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Abstract: This paper introduces a hesitation mechanism and true information spreaders to establish
a Susceptible-Exposed-Infected-Truth-spreader-Recovered (SEITR) rumor propagation model, aiming
to reveal how true information spreading influences rumor diffusion. First, based on the Routh-Hurwitz
criterion and Lyapunov functions, the local asymptotic stability and global asymptotic stability of the
system are proved respectively. Second, the Pontryagin minimum principle is applied to design the
optimal control strategy, where key parameters are set as time-dependent functions, and the flexible
control of the rumor propagation proportion is realized by dynamically adjusting control variables.
Finally, numerical simulations verify the theoretical findings, which show that increasing the true
information spreaders and blocking rumor transformation paths can effectively suppress rumor spread.
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1. Introduction

A rumor is an unfounded statement fabricated and disseminated via various channels. With the rapid
popularization of online social applications, the internet offers a virtual platform for global information
exchange and brings great convenience to daily life. Nevertheless, it also fosters fast rumor diffusion,
which may trigger risks to national security. Online rumors spread faster and reach wider audiences on
social networks than traditional rumors. Thus, exploring rumor spreading mechanisms, analyzing its
dynamic characteristics and designing effective containment strategies is of great significance.

The study of rumor propagation originated from epidemic dynamics. Given the similarities between
the laws of rumor spread and the transmission mechanisms of infectious diseases, scholars have drawn
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on epidemic theories to investigate the propagation mechanism of rumors [1-3]. In 1965, Daley and
Kendall proposed the DK model by taking into account the differences between rumor propagation
and epidemic transmission [4]. By assuming that the transition probabilities between ignorants
and spreaders conform to specific mathematical distributions, they analyzed rumor propagation via
stochastic processes. In 1973, Maki and Thompson optimized the original transmission mechanism
and put forward the MT model [5]. On this basis, numerous extended rumor propagation models have
been derived in subsequent academic research [6—8].

With continuous research by scholars, rumor spread models have been continuously refined.
Nekovee et al. expanded the rumor classification model based on group attributes [9]. Zanette first
introduced complex network theory to construct a rumor spread model based on small-world networks,
deriving conclusions such as the critical value for rumor spread [10, 11]. Jia et al. based on the SIR
model, proposed a rumor spread model incorporating dual-channel (group and point-to-point) spread
and improved the SIR model [12]. Wang et al. introduced the concept of “negative energy” to propose
an improved energy model for controlling rumor spread [13]. Lan et al. extended the influencing
factors of online rumors and identified key parameters for suppressing rumor spread [14]. Liu et al.
developed a Susceptible-Exposed-Infected-Recovered (SEIR) rumor spread model for heterogeneous
networks, finding that the rumor spread threshold is significantly influenced by network topology and
analyzing its global dynamic behavior [15]. These studies aim to reveal the patterns of rumor spread
and explore governance strategies, with extensive research conducted by numerous scholars [16—18].

Recent studies have further incorporated multiple realistic influencing factors such as rumor-
refuting information and genuine information spreaders. Karumathil et al. constructed a rumor
propagation model integrating media effect, forgetting and remembering mechanisms, and individual
beliefs to uncover the interaction mechanisms of influencing factors [19]. Based on hypergraph
theory, Li et al. proposed a Susceptible-Exposed-Informed-Antagonistic-Removed (SEIAR) rumor
propagation model, which introduces antagonistic states on the basis of the classical SEIR model [20].
Du et al. established a Susceptible media-Debunking media-Removed media-Susceptible-Infected-
Debunking-Removed (XYZ-SIDR) rumor propagation model with media rumor debunking, and
analyzed its dynamic stability and time delay effects [21]. Zheng et al. constructed a rumor
propagation model based on quantum superposition theory, analyzed the stability of equilibrium
points, and quantified the impacts of public credulity degree and regulation intensity on the scale
of rumor diffusion [22]. Wang et al. investigated the influence of genuine information spreaders
on the transformation of public opinion groups, and proposed rumor-refuting regulation strategies
combined with optimal control. Simulation results demonstrate that expanding the group of genuine
information spreaders at an early stage can significantly curb rumor propagation [23]. Zhang
et al. established a Susceptible-Infected-Truth-spreader-Recovered (SITR) rumor propagation model
incorporating genuine information spreaders and forgetting factors. Numerical simulations verified the
theoretical conclusions, revealing that the initial quantity of genuine information spreaders exerts a
prominent effect on the peak value and duration of rumor prevalence [24].

Existing literature mostly constructs rumor suppression models from perspectives such as external
media rumor refutation, spontaneous public resistance, and population memory decay. Although
some studies incorporate compartments of truth spreaders or anti-rumor groups, they still have
obvious limitations. First, the vast majority of models only introduce rumor-refuting individuals
separately, ignoring the hesitant psychological state of netizens who wait and see, hesitate, and
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refrain from reposting after being exposed to rumors; these models lack coupled dynamics between
hesitant compartments and genuine information spreaders. Second, the transformation paths from
truth spreaders to various population groups are oversimplified, failing to characterize the complete
interaction process in which susceptible, exposed, and rumor-spreading individuals convert into
truth disseminators after contacting genuine information spreaders simultaneously. To address
the above gaps in existing research, this paper introduces two compartments—hesitant individuals
and genuine information spreaders, and establishes a Susceptible-Exposed-Infected-Truth-spreader-
Recovered (SEITR) rumor propagation dynamic model.

Rumor spread is prone to out-of-control and social hazards, and optimal control theory can optimize
rumor-refuting strategies to balance prevention efficiency and governance costs. In existing studies,
Zhu et al. analyzed the diffusion of green behaviors by means of multilayer networks, Markov
chains and reaction-diffusion models, and completed parameter identification via optimal control.
Simulation experiments compare the identification performance of this method with convolutional
neural networks [25]. Sha et al. established a reaction-diffusion model for rumor propagation, analyzed
the evolution of network patterns based on Turing theory, and adopted optimal control for parameter
identification. Simulations and real epidemic tweet data verify that the combination of government
intervention and public discrimination capacity can effectively regulate rumors [26]. Mohamed et al.
constructed a fractional-order optimal control model with three types of time-varying control strategies,
and derived the necessary optimality conditions based on Pontryagin’s maximum principle [27]. Jain
et al. adopted the counter-information rumor suppression mechanism to establish an optimal control
model, realizing the collaborative optimization of infected population scale and control cost [28].
Most objective functions in previous studies are linear or quadratic. To address these limitations, the
optimal control strategy proposed in this paper introduces a discount factor, quadratic cost function,
and three-dimensional time-varying control variables, which highlights the importance of early rumor
intervention, remedies the defect of time effect homogenization, realizes differentiated cost regulation
through weight parameters, and guarantees the uniqueness and stability of optimal solutions. Based on
the above analysis, the innovations of this paper are summarized as follows:

(1) Compared with the existing literature [24,29], this paper introduces the compartment of genuine
information spreaders and incorporates the individual hesitation mechanism to establish an SEITR
rumor propagation system, which characterizes the interaction law of multi-path conversions from
susceptible, hesitant, and rumor-spreading individuals to genuine information spreaders.

(2) This paper introduces a discount factor into the objective function of optimal control to
characterize the difference in intervention value at different times, strengthen the control weight in
the early stage of rumor diffusion, and combine three-dimensional time-varying control variables to
effectively improve the timeliness of public opinion intervention.

(3) A quadratic cost function is constructed in the objective function of optimal control to realize the
weighted optimal allocation of prevention and control costs, overcome the limitation of constant and
equal cost weights in traditional control strategies, and ensure the uniqueness and stability of optimal
control solutions.

The organization of this paper is as follows: Section 2 presents the establishment of an SEITR rumor
propagation model. The stability of each equilibrium point is proved in Section 3. The optimal control
strategy is proposed in Section 4. Theoretical verification is carried out via numerical simulations in
Section 5. Finally, conclusions are drawn in Section 6.
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2. Model formulation

The spread of rumors is affected by multiple factors. Individual hesitation directly influences the
spread of rumors, while people who grasp the truth take the initiative to spread true information, which
plays a positive role in curbing rumors. To this end, based on the classical SIR model, this paper
introduces the exposed group and the true information spreader group and constructs an improved
SEITR rumor propagation model.

Assume that N(¢) is the total population, which is divided into five categories: S () represents the
susceptible individuals who have never heard of the rumors; E(¢) represents the exposed individuals
who have heard the rumors but have not yet spread them, but may become carriers of the rumors;
I(t) represents the spreaders who have heard and are spreading the rumors; 7'(¢) represents the true
information spreaders; R(f) represents the immune individuals who neither believe in nor spread the
rumors. The spread mechanism of rumors in this model is as follows:

1) The number of newly added individuals per unit time is constant, referred to as the migration
constant (A). All these newly added individuals are susceptible individuals, and the removal rate of all
compartments is set to u.

2) The contact rate between susceptible individuals and rumor spreaders is a constant ¢. Upon
contact, if an individual blindly believes and spreads the rumor without judgment, they transition to
become spreaders with probability 6; if they adopt a skeptical attitude and do not spread the rumor,
they become exposed individuals with probability (1-6).

3) If exposed individuals accept and spread the rumors, they transition to become rumor spreaders
with probability p. Over time, exposed individuals and rumor spreaders may transition to become
immune individuals with probability € due to losing interest in the rumors or forgetting them.

4) Susceptible individuals, exposed individuals, and rumor spreaders become truthful information
spreaders with probability 9.

Based on the rumor spread mechanism, A, ¢, 6, 9, p, €, and u are all positive constants. The
meanings of these parameters are shown in Table 1, and we can draw a rumor spreading dynamics
compartmental diagram as shown in Figure 1.

Table 1. Description of parameters in the model.

Parameter Description

(k) Average degree of a homogeneous network
A Number of susceptible individuals entering per unit of time
) The contact rate between susceptible individuals and rumor spreading individuals
0 The conversion rate of susceptible individuals to rumor spreading individuals
0 The conversion rates from susceptibles,
the exposed, and spreaders to true information spreaders
Jo, The conversion rate from the exposed to rumor spreaders
€ The conversion rates from the exposed and the rumor spreaders to the immunizers

The emigration rates for different compartments
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Figure 1. Rumor spreading dynamics compartmental diagram.

Therefore, the SEITR rumor spreading model can be expressed as follows:

% = A= ¢k S(DI(1) = 6 kY S (DT (1) — pS (1),

% = (1 =0 <k) S(HI(1) — 6 <k) EMT (1) — pE(1) — €E(1) — pE(D),

? = 0 (k) S (DI(t) + pE(t) = 6 (k) I(T (1) — el (r) = pl (), @2.1)
? = k) TS (1) + E() + 1)) - pT @),

? = €E(t) + €l(r) — uR(1),

with the initial conditions of the model
S0)=8S90=0, EO0)=Ey>0, I0)=1,=0, TO)=T9y=>0, R(O) =Ry,=>0. (2.2)
Since
NO=SO+E®+ 1)+ Tk + R(r),

we have

. A
lim sup N(#) < —.
t—+00 Iu

The positively invariant set of model (2.1) is given by
5 A
I'=3G,E. LT, R)eER,0<SO+EO+I)+T@H+R1@) < —;.
J7

Obviously, we can find that the differential equations of S (¢), E(¢), I(¢), and T(¢) are independent of
R(t), For convenience, the model (2.1) can be reduced to the following equivalent form:
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% = A — ¢ k) S(OIF) — 6 k) SOT (1) — uS (¢),

? = (1 = 0)p (k) S(DI(t) — 6 (kY E)T(t) — pE(t) — €E(t) — HE(?), g
? = 6 (k) S (DI(t) + pE(t) — 6 k) ()T (¢) — el (t) — pl(1), 2-3)
? =6 (k) TS (1) + E(1) + 1(1)) — uT (1),

3. Equilibrium points and stability analysis

In this section, we use the next-generation matrix method [30] to calculate the basic reproduction
number R, determine the equilibrium points of model (2.3), and apply the Routh-Hurwitz criterion
and the LaSalle invariance principle to analyze its stability.

3.1. The basic reproduction number R

To more accurately characterize the stability of the equilibrium point in the system, we introduce
the basic reproduction number Ry.
First, let X = (I(¢), E(t), T (1), S (t)), then model (2.3) can be written as

where

dx
Fri F(X) — V(X),

0 (k) S ()1(1)

(1 =) <k) S (OI(1)
S TS )+ E@+ 1) |
0

—pE(t) + 6 <k) (DT (¢) + €l(t) + ul(t)
oky E(OT (t) + pE(t) + €E(t) + uE(1)

uT (@)
—A + ¢ (kY S(OI(t) + 6 k) ST (1) + S (t)

FX) =

V(X) =

Obviously, rumor-free equilibrium is Ey = (%, 0,0, 0), and the Jacobian matrices of ¥ (X) and V(X)
are obtained at equilibrium Ej,

OpkyA

Further, it yields

p 0O 0 O €+u —p 0 O
a=0¢bA o o 0 0 p+e+u 0 O
A I 0 I I N
0O 0 0 0 e 0 M

kA 6p(k)Ap 0 0

aLatba HEBREA 0 0

Fv! = u(e+u) p(e+p)(p+e+u)
0 A
2
0 0 0O O
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Finally, the basic reproduction number of model (2.3) is

Ry = max{p(FV")} = max{Ry1, Rp2},

_ HkA(Ge+Ou+p) — kA
where Ror = Sicipprenn » Koz = 52~

Remark 1. The stability of a system’s equilibrium is often assessed through a critical threshold known
as the basic reproduction number Ry. It represents the average number of new individuals that a single
infected person can infect during the infectious period. If Ry > 1, the system is in an unstable state,
and the spread of rumors will continue. Conversely, if Ry < 1, the spread of rumors will gradually
weaken, and the system will tend toward stability, or even the complete disappearance of the rumors.

3.2. Stability analysis of the rumor-free equilibrium E

Theorem 3.1. The rumor-free equilibrium E is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix at E is

0 —(p+e+p A=0ékA 0
J(EO) = 0 Bp(k)A
p MR 0
0 0 0 MRy — 1)
The characteristic equation of matrix J(Ey) is
lh — J(Eo)| = (h+ p)(h — p(Roy = D)(W* + a1h + ag) = 0, (3.1)
where a; = (e + u)(1 — Z‘fi—m)+p+ €+ u,a0 = (€+w)(p+ e+ u(l—Ry).

Therefore, two characteristic roots corresponding to the characteristic equation of J(Ey) is hy =
—u < 0, hgy = u(Rpp — 1) < 0, and the remaining characteristic roots fulfill the equation as stated below:

W +ah+ay=0. (3.2)

If Ry; < 1, then %—% < 1, thus a; > 0 and ay > 0. That is, both roots of Eq (3.2) are negative real

roots. According to the Routh-Hurwitz criterion [31], Ej is locally asymptotically stable if Ry < 1. O

Theorem 3.2. The rumor-free equilibrium E, of the model (2.3) is globally asymptotically stable if

[N
et <1 andR02 <1

Proof. Define the Lyapunov function
3 * S
Vi)=S-S"-S5 ln§+E+I+T,

where §* = % Thus, the derivative of V(t) along the positive solutions of model (2.3) is

dv(r)

” (1- %)[—¢<k>51—5(k>ST +uST =]+ A -0k ST

—5(k)ET — pE — €E — uE + 0 (k) SI + pE — 5 (k) IT — €l
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—ul +6<k)yT(S + E+1)—uT
GCkYST+6<kyS™T — g(S*—S)z—(e+,u)E—(e+,u)I—,uT

¢ (ky A _q
u(e + p)

IA

—(e+wE +

]I + (R02 - I)T

When 282 < 1 and Ry, < 1, then £ < 0 for all E(1), 1(£), T(¢) > 0, if and only if E(t) = 0,1(t) = 0,

p(e+p)
T@) =0, % = 0. According to the LaSelle’s invariance principle [32], we draw the conclusion that

${A
e <land Ry < 1. O

E) is globally asymptotically stable when

Remark 2. In Theorem 3.1, the equilibrium point E is locally asymptotically stable when Ry < 1, In

Theorem 3.2, the global asymptotic stability condition for E is given by /ﬁg;\) < 1 and Ry, < 1. Since
/ﬁﬁ;\) < 1 is a sufficient but not necessary condition for Ry, < 1, this implies that the global asymptotic

stability condition in Theorem 3.2 is more relaxed than the local asymptotic stability condition in
Theorem 3.1.

3.3. Stability analysis of boundary equilibrium E,

During rumor spreading, the crowd is eventually devoid of rumor spreaders due to the presence of
true information spreaders. When I = 0 and 7' # 0, the boundary equilibrium satisfies

AN=06¢k)ST —uS =0,
—0(¢k)ET —pE — €E — uE =0,
pPE =0,

0k)T(S + E)—uT =0.

(3.3)

According to the calculation, if Ry; < 1 and Ry, > 1, the boundary equilibrium point E; =

_H HRo—-1) :

(M),O, 0, 50 ) exists.

Theorem 3.3. The boundary equilibrium E is locally asymptotically stable if Ryy < 1, Ry, > 1, and
5[/1R()2([1R()2+p+26)+62+p6]

¢ H(OuR2+p+0€)

Proof. The Jacobian matrix at E; is

¢
—HR 0 - 97” —H
0 —uRyp —p —€ % 0
J(EY) = Opu
0 p = —HURp—€ 0
MRy — p MRy — p MR — 0

The characteristic equation of matrix J(E) is
|h — J(E))| = (h* + uRooh + 1 (Roy — 1))(W* + bih + bg) = 0, (3.4)

where )
b, ZZIUR()Q— %+26+p,

0’ Ry + ¢up + Opue
5 :

by = uRp(URy, + p + 2€) + e+ PE —
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Obviously, there are four characteristic roots, and the equations satisfied by two characteristic roots
are as follows:

(h* + uRpyh + P (Rpy — 1)) = 0, (3.5)

the other two characteristic roots are satisfied by the following equations:
(h* + byh + bg) = 0. (3.6)

For Eq (3.5), if Ry, > 1, then both roots are negative real roots.
€ 62 € . .
For Eq (3.6), if ¢ < olu ROZ&Z);;?;; b ], then by > 0 and b, > 0. Equation (3.6) has two negative
real characteristic roots.

Therefore, in light of the Routh-Hurwitz stability criterion [31], the boundary equilibrium E; is
0 yRoz(yRoz+p+Ze)+62+pe]
H(6uR 2 +p+0b€)

locally asymptotically stable, if Ry; < 1, Ry, > 1, and ¢ <

O

Theorem 3.4. The boundary equilibrium E; of the model (2.3) is globally asymptotically stable if

Ry <1 and Ry > max{l, ¢'u6;65 }

Proof. Construct the Lyapunov function
V() = Vi(®) + Va(0) + V3(1) + Va(2),

where

S T
Vi) =S —S*—S*lnﬁ,Vz(t)=E,V3(t):I,V4(t):T—T*—T*lnF.

The derivative of the above equations along the positive solutions of model (2.3) are

Wi A~ g ST- () ST - uS)
dr S
— (1—S?)(é<k>S*T*+,uS*—¢(k>SI—6(k)ST—,uS)

= (1=K ST = ) = k) ST+ p(S™ = 5)]

ST S* T U

= SRS T - =S+ ) = $ R ST+ U STT - EsT =57,
d‘zlzt(t) = (1=0)¢ &) ST -6k ET — pE — €E — uE,
% = 0 ST+ pE — 5 IT — €l — ul,
dvy(@® _E B
LD = (A= W TS +E+ D - T
_ (1—TT)[5<k>T(S FE+1) -6k S°T]

T* ST T
= (=60 S T (o = 7o) + S T(E + 1))

ST T S T

G T T g P D=0 TE + ).

= 0CkySTT*(
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Further calculations show that

% = —5<];>T*(S* — S+ (k) ST - g(s* — S = €E — uE — el —pul — 5 (kY T*(E + 1)
¢ (k) S*I — (6 + WE — (6 + W — k) T*(E + I)

= —(uRp + eF + (g%,u — € — uRp)I.

IA

When Ry, > max{l, &%}, then % — € — Ry, < 0, thus & < 0 for all E(¢),I(f) > 0, if and only if

ou
E()=0,1(r) =0, ‘3—‘; = 0. According to LaSelle’s invariance principle [32], we draw the conclusion that
the boundary equilibrium E; is globally asymptotically stable when Ry; < 1 and Ry, > max{l, Wé—;&}.
O

3.4. Stability analysis of boundary equilibrium E,
When I # 0, T = 0, the boundary equilibrium satisfies
AN—¢k)yST—uS =0,

(1-60)pkySI —pE —€E —uE =0, (3.7
OpkySI+ pE — €l —ul =0.

A AA-ORo-1) pRoi-1
HRo1’  (p+e+m)Ror > ¢<k)

Through calculation, the boundary equilibrium E, = ( ,0) exists when Ry;>1

and Ry < 1.

Theorem 3.5. The boundary equilibrium E, of the model (2.3) is locally asymptotically stable if Ry;>1

: SkYARoy (p+e+p)
and Roy < min{1, o Rt DI+ A 0o

Proof. The Jacobian matrix at E; is

d{A o(k)A
~HRo 0 (1_ e’)lRf}éA 5k A_ £ Ry 1
P T N
( 2) = Op{k)A op(Ro1—1)
Ou(Ror — 1) o Ry CE€TH T
0 0 0 Sy E —

The characteristic equation of matrix J(E,) is

|h— J(Ey)| = (h =8 kY ¢+ p)(I + coh® + cth + ¢y) = 0. (3.8)

: ; — _ (_A A(-0)Rp1 =)  pRoi-D
It is easy to obtain hy; = 6 (k) — u, where { = (m + S orermk o0

S(YARo1 (pe+i)
(et A+1ZRo1 (Ro1—~ DI+¢RyAu(1-6)(Ro1 —1)° then hy; < 0.

The remaining characteristic roots satisfy the following equation:

). Furthermore, if Ry, <

W+ coh* + cth+ ¢y =0, (3.9)

where ¢; = uRor + (€ + ()(1 = 22) + (0 + € + ), c1 = pRoi(p + € + ) + p(e + W(Ro1 — z-)s o =
pe + ) + € + PRy — 1), and D = 72505,
Then, one has
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D
Ay = ¢y = uRy, +(6+ﬂ)(1——)+(p+6+ﬂ),

Ro
A, = c 1 = CyC1 — Co
Cy (1
D D
= p(e +p)’ (1 - R_) (Rm - R_) + (o + € + R,
01 01

D
+ 1> (€ + u)(RG, — D) + p(e + p)(p + 6+/1)(1 - R_o])

+ u(e + p)(p + € + )(Ro1 — D) + pap + € + 1)°Roy.

If Ryy > 1 and D < Ry, then ¢g > 0, ¢y > 0, ¢, > 0, A; > 0, and A, > 0. Thus, there are no positive
roots for Eq (3.9). According to the Routh-Hurwitz stability criterion [31], when Ry; > 1 and Ry, <
. B ARy (p+€+11) s . .
mn};i 1, Gre ORI R (R(?llfl)]+ o0 A,u(lfé))(Ro]fl)}’ the boundary equilibrium E;, is locally asymptotically
stable. O

3.5. Stability analysis of the endemic equilibrium E5
When I # 0 and T # 0, the endemic equilibrium satisfies

A=¢k)ST—6U)ST — uS =0,
(1-0)pk)SI—6(k)ET — pE — €E — uE = 0,

O0p<kySI+ pE —6kyIT — el —ul =0, (3.10)
OkYT(S + E+1)—uT =0.
According to the above formula, E*, I*, and 7™ can be expressed in terms of S as follows:
= (1 — O)ppp* (kY S*(u — 6 ky S™)
6 (k) (6 (k) — O (k))S* + pu + A (k))(AS (kY + Se (k) S* + pu)’
I (u—06<kySH)pp
6 (k) ((6€ (k) — O (kNS ™ + pu + AS (k)
T A6 (k) — (€ + pu + de k) S*
op (k) ’
and S * satisfies
&S +d,S* +dy =0, (3.11)

where dy = —A26% (k) — Adpu, dy = AOpSu (kY —2A6%€ (k) + ppu* — 6peu, and d, = OpSeu (k) —52€* (k).
The existence of a positive root for Eq (3.11) depends on the following two scenarios:

Case 1. When %’ > 1, then d, > 0. Because dj < 0, then the discriminant of Eq (3.11) is A > 0, thus,

Eq (3.11) has only one positive root Ej.

Case 2. When % < 1, then d, < 0. When 5004005 | then gy > 0. And when A > 0, Eq (3.11)

has two unique positive roots E4 and Es.
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Theorem 3.6. The endemic equilibrium E5 of the model (2.3) is globally asymptotically stable if %‘>1
and Ry > 1.

Proof. Construct a Lyapunov function

|
V= 0 0sdo ST+ oE

(V] + Vs, + V3 + V4),

where S p
Vie)=S-S"-S"In—,Vo(t) =E—-E"— E"In—,

S E*

Viy=I-T"-1 lnI—*,V4(t):T—T -T lnF.

Calculate the derivatives of the above equations along the trajectory of model (2.3):

d:‘ll(t) = (1—E)(A—¢<k>51—5<k>ST—MS)
t S

= (1—S?)(¢<k>S*I*+6(k)S*T*+uS*—¢<k>SI—6<k>ST—,uS)

= (1—3)[¢<k>5 I(I—S*I*)+5<k>5 T(I—S*T*)HJ(S -5)]

S S* I | ST S* T s s

= ¢<k>S*I*(1_S*I*_?+I_*)+5<k>S*T*(1_S*T*_?+F)+MS*(2_§_?),
d‘gt(t) = (1—%)[(1—6)¢(k>SI—6(k>ET—pE—eE—,uE]

= (- %)[(1 _ oy STy ET - L= SEI “ORET py

= (L= A =0 k) (ST =ST' ) + 5 (k) (E'T" - ~ ET)]

E” ... ST E ... E ET
= (1—5)[(1—9)¢<k>5 I(W—E)HW@E T (E_E*T*)]
.. SI E SIE ... E ET T

= (=00KS T (s -5~ p tDTORET (- — 1+ ),
d‘gt(t) _ (1—17)(6’¢<k)SI+pE—5(k)IT—el—ul)

_ (1—17*)(6’¢<k)51+pE—5(k)IT—9¢<k>S*I*+";*E*_5<k>I*T*I)

I ST _E 1 L IT 1
= (1—7)[9¢S I(S*I*_F)+pE (E_I_*)_6<k>IT(I*T*_F)]
SI I S E I TIE
o IT 1
—6(k)IT(I*T*—I—*—F+1),

dV4() _ T*
o = (=DM TS + E+1) —uT]

= (I—T%F)[d(ldT(S +E+1)-06¢k)(S*+ E"+I")T]
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= (L= DK (TS = T°S™ ) + S (k) (TE = T"E" ) + 6 k) (T1 =TI )]

T TS T TE T TI T
= (1- okyT*S”™ ——)+ 0k T E(————)+ k) T"I" - —
(1 = =6 ¢k) (Foge ~72) TR (Goge ~ 70 FOO T T (o — 0]
TS T S TE T E
= ok)T"S" —— - —+ 1)+ 6k)TE" ———-—=+1
+0ky T*I"( 1 r_1 +1)
T T I '
By further calculation, we obtain that
dVl(t) de(t) N dVa(t) dV4(t)
E SIE” E I TIE
< (1-0)pkyS I (2 - — - — - E” -——-—-1
= (1-0¢ k) ( E* S*I*E) P (E I IE )
S* I E E
< (1-0)¢pk)S I*(n?—— lnF+lnE__E*+1)
1
+pE*(— —ln— +1n— - —)
E I I
Then, it derives that
v 1 dvi(1) N dV, (1) N dVi(7) N dV4(?)
d (1-60)¢k)S*I* +pE*\ dr dr dt dt
1 _ *I* * *
< US55 ) <o
(1 -6)pkyS*I* + pE* S S
Moreover, & dt =0ifandonlyif § =S*, E =E*, I =I",and T = T*. In accordance with LaSalle’s
invariance principle [32], the endemic equilibrium E3 of model (2.3) is globally asymptotically stable
when Ry > 1. O

Remark 3. In [29], the authors proposed a susceptible-exposed-infected-media-recovered (SEIMR)
rumor spreading model and analyzed the stability of its equilibrium. However, to the best of our
knowledge, there has been relatively little research on the impact of true information spreader on rumor
spreading. In contrast, this paper innovatively incorporates true information spreader into the rumor
spreading model, constructing a new SEITR rumor spreading model. In our study, we mainly rely on
the Routh-Hurwitz stability theorem, Lyapunov stability theory, and LaSalle’s invariance principle to
thoroughly investigate the stability of the equilibrium in this model.

4. Optimal control

To eliminate the negative social impacts caused by rumors and curb their spreading trend, phased
interventions should be implemented within a specific time horizon to reduce the scale of rumor
spreaders and raise the proportions of immune individuals and genuine information disseminators,
so as to drive the system toward a steady state. In this paper, the static transition parameters 6, p, and 6
in the SEITR model are extended to time-varying control variables 6(t), p(¢), and 6(¢). Compared with
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fixed constants, time-varying controls can be dynamically adjusted along with the evolution of public
opinion, enabling precise regulation of the critical pathways for population state transitions.

The three types of time-varying controls correspond to differentiated intervention strategies for
online public opinion: 6(#) denotes the intensity of media literacy popularization, which is adopted
to reduce the probability that susceptible individuals believe and repost rumors; p(f) represents
the intensity of targeted clarification interventions to block the transformation from hesitant latent
population to rumor spreaders; o(f) stands for the incentive intensity for genuine information
dissemination, guiding the public to actively spread authoritative rumor-refuting content. The synergy
of the three variables forms a multi-level rumor intervention framework.

Assuming the finite control horizon is #;, the optimal control objective function is defined as

J(6,p,6) = f ' eTNE® + 1)+ T(t) + %0@)2 + %p(t)z + %5@)2] dr. 4.1)
0

The optimal control problem is shown below:

% = A= ¢ k) S(OI(@) — 6(1) (kY S (T (1) — S (v),

? = (1 - 0(1)¢ (k) S(NI(1) = 8(1) (k) EOT (1) — p(OE(t) — €E(1) — pE(),

% = ()¢ (k) S (DI(1) + p()E(t) — 6(1) (kY ()T () — el (f) — pul(?), 42)
% = (1) (k) T(1)(S () + E(t) + I(t)) — uT (1),

? = €E(1) + €l (1) — uR(?).

The initial data for system (4.2) satisfies
SO0)=8S¢0=>0,E(0)=Ey>0,1000=1,>0,T(0) =Ty > 0,R(0) =Ry > 0, 4.3)

where o is the discount factor that reflects the weight attenuation of time on control costs and effects.
di, d,, ds are the weight coeflicients of control costs, and 6(¢), p(¢), 6(¢) are measurable functions, where
0(1), p(t),0(t) € U and 0 < 6(2), p(1),0(r) < 1, Yt € [0, 1].

4.1. Existence of optimal control

An optimal control exists as follows:
u = @,p",0" €U,

such that
J(07,p*,6") = min J(6(1), p(1), 6(2)).

This optimal control solution is guaranteed under the following conditions:
(1) The control variables and state variables are all nonnegative.
(2) The control admissible set U is convex and closed.
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(3) The integrand of the objective functional is convex within the admissible set U.

(4) The right of the state system is determined by a linear and bounded function of both the control
variables and the state variables.

(5) The existence of normal numbers g, g, and f > 1 ensures that the integrand of the objective
function satisfies the following inequality:

[
L(t;6;0;0) > g1(16 + |o|* + [6]*)? — ga.

The conditions (1)—(3) are obviously valid. Next, we prove the conditions (4) and (5).
Given that N(t) = S(¢t) + E(¢r) + I(t) + T(¢) + R(¢), since the state variables sum to N(¢), it follows
that each state variable is bounded above by N(t).

S <AE <(1-00)pk)SLT < 0B)¢k)SI+pME, T’ < 5t)k)T(S +E +I),R < €E +el.

Therefore, condition (4) is proven.
For the final condition
!
L(t;0;0;6) > g1(10F + Ip* +161)? — g,

_ K*U'fo

to satisfy this condition, we select g; = <= min{d,, d»,ds} and any g, € R*, f = 2. This choice ensures
that the condition holds.

4.2. Optimal control strategy

Theorem 4.1. For the optimal control solution (8%, p",0") in model (2.3), there are corresponding
adjoint variables A;(i = 1,2, ...,5) that meet the following criteria:

da
D~ LG+ 00 BT + 4 = o1 = 00D () T = A0 () T = As5(0) () T
d/l(;t(t) = —e 7+ LK) T + p(t) + € + u] — A3p(f) — 446(6) k) T — Ase,
d/l;t(t) = —e 7+ 110¢k)S — (1 -0(0))p<k)S + [0k )S +0() k)T + e+ ] — A5 k)T — A5€,(4.4)
d/lst(t) = — e+ 1,6(0) (k) S + ,0(t) (k) E + 36(0) (k) I — 4[6(6) (k) (S + E + 1) — ],
da
o,

Furthermore, the optimal control strategy for model (2.3) is represented by the triplet
@), p(t)*,0(t)"), which is defined as follows:

ot

6" = min{1, max{0, d—[(/lz = 3)P<k)y ST + wi — wipl}},
1
) eO’[
p" = min{l, max{0, d—[(/lz - B)E + wy — wxnll}, (4.5
P
ot
0" = min{l, max{0, d_[<k> TS + LE+ 43D — A &k)TS + E+ 1)+ w3 —wsnll).
3
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Proof. The extended Hamiltonian function that incorporates a penalty term is defined as follows:

H = ¢7"[EQO+I0)+T@) + %9(02 + %p(t)z + %5@)2]
+L[A — ¢ kYST—6(1) (kYyST — S|
+L[(1 = 0)p (k) ST = 6(2) (k) ET — p()E — €E — uE]
+ 510000 (kY ST + p(£)E — 8(t) (kY IT — el — ul]
+4[0()<kYT(S + E+ 1) —uT] + As[eE + €l — uR]
—w110(1) — wi2(1 = 0(1)) — w21 p(t) — wrn(l — (1) — w316(1) — wxn(l - 6(1)),

where w;; > 0 is a penalty function. It limits 0 < (), p(¢), 6(¢) < 1 through complementary slackness
and imposes heavy penalties near boundaries to discard unfeasible controls, making optimal strategies
practical for public opinion management. Its complementary slackness conditions are

w8 = w1 = 607) = 0,0 ()" = wn(®)(1 —p*) =0, w1 (N6 = ws(t)(1 -67) =0.
The synergetic system is

du@ _ OH dh() _ 0H dAs(t) . OH dAr) _ OH
de 8S@)’ dr  OQE@®)’ dt oIy dt AT’

dis(t) _  0H
dt  OR@)’

Taking the derivative of the Hamiltonian operator H with respect to the state variable U = (6, p, 6) and
equating it to zero, we can observe that

A(T)=0,i=1,2,...,5.

H

%—9 = e 7'd 0(1) + (A3 — )P k) ST — wyy + w2 =0,

OH —ot

5 ¢ drp(t) — LE + BZE — way + wyy =0, (4.6)
o

aH -0t

% =e7dz0(t) — LW (k)ST — A (kYET — A3 k) IT + 4<k)T(S + E+ 1) — w3 + w3 =0.

Derive the optimal control expression

ot

g = 2—1[(/12 = B)Ppk) ST + w1 — win],

. e(J't
P = d—[(/lz - B)E + wy — wanl, 4.7)

2

ot

5 = Z—[(k) TS + LE + 31 — 4 T(S + E + 1) + w31 — w3l
3

First, let’s consider 0*.
(1) Onthe set 0 < 6* < 1, let wy; = wyp = 0, thus §* = %T[(/lz - L) <k)SI].
(2) On the set 8" = 1, let wy; = 0, thus 6" = %t[(/lz — B3)p<k) ST — wqz].
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(3) On the set 8" = 0, let wy, = 0, thus 6" = %[(ﬂz - B3)p k) ST+ wqq].
Therefore,

ot

#* = min{1, max{0, Z—l[(ﬂz - )P k) ST+ wy; — wipl}}.

The optimal control p* expresion is

ot

, e
p" = min{1, max{0, d—[(/lz — B)E + wy — wnl}}
>

The optimal control 6* expression is

ot

0" = min{1, max{0, Z—[(k) TS + LE+ 30— A4 k)T(S +E+ 1)+ w31 —wsnll}
3
O

Remark 4. The optimal control strategy proposed in this paper introduces a discount factor and a
quadratic cost function into the objective function, which can distinguish the intervention value at
different stages of rumor diffusion, strengthen the early prevention and control intensity, and ensure
the uniqueness and stability of the optimal control solution. Combined with three-dimensional time-
varying control variables, it can realize dynamic regulation and control of the evolution of public
opinion. Compared with traditional control methods, this strategy can better balance the intervention
timeliness and prevention and control costs, and solve the unreasonable problem of equal weight
allocation at various stages.

5. Numerical simulation and discussion

In this section, different parameters are chosen to verify the correctness of the theoretical analysis
and the effectiveness of the control strategy. In addition, the established model is simulated using real-

world data. Several groups of experimental parameters are presented below, with detailed values listed
in Tables 2—4.

Table 2. System parameters.

parameters (k) A u 0 ¢ 0 Jol €
Datal (E;) 0.8 0.15 0.15 04 02 0.05 0.01 0.05
Data2 (E;) 0.8 0.15 0.15 06 04 04 02 02
Data3 (E;) 0.8 0.1 01 03 06 01 04 0.06
Data4 (E;) 0.8 0.15 0.15 0.7 09 03 0.01 0.05
Data 5 0.8 0.01 006 05 03 03 03 0.01

Table 3. Different initial conditions of S (0), E(0), 1(0), and T (0).

parameters S(0) EW©0) I1(0) T(0)

Data 1 Nyj-o5 (Eo) [0.75 ~ 0.55] 0.1 [0.05 ~ 0.25] 0.1

Data 2 N5 (Ey) [0.75~0.55] 0.1 0.1 [0.05 ~ 0.25]
Data 3 N,1.p5 (E;) [0.85 ~ 0.65] 0.02 [0.08 ~0.28] 0.05

Data 4 N31.35 (E3) [0.82 ~0.62] 0.11 [0.01 ~0.21] 0.06
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Remark 5. Each row in Table 3 corresponds to 5 sets of initial values (Nyi-os, N11~15, N21~25, N31-35):
interval values are sampled across the range with a step size of 0.05, while a single value means
the five sets of initial values are identical; fixed values for each group are set based on the dynamic
characteristics of corresponding equilibrium points and verification objectives, and the design of fixing
non-critical variables and testing core variables within intervals avoids multi-variable interference
and matches the characteristics of each equilibrium point accurately.

5.1. Stability of the equilibrium solutions

In this section, we verify the stability conditions of equilibrium points given in the previous
theoretical part, and plot the local asymptotic stability curves of each equilibrium point as well as
the three-dimensional phase portraits of the model under different initial conditions.

Using Data 1 in Table 2 with initial densities S (0) = 0.65, E(0) = 0.2, I(0) = 0.1, and T(0) = 0.05,
we calculate the basic reproduction number as Ry = 0.34 < 1. According to Theorem 3.1, the stability
condition of the rumor-free equilibrium E| is satisfied, implying that E, is locally asymptotically stable.
Figure 2(a) presents the time-series plots of the densities S (¢), E(t), I(¢), and T(¢) over time, showing
that model (2.3) eventually converges to the steady state.

For Data 2 in Table 2 with initial densities S(0) = 0.7, E(0) = 0.1, I1(0) = 0.1, and T(0) = 0.1,
we obtain Ry, ~ 0.68 < 1, Rp = 2.13 > land ¢ = 04 < 6(&2)21(\6;?:;/(\63;)52:02;5#) = 1.95. Based
on Theorem 3.3, the stability condition of the boundary equilibrium E; is fulfilled, so E; is locally
asymptotically stable, and the model also converges to the steady state (see Figure 2(b)).

1 : - . 0.8 .
—5(t) —5(t)
E(1) E(1)
08} —1I(t) | —1I(t)
—1(0) 08 —10)|]
>06} >
2 204
o] o]
Qo4l o
0.2}
0.2+
0 & ) ) . 0 \ ) . ) .
0 20 40 60 80 100 0 20 40 60 80 100

t t
(a) (b)

Figure 2. Local stability of the rumor-free equilibrium E; and the boundary equilibrium E;.

Using Data 3 in Table 2 with initial densities S (0) = 0.67, E(0) = 0.2, 1(0) = 0.03,and 7'(0) = 0.1,
we obtain Ry; = 2.4 > 1 and Ry = 0.8 < min{1, gt oy — 1. According
to Theorem 3.5, the stability condition for the equilibrium E is satisfied, so E is locally asymptotically
stable. As shown in Figure 3(a), model (2.3) eventually converges to the steady state.

Using Data 4 in Table 2 with initial densities S (0) = 0.9, E(0) = 0.02, /(0) = 0.01,and 7(0) = 0.7,
we obtain Ry ~ 2.57 > 1 and %‘ = 6.3 > 1, which satisfies the existence condition of the equilibrium
E5. As shown in Figure 3(b), the existence of the positive equilibrium solution of model (2.3) is

verified.
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Figure 3. Local stability of the boundary equilibrium E, and the endemic equilibrium Ej.

Based on the initial value data in Table 3, the three-dimensional phase portraits of the four
equilibrium points are plotted respectively (Figures 4 and 5). For each group of data, five different
initial densities are set to demonstrate the evolutionary trajectories of S (¢), 1(¢), and 7'(¢) under different
initial conditions. The results show that the trajectories of the model eventually converge to the
corresponding equilibrium point regardless of the variation in initial values.

06 08

(@ (b)
Figure 4. Three-dimensional phase portraits of the rumor-free equilibrium E, and the
boundary equilibrium E;.
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Figure 5. Three-dimensional phase portraits of the boundary equilibrium E; and the endemic
equilibrium Ej3.
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5.2. Impact of key parameters on the model (2.3)

Based on the parameter settings listed in Table 4, this section separately investigates the effects of
the rumor transmission rate #, contact rate ¢, conversion rate of truth spreaders ¢, average network
degree (k), and initial value of truth spreaders 7'(0) on the evolutionary law of rumor propagation.

Table 4. Impact of key parameters.

Figure A u (ky ¢ 0 0 e €

Figure 6(a) (0) 0.01 001 08 09 — 001 0.01 0.01
Figure 6(b) (¢)  0.015 0.015 08 — 0.8 0.02 0.01 0.01
Figure 7(a) (0) 0.01r o001 08 07 08 — 0.01 0.01
Figure 7(b) ((k)) 0.015 0.015 — 0.75 0.85 0.12 0.01 0.04

Figure 8 (Ty) 001 001 08 05 08 01 0.01 0.02

Figure 6 demonstrates the effects of rumor spread rate 6 and contact rate ¢ on the number of rumor
spreaders I(f). The results show that as 6 and ¢ increase, both the density and peak of /() increase, and
the time to reach the peak decreases.

0.8 : ; 0.8 : ; :

— =04 —¢$=0.1
0=0.5 o=0.3
0=06 ¢ =05

06¢ ——0=07|] 06T —o=07f]
0=08 =109
G G
= 04 = 04

0 ! * 0 ! *
0 100 200 300 0 100 200 300
t t

(a) (b)

Figure 6. The evolution of the densities of /(#) under varying 8 and ¢.

Figure 7(a) shows the impact of different values of the true information spreader conversion rate 6
on the rumor spreader /(¢). The results indicate that as ¢ increases, both the density and peak of I(¢)
decrease, and the duration of rumor spreading is shortened. Therefore, increasing the delta parameter
can effectively reduce the number of rumor spreaders.

Figure 7(b) shows how rumor spread density changes with different (k) values. The study founds
that as (k) increases, the density of I(¢) reaches its peak more quickly. The average degree of the
network indicates the closeness of connections between users. Therefore, in a social network, the
closer the connections among users, the faster the rumor will spread, and the wider its spread will be.

Figure 8 shows the impact of different initial values 7°(0) on the number of rumor spreaders /(7).
The results indicate that as the initial value 7°(0) increases, the peak of 1(¢) decreases. This is because a
larger initial value for true information spreaders means more people will spread the true information,
which in turn slows down the speed of rumor spreading. Therefore, increasing the initial value of true
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information spreaders can effectively control the spread of rumors.
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Figure 8. The evolution of the densities of I(¢) under varying 7'(0).

5.3. Effectiveness of optimal control

Based on the optimal control model (4.2), Data 5 in Table 2 is selected with initial densities
S$(0)=0.5, E(0) = 0.2, I(0) = 0.2, T(0) = 0.05, and R(0) = 0.05. In the objective function, we set
o =0.01,d, =0.1,d, = 0.1, and d; = 0.5. Figure 9 compares the evolutionary curves of five types
of populations under uncontrolled condition, single 6 control, single p control, single ¢ control, and
three-dimensional joint control.

Simulation results reveal obvious deficiencies of the three single control strategies: Single 6 and
single p can only slightly reduce the peak value of rumor spreaders; although single 6 can expand the
scale of truth spreaders, it fails to control susceptible and exposed populations at the source, resulting
in relatively high peak scale and long duration of rumors. The three-dimensional joint control realizes
multi-layer synchronous intervention, where 6 reduces the transformation from susceptible individuals
to rumor spreaders, p cuts off the propagation chain of exposed population, and 6 accelerates the
conversion of all types of populations into truth spreaders. It can be observed from the curves that
under joint control, E(¢) decays at the fastest rate, the peak value and duration of I(¢) are greatly
reduced, the scale of 7T(¢) is remarkably larger than that under all single control schemes, and R(f)
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declines more rapidly, which thoroughly blocks the rumor transmission chain. In conclusion, single
intervention delivers limited governance performance, while the collaborative control of 6, p, and ¢
balances governance effectiveness and intervention cost, providing quantitative theoretical support for

multi-dimensional joint governance of online rumors.
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Figure 9. The impact of optimal control on rumor propagation.

Figure 10 presents the time evolution of the optimal control variables and the control cost. As
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shown in Figure 10(a), the optimal control variables exhibit dynamic adjustment characteristics: The
core control variable 6(¢) remains at a high level in the initial stage to rapidly increase truth spreaders
and suppress rumors, stabilizes within a balanced interval of 0.2—0.3 in the medium term, and gradually
decreases to O in the later stage as the rumor is controlled; p(7) stays at a high level initially to block
the transition of exposed individuals to rumor spreaders, and then drops rapidly to O after the exposed
population decays quickly; 6(f) maintains an extremely low level throughout the process, since the
suppression effect of truth spreaders is sufficient to block the transition from susceptible individuals
to rumor spreaders without additional cost, which reflects the dynamic balance of the control strategy
between effect priority and cost optimality. As can be seen from Figure 10(b), the control cost J(7)
accumulates gradually over time, with a faster growth rate in the early stage than in the later stage.

— (%)
osl p(t)] ]

optimal control variables

0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) (b)

Figure 10. The time evolution of the optimal control variables and the control cost.

Remark 6. In Figure 10(b), the cost functional J(t) keeps rising. This curve represents the cumulative
integral value from time 0 to time t instead of the instantaneous cost. The optimization objective of this
paper is to minimize the terminal total cost J(ty). The control cost and rumor-induced losses over the
whole time horizon are continuously incorporated into the integral, so J(t) increases monotonically,
and its growth rate slows down in the later stage and finally converges to a stable upper bound.

5.4. Practical applications of the model

This subsection uses the real-world dataset provided in Ref. [33] to verify the effectiveness of the
model proposed in this paper. The background of the selected rumor incident is described as follows:
On December 22, 2017, a piece of news claiming that a tourist dragged an elephant’s tail in Thailand,
causing the accompanying tour guide to be trampled to death by the elephant went viral on Sina Weibo.
Closely related to public life and attracting extensive social attention, this story quickly sparked heated
discussions across the whole network. It was not until December 25 that the Thai police issued an
official clarification statement, confirming that the viral news was inconsistent with the facts and the
tourist had neither dragged nor harassed the elephant.

We counted the hourly volume of reposts, comments, and likes generated by this rumor after its
outbreak. Combined with the statistical data, we regard the period from 8:00 to 22:00 as the effective
time window for rumor propagation. The detailed raw statistics are presented in Table 5.
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Table 5. The number of reposts, comments, and likes.

Time Reposts Comments Likes Time Reposts Comments Likes
1h 85 163 111 23h 57 135 412
2h 89 69 60 24h 176 108 158
3h 1117 2027 2429 25h 226 580 1170
4h 902 2165 1506 26h 44 83 119
Sh 220 839 719 27Th 34 19 29
6h 1914 3304 4022 28h 79 161 149
7h 1050 3014 3444 29h 39 52 75
8h 919 418 390 30h 50 124 205
%h 299 539 490 31h 119 280 256
10h 92 285 189 32h 4 2 1
11Th 20 24 71 33h 20 17 22
12h 346 1067 3978 34h 48 43 47
13h 40 126 206 35h 86 180 428
14h 562 831 2672 36h 3 1 1
15h 381 1400 5114 37h 13 8 22
16h 214 264 385 38h 30 27 97
17h 182 516 1152 39h 2 0 0
18h 83 179 259 40h 2 0 0
19h 13 8 14 41h 22 36 24
20h 31 37 48 42h 0 0 0
21h 6 7 12 43h 0 0 0
22h 294 390 386 44h 0 0 0

It can be intuitively observed from Figure 11(a) that there is a significant positive correlation among
the number of reposts, comments, and likes. Among them, both the reposts and comments reach their
peak values at the 6th hour, while the peak of likes appears at the 15th hour. Figure 11(b) further shows
the cumulative total of reposts, comments, and likes per hour.
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To make the model more consistent with real data, we select the parameters (k) = 0.5, A = 0.08,
u=0.06,0=0.7¢=0.856=0.2,p=0.08, and € = 0.01. Figure 12 simulates the evolution of this
rumor propagation. It can be seen from the figure that the variation trajectory of the rumor-infected
individuals’ density is basically consistent with the overall trend of the real data, indicating that the
model constructed in this paper can well reflect the actual propagation process of rumors.
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Figure 12. Simulation based on real rumor data.

To eliminate magnitude interference, all data are normalized to [0, 1]. The fitting indexes are
MSE=0.0865, RMSE = 0.2941, MAE = 0.1700, and Pearson correlation r = 0.6445. The moderate
positive correlation demonstrates that the SEITR model captures the overall rise-fall trend of real
rumors, while moderate deviation arises from the homogeneous mixing assumption of the compartment
model.

5.5. Sensitivity analysis

In the section, our main task is to explore how various parameters in the model affect the basic
reproduction number, a process known as sensitivity analysis. First, we introduce the definition of
sensitivity analysis as follows [34].

Definition 1. The normalized forward sensitivity index of a variable u, which depends on differentiably
parameter q, is defined as
_Ou _q

u

Yq

0q u

Since the value of R is the maximum of Ry; and Ry, it is necessary to conduct sensitivity analysis
on Ry, and Ry, separately. Here, we only present the results of Ry, due to their similarity. Through
straightforward calculations, we have obtained the sensitivity indices of the model (2.3) parameters to
Ro1, as shown in Table 6, and the values of the parameters are set according to Data 1 in Table 2.

Table 6. Sensitivity index of Ry, to parameters values.

Parameter o ky AN 0 € ol u
Sensitivity index 1 1 1 0.889 -0.266 0.063 -1.797

Next, the influence extent of parameters related to Ry, on the SEITR rumor spreading model (2.3)
can be evaluated quantitatively by sensitivity analysis in Table 6. If we adjust the parameters by 1%,
the results in Table 6 indicate the proportional change in the variable.
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Figure 13 presents the impact of model parameters on the basic reproduction number Ry;. It can
be more intuitively observed that higher transmission rate # and conversion rate p lead to a larger
Ry1, which exacerbates rumor propagation, whereas a higher recovery rate € results in a smaller Ry,
effectively mitigating the spread of rumors.

Rm
N I N )

(@ (b)

Figure 13. The relationship between the basic reproduction number R(; and 6, p, and €.

Remark 7. In summary, the most effective strategy to reduce Ry, is to increase the emigration rate u
and the recovery rate €. This can be achieved through educational campaigns, the implementation of
government punitive measures, and the timely release of official information. Additionally, reducing
the coming rate can be facilitated by online public opinion supervision and education. Meanwhile,
lowering the spread rate can be accomplished by monitoring disseminators and, if necessary, imposing
penalties.

6. Conclusions

In this paper, an SEITR rumor propagation model is established by introducing both hesitant
individuals and truth spreaders simultaneously. The basic reproduction number R, of the model is
derived using the next-generation matrix method, and the stability of each equilibrium is analyzed by
means of the Routh-Hurwitz criterion and Lyapunov stability theory. Furthermore, by dynamically
adjusting control variables within a finite time interval, the optimal control strategy of the model is
analyzed based on Pontryagin’s minimum principle to suppress rumor propagation. Finally, numerical
simulations are carried out to verify the correctness of the theoretical results, the effectiveness of
the optimal control strategy, and the influence of different parameters in the model. The results
show that dynamically adjusting model parameters, prioritizing the increase of truth spreaders, and
blocking rumor transition pathways can effectively suppress rumor propagation. This study deepens the
understanding of rumor propagation mechanisms and provides theoretical support for the formulation
of control strategies.

The model in this paper adopts a homogeneous network assumption and fixed parameters. The three
time-varying controls only correspond to single intervention channels including science popularization,
rumor refutation, and genuine information promotion, without incorporating multi-party collaborative
governance mechanisms such as official media releases, platform supervision, and netizen self-

AIMS Mathematics Volume 11, Issue 7, 21541-21569.



21567

discipline. Simulations are only conducted based on a single public opinion case, lacking comparative
verification across multiple types of rumors, and random disturbances and time-delay effects are not
considered. Future research can introduce heterogeneous complex networks and stochastic time-delay
propagation models, expand multi-agent joint controls to construct multi-objective optimal control
schemes, collect real public opinion data of various rumor types for fitting and verification, and
integrate machine learning to realize real-time dynamic regulation of public opinion.
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