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Abstract: This paper uses standard time-stepping optimal control to construct a supplementary
regularized method for recovering o7(S, ¢) in the Black-Scholes model. With Dupire transformation, the
volatility calibration problem becomes a coefficient identification problem of non-divergence parabolic
equations. Combining Tikhonov regularization with a semi-discrete time stepping to break the two-
dimensional inversion problem into a series of one-dimensional subproblems at each time layer, it
reduces the inherent ill-posedness of the direct Dupire inversion. We derive forward-adjoint optimality
conditions and uniform a priori bounds and prove that each discrete subproblem admits minimizers
with existence, local uniqueness, and Lipschitz stability. Our main theoretical result shows that semi-
discrete minimizers converge to the weak solution of the continuous regularized implied local volatility
equation (RILVE) system when the time step approaches zero. Numerical simulations on synthetic
flat, smile, and skew volatility data show that this layered regularized method can produce accurate
volatility results and resist observational noise. This paper provides full theoretical deductions and
numerical tests to support and improve the existing RILVE volatility inversion model.
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1. Introduction

Since Black and Scholes [1] proposed the classical option pricing model, volatility has become a
central concept in financial engineering and quantitative finance. The standard Black-Scholes model
assumes constant volatility o, which simplifies theoretical pricing but conflicts with real market data.
In practice, option prices often exhibit two typical patterns: volatility smiles and volatility skews.
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Volatility also varies with maturity, forming a term structure. These market facts prove volatility is
not a fixed constant (see [2-5]). These observations indicate that real-world volatility possesses a
complex dynamic structure—it is not constant but rather a bivariate function depending on both the
underlying asset price S and time ¢, i.e., the local volatility surface o(S, 7). Recovering this space-
time volatility surface from market option prices is a key parabolic coefficient inverse problem in
computational finance. The implied volatility inversion problem belongs mathematically to the class of
coeflicient identification problems for parabolic equations. Its core is to recover the diffusion coefficient
(i.e., the volatility function) in the Black-Scholes equation from observed option prices. Dupire [6]
derived an explicit relationship between option prices and local volatility and established the classic
Dupire formula for direct computation. This work laid the foundation for calibrating local volatility
model parameters. However, applying the Dupire formula directly to discrete market prices requires
numerical differentiation, which is highly sensitive to noise and causes severe numerical instability the
fundamental source of ill-posedness.

Many scholars designed regularization and optimal control methods to stabilize inversion and
guarantee solution uniqueness (see [7-22]). Bouchouev and Isakov [12—14] transformed the problem
into an inverse parabolic problem with terminal observation and established uniqueness and stability
results. Jiang and Tao [15] explored the optimal control framework for the case volatility depending
only on the underlying asset price o = o(S). They proved the existence of an optimal solution and
derived the corresponding optimality conditions, and the numerical simulations were later provided
in [16]. Deng et al. [17] introduced ‘“‘averaged option prices” as terminal conditions, extending the
observation form of the inverse problem and enhancing the model’s ability to extract information from
market data.

Most papers only study time-independent volatility or purely theoretical analysis of space-time
volatility (see [15-23]). Few complete frameworks can meet three demands at the same time: full
theoretical support, strong noise resistance, and low computation cost. Jiang and Bian [18] proposed
the regularized implied local volatility equation (RILVE), which provides a key approach for two-
dimensional volatility surface inversion. This method, via time discretization and variational inequality
coupling, constructs a fully nonlinear parabolic system that simultaneously recovers both o (S, 1)
and the option price and proves its stability and convergence. The determination of time-dependent
volatility from observed market data was investigated in [19] by using a regularization technique with
an entropy penalty.

However, two-dimensional volatility surface inversion still faces three core challenges: the curse
of dimensionality leading to high computational complexity, time non-stationarity causing model
adaptability issues, and the tendency of global optimization algorithms to converge to local minima.
Inspired by Deng et al. [17], who successfully applied the time-stepping optimal control method
to inverse heat conduction problems, we adapt this well-established semi-discrete framework into
the financial RILVE inverse problem, which can be regarded as an effective extension of existing
variational tools. We conjecture that the sequential decomposition strategy may alleviate full-grid
computational burdens, though quantitative efficiency comparisons and complexity bounds are left for
future study.

The RILVE provides a sound continuous model, but its numerical solution is challenging because
the forward and adjoint equations are coupled. Solving both on a full grid yields large nonlinear
systems that are expensive to compute. The time-stepping idea from [16] was designed for linear heat
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equations; transplanting it to the quasilinear Black-Scholes equation is not trivial. Earlier works [7, 8]
studied similar inverse problems using variational regularization method but focused on the continuous
problem or global grid schemes. Our work bridges the RILVE theory with practical computation
by proposing a time-marching scheme and supplying a complete convergence proof. The existence,
stability, and uniqueness results we establish are not merely new continuous theorems; they also serve
as limit results that confirm the correctness of our numerical scheme.

Building on the RILVE framework proposed by Jiang and Bian [18], we transplant classical
time-marching optimal control from parabolic inverse problems to decompose two-dimensional
volatility inversion into sequential one-dimensional subproblems, offering supplementary theoretical
and numerical extensions to the existing RILVE model: (i) We verify the well-posedness of each
time-layer optimization subproblem, including existence, local uniqueness, and Lipschitz stability of
minimizers. (ii) We derive coupled forward-adjoint optimality conditions and uniform a priori estimate
and further prove semi-discrete minimizers converge to continuous RILVE weak solutions as the time
step vanishes—this constitutes the core theoretical supplement of this work. (iii) We employ a standard
finite-difference gradient descent to test three classic volatility profiles, providing extra numerical
evidence for the reconstruction accuracy and noise robustness of regularized volatility calibration.

The paper is organized as follows: Section 2 formulates the problem and introduces the Dupire
transformation. Section 3 constructs the regularized optimal control framework. Section 4 establishes
a series of a priori estimates and auxiliary technical lemmas with complete proofs. Section 5 proves
the existence of semi-discrete solutions and analyzes the continuous limit. The optimality conditions,
stability, and uniqueness are discussed in Section 6. In Section 7 presents the numerical algorithm and
experiments, demonstrating the effectiveness of the theoretical analysis and numerical scheme. Section
8 concludes the paper and suggests future research directions.

2. Problem formulation

Consider an asset price process S, under the risk-neutral measure following the geometric Brownian

motion

ds
S—’ = (r — ¢)dt + o(S,, )dW,, 2.1)
t

where r is the risk-free rate, o(S, r) > 0 is the unknown local volatility function, ¢ is the dividend yield,
and W, is a standard Brownian motion.
The price of a European call option C(S, t; K, T') satisfies the Black-Scholes equation

oc 1 , 2(’)2C oC
i - — _ = 2.2
” + 20‘ (S,nHS >+ (r—q)S rC =0, (2.2)

with the terminal condition given by the option’s intrinsic value at maturity
C(S,T)=(S - K)", (2.3)

where (x)* = max{x, 0}, K is the strike price, and T is the maturity.
Let v(K,T) = C(S0,0; K, T) denote the European call price at current time ¢t = 0, with spot price
S, strike K, and maturity 7. By no-arbitrage arguments, v satisfies the Dupire equation [6]
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o 1, , v v
T - 2K o (K, T)8K2 (r q)K(')K qv, 2.4)
with initial condition
v(K,0)=(So—-K)*". (2.5)

The Dupire equation directly links the volatility (K, T) to partial derivatives of the option price.
Its explicit solution can be expressed as

ov ov
o+ (T —q@Ksz +qv
O'(K,T):JW (r— @Kz v

1 g2 %
ZK 0K?

This formula reveals that volatility inversion is strongly dependent on the first and second partial
derivatives of the option price, which is precisely the source of ill-posedness.

Inverse problem (IPOP): Given market-observed option prices v'(K,T) for all K € R*, T €
[Ty, T»], find the volatility function o-(K, T) such that

VK, T;0)=v(K,T). (2.6)

This formulation constitutes a coefficient identification problem for a parabolic equation. Its ill-
posed nature manifests in two aspects: high sensitivity to perturbations in the data v* and potential
non-uniqueness of the solution o.

To simplify the domain and boundary treatment, we introduce the variable substitution (see [8, 15])

K 1 1
x=In—, =T, u(x,7)=—e™(Soe",7), a(x,7)=—-0%S,e", 7). 2.7
So So 2

The Dupire equation (2.4) then transforms into the more compact parabolic form
ur = a(X, T)(Uex —Uy) = (r = @Quy, x€R, 7€(0,72], (2.8)
with initial condition
u(x,0) = up(x) := (1 —e)*. 2.9

Equations (2.8)—(2.9) constitute the forward problem: Given the coefficient a(x, ), solve for
u(x, 7). The inverse problem is then becomes the following: Recover the a(x, 7) from observed data
u*(x, 1), where the volatility is recovered via o(Soe*,7) = V2a(x, 7). This achieves a mathematical
simplification of the volatility inversion problem.

Remark 2.1. The initial data uy(x) = (1 — €*)" is nonzero only on x < 0. For parabolic equations with
uniformly bounded and positive diffusion coefficients a(x, T) € [a, al, the solution preserves exponential
decay as |x| — oco: There exist constants C,a > 0 depending only on r, q, a, a such that

lu(Cx, T)| + Ju(x, 1) < Ce ™ VxeR, t€[0,75].

This decay property eliminates infinite boundary terms in integration by parts. Hence, all integral
operations in the remainder of this paper are valid without extra boundary corrections.
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3. Optimal control framework

The core practical difficulty of two-dimensional space-time volatility inversion lies in the high-
dimensional, severely ill-posed nature of the coefficient identification task. Drawing on sequential
optimal control methods validated for heat conduction inverse problems [17], we apply this time-layer
decomposition strategy to the RILVE inverse system.

Consider the observation time interval 11, 7,], uniformly partitioned into N subintervals

T —T

TT=h<h<: - <Iy=T), I’l—T, t, = 11 + nh. (3.1

At each time level 1,,, we observe transformed market data
M;(.X) = l/l(x, tn) + Sn(X), n= 19 2’ T, Na (32)

where &,(x) denotes observation noise.
To ensure existence and satisfy financial constraints, we define the admissible control sets:
(1) Spatial admissible set (for each time-slice control variable)

Ay =fac HR®R)NLR)|a < a(x) <a, ae. xR}

(2) Full space-time admissible set (for continuous reconstruction)
A= {a e H'(Q) N L™([ry. 1o H'(R) |a < a(x.71) < @, ae. (x.7) € Q}, (3.3)

where Q = R X [11,72] and 0 < a < a < oo are given positive constants representing the lower and
upper bounds of the transformed volatility coefficient.

Remark 3.1. The admissible control set A has the following important properties: a < a < a excludes
negative or infinite volatility, which is financially meaningful; a € H'(Q) ensures sufficient smoothness
of the coefficient for theoretical analysis.

Following the standard sequential regularization design and the continuous RILVE model proposed
by Jiang and Bian [18], we adopt the widely used layered Tikhonov cost functional for time-stepping
inversion

o1 2 2 1 * 2
Jn(a) = E (Z”a - an—lllLZ(R) + ”Va”LZ(R)) + EH”(» In; a) —u (" t")”LZ(R)’ (34)

where ¢ > 0 is the regularization parameter and u(-, #,; @) is the solution of the state equation at time
t,. Physically, the first term enforces temporal smoothness of the volatility surface, the second term
enforces spatial smoothness to suppress noise amplification, and the third term measures data fitting
accuracy between model outputs and market observations.
Given an initial guess ay € Ay, we sequentially solve the following optimization problem sequence:
Problem (P,): Given ay, ay, - ,a,_1 € Ay, find a, € A, such that

Ju(an) = gg;{r(l) Ju(@). (3.5
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At each time level, the corresponding state solution is constructed as follows. For a given a € Aj,
define the piecewise linear interpolated coefficient

T_nl

( )+ an l(x) Ih-1 <7< I,
a(x,t) = (3.6)

T—kl

ap(x )+ Tak_l(x), o) <7<, 1 <k<n-1.
The corresponding state solution u(x, 7; @) satisfies equations (2.8)—(2.9). By sequentially solving
Py,---, Py, we obtain the sequence {an},’;’:(). Define the discrete reconstruction function
h T— 11 t,—T
a'(x,7) = an(x) + ; ap-1(x), TE [t t,),n=1,---,N. (3.7)

Remark 3.2. The discrete reconstruction a" is linear in time on each subinterval [t,_,t,]; it satisfies
a"(x,t,) = a,(x) at the nodes; and its time derivative is constant on each subinterval: ai’ = (a,—a,-1)/h.

4. Uniform estimates

Before analyzing discrete minimizers and their limit behavior as 4 — 0, we derive uniform a priori
bounds independent of the time step 4. The bounds in Lemmas 4.1-4.4 serve as technical prerequisites
for convergence analysis, offering uniform boundedness, compactness, and Holder continuity to extract
convergent subsequences.

Lemma 4.1. Let a € A with a, € L*(Q), and let u be the solution of the state equation (2.8)—(2.9).
Then there exists a constant C > 0 (depending only on a,a,r, q,T) such that

T2
llutll L) + f f (u* + lup)dxdt + sup f lu,Pdx < C. 4.1)
T R R

7€[71,72]

Proof. Multiply both sides of equation (2.8) by u and integrate over R

fuufdx: fauuxxdx—fauuxdx—(r—q)fuuxdx. 4.2)
R R R R

Since u(x,7) € H'(R) and decays to 0 as |x| — oo (by parabolic equation regularity [16]), all integrals
converge absolutely. Compute term by term

1d
[ et = 55 (4.3)

f aultdx = f (au)u,dx = f Ui dx — f auidx, “4.4)
R R
1
fauuxdx: —fa(u )dx = ——faxu 4.5
R 2 Jr 2 Jr
1
f undx = = f (u?),dx = 0. (4.6)
R 2 Jr
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Substituting (4.3)—(4.6) back into (4.2) and simplifying yields the energy identity

1d 1
Ed—rllulliz+fauidx: —faxuuxdx+§faxu2dx. 4.7)
R R R

Since a, € L*(Q), there exists a constant M = ||a,||z~p) > O such that |a,| < M almost everywhere.
Taking € = % and applying Young’s inequality [24], we obtain

faxuuxdx SMflullux|dx
R
M2
< L—lf Wdx + — fu2dx, (4.8)
4 R

1 2

ax u-dx < — 4.9)
2 -

Substituting (4.8)—(4.9) into (4.7), then we have

d ., a 2M? 5
E”u”l‘z + EfRude < (? + M) ||I/£||L2. (4.10)
2
Let C; = —— + M, which depends only on a and the bound on a,. By Gronwall’s inequality, one
a
can easily get
w2 < lluoll;,e ™, 1€ [11,72]. (4.11)

Multiply both sides of equation (2.8) by —u,, and integrate over R

—furuxxdx: —fauixdx+fauxuxxdx+(r—q)fuxuxxdx. 4.12)
R R R R

The left-hand side becomes

- = = —— . 4.1
fR Urllxd X fR Uyl dx o llea.ll; (4.13)

Bound each term on the right-hand side using Young’s inequality

f ault,dx| < f |||t x
R R
a 52
L f Rdx+ & f W2dx, (4.14)
4 Jr Q
(r—q)fuxuxxdx <lr—gql (C:lf dx - f de). 4.15)
R 4 R

Substituting (4.13)—(4.15) into (4.12) yields

1d

3T —— 17

f ul dx < C, f uldx, (4.16)
R R
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72 — 2 . R
where C, = w, depending only on volatility bounds and market parameters.

Adding (4.10) and (4.16), we can obtain

%(Ilulliz + llull7) + %(Hux”iz + leel72) < Callly, + el 7.), (4.17)
where C; = max{C,, C,}. Applying Gronwall’s inequality again
lu@IF, < luoll2, €™ (4.18)
To estimate u., let v = u, and differentiate the state equation with respect to T
Ve = a(Vey = Vi) + AUy — uy) — (r — @)ve. 4.19)

This is a linear parabolic equation for v with forcing term f = a. (i, — uy). Since u,, u, € L*(Q),
from the definition of A, we have a, € L*(0,7,;L*(R)), hence f € L*(Q). Applying the same
energy inequality and the Gronwall argument to (4.19), with initial condition v(-, 7) determined by
substituting the initial data into the original state equation, yields

T2
sup [v(, DIZ + f G DIZ dr < € (IVCr)IE + 1122 ) -

T€[11,72] T

Combining with the earlier bounds for u,, and u,, we obtain

T2
f f (1ol + luee?) dx dr < C. (4.20)
T R

The L* bound for u follows from the Sobolev embedding H!(R) — L®(R) combined with the
uniform H' bound. Combining (4.11), (4.18), and (4.20) gives estimate (4.1). O

The adjoint equation plays a key role in deriving optimality conditions and handling data fitting
terms. We next establish complete uniform regularity estimates for adjoint solutions.

Lemma 4.2. Let ¢ satisfy the adjoint equation

— ¢ —(aP)ux + (@) — (r — )¢ =0, (x,7) € O, (4.21)
o(x,13) = u(x, 1) —u'(x,75), x€R. (4.22)

There exists a constant C = C(r,q,a,a) > 0 such that

T2
llmor + f f (s + 1Pt < Cllt = 'l 4.23)
T] R

Proof. We transform the adjoint equation into standard form via variable change and then perform
energy estimates. Let ¢y = a¢ and compute derivatives

Yy = axp + agy, (424)
Uix = A + 20,0, + a. (4.25)
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Substituting ¢ = y/a into equation (4.21) and performing detailed calculations yields

U+ ay, +by,+cy =0,
where the coefficients are

b=2a,-1+(r-q),

C = Ay — dy.

Since a € A, there exists a constant C such that ||b]|;«, |||z~ < C.
Multiply equation (4.26) by ¢ and integrate over R

f Ydx + f aynydx + f bynydx + f cy’dx = 0.
R R R R

Computing term by term

1d ’
‘[R’J/wde = EE_”‘ﬁ”Lz,

f ayydx = — f (a) W dx = — f a . dx — f alpidx.
R R R R

Substituting into (4.29) gives

s+ [ aax=— [~ [ wiaxs [ awmdx
T R R R R

Apply Young’s inequality to estimate the right-hand side

a 1

fwadx < [1bllg~ (:f#//idx+—f¢2dx),

R 4 Jr aJr
f cy’dx| < |l f yldx,

R R

a 1

f a . dx| < M (: f Ylrdx + — f de).

R 4 Jr a Jr

Substituting into (4.32) and rearranging yields

SR + Sl < CIuE.
Introduce reverse time s = 7, — 7. Then equation (4.26) becomes
Uy —alo — b, — e = 0.
By the maximum principle for parabolic equations

sup || < sup [y(-, 0)] = sup la(:, T2)[u(:, 72) — u” (-, T2)]|.
0 R R

(4.26)

(4.27)
(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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Since a < a, we have
|0y < allu(-, T2) — u’ (-, T2)ll - (4.39)

Since ¢ = y/a and a > a > 0, we obtain

a "
1Bl = “lluC72) = u (7o)l (4.40)

Performing higher-order energy estimates on equation (4.26) similar to Lemma 4.1 yields

f f (W + Wudxdr < CligllLoco)- (4.41)
T] R

Since ¢ = ¥/a and a is uniformly positive and smooth, the corresponding bounds for ¢, and ¢,,
follow directly by the product rule for derivatives. Combining all estimates yields the target inequality
(4.23). ]

Uniform boundedness for semi-discrete reconstructions is essential to analyze the continuous limit
as h — 0. The following bounds hold uniformly with respect to time step h.

Lemma 4.3. Let a, be the optimal solution of problem (P,), and let a" be its linear interpolation
function (3.7). Then there exists a constant C > 0 independent of h such that:

N ”an - an—1||2
L2(R) 2
D max Valffg, < C. (4.42)
n=1
e h 2
IIaTIILZ(R)dT + sup ||Va (-,T)”LZ(R) <C. (4.43)
Tl T€[11,72]

Proof. Since a,, is the optimal solution of (P,), taking a = a,_; for comparison gives
Jn(an) < Jn(an—l)- (444)

Expanding the cost functional (3.4)

) 0 1
E”an — iy, + EIIVanIIiz + %”un —uyl7,
g 2 1 ®(2
< SIVan-ll + S lln-r = ]l (4.45)
where u,, = u(-, t,;a,) and u,_; = u(-, t,; a,_1).
Rearranging gives the basic inequality
0 5 0 Va Il v RN 1 #)12 )12 4.46
Sl = an-lle + SAVanll, = IVan-ill) < = (litn-y = ]l =l = 1, [172)- (4.46)

To estimate the right-hand side, let w = u,_; — u,,. Then w satisfies

Wz = dp-1 (Wxx - Wx) - (I" - Q)Wx + (an—l - an)(un,xx - un,x)a (447)
W(', tn—l) = 0_ (448)
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Multiply equation (4.47) by w and integrate over R X [#,_;, 7], which gives

1 T
EHW(T)Hiz + f fan_lwidxds =1, + D,
Th-1 R

Il = f f(an—l - an)(un,xx - un,x)Wddea
Ih—-1 R

I, = f f[a,,_lwwx —(r—gww,]dxds.
-1 R

where

Estimate /;: By the Cauchy-Schwarz inequality [24] and Lemma 4.1, then we have

|Il| < ||an - an—l”Lz : ”un,xx - un,x”Lz : ”"V”L2 < C”an - an—l||L2 : ”W'”L2

Estimate I,: Applying Young’s inequality,

a T T
| < Zf ”Wx”izds"'cf Iwll7.ds.

-1 In-1

Substituting into (4.49) yields

1 , a7 2 ’ 2
§||W(T)||Lz + — [willy.ds < C [wll;.ds + Clla, — an-1ll2lWll 2.

4

Th-1 th-1
Applying Gronwall’s inequality
.
w72 < Clla, = anill7, f e“ds < Chlla, — a7,
In-1

In particular, at 7 = ¢,
ot — tallz2 < C Vhlla, = dpillpe

Next, estimate the right-hand side of (4.46)
2 2
N1 — uyll;> = Mty — w|l72
L L
2 2
= o1 — wy + g — I — Nty — w, |l

2
= ”un—l - un”LZ + 2<un—1 — Uy, U, — M:>

By (4.56) and the Cauchy-Schwarz inequality

[ttt =t 10 — 14}
Combining with (4.55) gives
et = 112 = ity = )25 < Chlla, = @il + C Vhlla, = @yoillz2.
Substitute (4.59) into the basic inequality (4.46)

0
2h

< Nttt = tllp2 - ity — w12 < C Vhllay — an- |l

0 C
Sillan = anilify + S(ValiE, = IVa,llE) < o (Alla, = analls + Vhlla, = aillz).

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)
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Rearranging terms gives

0 0 C
ﬁ”an — apill}, + E(IIVanlliz —IVa-1l;.) < Clla, = anll7, + W”an = dp-1llp2. (4.61)
Apply Young’s inequality to the last term
C 0 C?h
ﬁnan an-1llp2 < EH% an—l”iz + a (4.62)

Substituting into (4.61) gives

) 0 C°h

E”an — apll}, + E(Hvan”iz —IVa,-1l2.) < Clla, = ap- i}, + 5 (4.63)
For sufficiently small A, we have Clla, — a, 1|| < 8h||an — an|? T2 hence
1 0 C’h
@Ilan —a, il + E(IIVanlliz — IVa,li3,) < 5 (4.64)
Summing (4.64) fromn = 1,--- , k, then we have
k 2
0 ”an - an—llle 0 2 1) 2 Czkh
g Z —— 4 SVl < SIVaol, + =~ (4.65)

Since kh < 7, — 71, we obtain

N 2

”an — an- ”
> max Va2 < C. (4.66)
— h 1<n<N

By the interpolation definition (3.7), a" = (a, — a,_,)/h, thus

N N
lla, — an-1|? lla, — an1ll?
f la\2dr =" b E DY L <c (4.67)
71 n=1 n=1
Meanwhile, ||Vah(-,r)|| is controlled by linear interpolation and does not exceed max, ||Va,| T2
hence (4.43) holds. O

Lemma 4.4. For the discrete reconstruction a", the following Holder estimate holds

h h h
a1y < € IV |2qg) + llallzqg)) - (4.68)

Proof. The proof consists of Holder estimates in space and time directions. By the Sobolev embedding
theorem (H'(R) — C'/2(R)), for fixed time 7

la"(x,7) — a"(y, )| < Clla" (-, Tl |x = yI'72, (4.69)
where [la"(-, D2, = lla"¢, DIE, + IVa"¢, DI,
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By Lemma 4.3, sup, ||Va"(-,7)|l,» < C, and ||a"||.~ < @, hence
la"(x,7) = d"(y,7)| < Clx — y|'2. (4.70)

For fixed x, consider 7, s € [, 2] with s < 7. By definition

d'(x,7) —d"(x, 5) = f ) a'(x, rdr. (4.71)

N

Thus
la"(x, 7) — a"(x, 5)| < f |a” (x, r)ldr

- 1/2
s( f |a’;(x,r)|2dr) It — s|'/2, (4.72)

Integrating over x gives the L? norm estimate
la" ¢, 1) = d"C, )l < llalllg)lt = 12 (4.73)
For any interval I C R, by the Sobolev embedding H'(I) < C'/*(I)

sup la”(x,7) — d"(x, $)| < Clla" (-, 7) = ", $)ll1r)- (4.74)

xel

Compute the H' norm

la"¢. 1) = d"C. Dy < Nl ¢ 1) = d"C Dl + V"¢ 1) = Va' ¢ 9)lleay
=T, +T>. (4.75)

T, is controlled by (4.73). For T, interchange the gradient and time integration
Vd'(x,7) - Vd'(x, s) = f Vad'(x, r)dr. (4.76)
Apply the Cauchy-Schwarz inequality again

T, = |IVd"(, 1) = Vd"C, 9)ll2q)

< f IVaLC, Pz dr
’ T 1/2
§|T—s|1/2( f ||Vaﬁ(-,r)||§2(,)dr) : (4.77)

Combining the spatial Holder estimate (4.70) and (4.73), and applying the interpolation inequality
for Holder spaces (see [24,25]), we obtain the desired joint Holder estimate in space and time (4.68).
O
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5. Existence, convergence, and optimality of semi-discrete optimal control

This section contains two core theoretical analyses. First, using the direct variational method with
minimizing sequences and compactness theory, we prove the existence of an optimal solution to each
semi-discrete problem (P,). Second, we study the asymptotic behavior of discrete sequence {a"} for
h — 0. Compactness arguments extract convergent subsequences whose limits satisfy a coupled
parabolic system, and we derive the associated first-order optimality conditions. These results connect
discrete numerical approximations to the continuous regularized volatility model.

Theorem 5.1. Suppose the following conditions hold:

(1) Observed data u* € C**>(Q) for some a € (0, 1), with le*||caergy < C, where C is a positive
constant independent of u*;

(2) Initial data uy € H'(R), initial control guess ay € Ay;

(3) Model parameters r,q € R, and time interval length T = 1, — 7, > 0, with time step h = % , where
N € N* is the number of discrete time steps.
Then for eachn = 1,2,--- , N, the semi-discrete optimization problem (P,) admits at least one optimal

solution a, € A,.

Proof. The admissible set A, defined above is a closed and convex subset of H'(Q), hence it is also
weakly closed. We prove the existence by verifying coercivity and weak lower semi-continuity of the
cost functional J,(a) on A,.

For a € A, the cost functional is

1 . )
Jn(@) = SluC, tn; @) - w2, + EIIVaIIiz-
By Lemma 4.1, ||u(:, t,; @)||l;> < C (independent of @), so the data fitting term satisfies
1
—lu—wl, > —

= op

where C’ is a constant independent of a. Thus

2 C 1 )
(”’/l:”L2 - ”u”L?) > _EHM;‘;”LZ + ﬂ”u;”Lz >-C,

9 /
Ju(a) 2 EIIVaIIiz -C,

when ||Val|;2 — oo, J,(a) — oo, which proves coercivity.
Since J,, is non-negative and bounded below on A

m = inf J,(a) = 0. 5.1
aceA

Take a minimizing sequence {a¥} C A, such that

I}im J,(a®) = m. (5.2)

By coercivity, {a®'} is bounded in H', i.e., there exists a constant M, such that

la® )l < M. (5.3)
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By the reflexivity of H' and weak closedness of A, there exists a subsequence (still denoted {a¥'})
and a,, € A, such that

9]

a® — qa, weaklyin H'. 5.4

By the Sobolev compact embedding theorem, we further have
a® — a, strongly in L*. (5.5)

The regularization term ||Val?, is weakly lower semi-continuous on H'(R). We additionally
prove continuity of the state-to-control map: When a control sequence converges weakly in H',
the corresponding state solutions converge strongly in L?; hence the data misfit term (a continuous
functional of the state) is also weakly lower semi-continuous. Therefore the full cost functional J, is
weakly lower semi-continuous

lim inf J,(a®) > J,(a,). (5.6)
On the other hand, since {a®} is a minimizing sequence
lim J(@®) = m. (5.7)
Therefore

m > J,(a,). (5.8)

By the definition of m: m = inf,cqJ,(a) < J.(a,), we must have J,(a,) = m, i.e., a, attains the
minimum. Consequently, a, is an optimal solution of problem (P,). O

Theorem 5.2. Let a, be the optimal solution to the problem (P,), then for any w € A, the following
variational inequality holds

f [%(w —a) +Va, - Vw—ay) + fu(w — ay)|dx > 0, (5.9)
R
where
F) = 4 f " T o (e (5.10)
end, o h B : '
¢" is the adjoint variable satisfying
— ¢! — (@) + (d"P") — (r = )¢’ + q¢" = 0, (5.11)
¢"(x, 1) = u'(x, 1,) — u"(x, 1,). (5.12)

Proof. For convex admissible set Ay, for any A € [0, 1], the convex combination is
a' = (1= Da, + w € A,. (5.13)

Consider the function g(1) = J,(a). Since a, is a minimizer, g(A) attains its minimum at A = 0,
hence g’(0) > 0. Direct computation of g’(1) gives

g = ° f(al —dp_ )W —ay)dx + 6 f Va' - V(w — a,)dx

h R R
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A
f(u’l(x ) — i (x ))d” (x W g (5.14)

R‘I'—‘

where ut = u( ty; ab).

Let &t = d - Differentiating the state equation with respect to A yields that & satisfies

& = a'(&y, — &) = (r— Q& + (W= a)uy, — uy), (5.15)
ENx,tmr) = 0. (5.16)

Let ¢* satisfy the adjoint equation

— ¢t = (@' + (@'¢N), — (r — @@t + qo* = 0, (5.17)
¢ (x, 1) = u'(x, 1) — ui(x). (5.18)

Apply Green’s formula to ¢! and &*
:j”fakﬂ—WWm+ww»4wwd+mWMh
fgum¢umM+f\f¢ — (@& + (@€Y - (r — Q€L + g¢*| dixdr.

Substituting (5.15) and (5.18) gives
du'(x,t, tn
f W x, 1) — 0t () P f f &' (w — an) ', — ud)dxdr. (5.19)
R dﬂ Ih-1 R

Setting A = 0 in (5.19) (note that a° = a,,, u® = u,, ¢° = ¢) yields

du’
fR(un u )ﬁ

Substituting into (5.14) with 4 =0

n
dx = f f dW — a,) Uy xx — Uy )dxdT. (5.20)
Ih—-1 R

g'0) = (_5 f(a,, —a,_1)(w—a,)dx + 0 f Va, -V(w —a,)dx
h Jr R

1 ("
+ 7 f fgb(w — ap)(Up xx — Up)dxdT > 0. (5.21)
n—1 R

tye

Noting that on [¢,_1,,], a" is linear, and d)h ,ul correspond to discrete reconstructions, thus we

obtain (5.9) after rearrangement. O

The theorem below establishes the compactness and convergence properties of semi-discrete
volatility reconstruction sequences. It proves that as the time step 4 — 0, the discrete minimizers
obtained via layer-wise optimization converge uniformly to the solution of the continuous RILVE
system, which verifies the self-consistency of the semi-discrete time-stepping regularization framework
proposed in this paper.
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Theorem 5.3. There exists a subsequence of time steps {h,,} with h,, — 0 as m — 0, and a limit
volatility coefficient a € A, such that

a"m > a uniformly in C%’%(Q), (5.22)

where Q = R[1y, 1] denotes the closure of the spatio-temporal domain Q. The pair (u,a) formed by
the limit transformed option price and limit volatility coefficient satisfies the continuous RILVE system
over Q.

Ur = a(x, T)(uxx - ux) - (l" - Q)ux in Qv (523)
1 . .
Ar — Uy + 2—5(14 -, =0 inQ, (5.24)

equipped with the initial conditions at the earliest maturity time T = 1;: u(x,7;) = up(x), a(x, 1) =
ap(x).
Proof. The proof is divided into four technical steps, employing various compactness theorems and

limit argument techniques.
Step 1: By Lemmas 4.3 and 4.4, {a"} is uniformly bounded in C'/>'/4(Q)

h
la"ll.y 1, < C: (5.25)
where the constant C is independent of 4.
By the Holder estimate (4.68)
ja"(x,7) = d"(y, $)l < Cllx = 1" + |7 = 8]/, (5.26)

hence {a"} is equicontinuous. By the Arzel-Ascoli theorem, there exists a subsequence {/,,} and a €

C(Q) such that

a" — a uniformly on Q. (5.27)

By Lemma 4.3, Va" is bounded in L?(Q), hence there exists a subsequence (still denoted {A,,}) such
that
Va'"" — Va weakly in L*(Q). (5.28)

Similarly, by estimate (4.43), aﬁ’" is bounded in L*(Q), hence:

a — a. weakly in L*(Q). (5.29)

T

Here, a, denotes the time derivative in the distributional sense.

Step 2: For fixed £,,, the corresponding state solution ™ satisfies
e = ol =) = = (530

By Lemma 4.1, {t/"} is bounded in W'?(Q), hence there exists a subsequence (still denoted {,,})
and u € W"2(Q) such that

u'™ — y  weakly in W'2(Q), (5.31)
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u' — u  strongly in L*(Q).

Take a test function ¢ € C3’(Q), multiply (5.30) by ¢, and integrate

- f u' . dxdr = fah'"(u’g — u"™)odxdt — (r - q) f u'™pdxdr.
Q Q Q

Now take the limit 4,, — O:
(1) Left-hand side: By (5.32),

f u' . dxdr — f up.dxdr.
0 0

(2) First term on the right-hand side: Decompose into two parts
f a"u' pdxdr = f (d" — ayu" pdxdr + f au pdxdr
o o o
=1L+ 1.
For I,: By (5.27), a" — a uniformly, and uﬁx is bounded in L?, hence
1] < lla"™ = all - 2]l - llgll — 0.

For I,: Since ap € L* and u"" — u,, weakly in L2,

L - f aupdxdr.
0

(3) Other terms on the right-hand side: Similar treatment yields

f ah’"uﬁ’"godxdr—> f aupdxdr,
0 g

f U pdxdr — f updxdr.
0 Qo

Therefore, the limit function u satisfies

- f ue dxdr = f a(y,, — uy)pdxdr — (r — q) f updxdr,
o 9 (0]

which is the weak form of the state equation (5.23).

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

Step 3: We need to derive the continuous equation from the semi-discrete optimality condition.

f [M(w = ap) + Va, - V(w = a,) + fuw = a,) | dx 2 0,
R

B

From Theorem 5.2, we know a, satisfies the first-order necessary condition. Specifically, for any
w € A, we have the variational inequality

(5.41)
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where

1 (" =t
Ja(x) = oh ft . z h:l Lt (x, ' (x, T)dt (5.42)

and ¢ is the adjoint variable.
As h,, — 0, in the distributional sense,

() = 2—15¢(x, Dty (X, T), (5.43)

where ¢ is the limit of the adjoint variables ¢,
Consider averaging over the time interval [#,_;, #,,]. By the integral mean value theorem, there exists
T, € [t,-1,1,] such that

1 (™ 71—1t, 1
" %qﬁhm (x, T)MZ’; (x,7)dr = Egbh’” (x, T;"l)uﬁﬁ (x,T;). (5.44)

In-1

As h,, — 0, 7; — 7, and since thm - @, uﬁﬁ — u,, converge weakly.
Summing (5.41) over n and letting /,, — 0, we obtain the continuous variational inequality

f [a,(w —a)+Va-Vw —a) + Zié(u —u ) (w— a)} dxdt > 0. (5.45)
o

forallw € A.

Step 4: In the variational inequality (5.45), take test functions w = a + gy, where ¢ € C°(Q), £ > 0
sufficiently small.

Take w = a + ey

f [sa,w +eVa- Vi + —(u— u*)uxxlﬁ] dxdt > 0. (5.46)
0 26

Take w = a — ey:

f [—ga,w —eVa V- (- u*)uxxl//] dxdr > 0. (5.47)
. 2%

J

Since this holds for all » € C7(Q), integration by parts yields

Combining both gives

1
ay +Va- Vi + 2—6(u - u*)uxxtﬁ] dxdr = 0. (5.48)

1
f [a, —Aa+—(u- u*)uxx] wdxdr = 0. (5.49)
0 26
By the fundamental lemma of the calculus of variations, we obtain
1 . . .
a. —Aa + 2—6(14 —uMu,, =0 in the distributional sense. (5.50)
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Considering the constraints a < a < a, the complete equation takes the complementarity form

1
min {a — a, max {a —-a, a; — Aa + 2—5(u — u*)uxx}} =0. (5.51)

When a and a are chosen to be sufficiently loose i.e., the optimal volatility a(x, ) satisfies (a < a(x, 1) <
a) almost everywhere in (Q) such that the bounds constraints are not active, this complementarity form
simplifies to equation (5.24).

By construction, a"(x, T;) = ay(x), and by uniform convergence (5.27),

a(x, 7)) = lim a™(x, 7)) = ap(x). (5.52)

i —

The initial condition for the state equation u(x, 7;) = uy(x) follows similarly. In summary, we have
proven the existence of a subsequence {4,,} and functions a € A, u € W'?(Q) satisfying equations
(5.23) and (5.24) with the corresponding initial conditions. O

6. Lipschitz stability and local uniqueness

Inverse problems are inherently ill-posed, so stability and uniqueness are only guaranteed within
the regularized variational framework.

Theorem 6.1. Let a; be solutions corresponding to data (u;, ay;), i = 1,2. Then there exists a constant
C(9) such that

lar = aslli=zy + V(@1 = allizg, < €@) (I — u3llzig) + llaor — aoallzz). 6.1)
where C(0) ~ %.

Proof. Denote a = a; — ay, it = uy — up, it" = uj — u5, do = doy — ape. From the state equation (5.23), i
satisfies
U = a (ﬁxx - ﬁx) - (I" - Q)ﬁx + Zl(”Z,xx - uZ,x)- (62)

Initial condition: u(x,7;) =0
Multiply equation (6.2) by & and integrate over R X [, 7], thus we obtain

1 T
z||u<r)||§2+ f f aiidxds
T R
:f falﬁﬁxdxds—(r—q)f fﬁﬁxdx +f f&(uz,xx—ug,x)ﬁdxds. (6.3)
T1 R T R T R

Estimate the right-hand side terms:
(1) First term: By Young’s inequality,

a (adxds

< —f ||ux||L2d5+— IIMIIdeS (6.4)

(2) The second term is treated similarly. Third term: By the Cauchy-Schwarz inequality and Lemma

4.1,
f f(jl(ug,xx - Ltz’x)ljtdxds
T R
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Substituting into (6.3) and rearranging gives

d._ a. _ .
Ellulliz + Ellux”iz < Cllally, + Clall 211l 2.
Applying Gronwall’s inequality yields

la(o)lly, < Cf e“TIa(s)|l7.ds.

Tl

In particular,
il 20y < Cllallzzg)-

(6.6)

(6.7)

(6.8)

From the limit form in Theorem 5.3, the two solutions satisfy variational inequalities. For any w € A,

we have
For a;, take w = a,

1
f [alyf(az —ay)+Va; -V(a, —ay) + 2—6F1(a2 - al)] dxdr > 0,
(0]

where F; = (u; — U} )u; 5.
For a,, take w = a,

1
f [azﬁ(al —ay)+Vay -V(a; —ay) + 2—6F2(a1 — az)] dxdt > 0.
0

Adding both inequalities gives
1
f [(al,r —ar)(ay —ay) + \Val> + %(Fl — Fz)&] dxdt > 0.
Q

Note that | |
f(al,r — ay.)(ay — ay)dxdr = —§||Zl(7'2)||iz + §||510||%z-
o

Substituting into (6.11) yields

1 1 1
EIIEI(Tz)IIiz + fQ Val*dxdr < Ellftolliz * 3%

Estimate F\-F,

Fi = Fy = (uy — u))uy xx — (Up — U5) U xx

= (M] - MZ)ul,xx + (MZ - u;)(ul,xx - u2,xx) + (u; - uT)”Z,xx-

By Lemma 4.1, ||u; «.||;2 < C, hence

< C (Il 2o + 1" ll20)) 1l 2y

f(F] - Fz)gldXdT
Q

+ Clluy — u§||L°°(L2)||L_txx||L2(Q)||C~l||L2(Q)-

f(F] - Fz)Zld.XdT .
Q

(6.9)

(6.10)

6.11)

(6.12)

(6.13)

(6.14)

(6.15)

AIMS Mathematics Volume 11, Issue 8, 24928-24957.



24949

Higher-order estimates for the i equation yield [|it,ll;2g) < Cllall2(g)-
Combining with (6.8) gives

fQ (F\ = Fyadxdr| < C (llll}. g, + 1"l lll20)) - (6.16)
Substituting into (6.13)
~ C s . ~
Sl g, + IVl g, < 2||ao||L2 = (1l g, + 1810l o)) - (6.17)
Apply Young’s inequality
Substituting into (6.17)
Ella”iZ(Q) + ||Va||L2(Q) ||a0”L2 ”a”iZ(Q) 252 ” ||L2(Q)' (619)

For sufficiently large 6 (such that & < 1), rearranging terms yields

< C() (Ilfloll + [l (6.20)

lall? o)

L2(Q)

where the constant in the squared norm is O(1/6%); taking the square root recovers the O(1/6) Lipschitz
constant for the norm itself, consistent with Theorem 5.2’s statement. Combining with the estimate for
lléil| 12y gives (6.1). O

Remark 6.2. From Theorem 6.1, we observe the following: The stability constant C(6) ~ 1/d indicates
that stronger regularization (larger 6) yields better stability;, however, excessively large 6 oversmooths
the solution, deviating from the true solution. In practical applications, 6 should be chosen according
to the noise level, typically satisfying 6 = 6(€) — 0 as € — 0, where ¢ is the noise level.

Based on the stability theorem, we can obtain a local uniqueness result. This is essentially a
corollary of the stability theorem in the case of zero perturbation.

Theorem 6.3. If the time interval length T = 1, — 1 is sufficiently small, and the two solutions share
the same initial data a,(-,7,) = a,(+,71), then a; = a, everywhere on Q.

Proof. In Theorem 6.1, set u} = u3, ap; = ag,. Then (6.20) becomes

., < C@OTllall; (6.21)

L2(Q) LX(Q)

When T < 1/C(9), (6.21) implies ||dll;2p) = 0, i.e., a; = a, almost everywhere. More precisely, take

T < min{%@,rz Tl}. Then from (6.21)
16121, < 51l g, -
where Qr = R X [7y, 71 + T']. Hence ||dll;2p,) = 0,1.e., a; = a, on Qr. O
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7. Numerical simulations

This section presents synthetic numerical tests solely to verify consistency between the sequential
semi-discrete scheme and the full body of preceding theoretical analysis. In all numerical experiments,
we use the following parameters: the initial underlying asset price S¢ = 1.0, risk-free interest rate
r = 0.03, and continuous dividend yield g = 0.01 for all test cases; the computational domain is
discretized with Nx = 50 spatial grid nodes over the strike interval K € [0.8, 1.2] and Ny = 20 time
layers spanning maturities 7 € [0.1,0.4] years, yielding uniform time step 7 = (1, — 71)/Nr with
71 = 0.1, 7, = 0.4. The log-transformed spatial variable x = In(K/S) is truncated to the bounded
domain x € [—L, L] with truncation bound L = 0.5, which fully satisfies the far-field decay condition
for the parabolic state equation.

Three closed-form analytical volatility profiles are utilized to generate synthetic noise-free option
price data for reproducing representative market volatility structures, including the three standard
archetypes: constant flat volatility, symmetric convex smile, and downward-sloping equity skew. All
constructed volatility surfaces obey the economically reasonable constraint 0.02 < o < 0.4.

(1) Flat volatility surface:

oau(K, T) = 0.25.

(2) Smile volatility surface:

(K/So—1) L T/03
1+0.5(K/So—1)* .

O-smile(K, T) = 0.25 + 0.12 .

(3) Skew volatility surface:
Toew(K, T) = 0.25 +0.12 - (1 — tan(1.5(K/S ¢ — 1)) - e 7702,

Theoretical European put prices V(K, T') are evaluated via the closed-form Black-Scholes pricing
formula. To mimic random frictions in real market quotations, we introduce multiplicative Gaussian
relative noise to construct noisy observed price data

Voo (K, T) = VK, T) - (1 + €- &K, T)), &~NQO,D,

where £ = 107 corresponds to one basis point relative error.
The layer-wise Tikhonov cost functional from equation (3.4) is solved sequentially for each maturity

0 0 1 .
Jn(a) = E”a - an—l”iZ(R) + EHV(/Z”iZ(R) + ﬁ”u(9 Ly a) - un”iZ(R)’
with regularization parameter 6 = 0.01 and admissible coefficient set
Ay ={ae H®R)N L R) : 0.02 < a(x) < 0.08).

We use customized post-processing to stabilize reconstructed volatility and satisfy arbitrage-free
constraints. For smile volatility, we apply quadratic fitting with a minimum at the at-the-money
(ATM) strike; for skew volatility, hyperbolic tangent fitting keeps monotonicity; for flat volatility,
we adopt global spatial averaging. A third-order moving average filter smooths volatility across
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successive maturities. Finite differences discretize the coupled forward and adjoint equations for
gradient calculation. At each time layer, gradient descent minimizes J,(a) within the admissible set
Ay. We use second-order central differences in space and the unconditionally stable Crank-Nicolson
scheme in time. We define quantitative error metrics to measure how well recovered volatility matches
the ground truth.

Table 1 records reconstruction performance for three volatility surfaces under noise-free data. Here,
E, denotes relative volatility deviation, Ey denotes relative option price deviation, and MAE,, stands
for maximum pointwise absolute volatility error. All E, values are below 0.1%, and all Ey values
are less than 0.02%. The flat volatility surface yields the smallest deviation, matching our theoretical
analysis for constant volatility. The asymmetric skew structure produces slightly larger deviation due
to stricter shape constraints during inversion.

Table 1. Volatility and price reconstruction errors under noiseless conditions (%).

Volatility Type E, Ey MAE,
Flat 0.01 0.0021 0.005
Smile 0.02 0.0027 0.008
Skew 0.07 0.0193 0.012

We increase noise intensity to &€ = 107> to test regularization stability, and error comparisons are
listed in Table 2.

Table 2. Volatility reconstruction errors under noisy conditions ( %).

Volatility Type E, (no noise) E, (with noise)

Flat 0.01 0.05
Smile 0.02 0.08
Skew 0.07 0.28

The error amplification factor never exceeds 5, consistent with the Lipschitz stability bound C(9) =
O(1/6) in Theorem 6.1, which verifies that Tikhonov regularization suppresses the ill-posedness of
volatility inversion.

Figure 1 presents the true and reconstructed volatility curves for short-, medium-, and long-term
maturities, normalized by K/S, with values of 0.96, 1, and 1.04, respectively. The reconstructed
curves show close agreement with the true ones, with minimal errors observed in the ATM region. To
intuitively demonstrate the effectiveness of the inversion algorithm, we generated the following figures
(examples shown in Figures 1-6):

Figure 2 illustrates that the reconstructed smile surface accurately captures the temporal evolution
of the smile shape, exhibiting a smooth surface without spurious oscillations.
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Figure 1. Volatility curve comparison.
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Figure 2. Smile-type volatility surface comparison.

Figure 3 shows that the reconstruction successfully preserves the monotonicity and decay trend of
the skew structure, demonstrating the effectiveness of the shape constraints.

Figure 4 shows that even in the absence of distinctive features, the reconstructed surface remains
flat, validating the numerical stability of the algorithm in trivial scenarios.
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Figure 4. Flat-type volatility surface comparison.
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Figure 5 displays the time evolution of option prices for different moneyness levels. The true and
reconstructed prices almost overlap, with maximum relative errors below 0.02%.

Figure 6 further analyzes the slopes and symmetry of smile curves. The reconstructed curves
show good symmetry recovery around ATM, with smooth first-derivative variations consistent with
no-arbitrage constraints.
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Figure 5. Option price validation.
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Figure 6. Smile shape analysis.

This section presents numerical tests to verify the performance and stability of the proposed
regularized optimal control framework for local volatility reconstruction. The algorithm faithfully
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recovers flat, smile, and skew volatility profiles, and all numerical results match our theoretical
analysis. Visual plots confirm that the method preserves market volatility features. This work lays
a numerical basis for real-data implementation and can be extended to American options or stochastic
volatility models in future research.

8. Conclusions

This paper establishes a regularized optimal control framework for reconstructing the local volatility
surface in the Black-Scholes model. The two-dimensional spatio-temporal inverse problem is
decomposed into a sequence of one-dimensional subproblems via temporal discretization. We prove
the existence of semi-discrete optimal solutions, derive uniform a priori estimates, and establish
convergence as the step size vanishes. Explicit Lipschitz stability (with constant C(d) ~ %) and local
uniqueness are also obtained. Numerical experiments confirm high-fidelity recovery of flat, smile, and
skew volatility surfaces, with strong robustness against noise. However, potential efficiency gains from
dimensional decomposition remain unproven without formal complexity analysis and benchmarking,
and are reserved for follow-up study.

Future work includes designing a posteriori adaptive time-stepping based on our a priori estimates to
boost real-data efficiency; extending the framework to American options with variational inequalities
and exploring partial differential equation (PDE)-neural network hybrids that blend optimal control
interpretability with deep learning; and conducting empirical validation with real index and equity
data. These efforts will help translate our theoretical-numerical methodology into practical quantitative
finance applications.
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