% Iy particular, if A(0) = 0, then f = & = 0 on [0, T].

Let (o1, u1, 1) and (o3, Uz, 72) be two solutions to systems (1.1)—(1.3), with the same initial data in
Qx(0,Ty). Set
op = p1 — p2, ou = uy — uy, 0T =71 — 7.

Subtracting the corresponding equations, we obtain
op; + (uy - V)op + (0u - V)py + dp div uy + p, divou = 0, (3.16)
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p1(0u, + (uy - V)ou) — ny(Adu + Vdiv éu) + V(P(p1) — P(02))
= —0p(0uy + (uy - V) — py(6u - V)u, + div o7,
A0t + (uy - VYOt + (0u - V)15 + g4(11, VUuy) — 8u(72, Vin)) + 67 = 2n,D(0u).

Multiplying (3.16) by dp and integrating by parts, one deduces by the Holder inequality

d
—|I6pll* <
dt” ol

f(ul -Vop + ou - Vo, + dp div uy + p, div du)opdx
Q

< C(IVullolispl + l16ullslVo2lsllspll + lloall IV sulllisoll)
< ClIVullslispl* + Cllpalle + IV 0211V SIS,

thus

d
37191l = CliVurllsliopll + Cllpzlleo + Vo2l Voull.
Similarly, testing (3.16) against sgn(ép)léplé yields

d
3719Pls/2 = CliVurlislioplls2 + € (IVpalla + llpalle) [V oul.

Therefore, combining this and (3.19), we have

d
g 0Pllzar < CliVillsliopllzeaz: + Clloallo + Vo2l VUl

Multiplying (3.17) by 6u and integrating over €2, one gets

1d .
73 Voioull® + ny(IVéull® + || div sull®) = — f V(P(p1) = P(p2)) - 6udx
Q

- f 0p(0ur + (U - V)uy) - Sudx — fpl(éu -Vuy - dudx + fdiv oT - dudx.
Q Q Q

(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

For the pressure term, integration by parts and the local Lipschitz continuity of P on the density range

give

fV(P(m) — P(py)) - dudx| < %IIV&tII2 + Clispll*.
Q

By the Holder, Gagliardo—Nirenberg, and Young inequalities, one deduces

f&p(ﬁtu2 + (up - V)up) - dudx
Q

< N10:usllslioullslioplls + lluallsllVuallslioullsllopll

< C(IVuall + [IVua |1V DIV Sullllopll 22

< %”V&l”z + C(IVOual? + IVual PV il IS

132n[2>
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and

< IVualleoll Viordull*.

fpl(éu -Vu, - dudx
Q

Similar to the pressure term, integrating by parts yields

f div 6T - Sudx
Q

Substituting these estimates into (3.21), we obtain

< %IIV{SMIIZ + Cll57IP.

1d 3n,
Sl vproul” + %nmn2 < IVasllall Vproull? + ClioT]?
+ C(1 + [VOual? + Vsl PV P)lIopl (3.22)

132nL2"

Testing (3.18) against 07 and integrating over €2, one has

Ad
=—|lo7ll* + [loT]* = -2 f (uy - V)ot 2 6tdx — A f (Su - V)7 : 67dx
4
—/lf(ga(n, Vuy) — gu(12, Vup)) : 6tdx + 2n, f D(6u) : 6tdx =: Z Ii. (3.23)
Q Q k=1

The terms on the right-hand side are estimated by integration by parts and the Holder, Gagliardo—
Nirenberg, and Cauchy inequalities as follows:

1] < [Vullollo7l,
|| < [l6ulle|[V2llsll67] < %IIV(MII2 + ClIVralillo7IP,

I < C fQ (2lIVSul + 67| Vu Dloidx

< C(IllolIVsulllo] + Vi lloli67I)

< LIVoul® + Cllealfyn, + IVl o,
14l < ZIVoul’” + Clst.

Substituting the above estimates into (3.23), one obtains

Ad s
Ed_t”(STHZ + |67l < %IIV&tIIZ + C(1 + [Imally, + IVl 16,

Therefore, combining this with (3.20) and (3.22) leads to

d
" (I1VoroulP + Allol?) + nlIVoull” + 257
< C(1 + s, + 1(Vety, Vu)llo) (Il vorsull + 1671
+ C(1 + [Vl + IV ual PVl P 16l 2 (3.24)

132n[2"
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Denote

O =16pllenz,  h@) = || yoroul® + A6, G() = nlIVéul* + 2|67l

(1) = Cl|Vuy |0, A = C sup (llo2lle + [IV2llz2023)(2),
0<t<Ty
B(1) = C(A + |I1n2ll51, + 1(Vur, Vi)lleo),  ¥(2) = C(A + [IVOno* + [Viea PV 12 1).

Recalling the regularities of (o;, u;, 71) and (o3, u», 72) in Definition 1.1, one obtains

To To To
f a(t)dt = Cf [[Vuy||odt < Cf ||V2u1||qdl <C,
0 0 0

To To
[ pwar=c [ (1410, + 17, Vi) dr < ¢
0 0
0

T To
f ty(t)dt = f C (t + 1 ViIVOual + HIViual PV ol P) dt < C.,
0 0

which implies that @, 8, ty € L'((0, T)). Moreover, it remains to verify that f(f) is absolutely continuous
on [0, T]. By Definition 1.1, we get that 6p, € L*(0, T; L?), and therefore 5p € W'*(0, T; L?). Since
L? — L[*?2, thus 6p € W"(0,T; L*?). Indeed, for 0 < s < t < T, the reverse triangle inequality and
Vll3/2 < ClvIl2 give

(@) = (I < l6p(@) = 5p(S)ll3/2 + 16p(1) = 6p(s)ll2 < Cf ll6p:(r)lldr,

which implies that f is absolutely continuous on [0, 7], and inequality (3.20) holds for almost every
t € (0,T). Since G € L'(0,T) and f(0) = 0, it follows from (3.20) and the Gronwall inequality that

t f 1/2
fy<cC f JG(s)ds < C\/Z( f G(s)ds) :
0 0

which implies

A < Ct.
Together with ty € L'(0, T), it follows that y f> € L'(0, T). Therefore, the energy relation implies that
h is absolutely continuous on [0, T]. Then, combining (3.20) and (3.24), one deduces by Lemma 3.1
that 6p = 6u = 6t =0on [0,T]. Since T € (0, Ty] is arbitrary, the uniqueness follows on [0, T¢].

4. Conclusions

We have proved the local existence and uniqueness of strong solutions to the three-dimensional
compressible Oldroyd-B initial-boundary-value problem in a bounded connected C? domain, allowing
vacuum and assuming no initial compatibility condition. The main ingredient is a family of a priori
estimates whose lifespan and constants are independent of the positive lower bound on the density and
the compatibility condition introduced. The time-weighted estimates recover the H? regularity of the
velocity and the corresponding time-derivative control for every positive time, while the stress equation
is handled through coupled H' N W' estimates.

The result is local in time and is restricted to three dimensions, the no-slip boundary condition,
g € (3,6), (po, 7o) € H' N W4, and uy € H,. In particular, we have not proved global existence or a
Cauchy problem. These directions are left for future work.
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