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1. Introduction

Fuzzy set theory, introduced by Zadeh [35], provides a mathematical framework for representing
imprecision and uncertainty by allowing elements to have degrees of membership. This theory has
become a flexible tool for modeling complex systems and uncertain data.

Building on Zadeh’s work, Atanassov [2] introduced intuitionistic fuzzy sets, which involve
membership and non-membership degrees together with a hesitation margin. This framework allows
uncertainty and ambiguity to be represented in a more refined way.

Motivated by intuitionistic fuzzy metric spaces, intuitionistic fuzzy normed spaces were introduced
in [21]. These spaces provide a natural setting for studying convergence and related analytical
properties under intuitionistic fuzzy uncertainty.

The investigation of Tauberian theorems has expanded beyond conventional settings to fuzzy
frameworks. In the classical Cesaro setting, Mdricz established Tauberian conditions under which
statistical convergence follows from statistical (C, 1) summability [16] and necessary and sufficient
conditions under which convergence follows from (C, 1) summability [17]. For double sequences of
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fuzzy numbers, Tauberian conditions have been obtained for ordinary (C, 1, 1) summability, statistical
(C,1,1) summability, and the weighted-mean (N, p, g) method [3, 18, 29]. For fuzzy-number-valued
sequences and series, power-series and deferred Cesaro summability methods have likewise been
supplemented by conditions ensuring convergence [24, 25]. Statistical summability has also been
connected with fuzzy Korovkin-type approximation: The statistical (C, 1)(E, u) product method yields
approximation results with statistical fuzzy rates, generalized weighted A-statistical summability
yields related approximation theorems, and statistical deferred Norlund methods have been applied
to functions of two variables [5, 7, 20]. The theory has been extended to strong deferred Cesaro
summability and deferred statistical convergence for triple sequences of sets [12], deferred statistical
convergence of order 8 for fuzzy variables in credibility space [13], and Zweier [V, A, u]-summability
in neutrosophic n-normed spaces [14]. In intuitionistic fuzzy normed spaces, Savas and Giirdal
introduced /-statistical and /-lacunary statistical convergence and investigated their relationship [23],
whereas Talo and Yavuz proved that Cesaro summability together with slow oscillation implies
convergence and derived a Hardy-type Tauberian theorem. More recently, Onder et al. obtained
statistical-convergence conclusions from statistical Cesaro summability under g—boundedness [19],
while Debnath investigated the passage from statistical Cesaro summability to statistical convergence
in intuitionistic fuzzy n-normed spaces, providing a basis for associated Tauberian results [6].

The motivation for passing from intuitionistic fuzzy normed spaces to . —fuzzy normed spaces
comes from the greater flexibility of the lattice-valued framework. Intuitionistic fuzzy normed spaces
are based on membership and non-membership degrees, usually represented in a specific ordered
structure, whereas .2 —fuzzy normed spaces allow the underlying degrees of uncertainty to take values
in a general complete lattice. This makes it possible to treat different types of ordered uncertainty within
a unified setting, including fuzzy, intuitionistic fuzzy, set-valued, and other lattice-valued models at the
same time. Therefore, extending Cesaro summability and Tauberian conditions to .Z—fuzzy normed
spaces is not merely a formal generalization, but provides a broader framework in which several fuzzy
convergence structures can be studied simultaneously. So, it presents the results of all the separate
studies that may have been done later, all under one roof.

Consistent with this motivation, several convergence structures have already been developed in
L-fuzzy normed spaces. Statistical convergence was investigated in [31], where it was shown to be
more general than convergence. For double sequences, statistical convergence was characterized in
relation to Pringsheim convergence and shown to be weaker than convergence [32]. Lacunary statistical
convergence was subsequently developed both for sequences [33] and double sequences [30], together
with the corresponding notions of lacunary statistical Cauchyness, boundedness, and completeness.
In fuzzy number spaces, statistical (C,1,1) summability was introduced for double sequences
and Tauberian conditions were established [34]. These results provide a foundation for extending
summability methods from fuzzy setting to the broader L-fuzzy framework considered here.

The aim of this paper is to study Cesaro summability and related Tauberian theorems in .’ —fuzzy
normed spaces. We derive criteria that allow one to determine when Cesaro summability yields
ordinary convergence in this setting.

The main contribution of this work is the formulation of the Cesaro summability method in
Z—fuzzy normed spaces. We establish one-sided and two-sided Tauberian conditions characterizing
when Cesaro summability implies ordinary convergence. These criteria clarify the relation between
Cesaro summability and ordinary convergence in .2 —fuzzy environments.

AIMS Mathematics Volume 11, Issue 7, 21519-21540.



21521

We also study slowly oscillating sequences in .#’—fuzzy normed spaces. This concept is central
in classical Tauberian theory and is investigated here in comparison with its corresponding concept
in normed spaces. We also clarify the role of slowly oscillating sequences in Tauberian theory for
£ —fuzzy normed spaces.

We extend Tauberian conditions for .#’—fuzzy normed spaces with the aid of the notions of slowly
oscillating sequences and g—boundedness. More precisely, we establish both slowly oscillating type
and Hardy’s two-sided type criteria, which characterize when Cesaro summability implies ordinary
convergence within this framework.

This paper provides an initial study of Cesaro summability, slowly oscillating sequences, and
their implications for Tauberian theory in . —fuzzy normed spaces. The results contribute to fuzzy
functional analysis by identifying conditions under which convergence can be recovered from
summability in a non-classical setting.

2. Preliminaries

In this section we give some preliminaries on .’ —fuzzy normed spaces.

Definition 2.1. [26] Given a complete lattice .Z = (L, <) and a set X (the universe), an .Z—fuzzy set
(or an £ —set for short) over X is defined to be a function

A: X—> L.

We denote the family of all #—sets over a set X by L*.
The intersection and the union of two .Z’—sets over the same universe are given by

(AN B)(x) := A(x) A B(x),
(AU B)(x) := A(x) V B(x),

for all x € X. Similarly, the intersection and the union of a family {A; : i € I} of such objects are given

by
((a) = A\ A,
i€l el
(UA,.)(x) = \/Ai(x).
i€l i€l

We denote the smallest and the greatest elements of a complete lattice . = (L, <) as usual by 0,
and 1, respectively. We also use the symbols >, <, and > in the obvious meanings, thatis,a > b : <
b<a,ora<b: a<banda+#b.

Whenever a complete lattice (L, <) is given, we assume the order topology on it, given with the
subbase elements in the forms [0;,a) = {x € L : x < a} and (a,1;] = {x € L : a < x}, where
a € L\ {0, 1.}. Then the frequently used expression lima, = 1, for a sequence (a,) on L means that
for each a € L, there exists an ny € N, such that a < x, for all n > ny. Moreover, for such a sequence,
the values lim inf a,, and lim sup a,, are always defined, and in particular, the following equalities hold:

liminf a, = \/ /\ ar and limsupa, = /\ \/ ay.

n  k>n n k>n
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Definition 2.2. [26] A triangular norm (t-norm) on a complete lattice . = (L, <) is a monotone
associative commutative binary operation with the identity 1,. Dually, a triangular conorm (t-conorm or
s-norm) is a monotone associative commutative binary operation with the identity 0;. More precisely,
while a t-norm .7 : L X L — L satisfies the conditions

(1) T (a,b) = T (b,a);

2) (I (a,b),c) = T(a, 7 (b,c)),

(3) T(a, 1) = a;

ADa<bandc=<d = J(a,c) < T(b,d);
forall a,b,c,d € L, at-conorm . : L X L — L satisfies

(1) S(a,b) = L (b,a),

2) L (L (a,b),c) =.L(a, S (b,c)),

(3) L(a,0) = a;

@da=<bandc <d = S(a,c) <.7(b,d).

According to this definition, the only difference between the concepts of t-norm and t-conorm lies
in the fact that their identity elements are different.

Example 2.3. [26] The functions 77, %, and .75 given with

J1(x,y) = min{x, y},

Th(x,y) = xy,

Z(x,y) = max{x+y— 1,0}
are some well-known examples of t-norms on the complete lattice ([0, 1], <), while

Z1(x,y) = max{x, y},

SH(x,y) = x+y— xy,

F3(x,y) = minfx + y, 1}
are examples of t-conorms. Intersection of sets defines a t-norm on a powerset lattice (#, €), and union
defines a t-conorm. t-definers and t-codefiners [4] correspond respectively to t-norms and t-conorms
on the lattice ([0, oo], >), which is notable as the underlying lattice of the Lawvere quantale [10].

Remark 2.4. By the associativity property, for any x,y,z € L, the following relation holds for any
t-norm:

T(T(x3),2) =T (x, T (1,2) = T (x,9,2).

Then for any xy, x5, ..., X, € L, the notation can easily be extended as
y(-xl, X2y eees -xn) = g(y(-xl, X2y eees -xl’l—l)’ y(xn))

for n > 3. This represents the iterative application of the t-norm .7 across n elements in L. In fact, in
the special case of ([0, 1], <), it is shown that this can be extended to the case of infinite multisets [9].
A similar argument is also valid for t-conorms.

In light of Remark 2.4, given a t-norm .7 or a t-conorm .%, we use the shorter notations

y(ai) = g(amval’l’ﬁla' . "an)

m<i<n

and
y(ai) = 45ﬂ(am’ Amtls e an)'

m<i<n
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Definition 2.5. [26] A r—norm .7 on a complete lattice . = (L, <) is called continuous, if for every
pair of sequences (a,) and (b,) on L such that (a,) — a € L and (b,) — b € L, one has the property
that 7 (a,, b,) — 7 (a, b) with respect to the order topology on L.

Definition 2.6. [26] A mapping .4 : L — L is called a negator on .Z = (L, <) if
Ny) A (Op) =1z
Ny) A (1) =0y
N;) x < yimplies A (y) < A (x) for all x,y € L.
If in addition,
Ny) N (AN (x)) =xforall x € L;
then the negator .4 is said to be involutive.

(N,) and (NV3) together imply injectivity by A4 (x) = A (y) = A (x) < A (y) and A (y) < N (x) =
N (N () L AN (AN (X)) and N (AN (x)) < N (A (x)) = y < xand x <y = x = y. This also suggests
that an involutive negator necessarily satisfies the property

Nj) x < yimplies A (y) < A (x) forall x,y € L,
which is stronger than (N3).

Example 2.7. On the lattice ([0, 1], <), the function .4; : [0, 1] — [0, 1] defined as #;(x) = 1 — x is an
example of an involutive negator, called the standard negator on [0, 1], which is used in the theory of
fuzzy sets. Similarly, given the lattice ([0, 1]?, <) with the order

(W1, v1) 2 (U2, v2) &= < and vy =2v

for all (u;,v;) € [0,1]%, i = 1,2, then the mapping .4, : [0, 1]*> — [0, 1]%,

A, v) = (v, ),

is an involutive negator used in the theory of intuitionistic fuzzy sets in the sense of Atanassov [2]. For
a powerset lattice (P(X), C), the complementation .#.(A) = A corresponds to an involutive negator. In
the case of the lattice ([0, ], >), A/(x) = i is an involutive negator.

Given an involutive negator ./ on a lattice (L, <), each t-norm .7, corresponds to a dual t-conorm
. defined by
S(a,b) := N (T (N (a), N (D))).

Equivalently, we have A4 (.#(a, b)) = 7 (A (a), A (b)). In Example 2.3, each t-conorm .¥; is the dual
of the t-norm .7; with respect to the standard negation on ([0, 1], <) for i € {1, 2, 3}.

Remark 2.8. In general, for a given continuous t-norm .7 and a negator ./, it is not always feasible
to find an element r € L \ {0;} for each € € L \ {0}, such that

T (N (r), N (1) > N (&),
or equivalently

SL(r,r) <&, 2.1
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where .7 is the dual t-conorm. For further details and specific cases in which this inequality holds,
refer to [22].

In this study, we assume the existence of a continuous t-norm .7, an involutive negator .4”, and the
dual conorm . of .7 with respect to the negator .#", with the property that, for each € € L\ {0, 1.},
there exists an r € L \ {O;, 1.} such that 7 (4 (r), A (r)) > A (&), and equivalently .7 (r, r) < €.

Specifically, for a given r, it is possible to determine s such that .7 (.4 (s), 4 (s)) > A4 (r) and
S (s, s5) < r. Consequently, it follows that .7 (A (r), N (s), A (s)) > A () and T (1, s, s) < €.

More generally, for any given € > 0, there exists values ry, 15, ..., ,, such that

TN (1), A (12)y oy N (1)y A (1)) > N (E),
and equivalently
S (T, 12y ey Fpy 1) < E. (2.2)

This establishes that the t-conorm ., when applied to appropriately chosen 7;, can yield a value smaller
than &, demonstrating its consistency with the defined inequalities.

Definition 2.9. [26] Let V be a real vector space, .Z = (L, <) be a complete lattice, .7 be a continuous
t-norm on .Z, and p be an .Z—set on V X (0, o) satisfying the following:

(Ly) p(x,t) >0y forall x e V¢ > 0;

(Ly) p(x,t) =1 forall t > 0 if and only if x = 6;

(L3) p(ax,t) = p(x, ﬁ) forallxe V,t>0and @ € R\ {0};

(Ly) T(x,0),p(y,8) 2px+y,t+s)forall x,ye Vandt,s>0;

(Ls) lim,, p(x,t) = 1, and lim,_,g p(x,7) = O, for all x € V \ {6};

(L¢) The mappings f, : (0,00) — L given by f(#) = p(x, t) are continuous.
In this case, the triple (V, p .7) is called an . —fuzzy normed space or . —normed space.

Since we assume the existence of an involutive negator and the dual t-conorm, each .’ —fuzzy norm
o corresponds to an .Z—set ¢ on V X (0, c0) defined by

¢(x, 1) := A (p(x,0)),

of which we make use for a bit shorter proofs. We prefer the formulation involving ¢ to that involving
p in many situations, since it both reduces the use of negation and yields cleaner statements, while also
providing more intuitive analogies for readers with a classical analysis background, particularly in the
equality to O, appearing in condition (L)), the direction of the triangle inequality in condition (L)), and
in the statements involving being smaller than a given € > 0,. Under this convention, the axioms in
Definition 2.9 becomes as follows:

(L) s(x,t) <1 forall x € V,1 > 0;

(L)) ¢(x,t) =0 forall 7 > 0 if and only if x = 6,

(L)) s(ax, 1) =g(x, ﬁ) forall xe V,t>0and @ € R\ {0};

(L) s(x+y,t+5) 2 S(s(x,1),5(y,s)) forall x,y € Vand t,s > 0;

(LY) lim ¢ (x,7) = 0 and lim; o ¢ (x,7) = 1 forall x € V'\ {6};

(Lg) The mappings f; : (0,00) — L given by f(¢) = ¢(x, ) are continuous.

Additionally, we assume that the .Z’—fuzzy norm p defined in this context satisfies the subadditivity
property, an essential characteristic that extends the classical normed space framework into the
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Z—fuzzy setting. Specifically, the subadditivity property in the . —fuzzy norm space is defined as
follows:
For any x, y in the space and for any 7 > 0, the .’ —fuzzy norm p satisfies

TPe(x,1),p(,1) 2 p(x+y,1),

or equivalently
sx+y,0) = 7(s(x,1),6(.1).

This subadditivity property ensures that the .Z—fuzzy normed space adheres to a generalization of
the triangle inequality, which is fundamental in establishing structural properties such as convergence,
boundedness, and continuity within the .’ —fuzzy context.

Here, intuitively, the value of p(x, ) can be interpreted as the truth value of the proposition “the
length of the vector x is less than (or less than or equal to) £, whereas ¢ (x, f) can be interpreted as the
truth value of the proposition “the length of the vector x is greater than (or greater than or equal to) 7.
Although this interpretation may not be formally precise, it is suitable for obtaining a general intuition
and for making sense of the relations. This interpretation suggests that when s < ¢, we should have
p(x,s) < p(x,t), thatis, ¢(x, s) > ¢(x,t). Indeed, if s < ¢, then r — 5 > 0, and we have

p(x,8)= T(x,8),1;) 2 T, 5),00,t—35) <px+0,s+1t—15)=p(x,1).

Definition 2.10. [26] A sequence (x,) in an £ —fuzzy normed space (V, p, .7) is said to be convergent
to £ if for each € € L\ {0;} and 7 > 0, there exists ny € N such that for all n > ng,

p(x, =€, 1) > N (e),

that is
slx,—¢€,1)<e.

In this case, we denote this convergence by . — lim, x,, = £.

Definition 2.11. [26] A sequence (x,) in an . —fuzzy normed space (V,p,.7) is called a Cauchy
sequence if for each € € L'\ {0.} and ¢ > 0, there exists ny € N such that for all m,n > ny,

p(-xn = Xm» l) > </1/(8)a
or equivalently
s(x, — xp, 1) < &

Definition 2.12. Let (V,p, 7) be an .Z—fuzzy normed space. Then a sequence x = (x;) is said to be
bounded with respect to fuzzy norm p, provided that for each r € L\ {0}, there exists a f > 0 such that
forall k e N,

p(xk’t) > ,/V(r),

that is
s(xg, ) <r.
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3. Cesaro summability in .2 — fuzzy normed spaces

Now, we define the weighted mean summability method in the context of .Z—fuzzy normed spaces
and establish the associated Tauberian theorems. For an in-depth discussion on summability theory and
Tauberian theory, the reader is referred to [1,8, 15].

Definition 3.1. Let (V,p, .7) be an .£— fuzzy normed space, where V is a vector space. Suppose that
(x,) is a sequence in V. In this case, (x,) is said to be Cesaro summable to a limit £ € V, if the sequence

of Cesaro means
1 n
Y=g DM
n+1 k:O

converges to £. In other words, for each € € L \ {0.} and # > 0, there exists an integer n, such that for
all n > ny,

sn—t1n<e

Additionally, Cesaro sums are frequently denoted by o, in the literature. Therefore, the arithmetic
means o, of (x,) is defined by
1 n
Tn = n+1 kzz;i e

Consequently, the sequence (x,,) is Cesaro summable to £ € V in .Z— fuzzy normed space if

Z - ,}l_,n; o, =1.

Initially, we will demonstrate that the Cesaro summability method possesses regularity within the
framework of an .Z—fuzzy normed space. This will involve establishing the necessary properties and
conditions under which the Cesaro method maintains regular summability, providing a foundation for
analyzing the convergence behavior. By thoroughly examining these properties, we can ascertain the
consistency of the Cesaro summability method with respect to .Z’—fuzzy norms, thereby contributing
to the broader understanding of summability theory in fuzzy normed spaces.

Theorem 3.2. Let (V, p, 7) be an £ —fuzzy normed space. Suppose that (x,) is a sequence in V, which
converges to £ € V. Then, the Cesaro mean of the sequence (x,) also converges to £.

Proof. Let (x,) be a sequence in an .2 —fuzzy normed space (V, p, .7"), and suppose that (x,) converges
tof € V.Fixt > 0. By (2.1), for any given € € L \ {0}, we can choose an r € L \ {0} such that

S(r,r) <e.

Since (x,) converges to ¢, there exists an ny € N such that for all n > n,

g(xn - £, %) <e&.

Since

1 & 1 &
n—f: —€: _f’
7 (n+12xk) n+1kzz(;(xk )

k=0

AIMS Mathematics Volume 11, Issue 7, 21519-21540.



21527

it can be split into two parts as

(Z(xk —0)+ Z (i —{’))

k= n0+1

Additionally, by (L)), we have

(e = 00n1) = o Y- 0. a4 1)
k=0 k=0

for all # > 0. Therefore, for the partial sum over the first n, terms, there exists n; € N such that for all

n>np,
no
(n+ 1)t
s(Yw-0." ) <
k=0

In other words, we have for the first ny terms

< - hm g(Z(xk 0), (nt l)t) 0.

Let
no
A= Z(xk —0).
k=0

This is a fixed element of V. Hence, by (Lf), we have

. (A, (n+ 1)t) S0,

2

as n — oo, since (n + 1)t/2 — oo. Thus, there exists n; € N such that

¢ [Z(xk -0, l)t] <r
k=0

for all n > n;. Therefore, for n > max{ny, n;}, we have

(A D -0n1) = c(i(xk - 0.6+ 1)
k=0
% g(i(xk—a, LN (Y w0, (””)t)]

kngl

Ao{S-0. 82 3 015

k:n0+l

Y e e )|

< y(rls 12y ey Tn—nys rn—no)

n

1
g(n+12xk—£,t)

k=0

IA

IA

v

< g

for appropriate r; as explained in (2.2). This shows that the Cesaro summability method is regular. O
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A similar result was established for intuitionistic fuzzy normed spaces in Theorem 3.2 of [28]. The
following example states and explains that the theorem proved above is a lossless generalization of the
corresponding result in [28].

Example 3.3. Let us consider the subset A = {(a;,a2) € [0,11* : a; +a, < 1} of [0,1] x [0, 1],
together with the partial order defined on this set by (ay,a,) < (b1,b) < a; < by and a, >
b,. Then ¥ = (A, <) is a complete lattice with the operations \/ (a1, az) = (sup,.; ai;, infie; az;)
and A (a1;, az) = (infiy ay;, sup,; az;). As the continuous t-norm, we consider .7 : A X A — A,
7 (a1, ar), (b1, by)) = (min(ay, by), max(as, by)), and as the involutive negator, we consider .4/ : A —
A, N (ay,a) = (az, ay).

The dual t-conorm . : AXA — Aisthen given by . ((a;, a»), (b1, by)) = (max(ay, by), min(ay, b,)),
and the condition explained in Remark 2.8 is satisfied since 0, = (0,1) € A, and for any (g, &;) €
A\{(0, D)}, taking (r1, r2) = (3, %) readily satisfies .7 ((r1,72), (r1,12)) = (r1,12) < (e1,&) by 5 < &1,
B2 > g,and (r,r) € AN{(0, D} since 0 < 2 < 3,1 <2 <Landr+n=53+52<3=1

In this setting, if p is an -Z—set on V X (0, co) for a vector space V, then for all x € V and ¢t > 0,
p(x,t) € A, hence it has two coordinates. We write them as p(x,1) = (o(x,1),p2(x,1)). Especially,
for a given intuitionistic fuzzy norm (i, v) on V, we define p; = p and p, = v, thatis, p(x,f) =
(u(x,1),v(x,1)). Then, under our notation ¢ (x, ?) := A4 (p(x, 1)), we should have ¢ = v, ¢, = p.

The definition of an intuitionistic fuzzy normed space is given in [21] as follows:

(@) p(x,1)> 05 @) vix,n<l;
b)) ux,t)=1 < x=0; b)) vix,H) =0 < x=0;
(©) ulax,t) = u(x, |L) for each a # 0; () viax,t) = v(x, i) for each a # 0;
al ||
(d) ulx,t) = uly,s) <ulx+y,t+s); d) vix,t)ov(y,s) =v(x+y,t+5s);
() wu(x,-):(0,00) — [0, 1] is continuous; €’) v(x,-):(0,00) - [0, 1] is continuous;
(f) zlgg u(x,t) =1and 1[1_)1’{)1 u(x,t) =0; () tlgg v(x,1) = 0 and 1[1_)1’{)1 vix,t) =1,

where V is a vector space, i, v : VX (0,00) — [0, 1], u(x, t)+v(x,t) < 1, = is a continuous t-norm, and ¢
is a continuous t-conorm. However, in [28], the t-norm and t-conorm are fixed to the minimum t-norm
and maximum t-norm, and we adopt this convention as well in order to recover the corresponding
results therein.

Therefore, comparing these conditions with our Definition 2.9, we see that (L) follows from (a) and
(a’), (L,) from (b) and (b’), (L3) from (c) and (c’), (L4) from (d) and (d’) when the minimum t-norm and
maximum t-conorm are chosen, (Ls) from (f) and (f”), and (L¢) from (e) and (e’). Also, in this setting,
the corresponding notions of convergence coincide with those in intuitionistic fuzzy normed spaces.

As a result, if we interpret Theorem 3.2 in the special case of the lattice &, we recover Theorem 3.2
of [28].

The purpose of the following examples is to show that the converse of Theorem 3.2 does not hold
in general. More precisely, Cesaro summability in an .2 —fuzzy normed space need not imply ordinary
convergence without an additional Tauberian condition.

In Example 3.3, the sequence ((—1)") is used to illustrate this phenomenon in a simple .’ —fuzzy
normed space. Its Cesaro means tend to O, whereas the original sequence continues to oscillate and
therefore does not converge.
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Example 3.4. Let .Z = ([0, o], <), Z(a,b) = min(a,b), A (a) = a! fora < oo, and A4 (o) = 0.
Consider the .Z—fuzzy norm p on R, considered as a vector space over itself, given by p(x, 1) = ﬁ for
x #0,and p(0, ) = oo for all ¢ > 0. In this case, ¢(x,1) = @

For the sequence (x,) = ((—-1)"),

1 . .
N g if n is even,
n — . .
0, if n 1s odd.

(0,) is convergent to 0, since for a given & € [0, co] \ {0}, ¢ (07, 1) = @ < gforall n > é Then (x,) is
Cesaro summable to 0. Hence, if (x,) is convergent, it can converge only to 0. However, this is not the

case, since fortr = e =1,

D1
ns 1) = = — 1 =
§ (X, 1) » [<1=¢

is not satisfied for any n € N.

In Example 3.4, the same phenomenon is demonstrated in the function space C[0, 1]. The sequence
Jfx(x) = (—=x)" 1s not convergent, since the distance between two consecutive terms remains uniformly
separated. On the other hand, its Cesaro means converge uniformly to the zero function, as shown by
the estimate

n

1 k
m ZO(—X)

k=

2
< —

o ()] = P

for all x € [0, 1]. This uniform estimate directly implies convergence to zero in the given . —fuzzy
norm.

Example 3.5. For the lattice .Z = ([0, 1], <), define
J(a,b) = min(a, b), N (a)=1-a.
Then p : C[0, 1] X (0, c0) — [0, 1] given by

p(h,t) = t(t + sup Ih()c)l)_1

x€[0,1]

is an . —fuzzy norm on the vector space C[0, 1]. Then

¢ (h, 1) = sup [A(x)| - (¢ + sup [A()]) .

xe[0,1] x€[0,1]
Consider the sequence (f,,), given by f,(x) = (—x)". To see that (f,,) is not convergent, observe that

sup |(_x)n+l _ (_x)n = sup |(_1)n+l(xn+l + xn) =2

x€[0,1] x€[0,1]

for all n € N so that

E

g(ﬁ’Hl _fmt) = .

r+

[\
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Therefore, there is no ny € N such that the condition ¢(f,, — f,,1) < efort =2, & = % However, it is
Cesaro summable to the zero function. In fact,

1 & P 2
:—E —x)f <
Tn(X) n+1 k=0( %) “n+1’

since x* < 1 and
xR = x(—x+ D < 1

for all x € [0, 1]. This means that

( 1‘) > [(l‘ + 2 -1 nt+t
O-n’ —_ - 1 = —’
p n+1 nt+t+2
or equivalently
s 1) = 1 - n 1) < .
§ (@) plomD) nt+t+2

Then for any € € [0, 1]\ {0} and 7 > 0, one has ¢ (07, 1) < & for all n > 2=2&-¢,

te

In Example 3.5, we give an analogue in the Hilbert space 2. The standard unit sequence (e,) has
no limit in £? because its mass moves along the coordinates and does not approach any fixed vector.
However, the Cesaro means spread this mass over the first n + 1 coordinates with size 1/(n+ 1). Hence,
their £>-norm tends to zero, which yields Cesaro summability to the zero vector in the corresponding
£ —fuzzy norm.

Example 3.6. Consider the lattice .Z = ([0, 1], <) with
T (a,b) =ab, N (a)=1-a.

On the vector space £2, consider the . —fuzzy norm p, given by

p((x),1) = [exp , /;Zoolxk\z )
g((xn)’ t) = 1 -1 exXp w’éo'”k'z .

Now consider the sequence (e,) on 2, where

Then,

eo = (0,0,0,0,...),
ey =(1,0,0,0,...),
e =(0,1,0,0,...),
e; = (0,0,1,0,...),

and so on. (e,) cannot be convergent to any a € ¢>. To see this, assume that (e,) converges to a point
a = (ap,ay,as,...) € t?>. By a € £? C cy, the sequence (a,) must converge to 0, so that for & = 0.3 and
t = >, there is an ny € N such that |a,| < % for all n > ny. Then

1 = -1
slep,—a,z)=1- (eXp 1/z |enk—ak|2)
2 k=0

AIMS Mathematics Volume 11, Issue 7, 21519-21540.
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<1- (CXp |enn - anl)_l

1\-1
Sl—(expi)
1
=1-—~=0.3935 £ &
NG 3

However, (e,) is Cesaro summable to the zero vector. The reason for Cesaro convergence is that the
averaging process distributes the unit mass of e; over the first n+1 coordinates. Indeed, let € € [0, 1]\{0}
andr > 0,

0o = (0305090"'-)9

1
o= (5,0,0,0,...),

11
- ’_70,05 )
72 ((3 3 )
111
03 = ((Za Z’ 4_‘-,0, )a

and in general,

1 .
I if k <n,
Ok = .
0, otherwise.

Then, setting

1
0= G —e)?
for n > ny, we have
-1
In(1 —¢) < ,
tVn+1

so that

—1
s (o), t)—l—\/exp zwrnk\ ko<n+1>2 —l—etW <e.

Lemma 3.7. [27] Let us define (1) for every 4 > 0 by (1) := A — [4]. Then, the following statements
hold:

(i) If A > 1, then A, > n for each n € N \ {0} with n > (1)~!.
(i1) If 0 < A < 1, then 4, < nforeachn € N\ {0}.

('D
Pt
o
M:

Lemma 3.8. [27] We have the following statements:
(1) Let A > 1. Foreachn € N\ {0} withn > (34— 1)/4(1 — 1), we have

A A+ 1 24
< < .
A-1 A3,-n A-1

(ii) If 0 < A < 1, for each n € N\ {0} with n > 2~! we have
A, +1 21

0< < .
n—-4, 1-A4
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We now state a lemma due to Mdricz that will be used in the proof of the main theorem.

Lemma 3.9. [17] The following propositions are established as fundamental components of our
theoretical framework:
(i) For all 4 > 1 and large enough n, that is, A, > n,

An

(xk - xn)'
k=n+1

(i1) For all 0 < A < 1 and large enough n, that is, A, < n,

A, +1 1 g
Xn—O'n—n_—/ln(O'n—O'An)—n_/l Z (Xp = Xt)-

We now present the main result of this paper.

Theorem 3.10. Let (V, p, 7) be an £ —fuzzy normed space, and suppose that (x,) is Cesaro summable
to £. Then (x,) converges to ¢, if and only if

A

> G= ) =0, G.)

k=n+1

n

|
£li (
nflimsup ¢{ -

i
g BRI
for all ¢ > 0.

Proof. In £ —fuzzy normed space (V,p, .7"), consider a sequence (x,), which is Cesaro summable to
teV.
Necessity. Suppose that (x,) converges to £. Fix t > 0. For any 4 > 1 by Lemma 3.9, we have

A, +1 1
Xy = Oy = An—n(%_a")_ﬂn—n Z(xk—xn)-

By Lemma 3.8, forn > (34 — 1)/A(1 — 1), we have

A, +1 t t
Y An_n(mn—crn),t =S| 0% =T g [ SS90~ T o1 |-

Ap—n

Since (07,) is Cauchy,

A, +1
lim ( (o, — ), r) =0y,

n—oo n— N

Ap+1

which means that 22=(0y, — 07,) — 0. Therefore, we have

n—oo n—

J!
) 1 .
lim ¢ (/l - Z (X — x), t) =0;.

k=n+1

Sufficiency. Suppose that the equality (3.1) is satisfied. Fix ¢ > 0. Then for any given € € L\ {0.},
there exist ry,r, € L\ {0.} by (2.2) such that .#(r, 2, r2) < &. In this case, we have the following:
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e There exist A > 1 and ny € N such that

for all n > ny.
e There exists n; € N such that ¢ (O'n -, %) < r, forn > n,.
e There exists n, € N such that

Z(Xk )<”1

(/l,,+1

t
S /ln—n(o-/l” —0n), 5) <nr

Ap+1

for n > n,, in view of the fact that = (o, — 0,) — 0.

Hence, we get

S

g‘(xn—{’,t) = S’(Xn—O'n-i'O'n—f,t)
A, +1 4l
= (T o - —— Y w -+ o)
A = A = k=n+1
A, +1 t 1 L
< 7 g( (0'1 U),—),g( (X
A, = 3 A, —n
k=n+1
< SA(ri,r, 1)
< &

for n > max{ng, n, n,}, which completes the proof.

O

Remark 3.11. In the context of Example 3.3, if we reinterpret Theorem 3.10, then in particular

condition (3.1), namely

/ln

1
inf lim su g‘(
Bl oo ’ Ay =1 2

splits into two coordinatewise parts

Z (X = Xn), t)

1nf lim sup v(

n—

k n+1
and
1 /1)1
sup lim inf ,u( Z (X = xn), t) =
-1 e /ln I =

as OA = (Oa 1) € A7 g(x7 t) = (gl(-xa t)’ §2(X9 t))’ and 1 = V,62 =
Eqgs (3.1) and (3.2) in [28], thereby reducing to Theorem 3.6 therein.

AIMS Mathematics

Z (Xk — Xn), t) = 04,

1,

u. These exactly correspond to
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Building upon the framework established in the preceding theorem, it is possible to derive a
subsequent theorem by altering the parameter condition from 4 > 1 to 0 < A < 1. This modification
not only broadens the applicability of the theorem but also highlights its versatility under varying
constraints of the parameter A. The resulting theorem, as presented below, demonstrates how these
adjustments yield analogous conclusions within the modified parameter space. In the context of
Theorem 3.10, by using the same argument for 0 < A < 1, we obtain the following result.

Theorem 3.12. Let (V, p, .7) be an £ —fuzzy normed space, and suppose that (x,) is Cesaro summable
to £ € V. Then (x,) converges to ¢ if and only if

n

> G x0.1) =0, (32)

T k=2,+1

iof 1i (
01<I}<1 1rnn_)s;1p s n—A4

forall # > O.

Proof. Necessity. Let (x,) converge to €. Fix t > 0. By Lemma 3.9, for all 0 < A4 < 1 and large enough
n, that is, A4, < n, we have

/ln+1( )
X,—0p=———(0,—0,)—
n—A4, A n—A

(xn - xk)-
M k=1,+1

By Lemma 3.8, we have forn > (34— 1)/4(1 — 1) that

A, +1
S

t
(0w —0,), t) = c(Gn — 00 T ) < g((fn — O 5T )
l’l—/ln InT 1 =A

Since (07,) is a Cauchy sequence,

A, +1
1mg( +&n—m&0=%,
n—A4a,

Ay+1
n—A4,

which means that (o —0,,) — 0. Therefore, we have

n

3 - ), r) =0,

" k=A,+1

Sufficiency. Suppose that (3.2) is satisfied. Fix t > 0. Then for all € € L\{0.}, there are ry, r, € L\{0,}
such that . (ry, r,, ;) < €. Then we have the following:

e There exist 0 < A < 1 and ny € N such that

1 - t
S'(n_/1 Z (xn_xk)’§)<rl

T k=1,+1

for all n > ny.
e There exists n; € N such that ¢ (0',1 -4, %) < r, forall n > n;.
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e There exists n, € N such that

/1n+1( ) t -
Op—0,), = r
S n—1, A 3 2

A+l
n—A1,

for all n > n,, by the fact that (op—0,,)—0.

Hence, we get

g(xn_f,t) = g(xn_o-n+0-n_[’t)

n

A, +1
= (T o) - (5 = 50+ 0 = 1)

n—A4a, ! n—A4,

k=A,+1
A, +1 t 1 - t t
< Ao anS)el L 3 om0 fhfen-e)
k=1,+1
< y(”], ra, r2)
< &
for all n > max{ng, ny, n,}. O

We now introduce slowly oscillating sequences in .Z—fuzzy normed spaces and establish several
related results.

Definition 3.13. Let (V,p, 7)) be an . —fuzzy normed space. Then a sequence (x,) on V is said to be
slowly oscillating if

inf lim sup max ¢ (x; — x,,,1) = 0 3.3)

> e n<k=gdy,
for all > 0, where 4,, denotes the integer part of the product An, that is, 4, = [An].

Intuitively, this means that the terms of the sequence do not oscillate significantly on short
multiplicative intervals of the form [n, An], once n is sufficiently large. Thus, although the sequence
need not be monotone or convergent by definition, its local fluctuations become small in the £ —fuzzy
normed sense.

The condition above can be equivalently reformulated as follows: A sequence (x,) in an .Z—fuzzy
normed space is slowly oscillating, if and only if, for every # > 0 and for any € € L\ {0.}, there exist
constants 4 > 1 and ny € N (both dependent on ¢ and €) such that the inequality

S(xp — xp 1) < €

holds for all indices n and & satisfying np < n < k < 4,.

This implies that as the terms of the sequence tends to infinity, the differences between successive
terms become closer to each other to exhibit minimal oscillation. The parameters > 0 and € € L\ {0}
act as controls for the precision and bounds of the oscillatory behavior, while 4 > 1 and nyp € N
ensure that these properties hold uniformly beyond a certain index n, as the sequence evolves. This
reformulation provides a clear and flexible criterion for identifying slowly oscillating sequences in the
context of . —fuzzy normed spaces.

Building upon the discussions in Example 3.3 and Remark 3.11, in the case of the lattice Z = (A, <),
this definition corresponds exactly to Definition 4.1 in [28].
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Theorem 3.14. Let (V,p, .7) be an . —fuzzy normed space. If (x,) is Cesaro summable to £ € V and
slowly oscillating, then for all r > 0,

A}l

Z (xx — x), t) =0;.

k=n+1

f i (
o S\, =

In other words, from Theorem 3.10, (x,) converges to .

Proof. Suppose that (x,) is a slowly oscillating sequence in .2’ —fuzzy normed space (V,p, 7). Fix
t > 0. For given € € L \ {0, }, there exist A > 1 and ny € N such that

clxx—x,) <&

whenever ny < n < k < 4,. By slow oscillation, for the chosen # > 0 and € € L\ {0.}, we may choose
A > 1 and ny € N such that all differences x; — x,,, with ng < n < k < | An], are small in the .Z—fuzzy
normed sense. Applying the subadditivity property of ¢ to the finite sum then gives the desired estimate
for the averaged difference. Hence,

An An
(¢ — k;(xk —wt) = o k;(xk = %), (A = )
< (s Xnet = Xns 1), § Xz = Xns 1), ., 6 (X, = X, 1))
< LA(r1, .o Fay—ns Ta,-n)
< €&,
provided that ng < n < k < 4,. m|

Alaca and Efe [11] introduced the notion of g—boundedness in intuitionistic fuzzy metric spaces.
We extend this concept to £ —fuzzy normed spaces as follows.

Definition 3.15. Let (V,p, .7) be an .Z—fuzzy normed space. A sequence (x,) is called g—bounded in
V,p, ), if
Z - limsup ¢(x,,1) =0,

=00 peN

and it is called .¥—bounded if

Z — limsup sup.¢(x,,1) = 0.
[900 ;50 ajeN I<isn
1<i<n

It should be noted that in the definition of . —boundedness, the supremum of the t-conorm values
is taken over all possible finite sequences of natural numbers, of length at least two. The concept
of g—boundedness is a special case of .¥’—boundedness, obtained when the t-conorm is chosen as
S (a,b) = sup(a, b).

Theorem 3.16. Let (V,p, .7) be an £ —fuzzy normed space. If {n(x, — x,_1)} is .’—bounded, then (x,)
is slowly oscillating.
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Proof. From the definition of .¥’—boundedness, for £ € L\ {0, }, there exists K, > 0 such that for 7 > K,

sup sup (s (a;(xy — Xa,), 1)) < €.
n>2 a;eN lI<i<n
1<i<n

To prove slow oscillation, fix ¢t > 0 and choose A > 1 sufficiently close to 1 so that /(1 — 1); K. For
indices n < k < |An], we write

k
Xp— Xy, = Z (xj —xj-1).
j=n+1

The following estimate uses the subadditivity of ¢, the scaling property (L’) and the monotonicity of
¢ with respect to the second variable. For each ¢ > 0, if we choose 4 < 1+ & then

k
sei-amn = s D G- x0.1)

Jj=n+1
t
< .Y Xi—Xiy, )
n+1<j<k s / i1 k—l’l)
Jjt
= 7 |s(J(xj = xj-0),

<7 ((J(Xj Xj—l),/l%l)

n+1<j<k

t
< supsup.L¢lai(x, — x4 ), ——
nzg aieglsisf‘( 4 “ a‘_l) A— 1)

I<i<n

< ¢

holds forng <n <k < A4,andn+1 < j <k, since 75 > K, for/l<1+—

Hence, the sequence (x,) is slowly oscillating. ThlS means that the fluctuations of the sequence
become progressively smaller, and the terms of the sequence stabilize in a controlled manner as n
increases. O

Consequently, a Hardy-type two-sided Tauberian result is obtained in the setting of .Z—fuzzy
normed spaces, incorporating the interplay between Cesaro summability, g—boundedness, and
convergence. This generalization serves to extend the applicability of Hardy’s foundational result
to these generalized spaces, providing a deeper understanding of summability methods and their
relationship to convergence within the framework of fuzzy mathematics.

4. Conclusions

In this paper, we have studied Cesaro summability and related Tauberian theorems in .Z—fuzzy
normed spaces. The results provide a basis for further investigations of summability methods in this
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setting. In particular, we have examined the relation between Cesaro summability, g—boundedness,
slow oscillation, and convergence.

Future work may consider other summability methods, such as Abel, Borel, logarithmic,
and statistical summability, in Z—fuzzy normed spaces. Such extensions may further clarify
the relationships between summability, boundedness, oscillation, and stability. They may also
provide useful tools for problems involving uncertainty, including fuzzy systems, optimization, and
computational mathematics. These possible applications are motivated by the fact that averaging
procedures naturally appear in iterative algorithms, approximation processes, and computational
schemes involving uncertain or imprecise data. In such situations, ordinary convergence may be too
restrictive or difficult to verify, whereas Cesaro summability provides a weaker convergence notion.
Tauberian conditions then become important because they determine when this weaker convergence
is sufficient to recover ordinary convergence. This makes the present framework relevant for further
studies on fuzzy systems, optimization methods, and numerical processes in .’ —fuzzy environments.

These methods may also lead to new Tauberian theorems connecting summability and convergence.
This would contribute to a more systematic treatment of summability theory in fuzzy frameworks.
Possible applications include fuzzy decision-making, control theory, and data analysis, where fuzzy
norms can be used to model imprecision.

Overall, the present work provides a starting point for further study of summability methods
in .Z—fuzzy normed spaces. We expect that these directions will support further development of
Tauberian theory in fuzzy mathematical analysis.
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