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1. Introduction

The blob algebra B, was introduced in [1,2] as the algebraic structure encoding the transfer matrix
of the two-color Potts model with particular boundary conditions. It is a finite-dimensional associative
algebra over a field F of characteristic zero, depending on an integer n > 2, a nonzero scalar g €
F* with ¢> # 1, and two additional parameters 6,k € F. The algebra is generated by a family of
Temperley—Lieb operators together with a distinguished boundary generator representing the “blob”;
in the normalization used here this generator satisfies e> = e, so it is generally a quasi-idempotent
rather than an idempotent. Representation-theoretically, the blob algebra is cellular in the sense of
Graham and Lehrer [3], a property that permits a detailed analysis of its simple modules, standard
modules, and the associated invariant bilinear forms [4, 5].

The Lie algebra of derivations of an associative F-algebra A, namely the F-linear mapsd : A — A
obeying d(xy) = d(x)y+ x d(y), controls the first Hochschild cohomology group with coefficients in the
regular bimodule through HH'(A, A) = Derg(A)/Inn(A). Throughout this article, the word “derivation”
always means a F-linear derivation. For a full matrix algebra over a field of characteristic zero, every
derivation is inner [6,7]. Diagram algebras also support several other homological and cohomological
theories; see, for example, [8—11]. More recently, Fisher and Graves studied cohomology for families
of diagram algebras that include blob algebras in an augmented-algebra setting [12]. The present
paper addresses a different, derivation-theoretic problem: explicit description of Der(B,), the quotient
HH'(B,,B,), and their interaction with cellular modules and quotient constructions.

In this context, derivations are mathematical operators that capture infinitesimal symmetries of the
underlying algebraic structure.

The present work provides a comprehensive study of derivations of the blob algebra B,. Our main
results are the following.

(i) Extension and innerness. We give a precise criterion for a linear map defined on the generators
to extend to a derivation of the whole algebra (Theorem 3.1). Whenever the blob algebra is
semisimple, we prove that every derivation is inner (Theorem 3.7). Hence Der(B,)) = Inn(B,,).

(i) Action on standard modules. For a cellular derivation satisfying the fixed-right-index
compatibility in Proposition 4.4, we construct a D-connection on the cell module A(1). We
establish the corresponding module-theoretic Leibniz rule and determine necessary and
sufficient conditions for radical stability (Theorem 4.6). When the cellular form ¢, is nonzero,
this yields a criterion for the connection to descend to the irreducible head L(A) (Theorem 4.10).

(iii)) Outer derivations in the fully degenerate case. We investigate the non-semisimple situation
0 = k = 0 (with g not being a root of unity). A general reduction of the outer derivation space to a
relative subspace is given (Theorem 5.2). For the fully degenerate rank-two case B, (g, 0, 0) with
g+q" # 0, the space of outer derivations Out(BY) is computed completely: It is two-dimensional
and non-Abelian (Theorems 5.6 and 5.7).

(iv) Transfer to the Deguchi—-Martin quotient. We recall the canonical basis bijection between the
relevant blob and Deguchi—Martin cell modules established by Alotaibi [13]. We distinguish this
vector-space correspondence from algebra isomorphism. We prove the ideal-stability criterion for
Hecke-algebra derivations to descend to H! (Theorem 6.3); we record transport through an actual
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algebra isomorphism (Theorem 6.4); and, under explicit compatibility hypotheses on the module
actions and cellular Gram forms, we transport D-connections and radical stability (Theorems 6.6
and 6.8).

Throughout the paper, F is a field of characteristic zero. The parameter g is assumed to be not a root
of unity unless stated otherwise. We use the notation [2], = g + ¢~

2. Preliminaries

2.1. The blob algebra

Throughout this paper, let F be a field of characteristic zero and let ¢ € F*. We write [2], = g+ ¢~
For an integer n > 2 and the scalars 9, k € F, the blob algebra B, = B, (g, 6, «) is the unital associative

[F-algebra generated by U,, ..., U,_;, e subject to the following defining relations:
Ut =121, U; 1<i<n-1, 2.1)
UUinU;=U;, U UUyy = Uy, l1<i<n-2, (2.2)
UU;=U,;U, li—jl>1, (2.3)
e’ = de, (2.4)
U,eU; = kUy, (2.5
eU; = Use, 2<i<n-1. (2.6)

The subalgebra generated by U, ..., U, is the Temperley—Lieb algebra TL, with the loop parameter
[2],. The extra generator e is called the blob generator. Algebraically, it records the interaction of
diagrams with the distinguished boundary.

There is a natural F-linear anti-involution on B,,, denoted by ¢, which is determined by «(U;) =
U;, (e) = e, and extended anti-multiplicatively as follows:

t(xy) = «(y)u(x), for all x,y € B,. This is the anti-involution used in the cellular structure of the blob
algebra.

2.2. Cellular algebras and cell modules

Let A be a finite-dimensional F-algebra. Following Graham and Lehrer [3], a cellular datum for A
consists of (A,7,C,t), where A is a finite partially ordered set, 7 (1) is a finite set for each 4 € A,
t : A — A is an F-linear anti-involution, and C : [[JcAn T (WD) X T (1) — A, (5, T) +— Cﬁ,r’ is an
injective map whose image is an F-basis of A. These data are required to satisfy L(cﬁj) = C%,s and, for
everya € A, every 1 € A, and all S,T € 7 (1), we have acﬁj = s ra(S’,S)c§,,T (mod A<Y),
where A<! denotes the F-span of all basis elements c’{w with u < A. The coefficients r,(S’,S) € F are
independent of 7.

For each 1 € A, the corresponding cell module, denoted A(A1), is the F-vector space with basis
{c} | S € T(1)}. The A-module structure is defined by a ¢t = Ygcr ra(S’, S )cs,. The cellular datum
also gives a bilinear form ¢, : A(1) X A(1) — F defined by the congruence cé’ch]’V = ¢,(ct, c’}])cﬁ’v
(mod A<Y). The radical of A(A) is rad A(1) = {x € A(Q) | ¢(x,y) = 0 forall y € A(D)}. If ¢, # 0, then
L(1) = A(1)/rad A(Q) is a simple A-module. Moreover, the nonzero modules L(1), as A ranges over
the labels for which ¢, # 0, form a complete set of pairwise non-isomorphic simple A-modules.
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A derivation D € Der(A) is called cellular (or compatible with the cellular filtration) if D(A) C
A=t and D(A<') € A*! for all A € A. This notion will be used systematically in later sections.

2.3. Cellular structure of the blob algebra

The blob algebra is cellular; see Martin—~-Woodcock [5] and Ryom-Hansen [14]. For the ordinary
blob algebra, one may take the cellular labels tobe A, = {n,n—2,n—4,...,—n}. We use the standard
cellular partial order t > s <= |f| < |s| or t = s. (Equivalently, one may refine this to the usual
total order used for the graded cellular basis; none of the arguments below depends on the choice of
such a refinement.) For ¢ € A,, we denote the corresponding cell module by A,(¢). Diagrammatically,
A,(t) has a basis indexed by upper half-blob diagrams with [f| propagating lines, with the sign of ¢
recording the boundary decoration convention. Equivalently, under the parametrization used in the
graded cellular basis of Plaza—Ryom—Hansen [15], these basis elements may be described by standard
one-line bitableaux. Thus, in the ordinary blob case, one should not speak of arbitrary bipartitions of n;
rather, the relevant combinatorial objects are one-line bipartitions or, equivalently, blob half-diagrams.

The full cellular basis of B, is obtained by gluing an upper and a lower half-diagram with the same
cellular label. Accordingly, the cellular basis elements may be written in the form cSt’T, teA, S, Tce€
7 (2), where 7 (¢) denotes the indexing set of half-diagrams, or, equivalently, the corresponding set of
standard one-line bitableaux.

2.4. The Deguchi—Martin quotient
Let H,(q) be the Hecke algebra of type A,_; over F. It is generated by T, ..., T,_;, subject to

TiTinT; =Tin Ty, I<i<n-2,
Tsz = TjTi’ |l - ]l > 1’
(Ti—q)T;i+q") =0, 1<i<n-1.

Let P,M > 0, and let y = ((M + 1)’*!) be the rectangular partition with P + 1 rows, each of length
M + 1. Let E, and F, denote, respectively, the corresponding g-symmetrizer and g-antisymmetrizer
in the appropriate parabolic subalgebra of H,(g). The Deguchi-Martin quotient [16] is the quotient
HMM — H. ()], PM where J5M is the two-sided ideal generated by F, Hp+1ym+1)(q) E, . In particular,
in the (1]1)-case, one has P = M = 1, and hence y = (2,2). For n > 4, the defining ideal is understood
via the standard parabolic embedding of H,(g) into H,(q). For n < 4, we adopt the natural convention
Y, ,l’l = 0, since no partition of n contains the rectangular obstruction (2, 2); thus H,ll’] = H,(g) in these
ranks. Hence H,"' is obtained from %,(g) by eliminating the cellular part corresponding to (2, 2), and
the cell modules which survive are indexed by the hook partitions 4 = (r, 1"™"), 1 < r < n. We denote
the corresponding cell module of HM as R}, and we denote its standard word basis as Q,(A).

The precise comparison with the blob algebra is as follows. For 4 = (r, 1"7"), put t = #(1) = n+1-2r.
Thent € A,y ={n—-1,n-3,...,3 —n,1 —n}. Alotaibi’s theorem is stated over C. Accordingly,
whenever we invoke that theorem literally we take F = C. The same purely combinatorial basis
correspondence, and the linear statements derived from it, remain valid over any characteristic-zero
field for which the corresponding cellular bases and their base change have been fixed. By Alotaibi’s
basis correspondence [13, Theorem 3.4.1], there is a natural bijection B“’_pl(t) «—> 0,(1), where Bw_pl 6]

n n

is the canonical half-diagram basis of the blob cell module A,_(¢), and Q,(1) is the word basis of the
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Deguchi-Martin cell module R?. Equivalently, we have 1 = (r,1"") <= t=n+ 1 —2r. This gives a
bijection between the standard cellular bases of A,_;(r) and R?.

It is important to stress that this is a bijection of indexing sets and cell-module bases. It is not, by
itself, a proof that the algebras B,_; and H,"' are isomorphic. Any statement transferring algebraic
structures, such as derivations, from one algebra to the other must therefore be made either through an
explicitly constructed algebra homomorphism or through the cell-based correspondence.

3. Derivations of the blob algebra

Let B = B,, = B,(q, 9, k) be the blob algebra defined in Section 2. A derivation of B is a F-linear map
D : B — B satisfying the Leibniz rule D(xy) = D(x)y + xD(y) (x,y € B). We use Der(B) to denote
the F-vector space of all derivations of B. For a € B, the map ad, : B — B, ad,(x) = ax — xa, is a
derivation. Such derivations are called inner derivations. The space of all inner derivations is denoted
by Inn(B) = {ad, | a € B}. The quotient Out(B) = Der(B)/Inn(B) is the space of outer derivation
classes of B. By Proposition 3.6 below, it also carries the induced Lie algebra structure.

3.1. Derivations determined by the generators

Let ¥ = F(X),...,X,_1, E) be the free associative F-algebra on n noncommuting generators, and
let 7 : ¥ — B be the canonical surjective algebra homomorphism defined by n(X;) = U;, n(E) = e.
Let R = kerz. Then B = ¥ /R, where R is the two-sided ideal generated by the defining relators of the
blob algebra.

Since B is generated by Uy, ..., U,_1, e, every derivation D € Der(B) is uniquely determined by the
elements d; = D(U;) (1 <i <n-1), d, = D(e). However, not every choice of d,...,d,_1,d. € B
defines a derivation of B. The chosen elements must be compatible with the defining relations of B.
The next result gives the exact compatibility condition.

Theorem 3.1 (Extension criterion). Let d,...,d,_,d. € B. There is a unique derivation D € Der(B)
satisfying D(U;) = d; (1 <i <n-—1), D(e) = d,, if and only if the following identities hold in B:

dU; + Ud; = 2],d,, 1<i<n-1, 3.1

AU U, +UdU; + UUpd; = d;, 1<i<n-2, 3.2)
diny\UilUip + UindiUi + Ui Uidiyy = diyy, I<i<n-2, (3.3)
diU;+Ud;=d;U; + Ujd, li—jl>1, (3.4)

d.e +ed, = dd,, 3.5

dieU; + Ud,U; + Uyed, = «kd,, (3.6)

dU;+ed;, = die+ Ud,, 2<i<n-1. (3.7

Proof. First, suppose that D € Der(B) is a derivation such that D(U;) = d;, D(e) = d,. Since the scalars
g, 0, k are fixed elements of F, we have D(a1p) = 0 (o € F). Applying D to each defining relation of
the blob algebra gives the required conditions.

Indeed, from U? = [2],U; we obtain D(U?) = D([2],U;). Using the Leibniz rule, this gives
D(U)U; + U;D(U;) = [2],D(U;), which is exactly (3.1).
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Next, applying D to U;U;, U; = U; gives D(U)U;1U; + U;D(Uj1)U; + U;U; 1 D(U;) = D(U;),
which is (3.2). Similarly, applying D to U;;1U;U;;y = Uiy gives (3.3).

For |i— j| > 1, the defining relation U;U; = U;U; implies D(U;))U;+U;D(U;) = D(U;)U;+ U ;D(U,),
which is (3.4). Applying D to e* = de gives D(e)e + eD(e) = 5D(e), which is (3.5). Applying D to
U,eU, = kU, gives D(Uy)eU, + U D(e)U, + U,eD(U;) = kD(U;), which is (3.6). Finally, applying D
toeU; = Uje (2 <i<n-1)gives (3.7). Hence, every derivation satisfies (3.1)-(3.7).

Conversely, assume that the elements di,...,d,_;,d, € B satisfy (3.1)—(3.7). Since ¥ is the free
associative algebra on X, ..., X,_1, E, there is a unique F-linear derivation D : F —s B with respect
to the T—Eimodule structure on B induced by 7, such that E(Xi) = d,, 5(E) = d,. This means that
D(fg) = D(f)n(g) + n(/)D(g) (f. g € F).

We claim that D(R) = 0. It is enough to check this on the defining relators generating R. For
example, Xl.2 - [2],X; is sent to d;U; + U,d; — [2],d;, which is zero by (3.1). Similarly, the relators
XiXi1X;— X; and X1 X; X1 — X;41 are sent to zero by (3.2) and (3.3); the commutation relators are sent
to zero by (3.4); the idempotent relator E2 — §E is sent to zero by (3.5); the blob relator X; EX; — kX,
is sent to zero by (3.6); and the boundary commutation relators EX; — X;E (2 <i < n — 1) are sent to
zero by (3.7).

Now let r be any deﬁmng relator and let a, b € . Since n(r) = 0 and D(r) = 0, we have D(arb) =
D(a)n(r)n(b) + n(a)D(r)n(b) + ﬂ(a)n(r)D(b) = 0. Because R is the two-sided ideal generated by the
defining relators, it follows that D(R) =

Therefore, the rule D(n(f)) = D( f) ( f € ¥) defines a well-defined F-linear map D : B — B.
Indeed, if 7(f) = n(g), then f — g € R, and hence D(f g) = 0. Thus D(f) = D(g)

Finally, for x = 7(f) and y = ni(g), we have D(xy) = D(n(fg)) = D(fg) = D(f)n(g) + n(f)D(g) =
D(x)y + xD(y). Hence, D is a derivation of B. By construction, D(U;) = d;, D(e) = d,. Uniqueness
follows because B is generated as an algebra by Uy, ..., U,_, e. This completes the proof. ]

3.2. Explicit constraints

The extension criterion can be restated in a compact form as follows.

Proposition 3.2 (Quadratic constraints). Let D € Der(B). Then, for every 1 < i < n—1, D(U;)U; +
U,D(U,) = [2]qD(U,) Equivalently, lfdl = D(U,), then d,'U,' + U,'d,' = [2]qdl

Proof. Apply D to the defining relation U? = [2],U;. The Leibniz rule gives D(U?) = D(U)U; +
U;D(U;), while F-linearity gives D([2],U;) = [2],D(U;). Hence, D(U;)U; + U;D(U;) = [2],D(U;). 0O

Proposition 3.3 (Temperley—Lieb constraints). Let D € Der(B). Then, for 1 <i <n -2,

DWU)UinU; + U DU 1)U; + U;jUi 1 D(U;) = D(U,),
DU )UUiy + Uit D(UDU 4y + Ui U;D(Uiy1) = D(Ujy1).
Moreover, if i — j| > 1, then D(U)U; + U;D(U,) = D(U;)U; + U;D(U;).

Proof. The first two identities follow by applying D to U;U; . U; = U; and Ui U;Ujyy = Uy,
respectively. The commutation identity follows by applying D to U;U; = U;U; (li — j| > 1). In each
case, the result follows immediately from the Leibniz rule. m]

AIMS Mathematics Volume 11, Issue 7, 22410-22431.



22416

Proposition 3.4 (Blob constraints). Let D € Der(B). Then D(e)e + eD(e) = 6D(e), D(U))eU, +
UD(e)U; + UeD(U,) = kD(U,), and, for every2 <i<n—1, D(e)U; + eD(U;) = D(U;)e + U;D(e).

Proof. The first identity follows by applying D to e*> = de. The second follows by applying D to
U,eU, = «U,;. The third follows by applying D to eU; = Uje (2 < i < n — 1). All three identities are
obtained directly by expanding with the Leibniz rule. m|

Proposition 3.5 (Inner derivations). For every a € B, the map ad, : B — B, ad,(x) = ax — xa,
is a derivation of B. Moreover, ker(a — ad,) = Z(B), where Z(B) is the centre of B. Consequently,
Inn(B) = B/Z(B) as F-vector spaces.

Proof. Let a, x,y € B. Then ad,(xy) = axy — xya. Adding and subtracting xay, we obtain axy — xya =
(ax — xa)y + x(ay — ya). Hence ad,(xy) = ad,(x)y + xad,(y). Thus ad, is a derivation.

Moreover, ad, = 0 if and only if ax—xa = O for all x € B. This is equivalent to saying that a € Z(B).
Therefore, the kernel of the linear map B — Inn(B), a — ad,, is exactly Z(B). The first isomorphism
theorem gives Inn(B) = B/Z(B). |

Proposition 3.6 (Inner derivations form a Lie ideal). The space Inn(B) is a Lie ideal of the Lie algebra
Der(B). More precisely, for every D € Der(B) and a € B, [D,ad,] = adp(, . Consequently, Out(B) =
Der(B)/Inn(B) inherits a well-defined Lie algebra structure from the commutator bracket on Der(B).

Proof. For x € B,

[D,ad,](x) = D(ax — xa) — aD(x) + D(x)a
= D(a)x + aD(x) — D(x)a — xD(a) — aD(x) + D(x)a
= D(a)x — xD(a)
= adpa) ().

Thus [D, ad,] € Inn(B), proving that Inn(B) is a Lie ideal. The quotient therefore carries the induced
Lie bracket. ]

3.3. Cellular derivations and innerness

Let B = B,. Let {cgl’T | 1 € A, §,T € 7(1)} be a cellular basis of B. For 4 € A, define
B=' = spang{c§ ;. | u < A}, B = spang{c . | 4 < A}. A derivation D € Der(B) is called cellular
if D(B*Y) € B** and D(B*') C B! (1 € A). This definition was presented earlier in Section 2.2; we
repeat it here for convenience. Equivalently, a cellular derivation preserves the cellular filtration and
hence induces a derivation on every associated cellular subquotient Bt/ B4

Theorem 3.7 (Innerness in the semisimple case). Assume that B = B,(q, 6, k) is semisimple over F.
Then every derivation of B is inner. Consequently, we have Der(B) = Inn(B) = B/Z(B). In particular,
every cellular derivation of B is inner.

Proof. Since F has characteristic zero, every finite-dimensional semisimple F-algebra is separable.
Hence, its first Hochschild cohomology vanishes as follows:
HH'(B,B) = 0. But HH'(B, B) = Der(B)/Inn(B). Therefore Der(B) = Inn(B).
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For completeness, we recall the concrete argument in the split semisimple case. Suppose B =
&b acno Ma,(F) as a finite direct sum of full matrix algebras. Let 1 = 35, 21 be the decomposition of
the identity into primitive central idempotents, so that B, = Bz, is a simple two-sided ideal.

We first show that every derivation D € Der(B) fixes each z,. Since zﬁ = z,, the Leibniz rule
gives D(zp) = D(z3) = D(zi)z1 + 2aD(z,). Moreover, because z, is central, for every x € B, we
have z,x = xz,. Applying D to this equality yields D(z))x + z,D(x) = D(x)z, + xD(z,). Since z,
is central, 7;D(x) = D(x)z;, and hence D(z))x = xD(z)) (x € B). Thus D(z;) € Z(B). Therefore
D(z,;) = D(z%) = 2z,D(z;). Multiplying this equality by z,, and using charF = 0, gives z,D(z;) = 0.
Hence D(z;) = 2z;D(z;) = 0. It follows that D(B,) = D(Bz;) C Bz; = B,.

Thus D restricts to a derivation D, : By — B, for each 4 € Ay. Since B, = M, (F), and every
derivation of a full matrix algebra over a field is inner, there exists a, € B, such that D,(x) = [a,, x] (x €
B)). Seta = },,cp, a1 € B. Every x € B has a unique decomposition x = ., X2, X3 € Bj. Since
distinct simple two-sided ideals multiply to zero, we obtain D(x) = >, D (x)) = X laqn, x3] = la, x].
Therefore, D = ad,, and so D is inner.

Finally, the canonical map B — Inn(B), a — ad,, has the kernel Z(B). Hence Inn(B) = B/Z(B).
This proves the result. O

Remark 3.8. The cellularity assumption is not needed in Theorem 3.7. Once B is semisimple over a
field of characteristic zero, all derivations are inner. The cellular condition only becomes relevant in
the non-semisimple case, where outer derivations may occur and the cellular filtration can be used to
organize them.

3.4. The rank-two case

We now examine the case n = 2. Put § = [2], = g + ¢~'. Throughout this subsection we assume
6 # 0. This is automatic, for example, if g is not a root of unity. Write U = U,. Then B = B; is
generated by U and e, subject to U? = AU, e* = e, UeU = kU.

Lemma 3.9 (Rank-two normal form). The six elements B = {1, U, e, Ue, eU, W}, W = eUe, form
a F-basis of B,. In particular, dimg B, = 6.

Proof. Consider the length-reducing rewriting rules UU — 60U, ee — de, UeU — «U. Every word
in U, e reduces to a linear combination of words containing none of UU, ee, UeU. Such an irreducible
word has length at most three: after excluding UU and ee, a word is alternating, and every alternating
word of length at least four contains UeU. Hence the only irreducible words are 1, U, e, Ue, eU, eUe.
Thus these six elements span.

It remains to verify uniqueness of the reduction. Since every rule strictly reduces word length,
termination is immediate. The only overlap ambiguities are UUU, eee, UUeU, UeUU, UeUeU.
Both reductions of UUU give 6*U, both reductions of eee give 8%e, both reductions of UUeU and
UeUU give 6kU, and both reductions of UeUeU give k*U. Thus all critical overlaps are resolvable.
The terminating rewriting system is therefore confluent, so the irreducible words give unique normal
forms. Consequently the six spanning elements are linearly independent and form a basis. m|

The multiplication table with respect to this basis is as follows:
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1 U e Ue eU

1 U e Ue eU

U 60U Ue 0Ue kU «Ue
e eU e W deU oW
Ue|Ue kU 06Ue kUe o6xkU okUe
eU|eU 06eU W OW «keU kW
W W keU oW kW okeU o6kW

w
w

o T —| -

Theorem 3.10 (Derivations of B,). Assume 6 # 0. Let D € Der(B,). Then D is uniquely determined
by D(U) and D(e), and these elements have the following form.

First, we have D(U) = aU + bUe + c eU, where 6a + k(b + ¢) = 0.

If6 #0, then D(e) =rUe + seU + tW, where r + s + 0t = Oandk(eé—K)(l% —t) =0.

If6 =0, then D(e) = he + r(Ue — eU) + tW, where K(h +kt = 5(b+ c)) =0.
Conversely, every assignment D(U), D(e) satisfying the above conditions extends uniquely to a
derivation of B,.

Proof. Let D(U) = ayg 1 +a,U+aze+asUe+aseU+asW and D(e) = by 1+b,U+bye+bsUe+bselU +bsW.
Since D is a derivation, it must satisfy the three derived defining relations

DU)U + UDU) = 6D(U), (3.8)
D(e)e + eD(e) = 6D(e), 3.9
D(U)eU + UD(e)U + UeD(U) = kD(U). (3.10)

Using the multiplication table, (3.8) gives ap = 0, a, = 0, as = 0, and 8a; + «(az + a4) = 0. Thus
D(U) = a;U +azUe + ageU. Writing a = a;, b = as, ¢ = a4, we obtain D(U) = aU +bUe + ceU, Ha +
k(b+c)=0.

Next, applying (3.9), again using the multiplication table, gives —6by = 0,—-6b; = 0,2by + 6b, =
O,bl =0, andb3 +b4 +(5b5 =0.

If 6 # 0, these equations imply by = by = b, = 0 and b3 + by + 6bs = 0. Hence D(e) = bsUe +
byeU + bsW. Writing r = b3, s = by, t = bs, we get D(e) = rUe + seU +tW, r + s+ 6t = 0.

If 6 = 0, the same equations give by = 0,b; = 0, b3 + by = 0. Thus D(e) = bye + b3(Ue —eU) + bsW.
Writing h = b,, r = b3, t = bs, we get D(e) = he + r(Ue — eU) + tW.

It remains to impose the blob relation (3.10). Substitution of the abovementioned forms into (3.10)
gives the single additional scalar condition k (a + 6(b + ¢) + b, + 6(b3 + by) + kbs) = 0.

When 6 # 0, we have b, = 0 and b3 + by = —6bs. Using also a = —4(b + ¢), the additional condition
becomes k(06 — ) (’% - b5) = 0. This is exactly x(66 — k) (% - t) =0.

When 6 = 0, we have b, = h, b3 + by = 0, bs = t. The additional condition becomes
k(h+xt = b +0) =0.

Therefore every derivation has the asserted form.

Conversely, if D(U) and D(e) have the stated form and satisfy the stated scalar conditions, then the
three derived relations D(U)U + UD(U) = 6D(U), D(e)e + eD(e) = 6D(e), and D(U)eU + UD(e)U +
UeD(U) = «kD(U) hold. By the extension criterion, this assignment extends uniquely to a derivation of
B,. This completes the proof. O
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Proposition 3.11 (Inner derivations of B,). Assume 6 # 0. Let x = xo 1 + x,U + x2¢ + x3Ue + x4eU +
xsW € B,. Then the inner derivation ad, is given on generators by

ad (U) = xp(eU — Ue) + x3(kU — QUe) + x4(—kU + Bel) + xsx(eU — Ue),
ad,(e) = xy(Ue — eU) + x35(6Ue — W) + x4(W = del).

Moreover, we have dimg Inn(B,) = 3.

Proof. The displayed formula follows by direct multiplication: ad,(U) = xU — Ux, ad,(e) = xe — ex.
Using the multiplication table gives the two asserted expressions.

Since 1 is central, the coefficient x, does not affect ad,. Direct calculation also gives
ad,y = —ady, +0ad, +dady, ady = kad, . Hence every inner derivation lies in spang{ad,, ad;, ady.}.
These three derivations are linearly independent when 6 # 0. Indeed, if @ad, +Bady +yady, = 0,
then evaluation at U gives a(eU — Ue) + y(kU — Ue) = 0. By Lemma 3.9, the coefficients of eU and
Ue force @ = y = 0 because 6 # 0. Evaluation at e then gives S(Ue — eU) = 0, so § = 0. Therefore
dimg Inn(B,) = 3. O

Corollary 3.12 (Outer derivations in rank two). Assume 6 # 0. Then the dimensions of Der(B,),
Inn(B,), and HH'(B,, B,) = Der(B,)/Inn(B,) are as follows:

Parameters dimg Der(B,) | dimg Inn(B,) | dimg HH'(B,, B,)
0#0, k#0, k #65 3 3 0
00, k=0 4 3 1
00, k=60 4 3 1
0=0,k#0 4 3 1
0=0,k=0 5 3 2

In particular, every derivation of B, is inner in the generic case 6 # 0, k # 0, k # 00. In the exceptional
cases listed above, non-inner derivations occur.

Proof. The dimensions of Der(B,) follow immediately from Theorem 3.10 by counting the free scalar
parameters in each case. Proposition 3.11 gives dimg Inn(B,) = 3. Therefore dimg HH 1(B,,B,) =
dimg Der(B,) — dimg Inn(B,), which gives the stated table. O

Remark 3.13. The rank-two calculation shows why the non-semisimple case must be treated with care.
The old claim that all derivations of B, are inner for arbitrary 6 and k is not correct. Innerness holds
in the generic rank-two case, but exceptional parameter values produce genuine outer derivations.

4. Action on standard modules

Let B = B,. Let {c5, | 1 € A, S,T € T(2)} be a cellular basis of B. For 1 € A, define B*! =
spang{cg . | 4 < A}, B*' = spang{c; | u < A}. Thus B*' ¢ B=!, and the quotient J, = B=!/B*' is
called the A-cell quotient.

Let A(1) denote the standard, or cell, module corresponding to 4. We write its basis as
{cg | § € T7(A)}. The action of B on A(4) is determined by the cellular multiplication rule
acsgr = Ysiera ta(S',8)cg,  (mod B<Y), where the coefficients r,(S’,S) € F are independent of 7.
Hence ac} = Ygrero ra(S’, S)ct,.
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4.1. Induced map on the cell quotient

A derivation D € Der(B) is called cellular if D(B=') € B=* and D(B**) € B** (1 € A). Thus a
cellular derivation preserves the cellular filtration.

Proposition 4.1. Let D € Der(B) be a cellular derivation. Then, for every A € A, the formula Di(x +
B*') = D(x) + B<' (x € B=") defines a well-defined F-linear map Dy : Jy —> J,. Moreover, D,(aé) =
D(a)é +aD,(&) (a € B, & € J)).

Proof. Suppose that x + B<* = y + B**, Then x — y € B**. Since D is cellular, we have D(x — y) € B\,
Therefore D(x) + B! = D(y) + B<*. Thus D, is well defined.

Now leta € B and let ¢ = x + B! € J,. Since J, is a left B-module, we have a& = ax + B**. Hence
D(aé) = D(ax) + B<*. Using the Leibniz rule in B, we obtain D(ax) + B! = D(a)x + aD(x) + B\
This is exactly D(a)¢ + aD,(&€). The proof is complete. O

Remark 4.2. The map D, is naturally defined on the cell quotient J,. It does not automatically define
a map on the standard module A(A). To obtain a map on A(A), an additional compatibility condition is
required.

4.2. D-connections on standard modules

Let p, : B — Endr(A(1)) be the representation afforded by the standard module A(1).

Definition 4.3. Let D € Der(B). An F-linear map V, : A(1) — A(Q) is called a D-connection on A(A1)
if Va(av) = D(a)v +aV,(v) (a € B, v € A(1)). Equivalently, V p,(a) — p,(a)V, = p.(D(a)) (a € B).

Since B is generated by Uy, ..., U,_1, e, it is enough to verify V 0,(U;) —p,(U;))V, = p(D(U))) (1 <
i <n-—1)and V,p0,(e) — pa(e)V, = pa(D(e)).

Proposition 4.4. Let D € Der(B) be cellular. Fix Ty € 7 (A). Suppose that for every S € T (A) there
exist scalars dy(S’,S) € F such that D(c§7,) = Ysreryda(S’,8)c§, z, (mod BY). Then the formula
Valcd) = Ygreroy da(S’, S)ct, defines a D-connection on A(Q).

Proof. Let a € B. By the cellular multiplication rule, we have ac§; = Yger a(R,S)cky,
(mod B*Y). Applying D and using the cellularity of D, we  obtain
D(a)cg 7, + aD(¢5 1) = Ygern TR, S)D(ck 7) (mod B<Y). Passing to the standard module gives
D(a)ct + aVi(cd) = Valacd). Therefore V,(acy) = D(a)ct + aVa(c}) for every basis vector cg. By
linearity, the same identity holds for every v € A(1). Hence V, is a D-connection. O

4.3. The cellular bilinear form and radical stability

Let ¢, : A) X A(d) — F be the cellular bilinear form. It is characterized by
s 7Chy = ¢a(ct. c)csy, (mod B<Y). The radical of A1) is

rad A1) = {v € AD) | ¢(v,w) = O for all w € A(1)}. Whenever ¢, # 0, the corresponding simple
module is L(A) = A(1)/ rad A(A).

Lemma 4.5. For all a € B and v,w € A(A), one has ¢,(av,w) = ¢,(v, (a)w), where v is the cellular
anti-involution.
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Proof. It is enough to prove the identity of the basis elements. Let v = ¢ and w = ¢}. By the

cellular multiplication rule, the coefficients describing the action of a on the first variable are the same
as the coeflicients describing the action of «(a) on the second variable, because L(Cfgl’T) = c‘T,S. Therefore
palact, c}) = ¢i(ct, a)c}). By bilinearity, the result follows for all v, w € A(Q). m]

Theorem 4.6. Let D € Der(B), and suppose that A(A) admits a D-connection V, : A(1) — A(Q).
Then V, (rad A(1)) € rad A(Q) if and only if $,(V,r,w) = 0 (r € rad A(1), w € A(Q)). In particular, the
stronger identity ¢,(V,v,w) + ¢,(v, Vaw) = 0 (v, w € A(Q)) implies V (rad A(1)) C rad A(Q).

Proof. By definition, we have r € rad A(1) if and only if ¢,(r,w) = 0 (w € A(Q)). Therefore V,r €
rad A(Q) if and only if ¢,(V,r,w) = 0 (w € A(1)). This proves the equivalence.

Now assume that ¢,(V,v,w) + ¢,(v,V,w) = 0 (v,w € A(1)). Let r € rad A(1). Then ¢,(r,V,w) =
0 (w € A(Q)). Hence ¢,(V, r,w) = —¢,(r,V,w) = 0. Thus V,r € rad A(1). Therefore, the radical is
V ,-stable. O

Theorem 4.7. Assume that Dot = 1o D. Let V, : A(1) — A(Q) be a D-connection. Define yr, : A(1) X
A(D) — Fby ya(v,w) = ¢a(Vav, w) + ¢a(v, Vaw). Then ya(av, w) = y,(v,a)w) (a € B, v,w € A(1)).
Thus W, is a contravariant bilinear form on A(Q).

Proof. Leta € B and v,w € A(1). Since V, is a D-connection, V,(av) = D(a)v + aV(v). Therefore
Yalav,w) = ¢ (D(a)v,w) + ¢(aV,(v),w) + ¢a(av, V,(w)). Using Lemma 4.5, we get ¢, (D(a)v,w) =
Pa(v, (D(@)w), pa(aVa(v), w) = $(Va(v), a)w), and ¢, (av, Vi(w)) = ¢a(v, (a)Va(w)). Since D o ¢ =
toD, we have «(D(a)) = D(«(a)). Thus ¥ (av, w) = ¢, (v, D(t(a))w)+ ¢,(V,(v), (a)w) + (v, t(a)V ,(w)).
Again using the D-connection rule, we have V, («(a)w) = D(«(a))w + 1(a)V (w). Hence ¥, (av,w) =
D,(V(v), la)w) + ¢,(v, V,(«(a)w)). This is precisely (v, tc(a)w). The theorem follows. O

Remark 4.8. The condition D o1 = 1 o D is an equivariance condition: the derivation commutes with
the cellular anti-involution. For the blob algebra, ( is diagrammatic reflection, so the condition says
that differentiating and reflecting give the same result. It should not be confused with any claim that D
“acts trivially on the structure constants” of the cellular basis. The proof of Theorem 4.7 uses only the
equivariance identity «(D(a)) = D(«(a)) together with contravariance of ¢,.

Corollary 4.9. Assume that D ot = 1o D. Let V, be a D-connection on A(1). Suppose that the space
of contravariant bilinear forms on A(A) is one-dimensional and is spanned by ¢,. Then there exists a
scalar x (D, V) € F such that ¢,(V v, w)+@,(v, V,w) = x1(D, V)d(v,w) (v,w € A(1)). Consequently,
we have V ,(rad A(1)) C rad A(Q). In particular, if x (D, V,) = 0, then V, is skew-adjoint with respect
to ¢/l'

Proof. By Theorem 4.7, the bilinear form ¥, (v,w) = ¢,(V,v,w) + ¢.(v, V,w) is contravariant. By
assumption, the space of contravariant bilinear forms on A(1) is one-dimensional and spanned by ¢,.
Therefore, there exists a scalar y,(D, V,) € F such that ¥, = (D, V,)¢,. Equivalently, ¢,(V,v,w) +
G2(v, Vaw) = xa(D, V)éa(v, w).

Let r € rad A(1). Then ¢,(r,w) = 0 (w € A(Q)). Substituting v = r, we get g (Vr,w) + ¢ (r, V,w) =
XA(D,V)d,(r,w). The second term on the left is zero, and the right-hand side is also zero. Therefore
d,(V,r,w) =0 (w € A(1)). Hence V,r € rad A(1). Thus the radical is V -stable.

If x.(D,V,) =0, then ¢,(V,v,w) + ¢,(v, V,w) = 0, so V, is skew-adjoint with respect to ¢,. O
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4.4. Descent to simple modules

Theorem 4.10. Assume ¢, # 0, so that L(1) = A(1)/ rad A(Q) is the corresponding nonzero simple
module. Let D € Der(B), and suppose that A(1) admits a D-connection V, : A(1) — A(A). Then V,
descends to a well-defined F-linear map 64 : L(1) — L(A) given by 6,1(v+rad A(Q)) = V (v)+rad A(Q)
if and only if V ;(rad A(1)) C rad A(1). When this condition holds, one has gﬂ(aﬁ) = D(a)17+a§1(§) (a e
B, v e L(1)).

Proof. A linear map on a vector space descends to the quotient by a subspace if and only if that
subspace is invariant under the map. Hence V, descends to L(2) if and only if V,(rad A(1)) C rad A(Q).

Assume that this condition holds. Then the formula gﬁ(v + rad A(1)) = V,(v) + rad A(Q) is well
defined. Let v = v + rad A(1). Using the D-connection rule on A(1), we obtain @(a?) = 6,1(01\/ +
rad A(1)) = V(av) + rad A(2) = D(a)v + aV (v) + rad A(1) = D(a)v + cﬁﬂ(x_/). This proves the quotient
Leibniz rule. ]

Remark 4.11. The descent of a D-connection to a simple module is not automatic from the cellularity
of D. One first needs a D-connection on the standard module A(1), and then one must verify that the
radical rad A(A) is stable under this connection.

5. Outer derivations in the fully degenerate case

In this section, we consider the fully degenerate parameter regime 6 = « = 0. We write BY =
B,.(g,0,0). Thus the blob generator satisfies ¢*> = 0, U;eU; = 0, and eU; = Uje 2 < i < n - 1).
Throughout this section we assume that g is not a root of unity. Hence the Temperley—Lieb subalgebra
T,=TL,=(Uy,...,U, ) is semisimple.

The purpose of this section is to explain how outer derivations arise in the degenerate case. We first
give a general reduction, and then we give a complete calculation in rank two.

5.1. Reduction to derivations vanishing on the Temperley—Lieb part

Let D € Der(B?). Its restriction to T, is a derivation D|7, : T, — B°, where B? is regarded as a T,-
bimodule by left and right multiplication. Since T, is semisimple, it is separable over F. Consequently,
we have HHY(T,,, M) = 0 for every T,-bimodule M. In particular, for M = Bg, there exists an element
ac€ BS such that D(x) = [a, x] (x € T},). Therefore, after replacing D by D — ad,, we may assume that
DWU)=0(1<i<n-1).

Thus every outer derivation class has a representative which vanishes on the Temperley—Lieb
generators. Such representatives are controlled by the possible values of D(e).

Lemma 5.1. Let D € Der(B°) satisfy D(U;) = 0 (1 <i <n—1). Put x = D(e). Then x € B satisfies

xe +ex =0, (5.1
U,xU, =0, (5.2)
xU;=Ux,2<i<n-1. (5.3)

Conversely, if x € BY satisfies (5.1)~(5.3), then the assignment D (U;) =0 (1 <i<n-1), Di(e) = x
extends uniquely to a derivation of BY.
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Proof. Assume first that D € Der(B°) and that D(U;) = 0 for every i. Since ¢ = 0, we get 0 = D(e?) =
D(e)e + eD(e). Thus xe + ex = 0. Next, applying D to U,;eU; = 0 gives D(U,)eU, + U;D(e)U, +
U,eD(Uy) = 0. Since D(U,) = 0, this becomes U;xU; = 0. Finally, applying D to eU; = Uje (2 <i <
n—1) gives D(e)U; + eD(U;) = D(U;)e + U;D(e). Again using D(U;) = 0, we obtain xU; = U;x.
Conversely, suppose that x € BY satisfies (5.1)~(5.3). Define D(U;) =0(1 <i<n-1), D,(e) = x.
The derived defining relations of the blob algebra are then satisfied. Indeed, the Temperley—Lieb
relations are automatically preserved because D (U;) = 0. The relation ¢ = 0 gives precisely xe+ex =
0. The relation U eU; = 0 gives precisely U;xU, = 0. The relations eU; = U,e for i > 2 give precisely
xU; = U;x. Therefore, by the extension criterion for derivations (Theorem 3.1), the assignment extends
uniquely to a derivation of BY. O

Define the vector space N,, = {x € BS | xe+ex =0, UjxU; =0, xU; = U;xfor2 <i <n-1}. Then
Lemma 5.1 gives an isomorphism between N, and the space of derivations of B? which vanish on 7.

Let C, = Cp(T,) = {z € BY | zt = tz forallt € T,} be the centralizer of the Temperley—Lieb
subalgebra in BS. If z € C,, then the inner derivation ad, vanishes on 7, and ad,(e) = ze — ez. Thus the
relative inner derivations correspond to the subspace [C,, e] = {ze —ez |z € C,} C N,.

Theorem 5.2. Assume that q is not a root of unity. Then every class in Out(Bg) = Der(BB)/ Inn(Bg)
has a representative D, satisfying D,(U;)) =0(1 <i<n-1), D.(e) = x for some x € N,,. Moreover,
Out(Bg) = N, /IC,, e] as E-vector spaces.

Proof. Let D € Der(B°). As argued before the lemma, the restriction D|7, is a derivation of T, with
values in the 7,-bimodule BS. Because T, is semisimple and F has characteristic zero, the algebra 7,
is separable, and therefore its Hochschild cohomology HH' (T, BS) vanishes. Hence there exists an
element a € B? such that D(r) = [a,1] (¢ € T,). Thus the derivation D’ = D — ad, vanishes on T,,. By
Lemma 5.1, D" = D, for some x € N,. This shows that every outer class contains a representative of
the required form.

Now define a linear map @ : N, — Out(B%), ®(x) = [D,] = D, + Inn(B%). We claim that ® is
surjective and that its kernel is exactly [C,, e].

Surjectivity. Given an outer class [D], pick D, as above. Then [D] = [D,] = ®(x). Hence @ is
surjective.

Kernel. Suppose ®(x) = 0. Then D, is inner, so there exists z € BY with D, = ad,. Since D,
vanishes on T, we have [z,¢] = Oforallt € T,, i.e., z € C,. Evaluating at e yields x = D,(e) = ad,(e) =
ze —ez € [C,, e]. Conversely, if x = ze — ez with z € C,, then D, = ad, is inner, so ®(x) = 0. Therefore,
ker® = [C,, e].

By the first isomorphism theorem, we have Out(Bg) = N,/[C,, e]. This completes the proof. O

Remark 5.3. Theorem 5.2 is the correct general statement. One should not claim that Out(B) is
always three-dimensional without an explicit computation of both N, and the centralizer C,. In
particular, the element eU, e is not forced to be zero by the defining relations when 6 = k = 0. Hence
the separate maps defined by e — U,e and e — eU, are not, in general, derivations. The correct
rank-two calculation is given below.
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5.2. The rank-two fully degenerate case

We now give a complete calculation for Bg = By(¢,0,0). Put & = [2], = g + g '. Since g is
not a root of unity, we have § # 0. Write U = U,. Then B) is generated by U and e, with the
defining relations U? = 0U,¢* = 0,UeU = 0. By Lemma 3.9, specialized to 6 = « = 0, a basis is
B=A{1,Ue,Ue,eU W}, W=cUe.

Theorem 5.4. Every derivation D € Der(Bg) is uniquely of the form D(U) = bUe + ceU, and D(e) =
he+r(Ue—eU)+tW,where b,c,h,r,t € F. Hence dimg Der(Bg) =5.

Proof. Let D(U) = ag 1 +a,U+aze+asUe+aseU+asW and D(e) = by 1+b,U+bre+bsUe+bselU +bsW.

Since U? = 60U, applying D gives D(U)U + UD(U) = §D(U). Using the basis B and the relations
U? = 60U, ¢> =0, UeU = 0, one obtains ag = 0, a; = 0, a = 0, as = 0. Therefore D(U) =
azUe + aseU. Put b = az, ¢ = a4. Thus D(U) = bUe + ceU.

Next, since e* = 0, applying D gives D(e)e+eD(e) = 0. Expanding this identity in the basis B yields
by =0, by =0, bs + by = 0. Therefore D(e) = bye + b3(Ue — eU) + bsW.Put h = by, r = b3, t = bs.
Then D(e) = he + r(Ue — eU) + tW.

Finally, applying D to UeU = 0 gives D(U)eU + UD(e)U + UeD(U) = 0. Substituting the above
expressions for D(U) and D(e), every term contains either e?> or UeU, and hence the identity is
automatically satisfied. Thus every derivation has the displayed form.

Conversely, any assignment D(U) = bUe + ceU, D(e) = he + r(Ue — eU) + tW satisfies the derived
relations coming from U? = 0U, ¢ = 0, UeU = 0. Hence, by the extension criterion, it extends
uniquely to a derivation of Bg. The five scalars b, ¢, h, r, t are free, so dimg Der(Bg) = 5. m]

Proposition 5.5. The inner derivations of Bg form a three-dimensional subspace of Der(Bg). More
precisely, they are spanned by ad,, ady, and ady, . Their values on the generators are ad,(U) = eU —
Ue, ad.(e) =0,ady(U) =0, ady(e) = Ue —eU, and ady.(U) = —0Ue, ady.(e) = —W. Consequently,
we have dimz Inn(BY9) = 3.

Proof. The abovementioned formulas follow directly from ad,(y) = xy — yx and the defining relations
U? = U, > = 0, UeU = 0. Consider, ad,(U) = eU — Ue, and ady(e) = Ue — eU. Moreover,
ady.(U) = UeU — U*e =0 —0Ue = —QUe, and ady,.(e) = Uee —eUe =0 - W = —W.

These three inner derivations are linearly independent. Indeed, ad, is the only one among them with
a nonzero value eU — Ue on U, ady is the only one with a nonzero Ue — eU component on e and zero
value on U, and ady, has a nonzero W-component on e. Therefore dimg Inn(Bg) > 3. On the other
hand, direct expansion of ad, for x = xo 1 + x;U + xye + x3Ue + x4eU + xsW shows that every inner
derivation is a linear combination of these three. Hence dimg Inn(Bg) = 3. |

Theorem 5.6. For the fully degenerate rank-two blob algebra Bg = B,(q,0,0), one has dimg Out(Bg) =
2. A basis of Out(Bg) is represented by the two derivations 0., 0, defined by 0,(U) = 0, 0,(e) = e, and
0,(U) =0, 02(e) =W =eUe.

Proof. By Theorem 5.4, we have dimg Der(BY) = 5. By Proposition 5.5, we have dim Inn(B9) = 3.
Therefore dimz Out(B)) = dimg Der(BY) — dimg Inn(B)) = 2.

It remains to identify convenient representatives. By Theorem 5.4, a derivation is given by D(U) =
bUe + ceU, D(e) = he + r(Ue — eU) + tW. The inner derivations ad, and ady, allow us to remove
the Ue and eU components of D(U), while ady removes the Ue — eU component of D(e). Thus
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every outer class has a representative of the form D(U) = 0, D(e) = he + tW. The two choices
(h,t) = (1,0) and (h,t) = (0,1) give the derivations d; and d,. To see directly that these classes
are non-inner, let x = xol + x,U + x2e + x3Ue + x4eU + xsW and suppose that ad,(U) = 0. Using
Proposition 3.11 with 6 = x = 0, comparison of the Ue- and eU-coefficients gives x3 = x; = —7.
Substitution in ad,(e) then yields ad,(e) = x;(Ue —eU). Thus every inner derivation that vanishes on U
takes e into F(Ue — eU), whereas e and W are linearly independent from that subspace by Lemma 3.9.
Hence the classes of d; and 0, are linearly independent in Out(Bg). Since the outer derivation space

has dimension two, they form a basis. O

5.3. Lie algebra structure in rank two

Theorem 5.7. The Lie algebra Out(Bg) is two-dimensional and non-Abelian. If [0;] denotes the class
of 0; modulo inner derivations, then [[01],[0>]] = [0>] # O.

Proof. By Theorem 5.6 and Proposition 3.6, we have Out(Bg) = F[0,] & F[0,], where [0;] denotes
the class of d; modulo inner derivations. For brevity, the displayed direct sum uses the conventional
notation F[0;] for the span of that class. The chosen representatives satisfy 0,(U) = 0, di(e) = e,
and 0,(U) = 0, 0,(e) = W = eUe. We compute their commutator in Der(Bg). Since both derivations
vanish on U, their commutator also vanishes on U. Moreover, [01, 0,](e) = 01(0,(e)) — 0,(01(e)). Now
0,(e) = W = eUe. Using 0;(U) = 0 and 0;(e) = e, we get 0;(W) = 0,(eUe) = 01(e)Ue + ed(U)e +
eUd|(e) = eUe+eUe = 2W. We also have, 0,(9;(e)) = d,(e) = W. Therefore [0;,05](e) = 2W-W = W.
Thus in Der(Bg), [01,0,] = 0,. Since 0, is outer (not inner), its class in Out(Bg) is non-zero. Hence
the induced bracket on the quotient satisfies [[0;], [02]] = [02] # 0 in Out(Bg). Therefore Out(Bg) 1S
non-Abelian, with the given bracket. O

6. Transfer to the Deguchi-Martin quotient

Alotaibi’s basis correspondence is proved over C. In this section, whenever that correspondence is
invoked we therefore assume F = C, or, more generally, that a compatible base change has been fixed
so that the same canonical bases and basis bijection are available over F.

In this section, we explain what can, and what cannot, be transferred from the blob algebra to the
Deguchi-Martin quotient. The main point is that a combinatorial bijection between cellular bases
transfers vector-space data and standard-module data, but it does not by itself transfer the algebra
derivations. For derivations, one needs either an algebra homomorphism or a derivation of the Hecke
algebra which preserves the defining ideal of the quotient.

6.1. Combinatorial correspondence in the (1|1)-case

Let H,(g) be the Hecke algebra of type A,_;, and let H," denote the Deguchi—Martin quotient in
the (1]1)-case. Let 7 : H,(q) — H!'! be the canonical quotient map.

In the (1|1)-case, the cell modules of H!'! are indexed by the hook partitions A = (r, 1"™"), 1 < r < n.
The corresponding blob-algebra label is t = #(1) = n+1-2r. Thust € A,y = {n—-1,n-3,...,3-n,1-
n }. We denote the corresponding blob cell module by A,_;(#), and the corresponding Deguchi—Martin
cell module by R/.

The cellular bases of these two modules are indexed by the same combinatorial objects. More
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precisely, the canonical half-diagram basis of A,_;(7) is in bijection with the standard word basis of R?.
We write this bijection as @, : A,_ () — R/.

Theorem 6.1 (Alotaibi’s basis correspondence). Let A = (r, 1"") and t = n+1—2r. Then the canonical
basis of the blob cell module A,_(t) is in bijection with the canonical word basis of the Deguchi—
Martin cell module R!. Consequently, this basis bijection extends uniquely to a F-linear isomorphism
®,: A, (1) — R

Proof. The basis bijection is Alotaibi’s Theorem 3.4.1 [13], with the parameters related by ¢ = n+1-2r.
Under the field convention stated at the beginning of this section, extending the basis bijection linearly
gives the asserted F-linear isomorphism. No algebra-isomorphism assertion is used here. O

Remark 6.2. The map ©, is a vector-space isomorphism between cell modules. It is not, by itself,
an algebra isomorphism between the blob algebra and the Deguchi—Martin quotient. Therefore, one
cannot define a derivation of Hy' merely by conjugating a derivation of the blob algebra through ®,.
For that, an actual algebra map is required.

6.2. Descent of derivations to the Deguchi—Martin quotient

We now state the correct quotient-level derivation result. Let /; ; = ker  be the defining two-sided
ideal of the Deguchi—Martin quotient H,"' = H,(¢)/1; .

Theorem @3. Let d : H,(q) — H,(q) be an F-linear derivation. Then d i_nduces a well-defined
derivation d : H"' — H!'' if and only if d(1,;) € 11,. In that case, we have d(n(h)) = n(d(h)) (h €
Ha(q)).

Proof. Assume first that d(/,;) € I;;. Define E(R(h)) = m(d(h)). We show that this is well defined.
Suppose that w(h) = n(h’). Then h — k" € I, ;. By the hypothesis, d(h — h’) € I, ;. Therefore n(d(h)) =
n(d(h")). Hence d is well defined.

For hy,h, € H,(q), we have d(n(h\)n(hy)) = d(n(hihy)) = n(d(h hy)). Since d is a derivation,
we have d(h hy) = d(h))hy + hid(hy). Thus d((h))(h,)) = 7(d(h)n(hy) + 7(h)r(d(h,)). Therefore
d(ab) = d(a)b + ad(b) (a,b € H'"). Hence d is a derivation.

Conversely, suppose that d induces a well-defined derivation d : H' — H' with E(Tl’(h)) =
n(d(h)). If x € I, then m(x) = 0. Hence 0 = 3(0) = E(N(x)) = n1(d(x)). Therefore d(x) € I;;. Thus
d(l;1) € I,;. This proves the equivalence. O

6.3. Transport through an algebra isomorphism

The previous theorem concerns derivations of the Hecke algebra which descend to the Deguchi—
Martin quotient. We now record the separate situation in which a derivation of a blob algebra can be
transported to the Deguchi—Martin quotient.

Suppose there is an algebra isomorphism ¥ : B — H,"', where B is the appropriate blob-algebra
realization of the (1|1)-sector. Then any derivation of B can be transported to H,,l’l.

Theorem 6.4. Let ¥ : B — H\"' be an algebra isomorphism. If D € Der(B), then D¥ =¥ o D o ¥~!
is a derivation of H,"'. Moreover, if D is inner, then DY is inner.
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Proof. Leta,b € H'''. Put x = ¥ (a), y = ¥~'(b). Then D¥(ab) = ¥DY¥Y ' (ab) = ¥D(xy). Since
D is a derivation, we have D(xy) = D(x)y + xD(y). Therefore D¥(ab) = ¥(D(x)y + xD(y)). Using the
fact that W is an algebra homomorphism, we obtain D¥(ab) = ¥(D(x))¥(y) + ¥(x)¥(D(y)). Hence
D¥(ab) = D¥(a)b + aD¥(b). Thus DY is a derivation.

Now suppose that D = ad, for some u € B. Then, for a € H,i’l, we have D¥(a) = PY(u¥ ' (a) -
Y (@)u) = P(u)a — a¥(u). Hence D¥ = ady, . Therefore, inner derivations are transported to inner
derivations. |

Remark 6.5. Theorem 6.4 requires an actual algebra isomorphism. The basis bijection of Theorem 6.1
is not sufficient for this purpose. Moreover, the existence of such an isomorphism is not asserted here
for arbitrary 6,«. The small-rank algebra isomorphisms studied in [13] use a specific normalization
and specific parameter values; any application of the theorem must first match those parameters with
the presentation of B,(q, 6, k) used in this article.

6.4. Transport of D-connections on standard modules

A basis bijection alone does not transport algebra derivations. The following statement records the
precise additional hypotheses under which a connection can be transported.

Theorem 6.6. Let ¥ : B— H,)"' be an algebra isomorphism and let D € Der(B). Putd = WoDo¥™! €
Der(H'"). Assume that @, : A,_1(f) — R! is an F-linear isomorphism which intertwines the module
actions, namely

DO,(bv) = Y(b)DP,(v) (b e B, veA,(b)). (6.1)

IfV, : A,_1(t) — A,_1(t) is a D-connection, then FVVA =®,0V;o0 (I);l is an d-connection on Rﬁ;
equivalently, V,(aw) = ;l(a)w +aV,(w) (a € H,ll’l, w € RY.

Proof. Leta € H' andw e R*. Since ¥ and ®, are surjective, write a = P(b), w = ®,(v) for some
be Bandv e A,_(r). By (6.1),

Vilaw) = ©,V,07 (P(b)D,(v))
= O (Va(by)).

Because V, is a D-connection, V,(bv) = D(b)v + bV ,(v). Applying ®, and using (6.1) twice gives

Valaw) = ¥(D(B)D(v) + P(B)D(V,4(v))
= d(P(b)w + aV ,(w)
= c_l(a)w +aV Aw).

Hence V, is an d-connection. O

6.5. Compatibility with cellular bilinear forms and radicals

Let ¢, : A,_1(t) X A,_1(t) — F be the cellular bilinear form on the blob cell module, and let
¢, : R x R — F be the cellular bilinear form on the Deguchi—Martin cell module.
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PrOpOSItlon 6.7. Assume that the basis bijection ®, identifies the cellular Gram matrices of ¢, and
(m up to a nonzero scalar. That is, assume that there exists v, € F* such that (]5,1((1)/1(\/) D, (w)) =
Yad (v, w) (v, w € A,_1(2)). Then @ (rad A,_;(r)) = rad R%.

Proof. Let v € rad A,_(¢). Then ¢,(v,w) = 0 (w € A,_(1)). For every z € R}, there exists w € A,_(f)
such that z = ®,(w). Hence %((I)A(v),z) = %(CD,I(V),(DA(W)) = y1¢,(v,w) = 0. Thus @,(v) € rad R..
Therefore ®,(rad A,_(f)) C rad R%.

Conversely, let z € rad Rfl. Write z = ®@,(v) for some v € A,_(t). For every w € A,_(¢), we have 0 =
G1(z, ©,(W)) = Pa(D,(v), D1(W)) = Yad,(v, w). Since vy, # 0, it follows that ¢,(v, w) = 0 (w € A,_1(7)).
Hence v € rad A, (?). Therefore z € ®,(rad A,_;(¢)). This proves the equality. O

Theorem 6.8. Assume the hypotheses of Proposition 6.7. Let V, : A,_1(t) — A,1(?) be a linear map,
and define Vy = ®, 0V, 0o ®;'. Then V (rad A, (1)) C rad A, (¢) if and only if V,(rad R}) C rad R..

Proof. By Proposition 6.7, we have ®,(rad A,_(¢)) = rad R}. Therefore, V, (rad A,_ (1)) C rad A,_(¢)
if and only if ®,V,®'(rad R}) C rad R}. Since V, = ®,V,®@;", the assertion follows. ]

6.6. Rank-three illustration

We finish with a rank-three illustration. Let n = 3. By the convention above, H31’1 = Hi(g),
because the obstruction (2,2) has size four. Its cell modules are indexed by the hook partitions
(3), (2,1), (1,1,1). For A = (r, 1>™"), the corresponding blob label for B, is t = 4 — 2r. Therefore the
correspondence is (3) «— -2, (2,1) «— 0, (1,1,1) «— 2.

Example 6.9. For n = 3, the basis bijection identifies the standard basis of each Deguchi—Martin cell
module with the standard basis of the corresponding blob cell module listed above. Hence a linear
operator on a blob cell module can be transported as a linear operator by conjugation with @,.

This basis-level transport must not be confused with transport of algebra derivations. Indeed,
H31’1 = Hs(q) is generated as an algebra by T, T),. Consequently, if
de Der(H31’1) satisfies d(Ty) = d(T,) = 0, then d = 0 on the whole algebra. In particular, no nonzero
derivation of H31’1 can simultaneously satisfy d(Ty) = d(T,) = 0 and take a nonzero algebra element to
itself.

Thus a blob derivation such as the rank-two outer derivation 0,(U) = 0, 0,(e) = e does not become
a derivation of H31’1 merely by transporting cell-module basis vectors. If an algebra isomorphism
¥Y:B — H31’1 is available for a specified normalization and parameter choice, then the correct
transported derivation is 8} =¥ 0 d; o ¥™', and its values on Ty, T, must be computed from the actual
formulas for Y=\ (T) and Y~'(T>). This is precisely the distinction between basis-level correspondence
and algebra-level transport.

7. Conclusions and future directions

This article presents a detailed investigation of derivations on the blob algebra B,(qg, ¢, ), with
particular emphasis on their structural and representation-theoretic aspects. By working directly from
the defining relations, we formulated a necessary and sufficient condition ensuring that a linear
assignment on generators extends to a derivation, thereby translating the Leibniz property into explicit
algebraic constraints.
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Whenever the algebra is semisimple, we established that every derivation is inner. Consequently,
the derivation space does not exhibit additional degrees of freedom beyond those induced by
commutators, aligning the behaviour of B, with that of classical semisimple algebras. A contrasting
picture emerges in the singular regime 6 = « = 0. In this setting, we provided a general reduction of
the outer derivation space and computed it completely in rank two, where it is two-dimensional and
non-Abelian. The correspondence with the centralizer of the Temperley—Lieb subalgebra offers a
conceptual understanding of this phenomenon and connects the analysis to first Hochschild
cohomology.

On the module-theoretic side, we formulated the precise fixed-right-index hypothesis under which a
cellular derivation induces a D-connection on a cell module. We then obtained criteria for preservation
of the cellular radical and for descent to simple quotients. For the Deguchi—Martin quotient, we kept
the combinatorial basis correspondence separate from algebraic transport: Hecke-algebra derivations
descend exactly when the defining ideal is stable; a blob-algebra derivation transports through an actual
algebra isomorphism; module connections transport when the algebra and module actions intertwine;
and radical stability transfers when the two cellular Gram forms correspond up to a nonzero scalar.

The developments in this paper suggest several avenues for further research.

(i) Computation of higher cohomology groups. An immediate extension of this work is the
determination of higher-degree Hochschild cohomology groups of the blob algebra. Such
calculations would provide an insight into extension classes and deformation obstructions
beyond the first level.

(i) Broader diagram algebra framework. It would be natural to apply similar methods to other
families of diagram algebras, including Brauer, partition, and Birman—Wenzl-Murakami
algebras. Investigating whether analogous outer derivation phenomena occur in these settings
could reveal common structural patterns.

(ii1)) Homological and categorical perspectives. A deeper understanding may be obtained by
interpreting derivations within derived or triangulated categories.  Exploring links with
quasi-hereditary structures and highest weight theory could unify these results within a broader
homological framework.

(iv) Physical interpretations. Given the origins of the blob algebra in lattice models of statistical
mechanics, it is worth exploring whether derivations correspond to meaningful transformations
of physical systems, such as perturbations of transfer matrices or symmetry operations.

(v) Modular and root-of-unity cases. The present work assumes an F of characteristic zero and
a ¢ that is not a root of unity. Extending the analysis to positive characteristic and to the case
where ¢ is a root of unity is an important direction; the algebra becomes non-semisimple in
new ways, and the cellular structure may change. The interplay among derivations, modular
representation theory, and the behaviour of the bilinear form in this setting could reveal additional
outer phenomena.

These perspectives indicate that the theory of derivations for blob algebras is not only structurally rich
but also closely connected to broader themes in modern algebra and mathematical physics.
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