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Abstract: This paper develops an incommensurate fractional-order susceptible-exposed-symptomatic
infectious-asymptomatic infectious-treated-recovered (SEIATR) model with compartment-specific
Caputo memory. We establish local well-posedness, positivity, boundedness, biological feasibility,
disease-free and endemic equilibria, and the basic reproduction number. Local stability is analyzed
through the rational-order incommensurate Matignon criterion. A componentwise multi-order L1
scheme is then used for simulation, refinement, and sensitivity analysis. Finally, a physics-informed
neural network is employed as a synthetic benchmark for hidden-state reconstruction, parameter
and order identification, residual checking, and short-horizon forecasting. The results show that
compartment-specific memory mainly affects peak timing, persistence, and treatment load, whereas
epidemiological rates govern amplification and threshold behavior.
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1. Introduction

Compartmental epidemic models are standard tools for describing disease transmission, equilibria,
threshold behavior, and intervention effects [1, 2]. Classical integer-order models are useful and
interpretable, but they assume that the future evolution of each compartment depends only on the
current state. This assumption can be restrictive when transmission, infection progression, treatment
response, and recovery involve memory or persistence effects.

Fractional-order models provide a nonlocal way to describe such effects. The Caputo derivative
is widely used in epidemic initial-value problems because it preserves classical initial conditions
while introducing memory through convolution kernels [3–5]. Most fractional epidemic models are
commensurate, meaning that the same order is imposed on all compartments. This simplification may
be restrictive when susceptible, exposed, infectious, treated, and recovered populations evolve with
different memory intensities.

Incommensurate and heterogeneous-memory fractional systems overcome this restriction by
assigning different orders or memory structures to different state variables. Representative applications
include COVID-19 dynamics and Hopfield neural networks [6, 7], Ebola and reaction–diffusion
infection models [8, 9], and computer-virus propagation [10, 11]. A related COVID-19 SIR study is
reported in [12]. Fractional epidemic studies on influenza, leishmaniasis, and related infection systems
further motivate memory-based modelling [13–15]. Nonlinear-dynamics and numerical studies support
threshold and sensitivity analyses [16–18].

From the analytical viewpoint, rational-order incommensurate fractional systems require stability
tools that differ from the classical integer-order eigenvalue test. The local stability of equilibria is
therefore formulated through the incommensurate Matignon criterion after rewriting the fractional
orders with a common denominator [19, 20]. This distinction is important because the epidemic
threshold and the fractional memory distribution play different roles: Epidemiological rates determine
invasion, while the compartment-specific orders affect transient timing and persistence.

This paper develops an incommensurate fractional susceptible-exposed-symptomatic
infectious-asymptomatic infectious-treated-recovered (SEIATR) model with Caputo orders
νS , νE, νI , νA, νT , and νR, assigned to the susceptible, exposed, symptomatic infectious, asymptomatic
infectious, treated, and recovered compartments, respectively. The main contributions are the
formulation of a compartment-specific memory SEIATR model, the proof of well-posedness and
biological feasibility, the derivation of the disease-free and endemic equilibria, the computation of the
basic reproduction number, the use of the rational-order incommensurate stability condition, and the
implementation of a multi-order L1 numerical scheme.

The paper also includes a physics-informed computational learning component based on the general
principle of physics-informed neural networks [21–23]. This component is used as a controlled
synthetic benchmark, not as empirical surveillance calibration. Its purpose is to test whether hidden
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states, epidemiological parameters, and fractional orders can be reconstructed consistently with the
governing multi-order SEIATR equations.

2. Preliminaries and multi-order SEIATR model

This section fixes the fractional notation and formulates the incommensurate SEIATR model. Let

X(t) = (S (t), E(t), I(t), A(t),T (t),R(t))>

denote the susceptible, exposed, symptomatic infectious, asymptomatic infectious, treated, and
recovered populations. The total living population is

N(t) = S (t) + E(t) + I(t) + A(t) + T (t) + R(t).

2.1. Caputo multi-order setting

For 0 < ν < 1, the Caputo derivative of an absolutely continuous function x is defined by [3–5]

CDν
t x(t) =

1
Γ(1 − ν)

∫ t

0
(t − s)−νx′(s) ds, t > 0.

The equivalent Volterra form of

CDν
t x(t) = f (t, x(t)), x(0) = x0,

is

x(t) = x0 +
1

Γ(ν)

∫ t

0
(t − s)ν−1 f (s, x(s)) ds.

In the incommensurate case, different equations may have different orders. We use

ν = (νS , νE, νI , νA, νT , νR), 0 < ν j < 1,

where j ∈ {S , E, I, A,T,R}. Thus,
CDν j

t X j(t) = F j(X(t)),

or equivalently

X j(t) = X j(0) +
1

Γ(ν j)

∫ t

0
(t − s)ν j−1F j(X(s)) ds.

The commensurate case is recovered when

νS = νE = νI = νA = νT = νR.

In the present work, at least two entries of ν are different. If the orders are rational,

ν j =
p j

q j
, gcd(p j, q j) = 1,

we set
M = lcm(qS , qE, qI , qA, qT , qR),

which will be used in the local stability criterion for incommensurate systems [19].
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2.2. Force of infection and model equations

Transmission is generated by I(t) and A(t). Symptomatic infectious individuals transmit with rate β,
while asymptomatic individuals have relative infectivity θA, 0 < θA ≤ 1. The standard-incidence force
of infection is [1, 2]

λ(t) = β
I(t) + θAA(t)

N(t)
.

The incommensurate fractional SEIATR system is

CDνS
t S = b − λS − dS ,

CDνE
t E = λS − (σ + d)E,

CDνI
t I = psσE − (κ + rI + d)I,

CDνA
t A = (1 − ps)σE − (rA + d)A,

CDνT
t T = κI − (rT + d)T,

CDνR
t R = rI I + rAA + rT T − dR.

(2.1)

Here b is the recruitment rate; d is the natural death rate; σ is the progression rate from exposure
to infectiousness; ps is the symptomatic fraction; κ is the treatment transfer rate; and rI , rA, and rT are
the recovery rates from I, A, and T , respectively. For compactness, define

KE = σ + d, KI = κ + rI + d, KA = rA + d, KT = rT + d.

The parameters satisfy

b > 0, d > 0, β > 0, σ > 0, κ ≥ 0, rI , rA, rT ≥ 0,

and

0 < ps < 1, 0 < θA ≤ 1.

The initial condition is

X(0) = X0 = (S 0, E0, I0, A0,T 0,R0)> ∈ R6
+, N(0) > 0. (2.2)

All rate coefficients are interpreted as effective rates after time normalization. Therefore, unless
empirical calibration is performed, the simulation time axis is reported in normalized time units rather
than calendar days.

3. Well-posedness of the multi-order model

This section proves that the proposed system is mathematically admissible. We establish local
existence and uniqueness first; positivity and boundedness are treated separately because the force of
infection is defined only when the total population is positive.
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3.1. Existence and uniqueness of solutions

Let
X(t) = (S (t), E(t), I(t), A(t),T (t),R(t))>

and write system (2.1) in the componentwise form

CDν j
t X j(t) = F j(X(t)), j ∈ {S , E, I, A,T,R}.

Define
U =

{
X ∈ R6 : N(X) > 0

}
, N(X) = S + E + I + A + T + R.

For η > 0, set
Uη = {X ∈ U : N(X) > η} .

On Uη, the denominator in λ(X) is bounded away from zero. Hence, the vector field F =

(FS , FE, FI , FA, FT , FR)> is continuously differentiable and locally Lipschitz.

Theorem 3.1. Let X0 ∈ U. Then, the incommensurate fractional system (2.1), together with the initial
condition (2.2), admits a unique local solution on some interval [0,T ].

Proof. Choose η > 0 such that X0 ∈ Uη. Since F is locally Lipschitz on Uη, there exist r > 0 and
constants M, L > 0 such that, for all X,Y ∈ Br(X0),

‖F(X)‖∞ ≤ M, ‖F(X) − F(Y)‖∞ ≤ L‖X − Y‖∞.

For T > 0, define
XT =

{
X ∈ C([0,T ],R6) : ‖X − X0‖∞ ≤ r

}
.

Using the Volterra form of Caputo systems [4, 5], define the operator T componentwise by

(TX) j(t) = X0
j +

1
Γ(ν j)

∫ t

0
(t − s)ν j−1F j(X(s)) ds.

Let
Cν = max

j∈{S ,E,I,A,T,R}

1
Γ(ν j + 1)

, νmin = min
j∈{S ,E,I,A,T,R}

ν j.

For 0 < T ≤ 1, we have
‖TX − X0‖∞ ≤ MCνT νmin .

Thus, T (XT ) ⊂ XT if
MCνT νmin ≤ r.

Similarly,
‖TX − TY‖∞ ≤ LCνT νmin‖X − Y‖∞.

Choosing T > 0 small enough so that
LCνT νmin < 1,

the operator T is a contraction on XT . Banach’s fixed-point theorem gives a unique fixed point of T .
This fixed point is the unique local solution of (2.1). �

The local solution can be extended as long as it remains bounded and the total population stays
positive. These two properties are addressed in the next subsections.
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3.2. Positivity of solutions

We prove that non-negative initial data generate non-negative trajectories. The argument uses the
quasi-positivity of the vector field on the boundary of the non-negative cone [4, 24].

Theorem 3.2. Let X0 ∈ R6
+ with N(0) > 0. Then, every local solution of (2.1) satisfies

S (t), E(t), I(t), A(t),T (t),R(t) ≥ 0

for all t in its interval of existence.

Proof. Let
F(X) = (FS , FE, FI , FA, FT , FR)>

be the vector field of (2.1). On the boundary hyperplanes of R6
+, one has

FS

∣∣∣
S =0

= b ≥ 0, FE

∣∣∣
E=0

= λS ≥ 0,

FI

∣∣∣
I=0

= psσE ≥ 0, FA

∣∣∣
A=0

= (1 − ps)σE ≥ 0,

FT

∣∣∣
T=0

= κI ≥ 0, FR

∣∣∣
R=0

= rI I + rAA + rT T ≥ 0.

Therefore, the vector field is quasi-positive on R6
+ ∩U.

Since F is locally Lipschitz on Uη for every η > 0, the invariance criterion for Caputo systems
implies that R6

+ is positively invariant. Hence, a solution starting from X0 ∈ R6
+ cannot leave the

non-negative cone. �

The positivity result also guarantees that, as long as the solution exists and N(t) > 0, the force of
infection λ(t) remains epidemiologically meaningful.

3.3. Boundedness and biological feasibility

Since the model is incommensurate, the equations cannot be summed into a single Caputo equation
for N(t). We therefore use componentwise comparison estimates [4, 24].

Theorem 3.3. Let X0 ∈ R6
+ with N(0) > 0. Then, every non-negative solution of (2.1) is bounded and

can be extended globally.

Proof. For non-negative solutions and 0 < θA ≤ 1,

0 ≤
I + θAA

N
≤ 1, 0 ≤ λ(t) ≤ β.

Hence,
CDνS

t S (t) ≤ b − dS (t).

By the fractional comparison principle,

0 ≤ S (t) ≤ S ∗, S ∗ = max
{

S 0,
b
d

}
.
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Using this bound successively in the remaining equations gives

0 ≤ E(t) ≤ E∗, E∗ = max
{

E0,
βS ∗
KE

}
,

0 ≤ I(t) ≤ I∗, I∗ = max
{

I0,
psσE∗

KI

}
,

0 ≤ A(t) ≤ A∗, A∗ = max
{

A0,
(1 − ps)σE∗

KA

}
,

0 ≤ T (t) ≤ T∗, T∗ = max
{

T 0,
κI∗
KT

}
,

and
0 ≤ R(t) ≤ R∗, R∗ = max

{
R0,

rI I∗ + rAA∗ + rT T∗
d

}
.

Thus,
X(t) ∈ [0, S ∗] × [0, E∗] × [0, I∗] × [0, A∗] × [0,T∗] × [0,R∗]

on its interval of existence. Since the solution remains non-negative and bounded, the continuation
theorem for Caputo systems implies global existence. �

Therefore, the biologically feasible region is

Ω∗ = [0, S ∗] × [0, E∗] × [0, I∗] × [0, A∗] × [0,T∗] × [0,R∗],

and every admissible trajectory remains in Ω∗.

4. Equilibria, reproduction number, and stability analysis

This section derives the disease-free and endemic equilibria, the basic reproduction number, and the
local stability conditions. The stability part is written in the rational-order incommensurate form and
is followed by a numerical verification for the baseline parameter set.

4.1. Disease-free equilibrium and basic reproduction number

At the disease-free equilibrium, the infected compartments vanish:

E = I = A = T = R = 0.

The susceptible equation gives
0 = b − dS .

Hence,

E0 =

(
b
d
, 0, 0, 0, 0, 0

)
. (4.1)

Following the next-generation matrix approach [25], to compute the basic reproduction number,
consider the infected vector

Y = (E, I, A)>.
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The new-infection and transition terms are

F (Y) =


λS
0
0

 , V(Y) =


KEE

−psσE + KI I
−(1 − ps)σE + KAA

 ,
where

KE = σ + d, KI = κ + rI + d, KA = rA + d.

At E0, S 0 = N0 = b/d. Therefore,

F0 =


0 β βθA

0 0 0
0 0 0

 , V0 =


KE 0 0
−psσ KI 0

−(1 − ps)σ 0 KA

 .
A direct computation gives

F0V−1
0 =


βσ

KE

(
ps

KI
+
θA(1 − ps)

KA

)
β

KI

βθA

KA

0 0 0
0 0 0

 .
Thus,

R0 =
βσ

σ + d

(
ps

κ + rI + d
+
θA(1 − ps)

rA + d

)
. (4.2)

The fractional orders do not appear explicitly in R0, since the next-generation construction is based
on the algebraic infection process at the disease-free equilibrium. They affect the transient dynamics
and the local fractional stability condition through the characteristic equation.

4.2. Endemic equilibrium

Assume that R0 > 1. At an endemic equilibrium, E∗ > 0, and the algebraic balance equations give

0 = b − λ∗S ∗ − dS ∗, 0 = λ∗S ∗ − KEE∗,

0 = psσE∗ − KI I∗, 0 = (1 − ps)σE∗ − KAA∗,

0 = κI∗ − KT T ∗, 0 = rI I∗ + rAA∗ + rT T ∗ − dR∗.

Adding the six equilibrium equations gives N∗ = b/d. Using λ∗S ∗ = KEE∗ and (4.2), one obtains

S ∗ =
b

dR0
, E∗ =

b(R0 − 1)
KER0

.

The remaining components are

I∗ =
psσ

KI
E∗, A∗ =

(1 − ps)σ
KA

E∗, T ∗ =
κ

KT
I∗,

R∗ =
rI I∗ + rAA∗ + rT T ∗

d
.

Therefore,
E∗ = (S ∗, E∗, I∗, A∗,T ∗,R∗). (4.3)
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Proposition 4.1. The system (2.1) admits a unique biologically admissible endemic equilibrium E∗ if
and only if

R0 > 1.

Proof. The above expressions uniquely determine all components of E∗. Since E∗ > 0 if and only if
R0 > 1, and the remaining components are non-negative whenever E∗ > 0, the endemic equilibrium is
biologically admissible exactly when R0 > 1. �

4.3. Local stability of the incommensurate system

Let X̄ be an equilibrium of (2.1), and let

J(X̄) =

[
∂Fi

∂X j
(X̄)

]6

i, j=1

be the Jacobian matrix of the right-hand side. The linearized incommensurate system is

CDν j
t u j(t) =

6∑
k=1

J jk(X̄)uk(t), j ∈ {S , E, I, A,T,R}.

For rational orders ν j = p j/q j, with gcd(p j, q j) = 1, define

M = lcm(qS , qE, qI , qA, qT , qR).

The characteristic equation is

PX̄(z) = det
(
diag

(
zMνS , zMνE , zMνI , zMνA , zMνT , zMνR

)
− J(X̄)

)
= 0. (4.4)

The equilibrium X̄ is locally asymptotically stable if every root z of (4.4) satisfies

| arg(z)| >
π

2M
. (4.5)

This is the rational-order incommensurate Matignon criterion [19].
At the disease-free equilibrium,

J(E0) =



−d 0 −β −βθA 0 0
0 −KE β βθA 0 0
0 psσ −KI 0 0 0
0 (1 − ps)σ 0 −KA 0 0
0 0 κ 0 −KT 0
0 0 rI rA rT −d


.

The infected part of the disease-free characteristic equation is

P0(z) = (zMνE + KE)(zMνI + KI)(zMνA + KA) − βpsσ(zMνA + KA) − βθA(1 − ps)σ(zMνI + KI). (4.6)

Since
P0(0) = KEKIKA(1 − R0),
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we have P0(0) < 0 whenever R0 > 1. Moreover, P0(z) → +∞ as z → +∞ on the positive real
axis. Hence, by continuity, P0 admits a positive real root. This root has argument zero and therefore
violates (4.5). Thus, the disease-free equilibrium is locally unstable when R0 > 1.

For the endemic equilibrium, define

Q∗ = I∗ + θAA∗, N∗ = S ∗ + E∗ + I∗ + A∗ + T ∗ + R∗.

Let
hS = β

Q∗(N∗ − S ∗)
(N∗)2 , hE = −β

S ∗Q∗

(N∗)2 , hI = β
S ∗(N∗ − Q∗)

(N∗)2 ,

hA = β
S ∗(θAN∗ − Q∗)

(N∗)2 , hT = hR = −β
S ∗Q∗

(N∗)2 .

Then,

J(E∗) =



−d − hS −hE −hI −hA −hT −hR

hS hE − KE hI hA hT hR

0 psσ −KI 0 0 0
0 (1 − ps)σ 0 −KA 0 0
0 0 κ 0 −KT 0
0 0 rI rA rT −d


. (4.7)

The roots of PE∗(z) in (4.4) are computed numerically after substituting (4.7) into the rational-order
characteristic determinant. For the baseline order vector, the exponents in (4.4) are

Mν = (97, 92, 89, 86, 84, 94).

Thus, the endemic characteristic polynomial is

PE∗(z) = det
(
diag

(
z97, z92, z89, z86, z84, z94

)
− J(E∗)

)
, (4.8)

and its degree is 97 + 92 + 89 + 86 + 84 + 94 = 542. All roots of (4.8) are then computed numerically
and tested against the angular condition (4.5).

4.4. Baseline numerical stability verification

For the baseline parameters used in the simulations,

b = 2200, d = 0.002, β = 0.50, θA = 0.70, σ = 0.20, ps = 0.62, κ = 0.07,

rI = 0.08, rA = 0.06, rT = 0.05,

one obtains
R0 = 4.1432 > 1.

Thus, the disease-free equilibrium is unstable. The endemic equilibrium is

E∗ = (265495.081, 8262.425, 6740.399, 10128.134, 9073.614, 800300.347).

For the order vector (0.97, 0.92, 0.89, 0.86, 0.84, 0.94), the rational representation gives M = 100 and

π

2M
= 1.5708 × 10−2.
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The numerical root test proceeds as follows. First, the endemic equilibrium E∗ is substituted into
the Jacobian matrix (4.7). Second, the rational-order characteristic determinant (4.8) is expanded as a
polynomial in z. Third, all roots of this polynomial are computed, including multiplicities. Finally, the
minimum angular distance from the positive real axis is evaluated as

αmin = min
PE∗ (z)=0

| arg(z)|.

The computed value αmin = 1.86 × 10−2 is strictly larger than π/(2M) = 1.5708 × 10−2. Hence, all
characteristic roots lie outside the instability sector | arg(z)| ≤ π/(2M), and the endemic equilibrium is
locally asymptotically stable for the incommensurate baseline system.

As an additional check, the usual Jacobian eigenvalues at E∗ are

−0.318943, −0.097855, −0.052000, −0.002000, −0.003744 ± 0.019220i.

These integer-order eigenvalues are consistent with decay around the endemic equilibrium, but they
do not replace the rational-order incommensurate root test. The decisive stability condition is the
Matignon angular criterion verified in Tables 1 and 2.

Table 1. Baseline numerical verification of the incommensurate stability condition.

Equilibrium Numerical result Conclusion
E0 R0 = 4.1432 > 1; positive real root exists Unstable
E∗ min | arg(z)| = 1.86 × 10−2 > π/(2M) Locally asymptotically stable

Table 2. Numerical protocol for the incommensurate Matignon root test at E∗.

Quantity Value
Fractional-order vector (0.97, 0.92, 0.89, 0.86, 0.84, 0.94)
Common denominator M = 100
Polynomial exponents Mν j (97, 92, 89, 86, 84, 94)
Degree of PE∗(z) 542
Stability threshold π/(2M) 1.5708 × 10−2

Computed value min | arg(z)| 1.86 × 10−2

Angular margin 2.892 × 10−3

Remark 4.2. In the commensurate case νS = νE = νI = νA = νT = νR = ν, criterion (4.5) reduces to

| arg(ξ)| >
νπ

2
,

where ξ denotes an eigenvalue of the usual Jacobian matrix.

Remark 4.3. The threshold R0 determines invasion at the disease-free equilibrium, while (4.4)
determines local stability for the rational-order incommensurate dynamics. Therefore, both the
epidemiological threshold and the fractional-order distribution must be checked.
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5. Multi-order numerical scheme and sensitivity analysis

This section introduces the numerical discretization used for the incommensurate SEIATR system.
Since each compartment has its own fractional order, the memory weights are computed separately for
each equation.

5.1. L1 discretization for different fractional orders

Let
tn = n∆t, n = 0, 1, . . . ,NT ,

where ∆t > 0 is the time step. For a scalar function x(t), the L1 approximation of the Caputo derivative
at tn is given by [26]

CDν
t x(tn) ≈

1
Γ(2 − ν)(∆t)ν

n−1∑
k=0

a(ν)
k

(
xn−k − xn−k−1

)
, (5.1)

where
a(ν)

k = (k + 1)1−ν − k1−ν.

For the multi-order SEIATR model, each compartment uses its own fractional order. Thus, for

Xn
j ≈ X j(tn), j ∈ {S , E, I, A,T,R},

we define the componentwise L1 operator

D
ν j

∆tX
n
j =

1
Γ(2 − ν j)(∆t)ν j

n−1∑
k=0

a j,k

(
X n−k

j − X n−k−1
j

)
, (5.2)

with
a j,k = (k + 1)1−ν j − k1−ν j .

Hence,
CDν j

t X j(tn) ≈ Dν j

∆tX
n
j . (5.3)

Applying (5.2) to system (2.1) gives

D
ν j

∆tX
n
j = F j(Xn), j ∈ {S , E, I, A,T,R}. (5.4)

In particular, the discrete force of infection is

λn = β
In + θAAn

Nn , Nn = S n + En + In + An + T n + Rn.

The full discrete system is 

D
νS
∆t S

n = b − λnS n − dS n,

D
νE
∆t E

n = λnS n − KEEn,

D
νI
∆tI

n = psσEn − KI In,

D
νA
∆t A

n = (1 − ps)σEn − KAAn,

D
νT
∆t T

n = κIn − KT T n,

D
νR
∆tR

n = rI In + rAAn + rT T n − dRn.

(5.5)
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The L1 approximation is componentwise: The weights a j,k are not shared by all equations. For
sufficiently smooth scalar solutions, the nominal local accuracy of the L1 approximation in the j-th
equation is O((∆t)2−ν j). For the coupled multi-order system, the observed global accuracy is therefore
governed by the least favorable componentwise order and by the regularity of the solution near the
initial time.

Because (5.4) is evaluated at Xn, the time stepping is implicit and nonlinear through λn. Let

τ j = Γ(2 − ν j)(∆t)ν j , Hn
j =

n−1∑
k=1

a j,k

(
X n−k

j − X n−k−1
j

)
.

At each time level, the unknown vector Xn is obtained from

Xn
j = Xn−1

j − Hn
j + τ jF j(Xn), j ∈ {S , E, I, A,T,R}. (5.6)

In the reported simulations, (5.6) is solved by fixed-point iteration, initialized with Xn,0 = Xn−1,

Xn,m+1
j = Xn−1

j − Hn
j + τ jF j(Xn,m), m = 0, 1, 2, . . . . (5.7)

The iteration is stopped when
‖Xn,m+1 − Xn,m‖∞

1 + ‖Xn,m+1‖∞
< 10−10

or when the maximum number of iterations is reached. This explicitly specifies the nonlinear step used
in the multi-order L1 implementation.

5.2. Time-step refinement and numerical accuracy

To verify that the reported trajectories are not artifacts of the selected time step, we performed a
time-step refinement study for the multi-order L1 discretization. The baseline parameter set and the
initial condition used in the simulations were kept fixed. The reference solution was computed with

∆tref = 0.0625.

Coarser solutions obtained with

∆t = 1, 0.5, 0.25, 0.125

were compared with the reference solution on the corresponding coarse time grids.
The comparison was based on the active epidemic burden

B(t) = E(t) + I(t) + A(t) + T (t). (5.8)

For each time step ∆t, the relative discrete error was computed as

ε∆t =

∥∥∥B∆t − B∆tref

∥∥∥
2∥∥∥B∆tref

∥∥∥
2

, (5.9)
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where B∆tref denotes the reference active burden restricted to the same time nodes as B∆t. The observed
refinement rate was then evaluated by

ρ∆t =
log

(
ε∆t/ε∆t/2

)
log(2)

. (5.10)

Table 3 shows a systematic reduction of the relative error as ∆t decreases. The observed rates
are consistent with the expected refinement behavior of the L1 approximation for fractional-order
problems, where the effective accuracy is influenced by the componentwise fractional orders, the
coupling between compartments, the nonlinear force of infection, and the regularity of the solution
near the initial time. Since the smallest order in the baseline vector is νT = 0.84, the least favorable
scalar L1 order is 2−νT = 1.16. The active-burden error may exhibit a higher observed refinement rate
after the initial layer because it combines several compartments and is measured against a refined
numerical reference. Therefore, the refinement study supports the numerical consistency of the
baseline simulations and provides a direct check of the time-step dependence of the multi-order L1
implementation.

Table 3. Time-step refinement study for the multi-order L1 discretization. The error is
computed for the active burden B(t) = E(t) + I(t) + A(t) + T (t) relative to the reference
solution obtained with ∆tref = 0.0625.

∆t ε∆t Observed rate
1.0000 2.4914 × 10−2 –
0.5000 1.0729 × 10−2 1.215
0.2500 4.2564 × 10−3 1.334
0.1250 1.3245 × 10−3 1.684

5.3. Baseline multi-order epidemic dynamics

The baseline simulations were generated with the multi-order L1 scheme described in Section 5.1.
No empirical surveillance data are used; the trajectories are synthetic model outputs used for numerical
illustration and later learning benchmarks. Because the rates are effective normalized rates, the time
variable is reported in normalized time units.

The baseline parameter values are

b = 2200, d = 0.002, β = 0.50, θA = 0.70, σ = 0.20,

ps = 0.62, κ = 0.07, rI = 0.08, rA = 0.06, rT = 0.05.

The compartment-specific fractional orders are

(νS , νE, νI , νA, νT , νR) = (0.97, 0.92, 0.89, 0.86, 0.84, 0.94).

For comparison, the commensurate reference case uses

νS = νE = νI = νA = νT = νR = 0.93.
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The initial condition is

X0 = (870000, 3000, 1200, 800, 200, 124800)>.

The baseline computation uses
0 ≤ t ≤ 220, ∆t = 1.

The variable t used in the simulations is a normalized computational time variable. Therefore, the
interval 0 ≤ t ≤ 220 and the step size ∆t = 1 should not be interpreted as calibrated calendar days. All
rate parameters are effective rates expressed with respect to this normalized time scale. This value of
∆t is used for the baseline plots only; the numerical accuracy of the L1 discretization has been checked
through the step-size refinement study in Table 3.

Figure 1 shows the baseline trajectories. Panels (a)–(d) report all compartments, the active
compartments, the stacked active burden, and normalized active profiles.
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Figure 1. Baseline multi-order SEIATR dynamics for the normalized parameter set. The
horizontal axis represents the normalized computational time variable t. The incommensurate
order vector is (0.97, 0.92, 0.89, 0.86, 0.84, 0.94).

Figure 2 summarizes the active-burden structure. The commensurate and incommensurate curves
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differ mainly in timing and persistence, while the peak diagnostics show that the active classes do not
peak simultaneously.
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(d) Peak time by active compartment.

Figure 2. Baseline burden and peak diagnostics in normalized computational time. The
commensurate reference uses the common order 0.93, while the incommensurate case uses
(0.97, 0.92, 0.89, 0.86, 0.84, 0.94).

The baseline computation shows that the active burden is distributed over E, I, A, and T , rather
than being carried by the symptomatic class alone. The order-dependent comparison indicates that
compartment-specific memory primarily modifies the timing and persistence of the active burden.

5.4. Sensitivity with respect to fractional orders and epidemiological parameters

We examine the influence of the compartment-specific fractional orders and selected
epidemiological parameters on the epidemic dynamics. Unless otherwise stated, all simulations use
the baseline parameter set and initial condition reported in Section 5.3. The tested fractional orders are

0.82, 0.86, 0.90, 0.94, 0.98.
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The same normalized computational time scale is used throughout the sensitivity simulations.
Therefore, peak times and time-dependent profiles are interpreted with respect to the normalized
variable t, not as calibrated calendar days.

Figure 3 reports the most representative one-dimensional order sweeps. The symptomatic and
asymptomatic curves show how the memory orders νI and νA modify the peak height and persistence of
infection. The common-order sweep is retained as a reference to compare the incommensurate setting
with the commensurate case.
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(a) Effect of νI on I(t).
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0 50 100 150 200
Normalized time

0

50000

100000

150000

200000

250000

300000

350000

E
+

I+
A

+
T

Active burden under common-order sweeps
= 0.82
= 0.86
= 0.90
= 0.94
= 0.98
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Figure 3. Representative fractional-order sweeps in normalized computational time. Panels
(a) and (b) vary one compartment-specific order at a time, while panel (c) varies a common
order assigned to all compartments.

To avoid redundant visualizations, only the most informative heatmaps are retained. Figure 4
combines time-order, two-parameter, and threshold diagnostics. The first panel shows how νI affects
the time profile of symptomatic infection. The second panel reports the combined influence of β and
νI on the symptomatic peak. The third panel shows the cumulative treatment burden under changes in
κ and νT . The last panel confirms that R0 is governed by epidemiological rates rather than directly by
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the fractional orders.
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Figure 4. Selected sensitivity maps. Time-dependent panels use the normalized
computational time variable t. The retained panels summarize the main effects of
symptomatic memory, transmission intensity, treatment transfer, treatment memory, and the
threshold quantity R0.

Finally, Figure 5 reports the one-at-a-time sensitivity of the symptomatic peak and the baseline
fractional-order profile. The tornado plot uses a ±15% perturbation of the main epidemiological
parameters around their baseline values. The order-profile panel displays the incommensurate memory
structure used in the baseline simulation.
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Figure 5. Reduced control and memory-order summary. The tornado plot uses ±15%
perturbations of β, θA, σ, ps, κ, rI , and rA. Peak-time diagnostics are interpreted in normalized
computational time.

Overall, the reduced sensitivity analysis preserves the main conclusion: Epidemiological rates
mainly control amplification and threshold behavior, while compartment-specific fractional orders
regulate timing, broadening, and persistence of the epidemic wave. This supports the use of an
incommensurate formulation without overloading the manuscript with redundant numerical figures.

6. Physics-informed learning, diagnostics, and forecasting

This section reports the physics-informed computational benchmark associated with the multi-order
SEIATR model. The benchmark is fully synthetic: The reference trajectories are generated by the L1
discretization of (2.1), and no empirical surveillance data are used. Therefore, the results should be
interpreted as a self-consistency and identifiability test of the proposed multi-order framework, not as
a real-world forecasting validation.

The reference parameter set is the same as in Section 5:

b = 2200, d = 0.002, β = 0.50, θA = 0.70, σ = 0.20, ps = 0.62, κ = 0.07,

rI = 0.08, rA = 0.06, rT = 0.05.

The reference fractional-order vector is

(νS , νE, νI , νA, νT , νR) = (0.97, 0.92, 0.89, 0.86, 0.84, 0.94),

with initial condition

X0 = (870000, 3000, 1200, 800, 200, 124800)>.

The computational interval is 0 ≤ t ≤ 220 in normalized time units with ∆t = 1.
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6.1. Synthetic observation signals and learning protocol

The observation channels are generated directly from the model states. The symptomatic-case
signal and the healthcare-admission flow are defined by

C(t) = psσE(t), H(t) = κI(t).

Here, t denotes the normalized computational time variable used in Section 5. In this benchmark, the
case and admission signals are sampled at consecutive normalized time steps; they are not calibrated
calendar-day observations.

The chronological split is 70% for training, 15% for validation, and 15% for testing. The split is
not shuffled, because the final task is short-horizon forecasting. In the baseline benchmark, no external
stochastic noise is added to C(t) and H(t). Consequently, the very high reconstruction metrics reported
below are expected and are interpreted as numerical consistency indicators rather than evidence of
empirical predictive performance.

The neural approximation takes normalized time τ = t/220 ∈ [0, 1] as input and returns the
normalized state vector

X̂(τ) = (Ŝ , Ê, Î, Â, T̂ , R̂)>.

The implementation uses a fully connected feed-forward network with four hidden layers, 64 neurons
per hidden layer, and hyperbolic tangent activation. State variables are normalized by their reference
maximum values to avoid scale imbalance between the population compartments. The learnable
quantities are β, κ, and the six fractional orders. Positivity of β and κ, and the constraints 0 < ν j < 1,
are enforced by smooth bounded transformations during training.

The complete implementation protocol is summarized in Table 4.

Table 4. PINN implementation details used in the computational benchmark.

Item Specification
Input Normalized time τ = t/220
Outputs Normalized Ŝ , Ê, Î, Â, T̂ , R̂
Architecture Fully connected feed-forward network
Hidden layers 4
Neurons per hidden layer 64
Activation function tanh
Train–validation–test split 70%–15%–15%, chronological
Optimizer Adam followed by L-BFGS refinement
Adam learning rate 10−3

Stopping criterion relative loss change below 10−8 or maximum iterations
Learned parameters β, κ, νS , νE, νI , νA, νT , νR

The physics loss is constructed using the same L1 approximation as the numerical solver. Thus, the
Caputo derivatives are not replaced by ordinary automatic differentiation. For each compartment, the
discrete fractional residual is

Rn
j = D

ν̂ j

∆tX̂
n
j − F j(X̂n; Θ̂), j ∈ {S , E, I, A,T,R}, (6.1)
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where Θ̂ contains the learned epidemiological parameters and fractional orders. The total loss is

L = wdLd + wpLp + w0L0, (6.2)

with data, physics, and initial-condition components defined by

Ld =
1

No

No∑
i=1

(∣∣∣∣Ĉi −Ci

∣∣∣∣2 +
∣∣∣∣Ĥi − Hi

∣∣∣∣2) ,
Lp =

1
6NT

NT∑
n=1

∑
j∈{S ,E,I,A,T,R}

∣∣∣Rn
j

∣∣∣2 , L0 =
∑

j∈{S ,E,I,A,T,R}

∣∣∣∣X̂0
j − X0

j

∣∣∣∣2 .
In the reported benchmark, the loss weights are set to wd = 1, wp = 1, and w0 = 10, giving slightly
stronger enforcement of the initial condition.

The chronological split and the two synthetic observation channels are shown in Figure 6.
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(a) Train–validation–test split.
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(b) Case-count signal.
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(c) Healthcare-admission signal.

Figure 6. Synthetic observation signals used in the physics-informed benchmark under the
normalized computational time scale.
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6.2. State reconstruction and observation fitting

The first diagnostic compares the reconstructed hidden active states with the L1 reference
trajectories. The learning task is not limited to fitting C(t) and H(t), because the hidden variables
E(t), I(t), A(t), and T (t) are constrained by the multi-order SEIATR residual. The compartmentwise
reconstructions and the joint observation fits are presented in Figures 7 and 8, respectively.
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(a) Reconstruction of E(t).

0 50 100 150 200
Normalized time

0

10000

20000

30000

40000

50000

60000

70000

Po
pu

la
tio

n

R2 = 1.0000
RMSE=84.48
MAE=66.41

reference
AI reconstruction

(b) Reconstruction of I(t).
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(c) Reconstruction of A(t).
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(d) Reconstruction of T (t).

Figure 7. Reconstruction of hidden active states from the synthetic observation channels and
the multi-order physics constraint under the normalized computational time scale.
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(a) Joint active-state reconstruction.
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(b) Case-count reconstruction.
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(c) Admission reconstruction.

Figure 8. Joint active-state reconstruction and fitting of the two synthetic observation
channels under the normalized computational time scale.

The reconstruction metrics are summarized once in Table 5. This avoids repeating the same
numerical values in several subsections.

Table 5. Reconstruction metrics for the hidden states and observation channels.

Quantity R2 RMSE MAE MAPE
E(t) 0.999991 93.90 – –
I(t) 0.999986 84.48 – –
A(t) 0.999985 95.63 – –
T (t) 0.999990 56.99 – –
Case-count signal C(t) 0.999500 86.65 43.88 1.28%
Admissions H(t) 0.998960 50.54 29.22 2.06%

Because the benchmark is synthetic and noise-free, the near-perfect values in Table 5 are not
unexpected. They show that the implemented learning framework can recover the internally generated
multi-order trajectories, but they do not by themselves demonstrate performance on noisy real
surveillance data.
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6.3. Noisy synthetic-observation stress test

To quantify the sensitivity of the observation-fit metrics to measurement imperfections, we
performed an additional controlled noise-injection test on the two observable channels. For a relative
noise level η, the perturbed case-count and admission signals were generated by

Cη(tn) = max
{
C(tn)

(
1 + ηξC

n

)
, 0

}
, Hη(tn) = max

{
H(tn)

(
1 + ηξH

n

)
, 0

}
, (6.3)

where ξC
n and ξH

n are independent zero-mean unit-variance Gaussian variables generated with a fixed
seed. The tested noise levels are

η = 0%, 1%, 3%, 5%.

The reconstructed trajectories and the corresponding observation functions were then evaluated against
Cη and Hη. This diagnostic does not represent empirical surveillance calibration. It directly tests how
the reported observation-level metrics degrade when the synthetic observation channels are perturbed.

Table 6 shows the expected monotone degradation of RMSE and MAPE as the perturbation level
increases. The coefficients of determination remain above 0.994 at the 5% noise level for both
observation channels, indicating that the reconstructed signals retain the dominant synthetic dynamics
under moderate observation noise. These results are still limited to controlled synthetic perturbations;
they should not be interpreted as validation under reporting delays, missing data, changing testing
policies, or model misspecification.

Table 6. Noise-injection stress test for the synthetic observation channels. Metrics are
computed between the reconstructed observation functions and the perturbed signals Cη and
Hη.

Noise level RMSE(Cη) MAPE(Cη) R2
C RMSE(Hη) MAPE(Hη) R2

H
0% 11.64 0.93% 0.999991 14.42 0.96% 0.999915
1% 49.17 1.21% 0.999839 28.39 1.19% 0.999671
3% 135.62 2.60% 0.998774 61.89 2.52% 0.998431
5% 233.00 3.96% 0.996412 113.88 4.26% 0.994612

6.4. Training convergence and parameter identification

The learning process is monitored through the data loss, physics-residual loss, initial-condition loss,
and validation loss. Figure 9 shows stable convergence without visible separation between training and
validation behavior.

The transmission rate β, the treatment rate κ, and the six fractional orders are treated as learnable
quantities. Their convergence traces are reported in Figure 10.
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Figure 9. Training convergence of the physics-informed learning framework.
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(b) Trace of κ.
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(c) Traces of the compartment-specific orders.

Figure 10. Convergence traces of the learned epidemiological parameters and fractional
orders.
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The identified values are

β̂ = 0.5018, κ̂ = 0.0704,

compared with β = 0.5000 and κ = 0.0700. The learned fractional-order vector is

(̂νS , ν̂E, ν̂I , ν̂A, ν̂T , ν̂R) = (0.9688, 0.9192, 0.8895, 0.8610, 0.8408, 0.9406),

while the reference vector is (0.9700, 0.9200, 0.8900, 0.8600, 0.8400, 0.9400). The absolute errors are
below 1.2 × 10−3, which indicates accurate parameter recovery in the controlled benchmark.

6.5. Parity and residual diagnostics

Parity plots for the hidden states and observable signals are shown in Figures 11 and 12, respectively,
while the metrics are reported in Table 5. This avoids the repetition of identical metric values.
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(a) Parity plot for E(t).
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(b) Parity plot for I(t).
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(c) Parity plot for A(t).
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Figure 11. Parity diagnostics for the reconstructed hidden epidemic states.
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(a) Parity plot for the case-count signal.
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Figure 12. Parity diagnostics for the observable benchmark signals.

For a reconstructed quantity Y(t), the residual is defined as

eY(ti) = Ŷ(ti) − Y(ti).

Figures 13 and 14 show the residuals over time. The errors remain small relative to the
corresponding signal magnitudes and do not show a persistent drift over the benchmark interval.
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(a) Residuals for E(t).
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(b) Residuals for I(t).
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(d) Residuals for T (t).

Figure 13. Time evolution of reconstruction residuals for the hidden active states.
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(b) Admission residuals.

Figure 14. Residuals of the synthetic observation channels under the normalized
computational time scale.

The corresponding residual distributions are summarized in Figures 15 and 16.
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(a) Residual distribution for E(t).
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(b) Residual distribution for I(t).
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(c) Residual distribution for A(t).
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(d) Residual distribution for T (t).

Figure 15. Residual histograms for the reconstructed hidden states.
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(a) Case-count residual distribution.
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(b) Admission residual distribution.

Figure 16. Residual histograms for the synthetic observation channels.

Normal-probability plots, autocorrelation plots, rolling RMSE curves, and residual-versus-
prediction plots are used as complementary diagnostics for distributional shape, lag dependence, local
error growth, and systematic bias [27, 28]. These diagnostics are reported in Figures 17–20. The
time-dependent diagnostic curves use the normalized computational time scale.
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(a) QQ plot for case-count residuals.
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(b) QQ plot for admission residuals.

Figure 17. Normal-probability plots for the observation residuals.
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(a) Autocorrelation of case-count residuals.
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(b) Autocorrelation of admission residuals.

Figure 18. Autocorrelation diagnostics for the observation residuals.
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(a) Rolling RMSE for the case-count signal.
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(b) Rolling RMSE for admissions.

Figure 19. Ten-step rolling RMSE for the synthetic observation channels.
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(a) Case-count residuals versus predictions.
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(b) Admission residuals versus predictions.

Figure 20. Residuals versus predicted values for the case-count and admission signals.
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6.6. Physics consistency

The equation-level consistency is evaluated using the fractional residual already defined in (6.1).
The global residual norm is

‖R(tn)‖2 =

 ∑
j∈{S ,E,I,A,T,R}

|Rn
j |

2


1/2

.

Small values of this quantity indicate that the learned trajectories do not merely fit C(t) and H(t) but also
remain compatible with the governing multi-order SEIATR equations. The global and componentwise
residual diagnostics are shown in Figure 21.
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(a) Normalized physics residual norm.
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(b) Componentwise physics residuals.

Figure 21. Physics-consistency diagnostics based on the multi-order fractional residual.

6.7. Short-horizon forecasting and model comparison

The learned representation is used for short-horizon forecasting of the synthetic case-count signal
over the test window. Forecast horizons of 7, 14, 21, and 30 normalized time steps are considered. The
corresponding forecasts are shown in Figure 22. The uncertainty intervals are generated from repeated
computational forecast samples around the learned trajectory.
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(a) Seven-step forecast.
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(b) Fourteen-step forecast.
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(c) Twenty-one-step forecast.
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(d) Thirty-step forecast.

Figure 22. Short-horizon forecasts of the synthetic case-count signal under the normalized
computational time scale.

Figures 23–25 summarize the horizon-specific forecast errors, predictive uncertainty, and interval
calibration.
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(b) MAPE and R2 by forecast horizon.

Figure 23. Forecast accuracy metrics for the 7-, 14-, 21-, and 30-step horizons.
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(a) Forecast fan chart.
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(b) Full-period predictive uncertainty.

Figure 24. Predictive uncertainty diagnostics for the synthetic case-count signal.
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(b) Interval calibration curve.

Figure 25. Calibration diagnostics of the predictive intervals.

For comparison, we include an LSTM-type sequence learner and an ARIMA-type statistical
baseline for the same synthetic case-count signal [28, 29]. The computational comparison is shown
in Figure 26. This comparison is only a computational benchmark. It is not a claim that the
proposed method would necessarily outperform these models on empirical surveillance data, because
the proposed PINN is constrained by the same governing equations that generated the reference data.
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Figure 26. Computational comparison between the physics-informed multi-order framework
and baseline learners.

For the case-count signal, the proposed framework gives RMSE = 86.65, MAPE = 1.28%, and
R2 = 0.999500. The LSTM baseline gives RMSE = 130.25, MAPE = 7.44%, and R2 = 0.998870,
whereas the ARIMA baseline gives RMSE = 165.43, MAPE = 10.72%, and R2 = 0.998177. These
values show lower error for the proposed framework in the controlled synthetic benchmark.

The ablation-style comparison of the full framework and reduced variants is presented in Figure 27.
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Figure 27. Ablation-style diagnostic comparison between the full physics-informed multi-
order framework and reduced variants.

Overall, the physics-informed benchmark shows that the proposed framework can reconstruct
hidden states, identify selected epidemiological parameters and fractional orders, maintain consistency
with the multi-order residual, and produce short-horizon forecasts in a controlled synthetic setting.
The main limitation is that the benchmark is generated from the same equations used in the physics
loss. The additional noise-injection test in Table 6 evaluates sensitivity to controlled synthetic
perturbations, but it does not replace validation with empirical surveillance data. Robustness under
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missing observations, reporting delays, time-varying parameters, and model misspecification remains
outside the scope of the present benchmark.

7. Key findings and limitations

The proposed incommensurate SEIATR formulation assigns a distinct Caputo order to each
compartment. This separates the memory effects of S , E, I, A,T , and R, whereas commensurate models
impose a single memory index on the whole system.

The analysis establishes local well-posedness, positivity, boundedness, and biological feasibility.
Because the fractional orders are different, boundedness is obtained through componentwise
comparison estimates rather than by deriving a single fractional equation for the total population N(t).

The threshold quantity is

R0 =
βσ

σ + d

(
ps

κ + rI + d
+
θA(1 − ps)

rA + d

)
.

This quantity depends on the epidemiological rates and does not contain the fractional orders explicitly.
The orders affect the transient behavior of the epidemic, especially peak timing, active-burden
persistence, and treatment response.

The numerical simulations show that epidemiological parameters mainly control amplification
and threshold behavior, while compartment-specific fractional orders mainly regulate timing,
broadening, and memory-driven persistence. The physics-informed learning experiment shows
accurate reconstruction and parameter recovery within a controlled synthetic benchmark.

The main limitation is that the learning results are generated from the same mathematical
model used to constrain the physics-informed learner. Therefore, the reported high reconstruction
and forecasting accuracy should be interpreted as a self-consistency benchmark, not as empirical
surveillance validation. The added noisy-observation stress test improves the numerical assessment,
but broader tests with structured noise, missing data, time-varying parameters, model mismatch, and
real surveillance records are required before operational use.

8. Conclusions and future work

This study introduced an incommensurate fractional SEIATR model with distinct Caputo orders
νS , νE, νI , νA, νT , and νR. The proposed model was shown to be locally well posed, positive, bounded,
and biologically feasible. The disease-free and endemic equilibria were derived, and the basic
reproduction number was obtained using the next-generation matrix approach.

The stability analysis was formulated within the rational-order incommensurate Caputo framework
using the corresponding characteristic equation. The numerical simulations indicated that
compartment-specific memory modifies the timing, persistence, and shape of the epidemic wave, while
the epidemiological rates determine the threshold and amplification mechanisms.

The physics-informed learning framework was used as a controlled computational benchmark for
hidden-state reconstruction, parameter estimation, fractional-order identification, residual diagnostics,
and short-horizon forecasting. The comparison with data-driven baselines should be understood in this
benchmark setting, since the proposed method explicitly uses the governing equations whereas purely
statistical baselines do not.
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Future work will focus on empirical data calibration, noisy and partially observed data, time-varying
transmission, vaccination and intervention effects, stochastic perturbations, alternative fractional
operators, and more extensive comparisons with different learning architectures.
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