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1. Introduction

Let D be the unit disc {z : |z < 1}, and let A be the class of analytic functions in D, satisfying the

conditions
f(0)=0 and f'(0) = 1.

Then, each f € A has the Taylor expansion

fR=2+) a7 (1.1)
n=2

Moreover, if f € A is univalent, we say that f belongs to class S. Furthermore, S *(@) denotes the class
of starlike functions of order «, defined by analytic condition

S*(a) = {f(Z) €S : ‘)%(Z]]:;S)) > a, zeD}.
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Similarly, S “(a) denotes the class of convex functions of order @ with analytic condition

S(a) = {f(z) €s: 9&(1 i (Z)) >a, ze D}.
f@)
It should be noted that S*(0) = S* and $°(0) = C, where S* and C represent the classes of classical
starlike and classical convex functions, respectively.
The class P consists of all functions p analytic in D and having positive real part with p(0) = 1. The
class % is also called “Carathedory Class”. Carathedory Class satify a one-to-one relationship between
S*(a) and S “(@). In particular, the Alexander’s relation

If f(z) € S™(), thenzf'(z) € S(a)

is satisfied. The class of close-to-convex functions includes both starlike and convex functions. Close-
to-convex functions were introduced and studied by Kaplan [8]. A function f € A belongs to the class
of close-to-convex functions, denoted by K, if and only if there exist a function g € S$* and a real

number 0 € (—g, g) such that

R (emM) > 0 forz e D.
8(z)

It is clear that S°(a) € S*(a) C K. In recent years, numerous studies on close-to-convex functions
have appeared in the literature ( [21,22]). For, two functions f,g € A, we say that the function f is
subordinate to g in D, denoted by f(z) < g(z) (z € D), if there exists a Schwarz function w, that is
analytic in D with w(0) = 0 and [w(z)| < 1 (z € D) such that f(z) = g (W(z)). Furthermore, it is well
known that

f(z) < g(2)(z € D) = f(0) = g(0) and f(D) c g(D). (1.2)

In particular, if the function g is univalent in D, then we have the following equivalence:

f(2) < g(z)(z € D) &= f(0) = g(0) and f(D) C g(D). (1.3)

Quantum calculus can be regarded as a generalization of classical calculus that bypasses the
conventional notion of limits. It primarily encompasses g-calculus and h-calculus, where the parameter
h is typically associated with Planck’s constant and g represents the quantum parameter.

Over the past few decades, g-calculus has attracted considerable attention from researchers due to its
diverse applications across various branches of mathematics and physics. The systematic development
of this field, particularly the formal definitions of the g-derivative and g-integral, was initiated by
Jackson [12, 13]. Subsequently, the geometric interpretation of g-analysis has been extensively
explored through studies on quantum groups, revealing profound connections between g-analysis and
integrable systems.

Numerous applications of g-calculus have been documented in various mathematical disciplines,
including numerical analysis, fractional calculus, the theory of special polynomials and analytic
number theory. Recently, researchers in geometric function theory (GFT) have utilized the framework
of g-calculus to introduce and investigate novel subclasses of analytic functions. One of the pioneering
contributions in this direction was made by Ismail et al. [7], who introduced a generalized class
of starlike functions, commonly referred to as g-starlike functions. A broad spectrum of research
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has focused applying g-calculus to various families of analytic functions. For instance, coefficient
bounds and estimates for the second Hankel determinant associated with certain subclasses of g-starlike
functions were investigated by Caglar et al. [5], Seoudy et al. [16] and Srivastava et al. [17]. Moreover,
Al-Shbeil et al. [3], Srivastava et al. [18] and Srivastava and El-Deeb [19] introduced several classes
of analytic and bi-univalent functions defined via g-calculus framework and derived corresponding
coefficient estimates. Furthermore, Ali et al. [2] defined a noteworthy subclass of analytic and
multivalent functions by employing g-derivative operator and investigated various geometric properties
such as coeflicient bounds, distortion inequalities, convex linear combinations, as well as the radii
of starlikeness, convexity, and close-to-convexity. In their recent work, Shah et al. [9] derived
upper bounds for the coefficient estimates, the Hankel determinant, and the Fekete—Szeg6 functional
associated with the class of p-valent and g-starlike functions. Furthermore, Khan et al. [10] investigated
the second Hankel determinant for a subclass of g-bounded turning functions associated with the g-
Rogers—Ramanujan polynomial, introducing this new function class and establishing the corresponding
results.

Now, we recall the basic definitions of g-calculus ( [12, 13]).

For 0 < g < 1, the g-number and the g-factorial of n are defined by

#, neC

= -q

[n]y = 2 -1
l+g+g°+...+q" ,neN

and
1, n=0

[n],! = r”l [1,, neN,
r=1

respectively. As ¢ — 17, then [n], — n and [n],! — n!. For a function f defined on a subset of C,
Jackson’s g—derivative 0, f is defined by

f2)—f(g2)
0,f = { gz > 2#0
! f0), z=0

provided that f”(0) exists. Jackson [13] introduced the g—integral defined by

ff(l)dqt =z(l1-¢q) Z qf (zqk),
0 k=0

as long as the series converges. If the function f € A is of the form (1.1), then we obtain

df@ =1+ ) a0, (z€ D). (14)
n=1
For a function f € A given by (1.4) and (1.1), we derive that
If@) = 1+ ) [nl,ad" = 0,f(2),

n=1
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CTCIRES YN
n=2
. > [n],!
a(m) = 1 1 n n—m’
. Sf(@) +;[n_j]qz“

where 82") f(2) is the m™ g-derivative of f(z).
2. Preliminaries

This paper introduces a broad class of starlike functions associated with a vertical strip domain.
Building upon this class, a new subclass of close-to-convex functions is defined. Moreover, sharp
bounds for the Taylor coeflicients of functions in both classes are established.

First, we introduce a new subclass of starlike functions through the following definition. The class of
analytic functions defined below may be regarded as a generalization of the class of starlike functions.
Consequently, this class is nonempty.

Definition 1. Let y be a non-zero complex number, 0 < @ < 1 <  and let f be a univalent function of
the form (1.1). We say that f belongs to S (@, B, ) if it satisfies the following inequality

1 (20,f(2)
a<‘R{1+;( e —1)}<ﬁ, 2.1)

where z € D.

Lemma 1. Let f € A be defined by (1.1),0<a <1 <Band0 < g < 1. Then

2711'1%3
Festpy) = % (Zaqf@ - 1) < ’B_Tailog(w), zeD. 2.2)

f@ 1 -gz

Proof. Let us consider the function f, , 5(z) defined by

(2.3)

jl-a
1 — qumﬂ_aZ)

B—«a.
o =1+ 1
Frars@ —ilog| ——

with @ < 1 and g > 1. Then, it is not difficult to see that the function f,,s(z) is analytic and univalent
in D with f, 5(0) = 1. Additionally, noting that

27i 1-a s 1-a

_ 1= o + _ . —in'l%;z _ o152
1+ i a/ilog ae o A + i a/ilog ¢ e , 2.4)
Vs 1-gz 2 2 -z

simple calculations give us that f, , s(z) maps the unit disk D onto the strip domain €2, 3, where
Qup={weC:a<Rw) <p}. (2.5)

Thus it follows from the fact given by (1.3) that the subordination (2.2) is equivalent to the
inequality (2.1) in Definition 1. O
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Let rearrange the function f, , z(z) as follows:

-«

—a. (l—qezmﬁ”Z]
ilog| ——
1-gz

foop® = 142

= 1+ﬂ

— ai{log (l - qez”i/%z) —log (1 - qz)}.

If we substitute x = qez’”

B= 7, then we get
log(l - qez”i/%gz) =log(l-k)=-k— ) —.
J

Thus, we obtain the following series expansions

1-a
o0 quR'lﬂ ”Z)

log (1 i (iz) _ —qezm[l‘ a7 — Z (2.6)
and
o (q2)"
—log(1—g2)=qz+ ) —. 2.7
og (1 - g2) = gz Z . @7
By combining Eqs (2.6) and (2.7), the following series expansion for f, , 3(z) is obtained
IB 271'1 _
frap@ =1 +Z Ligr (1 - ) 2 1+Zan (2.8)

It follows immediately that f; , 5(z) belongs to the class P.

Recently, Sun et al. [20] investigated applications of the vertical strip domain to the class of
starlike functions. They established integral representations, convolution properties, and coeflicient
estimates for functions belonging to this class. In addition, they studied radius problems and
inclusion relationships involving several subclasses of starlike functions, including strongly starlike
and parabolic starlike functions. In a recent paper, M. Algahani et al. [1] obtained comprehensive
results for certain classes of analytic functions associated with the vertical strip. Subsequently,
Bulut [6] extended the use of the vertical strip domain to the class of close-to-convex functions.

Using the class of starlike functions defined in the vertical strip introduced in Definition 1, we define
the following subclass of close-to-convex functions.

Definition 2. Let y be a non-zero complex number, 0 < a < 1 < B and let f be a univalent function of
the form (1.1). We say that f belongs to S ;4 (a,B,7) if it satisfies the following inequality

@< %{1 e (Za‘ff(Z) - 1)} <B, (2.9)
Y\ 8@

where g(z) € S, (6,8, y) with0 <6 <1 <p.

Using Definition 2 and the principle of the subordination, we can immediately obtain following
Lemma.
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Lemma 2. Let y be a non-zero complex number and a, 3, 6 real numbers such that 0 < a,6 <1 <.
Assume that the function f € A is defined by (1.1). Then,

1 (20, (2)
fe S, (apy 1+;(Z ;(Z)Z -1

) < foop(@), (z€ D), (2.10)

where f,,p(z) is defined by (2.3) .

Proof. The proof of Lemma 2 is similar to the proof of Lemma 1 and is therefore omitted. O

1-(1-28)

TR Since

Let consider the function /;(z) =

sin @
1+ cos@

ll(eie):,b’+i(ﬁ—l) and 8 > 1.
If 8 —» n*, we obtain J (ll (eie)) — —oo0. If & —» 7, we obtain J (11 (eig)) — oo. Then, we see that
[1(z) maps unit circle onto the vertical line with {w : R (w) = B8}. From /,(0) = 1, we conclude that /;(z)
maps the unit disk onto the region {w : R(w) < B}.

Similarly, for the function ly(z) = 2222 we obtain

. in 6
lz(e’(’) =a+i(l —2&)151—2089 and a < 1.
For this reason, /5(z) maps unit circle on the vertical line with {w : R (w) = @}. Since L, (0) = 1, we
can infer that /;(z) maps the unit disk onto the region {w : R(w) > a}.
In view of above discussion, we can establish the following subordination inequalities

1+1(Zaqf(Z) _1) . 1+ +2a)z
Y\ g@ 1-z
and p
1+1(Z 0f (@) _1)< 1—(1—2,8)z’
y\ g@ l1+z

where 0 <a,6<1<p,feS, (a,p,y)andge S, (a,B,7).

Remark 1. The function class introduced in Definition 2 contains several previously studied subclasses
as special cases. Consequently, it serves as a unified and more general framework for the investigation
of these function classes and their geometric properties.

(i) If we let g — 17, then we have the class of close-to-convex functions with complex order 'y on
vertical strip domain S* («, 8,y) which consists of functions satisfying

a < ?&{1 +l(zf’(z) - 1)} <pB,z€ D,
y\ 8@

where g € S (6,p) .
(ii) If we let ¢ — 17and y = 1, we obtain the class of close-to-convex functions on vertical strip
domain Q, g which consists of functions satisfying

< ‘R{ZQS)} <B,z€D,
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where g € S (6,) . This class is introduced by Bulut [4].
(iii) If we let § — oo, then the class S , , (a, B, ) reduces to the class C, (6, a,y) of g—close-to-convex
functions of complex order y and type a (0 < a < 1) which consists of functions satisfying

‘R{l + l (Za”f(z) - 1)} > a,
Y\ 8@
where g € S;((S) 0<do<).

(iv) If we let B — oo and y = 1, then the class S ;4 (a, B,y) reduces to the class C, (6, @) of g—close-
to-convex functions of type a (0 < a < 1) which consists of functions satisfying

SEACI
8(2)

where g € S, (0) (0 <6 < 1) introduced by Bulut [6] .

Another objective of this paper is to establish coeflicient inequalities for the class of functions
B¢ (@,B,v;u,m) defined via the following nonhomogeneous Cauchy-Euler fractional g-differential
equation. Accordingly, we introduce this subclass by following definition.

Definition 3. Let y be a non-zero complex number and let f be a univalent function of the form (1.1).
We say that f belongs to B,,(a,B,v;u,m) if it satisfies the following Cauchy Euler fractional
q—differential equation

m
m

m—1
Zmaf]m)f(z) + (T) (/l +m— l)zm—laf]m—l)f(z) + ...+ ( )f(Z) n (/J + ])
J=0

m—1
=h@ [ [w+j+D, @1
Jj=0

where p € R\ (=00, —1], m € N\ {1} and h(z) € S 44 (@, B,7) .
3. Coefficient estimates for the functions in the class S (@, 8,7)

The following lemma will be used in the proofs of our main results.

Lemma 3. [15] Let the function g(z) given by
8(z) = Z d,7", z€ D,
n=1

be a convex function in D. Also, let the the function

(9]

f@)= Z cZ', z€ D,

n=1

be analytic in D. If f(z) < g(2) then, |c,| < |d,|,n € N.
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The following result can be established by applying Lemmas 2 and 3.

Theorem 1. Let @ and [ be real numbers and 'y non zero complex number. Let the function f € A
defined by (1.1) . If f € S, (a,B,7y) then

n (|q [k - 2]q +y - 1| + 2|7|(f—a/) sin KI(BI__;))

al < ,n=23,.. 3.1
| |y|];[ P TRen—T n 3.0

Proof. Let the function f € S/ (@, ,y) be of the form (1.1). Let us define p(z) by

_ l Zaqf(z) _
p(z) = 1+ ( 7@ 1

Y
Then, according to the assertion of Lemma 1, we get

) (ze D). (3.2)

p(Z) < fq,a,ﬂ(z)

where f, ,5(2) is defined by (2.3) . Hence, using Lemma 3, we obtain

m) (0
P )| = leul < 1B
m!
where p(z) = 1 + ¢1z + ¢22%...., (z € D) and
_ e _ 1 -
IB,| = ’ﬁ Lqi(1- )| = 2 8= G T =) (3.3)
nm n B—a
Also from (3.2), we find
20,f(2) = (1 =) f(2) +yp(2) [ (D). (3.4)
Since a; = 1, in view of (3.4), we obtain
n—1
([n]q -2+ 7) a, =7y Cjly—j. 3.5
=1
Applying (3.2) into (3.5), we get
n—1 n—1
i), = 2+ ] lal < MBI lawdd = MBI Y a1l (n=2,3,..). (3.6)
k=1 k=1
For n = 2, 3,4, we have
B
0 < — B (3.7)
121, =2+
B B
oL [ sl | 48
131, -2+ 121, -2+
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B (IYIB1l + 121, = 2+ ) (IlIBil + 131, - 2+ %))
141, = 2 +9[131, = 2+ ¥ [12], - 2+

respectively. We now utilize the mathematical induction for the proof of theorem. From (3.7), it is
clear that the assertion of holds true for n = 2.
Let us assume that inequality in (3.1) is true for n = m. Then, necessarily calculations give us that

las) < (3.9)

b

m+1

1181
anal < T 2|Z|k1|

Iyl 1Bl
|[m 4 1]q by 2| [Z |ak 1| + |am|)

[yl |B:] [yl |B:]
1+ -1
Hm+1b+y—2d |, + - ﬂ)zlkl

A (|iml, +y = 2| + I IBil) i (Jgtk =21, +y = 1]+ l1Bil)
m+1,+y-2] L1 Jgk-1,+y-1]

Since, g [k — 1], = [k], — 1, then we get

il (g k=21, +y = 1] + Iyl IBil)
@ < |y|]—[ Wy 7] :

which implies (3.1) is true for n = m + 1. Hence, we have

qlk=2],+y = 1]+ B
|an|<|y|ﬂ| o +y_|2| L
q

B is given in (3.3) . This completes the proof of Theorem 1. O
By assigning particular values to the parameters and the fact that
[kl =1 =qlk-1]; (k=2),
the following results are derived.

Corollary 1. If we take y = 1, we have following result for functions S (a,B,1) = S ; (., B)

qlk —2], + 22 gjn =)}

2 ( q n p—a
n qlk-1],

k=2

IA

|ct,|

& (q [k—=2],- 1+ zq(ﬂ 9 §in ”(1_“))

[ T —

k=2

IA

1 2qB-a) .. n(l-a)
]EZ(Q[IC—Z](] + B Sll’llgj)

g ' [n- 1],!

AIMS Mathematics Volume 11, Issue 8, 24913-24927.



24922

1 2B8-a) - n(l—a)
kl;[z([k — 2]q + = sin === )

- L n=23,..
[n—1],! "

This result coincide with the result given by Bulut [6].

Corollary 2. [f we take y = 1 and B — co, we have following result for functions f € S (@)

[T (Ik - 21, +2(1 - )

k=2
[n—1],!

la,| < ,n=2,3,.. (3.10)

This result coincide with the result given by Bulut [4].

Corollary 3. If we lety = 1 and g — 17 in Theorem I, we have the same outcome with Kuroki and
Owa [11].

4. Coeflicient estimates for the functions in the class S ., (@, 5,7)

Theorem 2. Let «, 8 and 6 be real numbers with 0 < a,6 < 1 < B. y is non zero complex number and
f e Adefinedby (1.1). If f€S,,(a,B,y) then

2 -0 1-96 2 — 1-
| < qlyl B )Sinﬂ( ) 2qlyl(B-a) sinﬂ( @) @.1)
21,2, +y-2| = p-¢ 12, = B-a
and forn =3,4,...
< h l_l |q k— 2]q+)/—1|+|7| 2(B-9) nﬂ(ﬁl_—;))
ay
[nly ;5 |q _1]q+7’_1|
W 2gB-a) . a(l—a) 5 (a1l +y = 1]+ 22 sin 522) “2)
sin , .
[n], 7 B-a 4 |q[k+1]q+)/—1|
where g € S, (6,8,7) .
Proof. Let the function f € §, (@, ,7) be of the form (1.1) . Therefore, there exists a function
@) =z+ ) b2 €5,(5,8,7) (4.3)
n=2
so that | 128
a<‘R{l+—(Z qf(Z)—l)}<,B. (4.4)
Y\ 8@
Note that by Theorem 1, we have
qlk=2],+y = 1|+ 22 sin 72
|b|<||]—[| - | “),n:2,3,...
lgtk - 11, +y -1
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Let us define the function

20,/ (2)
p@—l—( {) )@e@y (4.5)
Then, according to the assertion of Lemma 1, we get
p(@) < foap(2), (4.6)
where f, ,3(2) is defined by (2.3). Hence, using Lemma 3, we obtain
ﬂm)(())
p = |d,| < B, (4.7)
where p(z) = 1 + dz + dr2*...., (z € D) and
- 1—
w”:ﬁ W@ mﬂ):zJﬂ LN Gl
by p—a

Also from (4.5), we find
20,f(2) = yp(2) f(2) + (1 = y) g()

and
[I’l]q a, — bn =y [dn—l + dn_2b2 + ...+ dlbn—l] . (48)
Now from (4.7) and (4.9), we get
|B|||"1
0, < I (4.9)
Using the fact that
n—1 n—2 | k —1l + (ﬂ —9) nﬂ(1—5)
(Jg Tkl + v = 1] + Iy 22 sin 21
Dbl =140+ +wnn<wq] . ﬂéx
‘— Mw+1b+y—q
the desired inequalities (4.1) and (4.2) are immediately obtained.
O

Letting ¥ = 1 in Theorem 2, we have following result.
Corollary 4. If we take y = 1, we have following result for function f € S ,, (a,,1) = S ;. (a, B),
2 B-0) . n(1-96) 2 B-a) . n(1-a)

las| < sin + sin (4.10)
TR, on B-o 2, = B-a
and forn =3,4,...
1 (g k=21, + 22 5in 10=D)
la,| <
[n]q k=2 q [k - 1]q

_ 2 0 b
2q B-a) . a(l—a) =2 qlkly + 222 sin T
1mn

nl, ~  p-a Ll ik + 11, - @D

where g € S, (6,B) . Simple computations reveal that the derived result coincides with that of Bulut [6].
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Let consider the case y = 1 and § — oo in Theorem 2, this leads to the following result.
Corollary 5. If we take y = 1, we have following result for functions f € S ,, (a,5,1) =S ;. (@, B)

2(0-6) 2¢(1-a)
TR

(4.12)

and forn = 3,4, ...

1 (glk=21,+29(1-0)) zqu_a)rlqmb+2qu—5»

la| <
[n]q k=2 q [k - l]q [n]q q [k + 1]q

, (4.13)

where g € S (6) . After simple computations, we see that this coefficient estimates coincide with result
of Bulut [6].

Corollary 6. If we let y = 1 and g — 17 in Theorem 2, we have the same outcome with Kuroki and
Owa [11].

Corollary 7. If we lety =1 g — 17 and B — 1 in Theorem 2, we have the following result obtained
by Libera [14]
2(3-20)(4—-20)...(n—26
la,| < ( )( ). (n )[n(l—a)+(af—6)], n=273,.. (4.14)

n!

5. Coefficient estimates for the functions in the class 8, , (a, B, v; u, m)

Theorem 3. Let «, 8 and 6 be real numbers with 0 < a,6 < 1 < B. y is non zero complex number and
f € Adefined by (1.1). If f € B,,(a,B,y;u, m) then

m—1
[Tw+j+1)
IS { 24l (-8 x(1-9)
las| < sin
Hma jso (RLl2l+y=2 p-9
j=0
2qlylB-a) . n(l-a)
+[2]q - sin o } 5.1
and forn = 3,4,...

m—1
]l_!)(/x+]+l){y| (lq[k 2]q+y_1|+|y|2(ﬂ6) nn(l—é))

ja,| < = £
Homs jem (e iz gtk — 11, +y -1
=0
n— 2(8-9) 7(1-6)
+|y|22q(,8—a)sin7r(1—0/) 2(Iq[k +y = 1|+ Iy 22 sin ﬁa) 5.2)
[n], n B-a ;| |qk+1]q+y—1| T

where g € S (6,,7).
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Proof. Since f(z) € B,,(a,B,y;u,m) and defined by (1.1), then there exists h(z) € S, (a,5,¥) such
that (2.11) holds. Thus, it follows that

m—1
[Tw+j+1
J=0

m—1

[Tm+j+n)
j=0

a, = bn7 ,uER\(_OO9_1]'

By using the result of Theorem 2, we immediately obtain the desired inequalities (5.1) and (5.2). O

It is also possible to see that Theorem 3 coincides with the result given by Bulut [6], where our
parameters are y = 1 and m = 2.

6. Conclusions

In this paper, we introduced a new subclass of g-close-to-convex functions associated with a vertical
strip domain within the framework of g-calculus. By employing the principle of subordination together
with the properties of functions having positive real part, we established sharp estimates for the initial
Taylor—-Maclaurin coefficients of functions belonging to this class.

The proposed function class provides a unified setting that extends several previously studied
subclasses of close-to-convex functions. Consequently, the obtained coeflicient estimates generalize
and refine a number of existing results available in the literature for both classical close-to-convex
functions and their g-analogues.

The approach developed in this work may also be applied to investigate other geometric properties
of analytic functions, such as Fekete—Szegd inequalities, Hankel determinants, logarithmic coeflicients,
and radius problems. This work could also be inspiring for classes formed by functions that are
meromorphic or multivalent in the vertical strip. These directions constitute interesting topics for
future research.
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