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1. Introduction

Wang and Guo [1] investigated the two-species competitive Keller-Segel chemotaxis system:

u, = diAu—x1VuVw) + 6iu(l —u — ayv),
v, = AV — oV (0Vw) + v (1 — v — ayu), (1.1)
0=Aw+au+pv—yw,

where u and v represent the densities of the two competing species and w represents the substrate
concentration. d; and d, denote the diffusion coefficients of the two species. y; and y, denote the
chemotactic sensitivities of the two species. ¢; and 9, denote the growth rates of the two species. a;
and a, denote interspecific linear competitive inhibition coefficients of the two species. a and 8 denote
the rates at which the two species secrete the substrate. v denotes the degradation rate of the substrate.
All of these parameters are positive constants.

Their main results are as follows:
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(1) Under the appropriate assumptions, by constructing generalized upper and lower solutions
and combining the fixed-point theorem, they proved that system (1.1) has traveling wave solutions
connecting E, with E* when wave speed c is sufficiently large, and these traveling wave solutions
decay exponentially as & — co.

(2) Through eigenvalue analysis and proof by contradiction, they further demonstrated that system
(1.1) does not have traveling wave solutions when c is sufficiently small.

Interspecific competitive inhibition often exhibits a saturating characteristic in real ecological
scenarios, which cannot be fully captured by linear competitive terms. To more accurately describe
this biological phenomenon and enrich the theoretical studies of chemotaxis systems with nonlinear
competitive interactions, we investigate weak traveling wave solutions to a two-species competitive
chemotaxis model incorporating Holling-II functional responses:

w, = dyAu -y, VVw) + 5l —u— 1), xeRY, >0,

1+u

v = dAV = VOVw) + 6y (1-v—124),  xeRY, >0, (1.2)

1+v
0=Aw+au+pv—yw, xeRN, t>0.

Here, h; and &, denote the interspecific saturated competitive inhibition coeflicients of the two species,
respectively. The denominators 1 + u# and 1 + v are introduced to capture the nonlinear effect of
competitive inhibition gradually saturating with the increase of the species’ own density.
Straightforward verification confirms that system (1.2) has equilibrium points E, = (0,0,0), E; =
(1,0.2),and E, = (0, 1,2).
Assume h; > 1 and A, > 1, then system (1.2) also has a positive equilibrium point E* = (u*, v*, w*)
(0 <u*,v* < 1), where the components satisfy

1_u*_hl_V:()’

. . . . 2 2 .
From these equations, we derive the relations u* = e and v* = 1 h’f , leading to

N s ?
u = — - .
hy Iy

1 1—u?)
f(u):h_z[l_( I )]—M,

and analyze its zero. By h; > 1, we have f (0) = é (1 - h%) > 0. By h, > 1,wehave f (1) = h—12—1 < 0.
1

Define a continuous function

Since f(u) is continuous on the interval [0, 1] and f(0) - f (1) < 0, differential intermediate value

%2
theorem guarantees the existence of u* € (0, 1) such that f (u*) = 0. Thus, we have v* = 1‘# > (0 and
wr = 2B S,

Chemotaxis is the directional movement of an individual organism induced by chemical signals,
and the Keller-Segel model provides its classic mathematical description [2, 3]. Research over the
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past two decades has extensively explored the behavior of solutions to chemotaxis-type models. For
instance, Feng, Jia, and Zhou [4] analyzed a class of such systems under zero-flux and Dirichlet
boundary conditions, establishing non-trivial steady-state solutions using the upper and lower solutions
method alongside a monotone iteration scheme. Their work further confirmed the stability of these
equilibria via the inverse derivative technique and weighted energy estimates. Li and Wang [5]
examined a conserved system derived from the Keller-Segel equations, proving the existence of
traveling fronts through phase plane analysis. What’s more, Pan, Mu, and Tao [6] investigated a two-
species competitive chemotaxis system with a chemical signaling loop, proved the global existence and
boundedness of its solutions, and revealed that chemical signaling loops can alter population dynamics.

Within population ecology, the analysis of traveling wave solutions and their non-existence is a
key focus on chemotaxis research. Issa, Salako, and Shen [7] studied a two-species chemotaxis
system, proving the existence of traveling wave solutions via the upper and lower solutions method
and fixed-point theorem, while also showing non-existence of such traveling waves by using proof
of contradiction. Li, Tan, and Qiu [8] studied the existence of traveling wavefronts in a modified
Leslie-Gower model by applying the perturbation method. Due to the variety and inhomogeneity of
ecosystems, the study of different chemotaxis models has more important significance. Along these
lines, Li and Guo [9] used perturbation techniques to establish large-speed traveling wave solutions
for a reaction-diffusion system incorporating chemotaxis and nonlocal delays. Li and Wang [10]
considered a singular Keller-Segel system. First, they applied the geometric singular perturbation
theory to prove the existence of traveling wave solutions with small chemical diffusion. Then,
they applied spectral analysis to show their linear instability. Finally, they validated wave profile
stabilization via numerical simulations. Song and Wang [11] established the existence of bistable
traveling wave solutions of a density-suppressed motility model with strong Allee effect using a
perturbation argument. For more results, we can see [12-14] and the references therein.

The traveling wave problem for system (1.2) shares identical key properties across both R and R
spatial domains. For analytical simplicity, we focus our subsequent analysis on system (1.2) in x € R,
corresponding to the following system:

= dyttg, = 1 (uwy), +6u (1 —u— 12,

1+u

Vi = dyvi = Yo (W), + v (1 = v = 124), (1.3)
0=wy +au+pv—yw.
It is pointed out that system (1.3) can be written as follows:
U = dylhg — x1UWy + M[51 - (% =Bx1)v —yx1w — (61 — a/)(l)u],
Vi = davir = Xavaws + V[62 — (2 — axa)u — yxow — (8, — Bra)vl, (1.4)

0=wy +au+pv—yw.
A weak traveling wave solution is a special solution (u(x, t), v(x, t), w(x, t)) of the form
u(x,t) =u(x—ct), vix,t)=v(x—ct), wx,1)=wx-—ct),

where & = x — ct. u(¢é),v(é), and w(€) are governed by the following ordinary differential equation
system:
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0=du" +(c—x W) +ulb - % = Bx1)v —yx1w — (61 — axul,
0=dyv’" +(c— 2wV +v[6; — % —ays)u — yx2w — (62 — By2)v], (1.5)
0=w'+au+pv—yw,
and
O<u€)<Uy 0<v(&) < Vy, O0<w(é) Wy, YVEER, (1.6)
(1 (00),v(00),w(00)) = Ey, (L.7)

where U, V,, and W, are appropriate positive constants. If the solution of system (1.5) satisfies (1.6)
and (1.7), it is called the weak traveling wave solution of system (1.3).
Throughout this article, some assumptions are presented as follows:

(A) hy, hy > 1;

. 5_1 h10y : 5_2 ha62 .
B)xi < mm{a’ ﬁ(1+Uo)}’ X2 < mm{ﬁ’ a<1+vo>}’

)0 <u, v <.

This paper is structured as follows: In Section 2, employing small perturbation linearization and
continuous Fourier transform, we prove locally asymptotic stability of E*. In Section 3, we prove
the non-existence of weak traveling wave solutions. In Section 4, we verify the existence of weak
traveling wave solutions by means of the upper and lower solutions method combined with Schauder’s
fixed-point theorem.

2. Stability analysis of the positive equilibrium point £~
Throughout this section, some assumptions are presented as follows:
(D) Au*v* > hihy;
&) dy +d, > Ao,
(F)didy > dlﬁ)(zv*;dzﬂ/\,/lu*;
(@) ahy > 2Bu*, Bh, > 2av".
We introduce a small perturbation around the positive equilibrium point £ as defined below:
Uu=u"+i,v=v+iw=w +w.

Here, ||ill,|[7]],|W]| < 1. By substituting the above equations into system (1.2) and neglecting the
higher-order terms of the perturbation, we obtain the linearized system:

~ ~ A 20t~ St
I/lt—dlAM—)(ll/l AW—W —WV,
7. = d AV * AW 20002 ~ Gohpv* ~ 21
VU = dy AV — yov AW — TV - S, 2.1)

0 =AW + ait + BV — yw.
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We apply a continuous Fourier transform on the spatial variables and define the Fourier modes of
the perturbation as follows:

i (x,t) = i (k,1) e**, v (x,1) = D (k, 1) %, (x,1) = W (k, 1) e*™.

Here, k represents the wave vector (k = |k| is the wave number). The Laplacian operator A corresponds
to —k? in the frequency domain. We have

KW = ail + B — yW,
and its solution is given by

ail + BV
v+k2

W=

By applying the same method used to solve for W to the first two equations of system (2.1), we obtain
its frequency-domain system:

~ %2 k2 \ A k2 ® *\ A
{% (—d1k2 _ 20w, akxu )M+ (ﬁ X' S )V,

I+u* y+k? y+k? I+u*
dv

ak®yov* 52/12\/*) ~ ( 2 25072 ﬁkzxz\/*) N

y+k2 1+v*

So, its coefficient matrix is

_d k2 _ 25114*2 akz/\/lu* ﬁkzXll/t* _ 51]’111/!*
J= ! l+u y+k? vy+k2  1+uw
B ak>y,v* B 02 v* R - 26,v*2 N Bkyov |
v+k2 1+ : IL+ve y+k?

We then investigate the local asymptotic stability of E* for wave number k = 0 and k > 0, respectively.
(i) Fork =0,

26,u™ 26,v"2 Sty \( 2oy
det|J — Al = |- LY I 2"._/1__11M _22vl
1 +u I+ 1 +u 1+

o [ 26w 267 1. 816,V (Au*v' — hyhy)
B L+u 1+v (1 +u)(1 +v*)

By the assumption (), we obtain that

261 28,v*?
+ <0,
1+w 14+

tr(J) = — (

and
010,V (4u*v' — hihy)

Trmarm Y

det(J) =

(it) For k > 0,

261u*2+ak2)(]u* /l)( LK 20,V Bk y,v*
—A|[-ak® -

det|J — Al| =|-d,k* -
et | ( : L+v y+k?
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Bl St (akPyavt 6yt
y+k2  1+w )\ y+k2  1+v )

By the assumption (&), we have

2

tr(J) = (—d1k2 JBuT e 20 ke ﬂkz)(z\/*)

1+ u 14+ v* v+ k? y + k2
=—k*|d, +d> - ayi’  Brav'\  20u? 26,0
y+k* y+k*) 1+u 1+v

<ela +a- ayiu’ +Byavt\ 26,u*? ~ 26,v*?
0% I+uw 1T+

< 0.

By assumptions (D), (¥), and (G), we have

det(J) = (—d1k2 ~ 26,u*? . a/kz)(lu*)(_dzkz ~ 20,v*2 N ,Bkz)(zv*)
l+u  y+k2 L+ve y+k?
(,BkQ)(lu* S1hu* ) (a/kz)(zv* 62h2v*)
y+k2  1+uw )\ y+k* 1+
_ (dldz _difxavt dza/)(lu*) N Sk yov* (ahy — 2Bu’)
v+ k? v+ k? (1 +u)(y +k%)
k2y1u*6,v* (Bhy — 2av*) N 010UV (Au™v' — hihy) N 2d, k>0 u*? N 2d k*6,v*?
(y + k>)(1 +v¥) (1 + u)(1 +v") 1+ u 1+v*
diBxv* + dza/)(lu*) N S1ukiyav* (ahy — 2Bu’)
Y (1 +u)(y + k%)
K2y 1u*6,v* (Bhy — 2av*) N 010UV (4u™v' — hihy) N 2d,k*5 u*?
(y + kK>)(1 +v") (1 + u)(1 +v¥) 1+ u

> k* (dle -

> 0.

Based on the preceding analysis, we get the following theorem.

Theorem 2.1. Assume that (A)—(G) hold, then tr (J) < 0 and det (J) > O are satisfied. Therefore, E*
is locally asymptotically stable.

3. The non-existence of weak traveling wave solutions

This section is devoted to establishing the non-existence of weak traveling wave solutions for system
(1.3).

Theorem 3.1. When ¢ < max {2 Vdi01, 2 \/dzéz}, system (1.3) admits no weak traveling wave solution.
According to Lemmas 4.8 and 4.9 in [15], similarly, we have the following Lemmas 3.1 and 3.2.

Lemma 3.1. The following is divided into two parts:
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(i) Let 0 < ¢ < 2+/d,6, be fixed and let oy > 0 satisfy ¢* — 4d,6, + 4d,0y < 0. Let o ,(L) denote the
principal eigenvalue of

d1¢xx+c¢x+51¢:0'¢, 0<)C<L, (3 1)
$(0) = ¢(L) =0, '
then there exists L > 0 such that o,(L) = 0.
(ii) Keep c, L as in (i). Let o ,(L; by, by) stand for the principal eigenvalue of
dipux + (¢ + b1(X)py + (01 + bo(X)p = 0p, 0<x <L, (3.2)
$(0) = ¢(L) = 0, '
where b(x), by(x) are continuous functions. If some C? function ¢(x) > 0 for 0 < x < L obeys
dl ¢xx + (C + bl(x))¢x + (61 + bZ(x))¢ < 0’ O0<x< L7 (3 3)
#0) 20, ¢(L) =0, '

then o,(L; b1, by) < 0.

Lemma 3.2. The following is also divided into two parts:
(i) Assume that d > 0. Fix ¢ < 0 and take oy > 0 satisfying 0 < oy < 0y. Let O';,(L) denote the
principal eigenvalue of

dipy +cp,+010=0¢, 0<x<L, (3.4)
¢:(0) = ¢(L) = 0, '
then there exists L > 0 such that o, (L) = oo.
(ii) Keep ¢, L as in (i). Denote by o,(L; by, b,) the principal eigenvalue of
di§ux + (€ + b1(X)p + (61 + ba(X))p = 0, 0<x<L, (3.5)
¢x(0) = ¢(L) = 0, ’
where b(x), by(x) are continuous functions. If some C? function ¢(x) > 0 for 0 < x < L obeys
digxx + (¢ +D1(0))g + (01 + ba(0)p <0, 0<x<L, (3.6)
$:(0) <0, (L) 20, ’

then 0';,(L; b1, by) <0.

Lemma 3.3. A weak traveling wave solution (u(x, t), v(x, t), w(x,t)) = (U(x — ct), V(x — ct), W(x — ct))
satisfies condition (1.7) with ¢ € (—00,2 \Vd 6, ) then (U(x), V(x), W(x)) is a stationary solution of
system (1.5) that satisfies

i Ue0 = Jim Vo = i Weo =0

For arbitrary small € > 0, there exists x. such that

Ul <& IVl <& [[Wle <& forxe(x,00). (3.7)
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For every fixed L > 0, on the interval (x., x. + L), W(x) solves the elliptic boundary value problem

O=wy,—w+U+V, x.<x<x.+L,
wix,) = W(x,), w(x,+L)=W(x,+L).

Define the linear interpolation function

X —

L&XWQ@+Ly—WQ@L X, <x<ux, +L

W(x) = W(x,) +

then there exists a constant A* > 0 depending only on L such that
IWallzt ey < A€
Proof. By the L? estimates for elliptic equations, we have

IWllw21 (e, vy < A (”U”Ll(xg,xg+L) + IVt epxpsry + ||W||W2’1(xs,x8+L)) )

where A > 0 is a constant determined solely by the length L.
By the continuous embedding W>!'(Q) — W"'(Q), where Q = (x,, x, + L), we have

IWAllo exerry < W w2t (rxes 1)
Combining with (3.10), it follows that

Wl oy < A (1000 sy + IVl + W w21 -

We estimate each term on the right-hand side separately:
(1) from (3.7), for U, V:

NUllL xpxetry < LUl < Le, V|, npen) < LlVIlo < Le;
(2) for the linear interpolation function W, we have Wxx = 0, hence
||W||W2v1(x5,x£+L) = ”W”Ll(xg,xs+L) + ||Wx||L](xg,x£+L) <Le+e.
Substitute all bounds into the inequality:
IWillo x40y S A(Le+ Le + Le + &) = A'g,

where A* = A(3L + 1) > 0 depends only on the fixed constant L.

(3.8)

(3.9)

(3.10)

O

Remark 3.1. From Lemma 3.3 and the regularity theory of elliptic equations, the traveling wave
profiles satisfy U(x), V(x), W(x) € C2(R). In addition, the definition of weak traveling waves yields 0 <
Ux) < Uyand 0 < V(x) < Vy, which implies 1 + U(x) > 1 and 1 + V(x) > 1. Hence, Holling-11

functional responses
01hy 02h,

1+Ux) 1+ V()
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are infinitely differentiable and thus continuous on R. Owing to the C*-regularity of the elliptic
equation W’ = yW — aU — BV, both W(x) and its first derivative W'(x) are continuous functions
on R.

In the proof of Theorem 3.1, we will construct a perturbed eigenvalue problem with coefficients of

the form

o Bxi|V W — (o YU
- - -0 -« :

T+ U X1 YX1 1~ X

Based on the foregoing regularity arguments, bi(x) and by(x) are continuous on R, which fully
satisfy the continuity assumptions imposed on b,(x), bo(x) in Lemmas 3.1 and 3.2.

bi(x) = —x1W'(x), by(x)= —(

Proof of Theorem 3.1. Assume on the contrary that system (1.3) has a weak traveling wave solution
(u(x,t),v(x,t),w(x, 1)) = (Ux — ct),V(x — ct), W(x — ct)) satisfying condition (1.7) with ¢ €
(—oo, 2d, 6, ), then (U(x),V(x), W(x)) is a stationary solution of system (1.5), which satisfies
Lemma 3.3.

Ifce [0, 2+d 6, ), we consider the following eigenvalue problem:

{dlqﬁm tep+01d=0h, x.<x<x+L, Gl

P(xe) = p(xe + L) = 0.
From Lemma 3.1, there is L > 0 such that o,(L;c,61) = po > 0, where o,(L; ¢, ;) is the principal
eigenvalue of (3.11). py > 0 satisfies ¢ — 46,d; + 4d,py < 0, and this L is independent of x,. The
following eigenvalue problem can be regarded as the disturbed problem of (3.11) when ||U||.1, ||[V||p1,
[IW]|z1, and ||W, ||, are sufficiently small:
o01hy
1+U

_ﬁX1)V—7X1W—(51—6¥X1)U], Xe<X<Xz+L, (3.12)

0 = ¢(x:) = ¢(x; + L).

Taking x. sufficiently large, from (3.7) and (3.9) of Lemma 3.3 and the continuity theory for the
principal eigenvalue, we have o';(L; c,07) > 0, where O';(L; ¢, 01) denotes the principal eigenvalues of
problem (3.12). What’s more, note that U(x) > 0 satisfies

61]’11
1+U

{O'¢ = d1¢xx+ (C_Xl Wx)¢x+¢[5l _(

0=diU+(c—x1 W)U+ U[51—( =Bx1)V—=yx1W-(6; —a//\/l)U], Xe<X<X.+L,

Ux.) >0, Ux.+L)>0.

Then by Lemma 3.1, we have 0'; (L;c,67) <0, a contradiction.
If ¢ < 0, since U(c0) = 0, then for every large x,, there exists a x, > x, such that U,(x,) < O.
Consider the following eigenvalue problem:

51]’11
1+U

BV -y W=(61-ax)U|, T<x<F+L,

{0'¢ :d1¢xx+(c—X1Wx)¢x+¢[51 —( (3.13)

0= ¢(x;) = ¢p(x; + L).
From Lemma 3.2 and the above arguments, there exist L > 0 and 0 < € < 1 such that EZ(L; c,07) >0,
where 07 (L; ¢, 61) is the principal eigenvalue of problem (3.13). Note that
51]’11
1+U

dIUxx + (c—/\(IWx)Ux + U[51 —( —ﬁ/\/l)v—’y/\/]W— (51 —CY/\/l)U] = 0,36; <x< 3{8 + L,
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and U,(x;) <0, U (x, + L) > 0. By Lemma 3.2, we have E;(L; ¢,01) < 0, a contradiction. Hence, no
traveling wave solution exists if ¢ < 2 Vd;6;. The same proof shows the non-existence of such waves

for ¢ < 2 Vd,0,. O
4. The existence of weak traveling wave solutions
Introduce
Chir (RY) = {u e C(R")

which is a Banach space under the norm ||u||, = sup |u (x)|. Furthermore, for parameters 0 < u < 1

XeRN
and 0 <0< 1, let

u (x) is uniformly continuous in x € R¥andsup |u (x)| < oo} ,
xeRN

Cll

unif

(RY) = {u € C(rRY) (4.1)

up Mm}

x,yERN xz#y |x - )’|ﬂ

() —u()|
[x—y

endowed with the norm [[ulls,, = SUP,cqn [t (X + SUP, yern 1y , and

Ce((tl 1) ,C’u’nif (RN)) = {u (HeC ((tl,tz) ,Cﬁm.f (RN))|u(t) is locally Holder continuous with exponent 0} )

Define variables «; (i = 1,2) such that 0 < «; < \/ij and d,»Kl.2 —ck;+0; =00 =1,2) when ¢ > ¢*.
Note that these definitions of «;, x», and ¢ are well posed, since x; — dik; + i— is a strictly decreasing
mapping from (O, \/2:,:) to (2 \d:o;, oo) ,i = 1,2. Thus, foreachi = 1,2, x; = ¢ = dik; + i— are both
bijections from (0, \/f; ) to (2 \d.é;, 00). In particular, x; — «; is a bijection from (0, 2—1) (or a slightly
small interval (0, \/f;i - f) if Vd|6, < Vd,,) into (O, fl—i).

Lemma 4.1. As k; — 0, the limit of the ratio % exists. Moreover, there exist positive constants C and
D satisfying

0<C<limZ <D, 4.2)
K1—>0 K2

Proof. From the expression of ;(i = 1,2), we have

C — \/6'2 — 4dl'6i

2d;

ﬂ_dZ.C— \/C2—4d1(51 . d2

T d, = —F(c)
T ST
whereF(c)—ﬂ_dﬁ o+ V-4,

NP, | B i eads

We analyze the monotonicity and boundedness of F(c) in three cases:
(i) For d,16, > d»0,, we have F(c) > 1 and F’(c) < 0. So, F(c) is strictly decreasing and bounded
below by 1. By the monotone bounded convergence theorem, lim._, ., F(c) exists.

K;i =

SO
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(if) For d,6, < d,0,, we have F(c) < 1 and F’(c) > 0. So, F(c) is strictly increasing and bounded
below by 1. By the monotone bounded convergence theorem, lim._, .« F(c) exists.
(iii) For d,6, = d,0,, we have F(c) = 1. Thus, the limit is clearly 1.

Therefore,
lim F(c) dio; lim Cc+ \/Cz —4d,6, di6; 1 d, 6,
c)= ——- = . = —,
c—+00 dr89  cotoo c+ /C2 — 4d,6, d>6, d>6,
and
lim = = b dio 0

k1—0 Ky B d; . d>0, B 62.

51 O

—minl[d & - g1 b
AssumeC—mln{62,61},D_max{62,51

}, so we have

. K
0<C<lim— <D.
k10 Ko
O

Letg, > 1,g, > 1,m; > 1, and 7, > 1 be the subsequent constants to be determined. The continuous
functions i (x), u (x), vV (x), and v (x) are defined as follows:

01 62
u(x) = {51—%\/1 . X< b, v(x) = {52—,3/\/2’ X < by,

e, x> b, e, x> by,

4.3)
O, X S aKl’ O, X S aKz’
u(x) = v(x) =
- et — q]e_mklx’ X > Cl,q, B e — QZe_UZsz’ X > aKz‘
Here,
1 1
aK] = & > 0’ aK2 = & > O’
(m — Dk (2 — Dk
and Ins, — In(6 In 6, — In(S
Kl:_l’ll n(d; CYX1)<O’ bkzz_ﬂz n(d, ,3X2)<0'
K1 K2

We proceed to introduce a closed subset of Y* = (C fmi ; (R))z, which is constructed using the bounds
(@, 7) and ().
Define 5
Stk = {<¢, W) € (Chy ®) |(v) < @9 < (m)}.

Then, for each fixed (¢, y) € X, 4,, we have
0=wy—yw+ad+ L. “4.4)

So, we consider the following parabolic system:

{Uz:dlUxx+(c—xlwx<x;¢,w>)Ux+U[61—(%—ﬁxl)v—mwu;«zs,w—(al—axl)v], “s)

Vi=dy Vi +(c—xawo(2: 6, W)Vt V[ 62— (22 — a2 JU = yxaw(x; ¢, 4) - (82 —Bx2)V |-
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Definition 4.1. A pair of continuous functions (i1, V) and (g, \_/) on R are called upper and lower
solutions of system (1.5) if they satisfy the following conditions:
(i) For for all x € R,

O0< u(x)<u(x)<Up0<vx) <v(x)<V,

and Uy and Vy are constants, which are defined in (1.6).
(ii) There exists a finite set D C R satisfying
(a) space it, u, v,v € C* (R\D);
(b)regarding x € D, the left and right limits of W', u’, V', and V' exist and satisfy

WD) W), W) 2u (), V) v, Vi) 2 V().
(iii) In +oo, the first and second derivatives of i, u, v, and v grow at most exponentially.
(iv) For any continuous functions pair (u,v) withu < u < wandv < v <V, the following inequalities
hold:
il + (e = W (5 6, Y) B + 11 [61 — (322 - Bx1 ) v = yx1w(x; 6, 4) = (61 — ax 1) t] <0,
V" + (¢ =)W (56, )) V + 7 [0 — (2 — axa) u = yxaw(x; ¢,4) — (62 = Br2) 7| < 0,
diu” + (c =y (s g, ) & + (61 = (32 = Bri ) v — yxaiw(x: 6,9) — (61 — ax) u| > 0,
by’ + (= xow (56,0 V + |65 = (B2 = axo) u = yxaw(x; ¢, 4) = (62 = Bra) v| = 0,

I+y

where w(x; ¢, ) is determined by (¢, ) € 2y, 4.
Lemma 4.2. [1] For each (¢,¢) € Z, «,, ki, k2 € (0, \/y), and x € R, we have

0<wx;o,¥) < Lze_’“x + Lze"(z", (4.6)
—K YK
and
K1+ \,y_K% ad ky+ \”y_K% ﬁég
w(x; ¢, )| <min{ ¢—————€"", ———— Hmin{ f———5—€ ", —————1 . (4.7)
Y=k Vy(61—axi) Y-k Vy(62—Px2)

Lemma 4.3. Assume that (B) holds, then there exists a sufficiently small €y > 0 such that for each
k1, k2 € (0, &), there exists a constant xy > a,, satisfying

Ki+ \Jy — K& 86,

Kixi | a +
. Y - K V(62 = Bx2)

Bxiki (K2+ \/)’—Ki) Sihy

—(

_ 2 —K2 X
Y =K, 1 + e

e = (0 —ay) <0,

and

— Bx1) (1 _ qze(l—nz)mo) <0.
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. . K+ y—K% ~1/2
> a,,. Since lim,,_,o — ng =y 12,

In(2¢2)
Kk2(m2—1)

e (s + %)

Proof. Let xy > 0 satisfy grel I =
by Lemma 4.1, we have

1
5, namely, xo =

Bx ik (Kz + Y- K%)

lim 5 = lim 5 =0.
k1 —0 Y~ K k1,620 YK
Through (8), we obtain y ;8 < (1’1“;‘0). Since U is an appropriate positive constant, Uy > e, It

follows that there exists €, > 0 and for any «; € (0, ),

1-— -
2 —K) X —K2X
I 1 + e*ax 2) "\ 1+ eav

,3)(1K1(K2+ \/7_K§)<( 81hy ,3)()( 1)_( 01h
— By -

_ﬁ)(l) (1 _ qze(l—flz)mxo) )

Let D > 0 be the constant introduced in Lemma 4.1. Then, there exists 0 < € < € such that for any
Kk € (0,6), % < D + 1. Hence, for x; € (0, &),

B2 kixo _ Boa Lln(zqz)% Boa T 2D+ & g

m-1 m-1

—_— ¢ e e - - -
VY (62 = Bx2) VY (62 = Bx2) VY (62 = Bx2)
Hence, there exists 0 < g < & such that for x| € (0, &),

) / )
K1t /Y — K B6, . K1+ /Y — K]

+ e <Kx1l|la
Y= V(62 = Bx2) Y =K

Kyl | a +S5 | < (01 —ayy).

O

Lemma 4.4. There exists a sufficiently small positive constant €y(q1,q2,11,12) such that constants

qi > 1, qr > 1,
] 0 kitk Y
n € |1, min 5 1+ 200, (4.8)
dik K K1 (Kl + Y- K%)
and
) 02 K| +K 04
17, € |1, min > , 1+ ,2 4.9)
e R K> (Kz + Y- K%)
can be chosen to satisfy
Q111 +12+I3+Q114S0, q215+16+17+q218 <0 (410)

forall ki, k> € (0, &(q1,92,1m1,12)), where
I = d\(q1k1)* = ek + 64,
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[ 2
Yo 1B +,3X1K1(K2+ Y Kz)

L =061h —Bxi + >

Y= Y=
0
ol )
13 = ) + ) + 51 - ax1,
7_K2 Y_Kz

Bx1mik (Kz + Y- K%)

L =

b
Y- K

Is = dy(1k2)* — oKy + 62,

n 00l i)
+

Is = 620y — ay, +

y— K y— K ’
Bx2K2 (Kz + [y - K%)
Yx2B
I = > + 5 + 02— Bxa,
7_’(2 7_K2

and

@Y 272K2 (Kl T \Y K%)
Ig = .

2
Y — K

Proof. For all sufficiently small «;, we have

o)
d—lz > 1, L > 0, 14
1K ki Kq (Kl + 1"}/—K%)

and hence 77; can be chosen to satisfy (4.8). Similarly, we obtain that r7, can be chosen to satisfy (4.9).

Since dik: —ck;+6; = Oand 7y < %, then I; = dyiiki —mi(dik3 +61)+61 = (1 — D(dymiki —61) < 0.
Obviously, /; is increasing in k, for sufficiently small &y, so if («;, k) — (0,0), we have I} — (1—-n,)d;,
I, = 61hy, I; — 61, and I, — 0. Then, one can find a positive constant g; satisfying g;(n; —1) > 1 +hy,
as well as a positive constant ¢, satisfying —q,Iy — I, — I — 11, > 0 for all x;, x> € (0, ). Similarly, a
proof can be applied to g,. m|

> 0,

Theorem 4.1. Assume that condition (B) holds. If there exists a sufficiently small € > 0 such that for
each ki, ky € (0,€), q; > 1, andn; > 1 (i = 1,2) satisfying (4.8)—(4.10), then (u,v) and (u,v) are a pair
of upper and lower solutions of (4.5), where w(x; ¢, ) is obtained by (4.4) with the fixed (¢, ¥) € Zy, 4,

Proof. We show

(o o _,
u(b )zOZ—(sllil—Cinzu(bJr),

(e kad i
(o) =02 -5 =5, =7 (4):

Ingy

W (a;) =0 < xi0m = De 00 = (a),

<l
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vila, ) =0 < k(1 — l)e_(:;;% =V (a;,).
2 2

According to (4.7) in Lemma 4.2, when x € (by,, o), we have

V" + (¢ = xoW)V + 7

0-h
02 —(12 2 —CYXz)M—YXzW(';¢,l//) — (02 —,BXz)\_/]

+ Vv
02h
1+e*2x
O2h
1+e*x

=dr k56 K (C—xaW,) €7  +e 7 [62 —( —a)(z) u—=yx2w (-; ¢, ¥)—(92—Lx2) e‘“"]

<daise ™ — Ky (C—xawy) €7 et [52 —( —CV)(Z) u—yxw (:;0,¥)—(62—Lx2) fk”]

62]12
1 +e*2x

= (d2K§ —CKy +/.tz) e +kyyowe " —( —a/Xz) e u—yxow (- ¢, 4) e Rx (6, —Bx2) e rex

<kox2 Wil €7 — (62 — Bya) e 2"

) / )
Kl + Y — K o Ky + Y — K5 cor| e
5 +,8—2 e e

K| ———————e¢ — (02 — Bx2) e
Y Y K
KoX 2 (/q + [y - K%) KoXx 28 (Kz + 47— K%) )
= 5 e(Kz—Kl)x + > _ (52 _18X2) o X
Y — K Y — K

KoY 2@ (/q + 4|y - K%) KXo (Kz + 4|y - K%)

> ek K1biy 4 . — (62— Bx2) o2
YK YK

IA

<0.
Because k;, — 0, we have x; — 0 and

Ino, — In(6, —
(k2 — K1)by, = — 1% nK( 2 'BXZ)(Kz—KO — H,
2

and when «; — 0, we obtain

@)2K2 (Kl + /Y~ K%) Bxak> (Kz + \/’}’ - K%)
e(KZ_Kl)b

2 + - 0.
2 2
V_Kl 7_K2

According to Lemma 4.1, H is a fixed constant independent of x; and «,. Hence, there exists 0 < €, < €

such that for all k1, x> € (0, ), we have
@) 2K2 (Kl + Y- K%) Bx2k2 (Kz + \/7 - K%)
€(K2_K1)bK2 + < 62 —ﬁ/\/z.

2 2
V_Kl 7_K2

Next, for each x € (—co, by, ), we have

V" + (c = xoW')V + 7 -
1+

orh
62—( 22 —m)u—wczw(-;qw)—(&—/%)v]
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o) o) h
- % —2 2 —ap |u—yxaw (59, %) — (6 —,8)(2)
02 _’8)(2 52—13/\,/2 ’8 2
o)
<2 ——— —ap2 |u - w9, slf)—(éz—,BXz)
02 —ﬁXz 52_@(2 ﬁXz
527)(2W <o.
52 —,3)(2

For each «,«, € (0, &), one can find a corresponding positive constant x, such that the inequalities
in Lemma 4.3 hold. Meanwhile, we assume ¢, is small enough to ensure that for «y,«, € (0, &), the

inequality
ax1Ki (Kl TANY T Kf)

2
’)’—Kl

<01 —ax

holds.
By Lemma 4.3 and (4.7) in Lemma 4.2, when x € (xy, o), we have

dia" +(c—xyw)u' +a

01h
51—( 1 —,BXl)V—VXlW( é,¥) — (01 — CYX1)L7]

I+u
_ 2 —kix —kix —k1x 61h1 . —kix
=dikie ™ —ki (c—yiw) e e 61 —| TS =B [vymaw (5 4. ) (G —axi) €
2 —kix —kix —kix 61h1 X
<dkie™ =k (c—xy1wy) e +e 6 - 1+e‘k1x_'BX1 v=yx1w (¢, )= (61 —ax1) e
61]1]

:(dlkﬁ—ck1+61)e‘k1x+k1)(1wxe_k‘x—( —ﬁ)() V=yxiw (o, 0) e k‘x—(él—a/)(l)e Zax

1+ ehix

—K1X 6 h X - X - X
<k Iw] e ~ (ﬁ ~Bxi ) x (e = gaeRY) = (61 — ayy) e

2 2
k1+1,’y k lx k2+1,’y k —kzx —klx 6h]
_k2 v— k2 1+e‘k1x
kat\[y=k; ( 5ihy

Y-k I +eHxo

<kje———7— ﬁ)(l)e_kl * (e_kzx - Clze_mkzx) —(01—ax )e_Zk‘ *

kl + ’}/—k%

W—(él—w{l) e
1

-2k x

< k1B _,3)(1)(1_(/]26(1_”2)]{”0) e e

<0.

By Lemma 4.3 and (4.7) in Lemma 4.2, when x € (by,, o), we have

did” +(c—xyw)u' +u

51h
61—(111 —ﬁxl)v—waw( ¢, ) — (61 — a)a)ﬁ]

—k1x —k1x —k1x 61h —k1x

=d\k2e™ " — ki (c — yywy) e M+ e7h [51 - (1 +le_1k1x _IBXI)V — w5, %) — (61 —axp) e ]

2 —kix —k1x —k1x 6]h1 . —kix
<dkje ™" —ki(c—yiw) e + e 6 — 5ok —Bxi|y=yxiw (5 ¢,9) - (61 —axi)e
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o1hy

_ 2 —kix —kix
—(dlkl_Ckl+51)€ Ptk iwee ! (m

—ﬁ)() Y=y 1w (5, ¥) €M (81 —ayy) e

<kix1w,l e " — () — ay;) e 2"

ki + [y —k?
1 y 1 e_klx " ﬁ52 —klx

<k a —(8) — ay,) e 2
e - NAGE) 4
ky + 1,’)/ - k% ﬁé
<l|k a + 2 e kX —(6) — ayy) o~ 2ax
X1 )/—kf 7 62 - Bra) 1 X1
<0.

At last, for each x € (—co, by, ), we have

dia" +(c—yw)' +u

51h
51—(1+1 _IBXI)V_')’)(IW( ¢, ) — (01 —ax) i

s | 51hy
=———— |0~ | ——— B |v-mw(,¢¥) — (61 - ay) ——
01 —axi i 1+ 5= - 01 —ax |
s | S1h
S5—1 01 — ;_ﬁ)(l v=yxiw(;é, ) — (61 - ay)) ——
1 —ayi | 1 61—11)(1 5 _a'/\/l
:_M<0
o1 —ayxr

By Lemma 4.2, when x € (g, ), we have

div' +(c—xw)u +u

51h
61—(111 —ﬁxl)v—waw( ¢, ) — (61 — a)a)z]

>dkje ™ = dygi(mki)e" 1 + (¢ = yawy) (—kie ™ + qikie )

o1h
+ (e‘k‘x - qle_’“k”‘) [61 ( 1 —,3)(1) V=yxiw (5 é.¢) — (61 - a/)(l)e_klx]

> (d1k% —ck + (51)6_]“" - q [dl(ﬂlk1) — cmiky + 51] o Mkx
01l
1 + ef1x — gremkix

- X1 |Wx| (kle_k'x + qlnlkle—mklx) _ ( _ﬁ)(l) (e—qu _ qle—mklx) e—kzx

Z - QI[dl(mkl)z_cnlkl+51]€_mk1x—/\,/1 @ (k e L gimkie Tllklx)

a
_ (51h1 _ﬁXl) (e—klx _ qle—mklx) e—kzx —yxi (7 e—klx + ﬁ e—kzx) (e—klx _ qle—mklx)
2
= (61 —ax1) (e_klx - 416’_"'k1x) .
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Note that
—(01h1 = Bx1) (e_k]x - 6]16_"1]”) e > —(61hy — By1) e BT,
and
@ kix ﬁ —kox —k1x —nikix
_»)/Xl( 1 + — ¢ Z)e 1 _qlenll
_ k% y - k% ( )
a kix B x| -k YX1Q 4Dk x
> — e 4 —— ) TN 4 g ——e TN
7)(1( —k% y—k% ) qu_k%
hold.
We finally have
144 ’ ’ 5 h
div’' +(c—xw)u +u|d - (1 l_'_; —,3)(1)" —yxiw (5o, ¢) — (61 — 0/)(1)2]
Bk (ko +y—13)
2 - 6]1[d1(771k1)2—0771k1+(51] e M1 hy =By 1)+ )’)(1ﬂ2 + 5 e~ (krtha)x
7_k2 y_kz
ayik (k1+\/7—kf) ximkip (k2+\/7—k§)
_ - +7XIC;+(51_Q,X1) e—Zkzx_ql . e~ (katiki)x
y_kl ’)’—kl y_kz
ax ik (kl T NY - k%)
a0 7”‘ o " +2(8) — ax) | e MR — 2 5y — ayy) ek
M M

Note that e ™% > g;e™Mk1* for x € (ay,, ), SO
—(771+1)k1X.

q; 0y —ay) e MM < g (6 —ax) e

Then we have

diu’ +(c—xw)u +u
—-mk —(k1+k —2k —(ky+mk
Z—Q]Qle 71 Ix_QZe(I 2)X_Q3e 2X_q]Q4e(2 niky)x

ax i1k (kl T \Y - kz)
Yxia@ _ ! + (61 _ a’)(l) e—(771+1)k1x‘

y -k

oh
&—“11—MJV‘WMWWW%%&—MﬂZ
+u

+ qi
Y-k

-2k x

It follows from (4.8) that
e—fllklx > e—(k1+k2)x’ e—mklx > e

Hence, thanks to Lemma 4.4, we have
—q1 Q17 — Qpe” MY — 0re7HIY — g QeI >
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On the other hand,
Y ax1mk (kl Y- k%)
5~ 5 + (01 — ax1)
’)’—kl )/_kl
ay 1k (kl + Y- k%) o~ (m — D axik (kl Y- k?)
=61 —ax1) - 2 Ll 2
Y 1 Y 1 Y 1
_ _ 2
e (m — D axik (kl + .Y kl)
Ty -k Y=k
>0
provided that
m-1< 4

bl + - 8)

holds. And for x € (—o0, g, ), we have

017
l+u

diu’ +(c—xiw)u + 2[51 - ( _ﬁ)(l) v=yxiw (s é,4) — (61 - axl)z] =0.

At last, the same arguments as above show that for x € (ay,, ),

17 4 / 6h
dyy” + (¢ = x2w') v +v 52—( 22 —aXz)u—w(zW(-;rﬁ,w)—(éz—ﬁ)«z)z] >0

I+v

under the assumptions on 77, and ¢, given in Lemma 4.3. And for x € (—o0, ay,),

144 4 4 5h
V' +(c—x W)V +v 62—( 22 —a)(z)u—w(zW(~;¢,t//)—(52—,3)(2)2] =0.

I+v

O

Lemma 4.5. Assume that condition (B) is satisfied. Then, for every constant 7 > 0 and each pair
(P, ) € 2y, x,, the following system:

Ut = dl Uxx + (C _/\/lwx(X; ¢7 W)) Ux

+ Ul - (1 U = Bx)V =y iw(x; ¢, ) — (6, — ax)U],
Vi=doVy, + (C _XZWX(X; ¢’ lr[/)) Vi
02h, x| <z, t>0, 4.11)
+ V|6, - (1 v ax2)U — yxow(x; ¢, %) — (62 = Bx2) V],
U(x’ t) = ﬁ(X), V(x9 t) = Z(X), X = iZ, t 2 0,
U(X, 0) = ﬁ(X), V(X, 0) = \_/'(.X), |X| <z
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has a unique positive solution (U(x,t),V(x,t)) for t > 0, where i(x),v(x) are defined in (4.2). This
solution satisfies

(i) (U(2), V(1)) € Xy, 1, in the sense |x| < z fort > 0;

(ii) U is decreasing, and V is increasing for t > 0;

(iii) As t — oo, the functions U and V converge uniformly on (-z, z) to a unique pair of limits u*(x)
and v*(x). (u*(x), v*(x)) satisfies

0= dl Uxx + (C _Xlwx(X; ¢’ 'ﬁ)) Ux
o Xl <z,
+U[6) - (T3 T = Bx)V = yxiw(x; o, ) — (6, — ax)U],
0=dy)Vy, + (c — xowi(x; 9,¥)) Vy (4.12)
62h lx| < z,
+ V][6, — (1 v ax2)U — yyow(x; ¢, ) — (62 — Bx2) V],
U(x) = u(x), V(x) = v(x), X = *z.

Proof. The proof is similar to [1], and the addition of the Holling-II functional responses requires only
minor adjustments while remaining fully compatible with the original proof process. O

Corollary 4.1. Suppose the assumptions of Lemma 4.5 hold. If (¢,¢) € X «,, then the stationary
solution (u*,v*) constructed in Lemma 4.5 lies in %, ,, over the domain |x| < z.

Lemma 4.6. Let the hypotheses of Theorem 4.1 be satisfied. For any (¢,y¥) € Z,, «, and any z > 0, the
elliptic system (4.12) has exactly one positive solution (u*,v*) € Z,, ,, on |x| < z that is maximal with
respect to the U-component. This solution satisfies

u'(x) >u(x), vi(x)<wvx) forxe(-z72) (4.13)

for every other positive solution (u,v) € Z,, ., to (4.12), where (u*,v*) refers to the solution derived in
Lemma 4.5.

Proof. Introduce the following linear operators and nonlinear reaction terms:

Li(p) = ¢ = dipxx — (¢ = xiwx(x;0,))pr,  i=1,2,

filM,N) = M[é, - (fj_hjlw = BYDN = yxiw(x; ¢,¢) — (61 — ax1)M],
and
£(M,N) = N[0, - (% — ax2)M — yxaw(x; ¢,4) — (62 — Bx2)N].
Take any (u,v) € %,, ., defined on |x| < z that solves (4.12). It then satisfies
{le = fiw,v),
L,(v) = fr(u,v).

The solution (U(x, t), V(x, t)) established in Lemma 4.5 obeys the system

Li(U) = AU, V),
L(V) = LU, V).
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Note that u(x) < u(x) = U(x,0) and V(x,0) = v(x) < v(x). By the comparison principle for
parabolic systems, we deduce that u < U(x, ) and v > V(x,t) hold for all r > 0. Passing to the limit
t — +oo, we obtain u < u* and v > v*. O

By Lemma 4.6, we conclude that for any given z > 0 and any pair (¢, ) € %,, ,, the elliptic system
(4.12) possesses a pair of solutions (u*, v*). So, we define a mapping @ on the subset %, ,, € Y" to ¥~
by

O(p,¢) = (W', v").

Given any fixed z > 0, u* and v* are initially defined on (—z,z), where they satisfy u*(x) = u(x)
and v*(x) = v(x) at the endpoints x = +z. We then extend both functions to the whole real line R by
setting u*(x) = u(x) and v*(x) = v(x) for all x ¢ (—z,z). Unless otherwise specified, in all subsequent
discussion, #* and v* will be understood to refer to these extended functions on R. We now introduce

the following norm on C' fjnif(R):

> 1
el = D 5 ol onan
n=1

It is straightforward to verify that, in the space Cﬁnif(R), convergence of a sequence {u,},>; to u
under the norm || - || is equivalent to the locally uniform convergence of {u,},>; to u.

Theorem 4.2. Assume that the condition (B) holds. Then, for every constant 7 > 0, the elliptic system

0 =diuy + (c — x1wi(x; ¢, ¥) u,
o1hy lx| < z,
+uld) — (1 . = Bx1)v = yxiw(x; ¢, ) — (61 — ax1)ul,
0 = davyy + (€ = 2w (X3 8, ¥)) vy (4.14)
O2h x| < z,
+v[62 — (1 5 ax2)u — yxow(x; ¢, ) — (62 — Bx2)vl,
u(x) = u(x), v(x) = v(x), X =z

admits at least one solution (u,v) € Xy, 4.

Proof. The existence of solutions to the elliptic system (4.14) is established via an application of
Schauder’s fixed-point theorem. The overall proof framework follows that of Theorem 3.1 in [1]. Here,
only the key differences in proving the compactness and continuity of the operator @ are explained,
corresponding to the Holling-1II nonlinearity introduced in this paper.

First, we ensure Holling-II functional responses satisfy uniform boundedness. For any solution
(u,v) in a bounded subset of %, ,,, the bounds given by the upper and lower solutions guarantee the
existence of constants Umyin, Umax, Vmin, Vmax > 0 satisfying

0< Umin < M(X) < Umax» 0< Viin < V()C) < Vmax Yx € [_Z’ Z]-

Under this boundedness, Holling-1I functional responses satisfy uniform boundedness:

52]12
1+ Vmin

‘ o
< +00.

1+ u(x)

61]11 ’ 62]12
o0,
1+v(x)

1+ Umin
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Thus, the entire right-hand side of (4.14) belongs to L™, and the interior L” estimate of elliptic operators
and the Sobolev embedding theorem remain valid. The solution sequence is uniformly bounded in
C'((—y,y)) for any p € (0, 1), and a convergent subsequence can be extracted by the Arzel-Ascoli
theorem. From these, we can conclude that ® is compact.

Second, we require Holling-II functional responses to satisfy monotonicity and Lipschitz continuity.

f(u) = % is strictly decreasing in u, and g(v) = % is strictly decreasing in v, since
d1h 02h»
"(u) = — <0, gW=- <0, Vu,v>0.
F == M =-G Y

So, the validity of the comparison principle for the associated parabolic system preserves the ordering
of solutions. What’s more, in the bounded set [min, Umax] aNd [Vinin, Vinax ], fOr any uy, ur € [Umins Umax],
we have

01h o1 _ |y — us
- =01 < Lyluy — uyl,
1+u; 1+4+u (1T + u)( + uy)
where L, = 61h1/(1 + uyn)? is a constant. The same holds for %. This guarantees the continuity of

the coeflicients of the operator, which is used together with Schauder’s estimate to carry out the proof
by contradiction. From these, we can conclude that @ is continuous.

Finally, through Schauder’s fixed-point theorem, we know that (4.14) has a solution (u,v) € %, ,,
in the sense |x| < z. O

Theorem 4.3. Suppose that condition (B) holds, then system (1.3) possesses a weak traveling
wave solution (u(x,t),v(x,1),w(x,t)) = ((&),v(&),w()). Additionally, the solution satisfies
llmf—)%(u(é‘:)a V(f)’ W(é‘)) = E0~

Proof. Let an increasing sequence {z,},>; converge to co. For each fixed n, we consider the boundary
value problem on the interval (-z,, z,):

” ’ Y v, \ _
d] I/tzn + Cuzn _Xl(uanzn) + 51 uZn (1 - uZn - 1+um) - O’

’” ’ Y haug, \ _
dyv! + v, — x2(v,, Wl ) + 6V, (1 -V, - 1+Vz,,) =0,

where u, (+z,) = v, (xz,) = 0.

Based on the standard existence theory of elliptic equations, this boundary value problem possesses
a solution (u,,, v,,) for every n. Owing to the saturation property of the Holling-II functional responses,
the nonlinear terms are uniformly bounded. This, together with Schauder’s estimate for elliptic
operators, implies that |[u, ||c1+0,, ., and ||v,,|lci+(;, ., are bounded uniformly for any z, > 0 with
p € (0,1). By a standard diagonal process, we extract a subsequence, denoted by {(u,,,v.,)}, satisfying
(u,,,v,) — (u,v) in C'(K) and weakly in W>P(K) for any compact set K C R and p > 1. (u,v) is a
weak solution of (1.5), and hence it is a classical solution by elliptic regularity theory. The component
w 1s uniquely determined by (1.3), yielding a weak traveling wave solution.

Next, we show limg_.(u(£), v(€), w(€)) = E,. Given ¢ — oo, we construct the upper solutions
(&) = e and v (€) = e, which satisfy limg_,. e ¢ = 0 and lim;_,., ¢ = 0, where k;, k, > 0.
Since 0 < u(€) < u(€) and 0 < v(€) < v (é) forall €, limg_,o u(€) = 0 and limg_, v(€) = 0. Through a
priori estimates in (4.6), we know w (£) is bounded, and it satisfies the equation 0 = w” —yw + au + v,
50 limg_,. w(€) = 0. In summary, we have limg_,o,(u(£), v(€), w(€)) = Ey. O
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5. Conclusions and further discussion

This work is concerned with the traveling wave problems of the competitive chemotaxis system
with Holling-II functional responses. First, the continuous Fourier transform method and the Routh-
Hurwitz criterion are employed to examine the locally asymptotic stability of positive equilibrium
point E*. Then, we use the generalized principal eigenvalue argument and proof by contradiction to
prove that system (1.3) admits no traveling wave solutions when wave speed ¢ < ¢*, where ¢* =
max {2 \Vd 61,2 \d»5, } is the critical threshold derived from the linearized analysis around the trivial
equilibrium E,. Finally, the upper and lower solutions method together with Schauder’s fixed-point
theorem are used to prove the existence of weak traveling wave solutions for system (1.3) when ¢ > ¢”.

Theoretically, this paper breaks the limitation of unbounded competition in linear models and
improves the theory of weak traveling waves under saturable competition. Ecologically, the saturable
terms more realistically describe the natural law that competitive inhibition tends to saturate as
population density increases. The obtained conclusions on the stability of coexistence states and critical
wave speeds provide more reliable theoretical support for predicting spatio-temporal dynamics such as
microbial diffusion and biological invasion.

However, there are still several key open problems that remain unsolved in the current work. First,
the exact minimal wave speed for the fully nonlinear system (1.3) cannot be determined.

Second, due to the strong coupling effect of the chemotaxis terms and the nonlinear saturation of
the Holling-II competitive interactions, the global asymptotic stability of E* for system (1.2) has not
been established. These unresolved issues will be the focus of our subsequent research work.
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