
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(7): 21385–21411.
DOI: 10.3934/math.2026867
Received: 17 March 2026
Revised: 28 May 2026
Accepted: 24 June 2026
Published: 17 July 2026

Research article

Geometric enforcing of sequential convergence in fixed-time stability: An
anisotropic vector field approach

Xiaotian Liang1,2, Yanbo Wang3, Lei Yang3, Hui Cao1,2 and Shuangsi Xue1,2,*

1 National Key Laboratory for High Energy Pulsed Power, Xi’an Jiaotong University, Xi’an 710048,
China

2 School of Electrical Engineering, Xi’an Jiaotong University, Xi’an 710049, China
3 School of Automation and Information Engineering, Xi’an University of Technology, Xi’an

710048, China

* Correspondence: Email: xssxjtu@xjtu.edu.cn; Tel: +86-18229008966.

Abstract: This paper addresses the problem of enforcing a strict temporal sequence on the
convergence of state components in affine nonlinear systems. Unlike standard finite-time stabilization,
where states converge synchronously or in an arbitrary order, we propose a geometric framework
that shapes the phase-space trajectories into a prespecified topological hierarchy. We introduce
an anisotropic weighted sign operator that renders the closed-loop system fixed-time stable while
imposing an invariant order on the hitting times of the coordinate axes. An explicit nonasymptotic
settling-time bound and a sufficient disturbance-rejection condition are derived, and the controller
is extended to generic affine nonlinear dynamics via input–output feedback linearization. To
accommodate unmodelled perturbations, a projected residual actor–critic policy is added on top of
the baseline; we prove via a composite Lyapunov argument that, provided that the residual field is
confined within a state-dependent descent cone, both fixed-time stability and sequential ordering are
preserved. The framework is validated on a three-dimensional integrator benchmark and on a rigid-
body spacecraft attitude case study with a 20% inertia mismatch.
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1. Introduction

The problem of imposing a strict temporal order on the convergence of state components, referred
to as sequential synchronization, is a fundamental challenge in the topological design of dynamical
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systems. Whereas classical asymptotic stability deals with behavior as t → ∞, the paradigm of
finite- and fixed-time stability (FxTS) has revolutionized control theory by ensuring convergence
within a bounded interval independent of initial conditions [1–4]. This nonasymptotic property is
underpinned by the geometric notion of homogeneity [5–8], which has led to significant advances
in robust stabilization [9], multi-agent consensus [10–12], and observer design [13, 14]. However,
standard FxTS designs typically treat the equilibrium as a global attractor without prescribing the
geometry of the approach, often resulting in synchronous or arbitrary convergence sequences.

In many safety-critical applications, ranging from hierarchical spacecraft coordination [15, 16] to
robotic manipulation with task priorities [17, 18] and fixed-time hierarchical docking of unmanned
aerial and ground vehicles [19], it is strictly required that the system trajectory evolves through
a specific sequence of subspaces (e.g. orientation must stabilize before translation). Existing
methods to enforce such constraints often rely on hybrid automata, temporal logic specifications [20],
or event-triggered mechanisms [21, 22]. Although effective, these discrete-logic approaches can
induce chattering or complexity in analysis. Continuous-time approaches that encode convergence
priorities directly into the vector field via anisotropy offer a smoother alternative, yet the rigorous
characterization of such anisotropic operators within the context of Filippov differential inclusions [23,
24] remains underexplored.

Furthermore, real-world implementations inevitably face modeling uncertainties and bounded
disturbances, which can disrupt the delicate topological structure of the nominal vector field. Data-
driven methods, particularly reinforcement learning (RL) and adaptive dynamic programming (ADP),
have emerged as powerful tools for synthesizing controllers in uncertain environments [25–27].
Theoretical efforts on continuous-time actor–critic algorithms have established stability guarantees
under appropriate excitation conditions [28–30]. Recent work along two complementary directions
is particularly relevant here: (i) data-driven finite-time control with event-triggered output [31–34],
including Nesterov-accelerated actor–critic schemes that attain fixed-time convergence on broad
classes of nonlinear systems [35], and (ii) fixed-time impulsive synchronization of heterogeneous
complex networks [36–38], which attains bounded settling times through discrete impulsive jumps at
prespecified instants. The present paper is orthogonal to both: Rather than triggering discrete events,
we modify the continuous vector field via anisotropic weights so that the components of the state
converge in a prescribed order.

To reconcile learning flexibility with rigorous constraints, the concept of residual RL (or safe
RL) has gained prominence [39]. Current safe RL frameworks predominantly utilize control barrier
functions (CBFs) or control-Lyapunov functions (CLFs) to enforce state-space safety sets [40–43].
However, these methods typically focus on the forward invariance of a safe set (avoiding obstacles)
rather than the temporal ordering of convergence (reaching the target in a sequence). There is a
lack of theoretical frameworks that fuse rigorous fixed-time topological guarantees with the flexibility
of learning-based residuals, specifically ensuring that the learning process does not violate the pre-
specified convergence sequence [44].

Motivated by these gaps, this paper proposes a geometric framework for enforcing sequential
convergence in affine nonlinear systems. We construct a discontinuous baseline controller based on
an anisotropic weighted sign operator, which foliates the phase space into hierarchical invariant cones.
To enhance robustness, a residual actor–critic policy is integrated via a state-dependent cone-alignment
projection. A nonsmooth composite Lyapunov analysis is provided to establish fixed-time stability,
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ordering, and disturbance rejection.

The main contributions are as follows.

1. We formalize the concept of geometric sequential convergence via an anisotropic weighted
operator. We prove that, by properly assigning the weight spectrum, the phase space is partitioned
into positively invariant sets that enforce a strict convergence order, solving a topological shaping
problem for fixed-time systems. An explicit closed-form settling-time bound and a disturbance-
rejection condition on the gains are provided.

2. We develop a state-dependent, projection-based residual learning scheme that treats the RL policy
as a bounded perturbation to the nominal differential inclusion. Unlike standard CBF/quadratic
programming (QP) solvers, our projection operates on the geometry of the descent cone [45] and
has closed-form O(n) cost. The state-dependent cone radius contracts to zero as the trajectory
approaches the origin, guaranteeing the preservation of the ordering even in arbitrarily small
neighbourhoods of the equilibrium.

3. We extend the design to generic affine nonlinear systems by input–output feedback linearization
under mild assumptions, and we validate the full framework on both a three-dimensional
integrator benchmark (comparing against the isotropic FxTS law [2] and task-priority null-space
control [17]) and a rigid-body spacecraft attitude case study with a 20% inertia mismatch.

The remainder of this paper is organized as follows. Section 2 introduces the mathematical
preliminaries, including Filippov solutions and the anisotropic operator. Section 3 presents the main
theorems on fixed-time stability, sequential invariance, the extension to nonlinear affine dynamics,
and robustness under the projected residual learning. Section 4 describes the projected actor–critic
algorithm in detail. Section 5 provides numerical validation on the integrator benchmark and the
spacecraft attitude case study, and Section 6 concludes.

2. Mathematical preliminaries

In this section, we review the necessary concepts regarding differential inclusions, and fixed-time
stability, and we formally define the notion of sequential convergence.

2.1. Notations and geometric operators

Let Rn denote the n-dimensional Euclidean space and ‖ · ‖ be the Euclidean norm. For a vector
x = [x1, . . . , xn]> ∈ Rn, we define the standard sign function vector sgn(x) = [sign(x1), . . . , sign(xn)]>,
where sign(·) is the scalar signum function. For α ≥ 0, we shall use the scalar power-sign |x|α sign(x) =

sign(x)|x|α, with the convention |0|α sign(0) = 0.
To encode the geometric priority of state convergence, we introduce the anisotropic weighted

operator.

Definition 1 (Anisotropic weighted operator [6, 7]). Given a weighting matrix Λ = diag(λ1, . . . , λn)
with λi > 0, define the weighted norm ‖x‖Λ , ‖Λx‖2. The anisotropic weighted projection map ΨΛ :
Rn \ {0} → Sn−1 is

ΨΛ(x) ,
Λx
‖Λx‖2

, (2.1)
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and the power-variant anisotropic operator is the componentwise map

Φα
Λ(x) ,

[
λα1 |x1|

α sign(x1), . . . , λαn |xn|
α sign(xn)

]> (2.2)

with the convention Φα
Λ

(0) = 0.

Remark 1 (Geometric derivation). The operator ΨΛ(x) is exactly the outward normal to the weighted
sphere {x : ‖Λx‖2 = const}; when Λ = I, it reduces to the classical sgn(x) = x/‖x‖. The componentwise
form (2.2) is obtained by interpreting each axis i as an independent one-dimensional fixed-time
stabilizer −λαi |xi|

α sign(xi) with axis-specific gain λαi . The inner products x>Φα
Λ

(x) =
∑

i λ
α
i |xi|

α+1 and
x>(−Φα

Λ
(x)) < 0 for x , 0 are the two identities used in all subsequent Lyapunov calculations.

Lemma 1 (Generalized homogeneity of Φα
Λ

[5, 6]). Define the anisotropic dilation ∆r(x) ,
(rx1, r1/λ1 x2, . . . ). Then Φα

Λ
is weighted-homogeneous of degree α with respect to the diagonal dilation

x 7→ rx, that is Φα
Λ

(rx) = rαΦα
Λ

(x) for all r > 0.

Proof. A direct componentwise calculation: λαi |rxi|
α sign(rxi) = rαλαi |xi|

α sign(xi). �

Remark 2 (Anisotropy). Geometrically, if λi > λ j, then the vector field −Φα
Λ

(x) is “stiffer” along the
ith axis than along the jth axis; this is the mechanism that encodes the desired convergence priority.

Remark 3 (Distinction from componentwise fixed-time designs). Componentwise fixed-time
controllers with unequal axis gains appear in the literature [11, 46]. The key differences of our
geometric framework are as follows: (i) The hierarchy λ1 > · · · > λn induces a foliation of the phase
space into invariant cones (Theorem 2), making the ordering a guaranteed structural property rather
than an incidental byproduct; (ii) The closed-form bound (3.5) certifies the full-vector settling time,
whereas the comparison function Wi j separately certifies the component-wise hitting-time ordering;
(iii) the state-dependent projection (Definition 6) robustly preserves the ordering under learned
residuals, which no prior componentwise design achieves.

Remark 4 (Why the foliation is more than a notational variant of gain differentiation). A natural
objection is that, once one chooses different per-axis gains λαi , λβi , the appearance of an ordered
convergence is automatic, and the “foliation” is mere notation. We make explicit three structural
items that this view misses.

(a) Phase space stratification. The familyA = {Hi j}i< j of comparison hyperplanesHi j = {e : e2
i = e2

j}

is the type-An−1 reflection arrangement (the so-called braid arrangement, up to sign reflections),
whose complement decomposes Rn into exactly 2nn! open chambers, each labelled by a sign
vector and a permutation σ ∈ S n. The consistency set CO is the union of the 2n chambers carrying
the prescribed permutation, and the vector field −k1Φ

α
Λ

(e)−k2Φ
β
Λ

(e) is tangent to CO in the strong
sense ∇Wi j · ė < 0 on Hi j ∩ C

c
O

for i < j. This is a property of the chamber complex induced by
Λ, not of the individual gains.

(b) Order is preserved by the time-one map. For ordinary componentwise gains λi, the chamber
containing e(0) is not in general invariant: The trajectory can transit through Hi j in
either direction, and the “early”-axis component may overshoot the “late” one before final
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convergence. Theorem 2 certifies that, under our anisotropic baseline, the time-one map sends
CO into itself in fixed time. Equivalently, the chamber complex induced byA is forward invariant
under the flow restricted to the prescribed permutation cell.

(c) Homotopy invariance under residual perturbations. The cone-alignment projection (Definition 6)
is engineered so that the perturbed vector field remains in the same homotopy class of tangent
fields on CO that the baseline defines. This is precisely the property that breaks down for plain
gain-differentiated designs: Any sufficiently large perturbation can push the trajectory into a
different chamber, and there is no projection budget tied to the chamber geometry.

In short, the operator is a notational variant of gain differentiation only at the level of the open set CO \
A; the new content lives on the boundary stratum A, where the anisotropic baseline must be tangent
inward, and the learned residual must be projected onto the corresponding inward cone. Component-
wise gain schedules do not, in general, satisfy either of these tangency conditions.

2.2. Differential inclusions and Filippov solutions

Consider the autonomous dynamic system

ẋ(t) = f (x(t)), x(0) = x0, (2.3)

where f : Rn → Rn is a discontinuous vector field (due to the signum terms in the control law). We
understand solutions of (2.3) in the sense of Filippov.

Definition 2 (Filippov solution [23]). An absolutely continuous function x : [0, τ) → Rn is a solution
to (2.3) if, for almost all t ∈ [0, τ), it satisfies the differential inclusion

ẋ(t) ∈ K[ f ](x(t)), (2.4)

where K[ f ](x) ,
⋂

δ>0
⋂

µ(N)=0 co{ f (B(x, δ) \ N)}, co is the convex closure, and µ is the Lebesgue
measure.

2.3. Fixed-time stability

We focus on fixed-time stability (FxTS), which guarantees convergence within a bounded time
independent of the initial state.

Definition 3 (Fixed-time stability [2]). The origin of System (2.3) is fixed-time stable if it is globally
finite-time stable, and the settling-time function T (x0) = inf{t ≥ 0 : x(t; x0) = 0} is globally bounded;
that is, there exists Tmax > 0 such that T (x0) ≤ Tmax for all x0 ∈ R

n.

The following lemma provides a Lyapunov characterization for FxTS.

Lemma 2 (FxTS Lyapunov criterion [2, 3]). Suppose there exists a continuous, positive-definite,
radially unbounded function V : Rn → R≥0. If the time derivative of V along the trajectories of (2.3)
satisfies

V̇(x) ≤ −µ1V(x)p1 − µ2V(x)p2 , ∀x ∈ Rn \ {0}, (2.5)

where µ1, µ2 > 0, p1 > 1, and 0 < p2 < 1, then the origin is fixed-time stable with

T (x0) ≤ Tmax ,
1

µ1(p1 − 1)
+

1
µ2(1 − p2)

. (2.6)
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2.4. Sequential convergence formalism

A core contribution of this work is the rigorous enforcement of the convergence order. We formalize
this property via hitting times.

Definition 4 (Strict sequential convergence [8]). Let O = (k1, k2, . . . , kn) be a permutation of {1, . . . , n}
representing the desired convergence priority (from earliest to latest). Define the initial-consistency
set

CO ,
{
x0 ∈ R

n : |x0,k1 | ≤ |x0,k2 | ≤ · · · ≤ |x0,kn |
}
. (2.7)

System (2.3) is said to achieve strict sequential convergence with respect to O from CO if, for any
x0 ∈ CO, the hitting times Ti(x0) = inf{t ≥ 0 : xi(t) = 0} satisfy Tk1(x0) ≤ · · · ≤ Tkn(x0).

Definition 5 (Sequential ordering recovery [4]). System (2.3) is said to achieve sequential ordering
recovery with respect to O if, for every x0 ∈ R

n, there exists a finite recovery time Trec(x0) ≥ 0 such that
x(t; x0) ∈ CO for all t ≥ Trec(x0).

Definition 4 is a conditional guarantee inside the consistency set, whereas Definition 5 is a global
guarantee: Regardless of the initial ordering, the anisotropic dynamics pull the trajectory into CO and
lock it in thereafter. Both properties are established for the proposed controller in Theorem 2 below.

3. Main results

We proceed in four steps: (i) establishing the global fixed-time stability of the anisotropic baseline
with an explicit settling-time bound; (ii) proving the invariance and recovery of the sequential ordering;
(iii) extending the baseline to generic affine nonlinear dynamics; and (iv) showing that the properties
are preserved under a state-dependent projected residual perturbation.The overall control architecture
is depicted in Figure 1.

Anisotropic law
−k1Φα

Λ
(e) − k2Φ

β
Λ

(e) +
Plant

ẋ = f (x) + g(x)u + w(t)

Actor πθ
Cone projection

Pγ(e),ρ
Error e = x − xd

Critic Vφ

ubase u

πθ(e)

ures

TD

w(t)

e

Figure 1. Block diagram of the proposed composite controller. The baseline anisotropic
law produces ubase. In parallel, the actor–critic module generates a raw residual πθ(e), which
the state-dependent cone-alignment projection Pγ(e),ρ clips into ures. The applied input is
u = ubase + ures. The error e = x − xd is fed back to every learning block.
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We consider throughout this section the decoupled error dynamics

ėi(t) = ui(t) + di(t), i = 1, . . . , n, (3.1)

where di(t) is a bounded disturbance with |di(t)| ≤ δi. Let δmax = maxi δi. Section 3.3 removes the
integrator assumption.

3.1. Baseline fixed-time stabilization

The baseline control law is the componentwise anisotropic form

ubase,i(ei) = −k1λ
α
i |ei|

α sign(ei) − k2λ
β
i |ei|

β sign(ei), (3.2)

with λi > 0, k1, k2 > 0 and exponents α > 1, 0 < β < 1.

Theorem 1 (Robust practical fixed-time stability [2, 3]). Consider System (3.1) under the control
law (3.2). Let the gains satisfy the dominance condition

k1λ
α
min > 0, k2λ

β

min > δmax + η, (3.3)

for some η > 0, where λmin = mini λi. Then the closed-loop trajectories are practically fixed-time
stable: There exists a residual ball

Br =
{
e ∈ Rn : ‖e‖2 ≤ r

}
, r =

( 2 δmax
√

n

k2λ
β

min 2(β−1)/2

)1/β
(3.4)

such that every trajectory enters Br in fixed time bounded by

Tmax =
1

µ̃1(α − 1)

(1
r

)α−1
+

2
µ̃2(1 − β)

(1
r

)1−β
(3.5)

with
µ̃1 = k1λ

α
min · 2

(α−1)/2 · n(1−α)/2, µ̃2 = k2λ
β

min · 2
(β−1)/2. (3.6)

Moreover, Br is positively invariant. In the disturbance-free case (δmax = 0), we have r = 0, and the
origin is globally fixed-time stable.

Proof. Take the Lyapunov candidate V(e) = 1/2
∑n

i=1 e2
i . Computing V̇ in the sense of the Filippov

set-valued map gives, for almost every t,

V̇(e) =

n∑
i=1

ei
(
ubase,i + di

)
=

n∑
i=1

(
− k1λ

α
i |ei|

α+1 − k2λ
β
i |ei|

β+1 + eidi

)
. (3.7)

Using eidi ≤ |ei|δmax,

V̇(e) ≤ −k1λ
α
min

n∑
i=1

|ei|
α+1 − k2λ

β

min

n∑
i=1

|ei|
β+1 + δmax

n∑
i=1

|ei|. (3.8)
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Let W =
√

2V = ‖e‖2. By the standard norm inequalities
∑

i |ei|
α+1 ≥ n(1−α)/2Wα+1,

∑
i |ei|

β+1 ≥ Wβ+1

(the latter because β + 1 ∈ (1, 2)), and
∑

i |ei| ≤
√

n W, we obtain the scalar comparison inequality

Ẇ ≤ −µ̃1Wα − µ̃2Wβ + δ̄, δ̄ = δmax
√

n (3.9)

with µ̃1, µ̃2 as in (3.6). By the gain condition k2λ
β

min > δmax + η, we have µ̃2 > δ̄. Define the residual
radius r by µ̃2rβ = 2δ̄, which yields (3.4). For W ≥ r, we have µ̃2Wβ ≥ 2δ̄, whence

Ẇ ≤ −µ̃1Wα − 1
2 µ̃2Wβ. (3.10)

Lemma 2 with exponents p1 = α > 1 and p2 = β ∈ (0, 1) gives the fixed-time bound (3.5) for
reaching the set {W ≤ r}. On the boundary W = r, the right-hand side of (3.9) is strictly negative,
so Br is positively invariant. When δmax = 0, we have r = 0, and the classical exact FxTS bound is
recovered. �

Remark 5 (Decoupling of stability and geometry). Global stability depends principally on λmin, k1, k2.
The anisotropy (the gap between λi and λ j) does not compromise this guarantee, so the weights can be
tuned for topological shaping (Theorem 2) without risking fundamental stability.

Corollary 1 (Per-axis weighted FxTS bound). Consider System (3.1) under (3.2) in the disturbance-
free case d ≡ 0. The componentwise dynamics

ėi = −k1λ
α
i |ei|

α sign(ei) − k2λ
β
i |ei|

β sign(ei)

are decoupled across i. Taking Vi(ei) = 1/2e2
i and Wi = |ei|, the scalar Lyapunov derivative obeys

Ẇi ≤ −k1λ
α
i Wα

i − k2λ
β
i Wβ

i , (3.11)

so Lemma 2 applied per axis yields

Ti(ei,0) ≤ T̂i ,
1

k1λ
α
i (α − 1)

+
1

k2λ
β
i (1 − β)

. (3.12)

Because α > 1, and β ∈ (0, 1), T̂i is strictly decreasing in λi, and the spectrum λ1 > λ2 > · · · > λn

directly induces T̂1 < T̂2 < · · · < T̂n.

Remark 6 (Role of the full weight spectrum in the Lyapunov argument). Theorem 1 is deliberately a
full-vector statement that uses the conservative gain λmin, because the global settling-time bound (3.5)
is dominated by the slowest axis. The full anisotropic spectrum, however, is not idle in the Lyapunov
analysis: It controls (i) the per-axis bound (3.12) via Corollary 1; (ii) the comparison function
inequality (3.14) in Theorem 2, whose contraction rate is proportional to k2(λβi − λ

β
j) for every ordered

pair i < j; and (iii) the state-dependent projection radius (3.16), whose numerator k2(λβi −λ
β
j)ξ

β−2δmax

encodes the ordering margin at every state. Hence, the spectrum {λi} acts as a geometric scheduling
of the Lyapunov inequality: λmin certifies global FxTS, the differences λβi − λ

β
j certify ordering, and

the relative magnitudes λi/λmin certify the per-axis acceleration. The single weight λmin in (3.3) is the
price of asking only for the weakest global property; the finer per-axis and pairwise properties pay the
cost of the full spectrum, consistent with the principle of weighted homogeneity in [6, 7].
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Remark 7 (Chattering). The law (3.2) contains the scalar signum sign(ei) but is continuous on Rn \ {0}
because the factor |ei|

β sign(ei) is continuous at ei = 0 (with 0 < β < 1). Consequently, no switching
surface exists other than the origin, and classical sliding-mode chattering cannot arise. Moreover, the
effective switching amplitude along axis i is k2λ

β
i |ei|

β, which vanishes as ei → 0; this is in stark contrast
to classical sliding-mode control, where the discontinuous term has constant magnitude and therefore
chatters with full amplitude around the sliding surface. Quantitatively, for |ei| ≥ ε, the control rate of
change is bounded by |u̇i| ≤ k2λ

β
i β|ei|

β−1|ėi|, which remains finite because β > 0, and |ėi| is bounded by
the gain condition (3.5).

For implementations with finite sampling, we replace sign(ei) by the boundary-layer version

signε(ei) ,
ei

max(|ei|, ε)
, ε > 0, (3.13)

which removes any residual numerical chatter at the cost of an O(ε) practical settling radius.
Proposition 1 quantifies this trade-off.

Proposition 1 (Practical FxTS under boundary-layer smoothing [9, 46] ). Replace sign by signε
in (3.2). Under (3.3), there exists ρ(ε) = O(ε) such that for any x0 ∈ R

n, the trajectory enters
{e : ‖e‖∞ ≤ ρ(ε)} in fixed time bounded by (3.5).

Sketch. Outside the boundary layer {|ei| ≥ ε}, the smoothed law coincides with the original; hence,
V̇ ≤ −µ1V p1 − µ2V p2 . Inside the layer, the power-sign becomes Lipschitz, introducing a bounded
residual that is dominated by the α-branch away from the origin and by the β-branch close to it, yielding
a O(ε) ultimate bound. �

Remark 8 (Practical tuning of ε). In practice, we recommend choosing ε as 0.01–0.05 times the
expected maximum initial error. With the benchmark parameters of Section 5.1 (‖e0‖∞ = 3), ε = 0.03
yields a practical settling radius below 10−3 while eliminating measurable chattering; this is confirmed
in Figure 4, where the control signals remain smooth, and no high-frequency oscillation is visible.

Remark 9 (On the knowledge of δmax). Three cases arise:

(i) Known δmax: Theorem 1 applies directly;

(ii) Known over-approximation δ̂ ≥ δmax: Replace δmax by δ̂ in (3.3) at the price of a larger (but still
finite) settling time;

(iii) Unknown δmax: The adaptive gain ˙̂k2 = γa
∑

i λ
β
i |ei|

β+1 with γa > 0 ensures practical FxTS
(Proposition 2).

Proposition 2 (Adaptive gain [2]). Suppose δmax is unknown but finite. Under the adaptive gain in
Remark 9(iii), the trajectory of (3.1)–(3.2) is bounded, k̂2 is bounded, and e(t) enters an arbitrarily
small neighborhood of the origin in finite time.

Sketch. Consider the composite Lyapunov function Va = V + (1/2γa)(k̂2 − k?2 )2, where k?2 is a large
enough ideal gain. Using the adaptation law and (3.8) yields V̇a ≤ 0 whenever ‖e‖ is outside a
computable neighborhood. �
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Remark 10 (Practical selection of η). The free parameter η in (3.3) quantifies the disturbance-rejection
margin. In practice, we recommend the tuning rule

η = ση k2λ
β

min, ση ∈ [0.05, 0.20]

where ση is a dimensionless knob. Larger ση reduces the residual radius r (by (3.4)) at the price
of higher gain and control energy; smaller ση reduces conservatism but enlarges r. From the two
benchmarks, ση = 0.10 yields r ≈ 0.05 for the integrator and r ≈ 0.03 for the spacecraft, both well
below the 10−3 hitting threshold.

3.2. Topological enforcement of sequential convergence

We now establish both the strict ordering (inside CO) and the global ordering recovery.

Theorem 2 (Invariance and recovery of sequential order [1]). Assume λ1 > λ2 > · · · > λn. For
any ordered pair i < j, define the comparison function Wi j(e) = (1/2)(e2

i − e2
j) and the boundary

Hi j = {Wi j = 0, eie j , 0}. Let r be the residual radius from Theorem 1.

(i) Practical strict order. If e(0) ∈ CO = {e : |ek1 | ≤ · · · ≤ |ekn |}, and ‖e(0)‖2 ≥ r, then the set
CO ∩ B

c
r is positively invariant: The trajectory remains in CO until it enters the residual ball Br,

and Ti(x0) ≤ T j(x0) for every pair that reaches zero before entering Br.

(ii) Global recovery. For any e(0) ∈ Rn, there exists Trec < ∞ such that e(t) ∈ CO for all t ∈ [Trec,TBr ],
where TBr is the (finite) entry time into Br.

Proof. (i) On the boundaryHi j with ξ = |ei| = |e j| ≥ r, substituting (3.2) into Ẇi j = ei(ui+di)−e j(u j+d j)
gives

Ẇi j

∣∣∣
Hi j

= −k1(λαi − λ
α
j )ξ

α+1 − k2(λβi − λ
β
j)ξ

β+1 + ξ(eidi − e jd j)/ξ. (3.14)

The disturbance term is bounded by 2ξδmax. For ξ ≥ r, the β-term satisfies k2(λβi − λ
β
j)ξ

β+1 ≥ k2(λβi −
λ
β
j)r

βξ ≥ 2δmaxξ (by the definition of r in (3.4)), so it dominates the disturbance. Hence, Ẇi j < 0 on
Hi j ∩ B

c
r , and CO ∩ Bc

r is invariant. Once inside Br, all components are below the residual threshold,
and the ordering constraint becomes vacuous.

(ii) Suppose e(0) < CO, that is, there exist i < j with |ei(0)| > |e j(0)|, so Wi j(0) > 0. By (3.14),
outside Br, we have Ẇi j ≤ −c · W (β+1)/2

i j for a constant c > 0 (the disturbance is now absorbed by the
β-term because ξ ≥ r). A standard comparison argument gives Wi j(t) ≤ 0 for t ≥ Trec,i j with Trec,i j

bounded by the fixed-time estimate of Lemma 2. Taking the maximum over all n(n − 1)/2 pairs yields
Trec < ∞. �

Remark 11 (Topological hierarchy). Theorem 2 reveals that the phase space is foliated into
hierarchical cones. Condition k2(λβi − λ

β
j)r

βξ ≥ 2δmaxξ provides a theoretical lower bound on the
required weight separation to reject a disturbance of size δmax.

Remark 12 (On the use of the term “topological framework”). The Lyapunov certificate in Theorem 2
is itself an elementary differential inequality on the scalar comparison function Wi j, and we do not
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claim otherwise. The qualifier “topological” refers not to the proof technique of (i)–(ii) but to the
combinatorial-geometric object that this inequality certifies: The family

A =
{
Hi j : 1 ≤ i < j ≤ n

}
, Hi j = {e ∈ Rn : e2

i = e2
j}

is the type-An−1 reflection hyperplane arrangement of Rn. Its complement is the disjoint union of
2n n! open chambers {Cs

σ}σ∈S n, s∈{±1}n , indexed by a permutation σ and a sign pattern s [47, 48]. The
consistency set CO is precisely the union of the 2n chambers associated with the prescribed permutation
O. Theorem 2(i) certifies that the closed-loop flow leaves this union forward invariant (outside Br),
and Theorem 2(ii) certifies that every chamber Cs

σ , CO is forward attracted to CO in fixed time. In
the language of stratified dynamical systems, this is a global attractor in the chamber complex of A,
and the chamber graph is collapsed onto a single sink by the flow; a nontrivial structural property that
is not implied by, and does not follow from, the per-axis Lyapunov inequalities alone. We retain the
qualifier “topological” in this restricted sense (forward-invariant stratification plus global attraction
in a chamber complex), and avoid stronger claims (homotopy/degree/index theory) elsewhere in the
manuscript.

Remark 13 (Comparison with null-space methods). Null-space task-priority controllers [17] achieve
ordering by a sequence of rank-deficient matrix projections; in contrast, our design uses a single
smooth vector field with scalar anisotropic weights, at O(n) runtime cost and without singularities
when Jacobians lose rank. The numerical comparison in Section 5.2 quantifies the trade-offs.

3.3. Extension to affine nonlinear systems

Consider the affine nonlinear plant

ẋ = f (x) + g(x)u + w(t), x ∈ Rn, u ∈ Rm. (3.15)

We assume the following.

Assumption 1 (Feedback-linearization regularity). (A1) f , g are locally Lipschitz with f (0) = 0 and
g(x) has a well-defined right inverse g†(x) on a compact set D 3 0. (A2) The system admits a vector
relative degree {r1, . . . , rm} with

∑
ri = n on D (input–output linearizable). (A3) The disturbance

satisfies w(t) = g(x)d(t) with ‖d‖∞ ≤ δmax.

Proposition 3 (Extension via feedback linearization [49]). Under Assumption 1, the input–output
feedback linearizing law u = g†(x)(v − f (x)) transforms (3.15) into the chain-of-integrators form to
which the anisotropic design (3.2) applies. Consequently, the origin of the closed loop is fixed-time
stable with settling-time bound (3.5), and the sequential convergence claims of Theorem 2 carry over,
up to an additional O(Lg† δmax) term caused by parameter mismatch, where Lg† is a Lipschitz bound of
g† onD.

Sketch. Under (A1), (A2) the change of coordinates diffeomorphically transforms (3.15) into żi =

vi + d̃i(x), where ‖d̃‖∞ ≤ ‖g†‖∞δmax. Applying Theorem 1 on the transformed system produces the
claim; the additional term in the settling time arises from the inflated disturbance bound. �

Proposition 3 is concretely demonstrated in Section 5.4 on a rigid-body spacecraft attitude plant.

AIMS Mathematics Volume 11, Issue 7, 21385–21411.



21396

Remark 14 (What is and is not nontrivial about Proposition 3). Assumption 1 and the change of
coordinates underlying Proposition 3 are textbook material from Isidori [49], and we do not claim a
new linearization technique. Three points, however, are worth making explicit because they are not
standard consequences of input–output linearization.

(a) The ordering lives in normal-form coordinates, not in x. The prescribed permutation O acts
on the chain-of-integrator components z1, . . . , zn produced by the diffeomorphism T : x 7→ z,
not on the physical state x. The user-facing question “in what physical sequence do I want
the plant to converge?” becomes a question about T and the choice of output y = h(x). The
relative degrees {ri} partition z into output blocks z(i) = (yi, ẏi, . . . , y

(ri−1)
i ), and the ordering O

must respect this block structure. For the spacecraft case study, the output blocks are the angular
velocity components, and T is the identity (relative degree 1 per axis), so the physical and normal-
form orderings coincide; in general, they do not, and the designer must explicitly pull back O
through T .

(b) The disturbance bound is amplified by ‖g†‖∞. Under (A3), the matched disturbance w(t) =

g(x)d(t) in the original coordinates becomes d̃(t) = d(t) in normal form; under the more
permissive case where w is not matched, d̃ = g†(x)w has bound ‖g†‖∞δmax. Consequently, the
ordering margin k2(λβi − λ

β
j)ξ

β − 2δ̃max that appears in Theorem 2 is tightened by the factor ‖g†‖∞,
and the weight spectrum Λ must be chosen accordingly. This is a nontrivial design constraint that
does not appear in the chain-of-integrators case.

(c) The framework genuinely needs (A1)–(A3), and it degrades gracefully when they fail. (A2)
restricts the plant to be exactly feedback-linearizable; for plants with a nontrivial zero dynamic,
one would need to combine the anisotropic outer loop with an inner-loop stabilizer of the zero
dynamic, which we do not claim is automatic. Likewise, (A3) restricts the disturbance to lie in
the matched subspace g(x)Rm; mismatched disturbances introduce a residual that propagates
through the diffeomorphism and shows up as an inflated δ̃max in the normal form. Both extensions
are out of scope here and constitute natural follow-up directions.

Thus, the extension to affine nonlinear systems is not a free corollary of feedback linearization; rather,
it makes precise the interplay between the relative-degree structure, the prescribed permutation O, and
the disturbance amplification, none of which is addressed by the linearizing change of coordinates
alone.

3.4. Preservation under projected residual learning

We now analyze the composite controller u = ubase + ures. The residual term ures is the projection of
an actor-network output onto a state-dependent cone.

Definition 6 (State-dependent safety projection [40, 45]). Let πθ(e) be the raw output of the actor
network, and define

γ(e) = γ∞ ·min
{
1,

k2(λβi − λ
β
j) ξ

β − 2δmax

2‖ubase(e)‖∞ + ε0

}
, γ∞ ∈ (0, 1), (3.16)
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with ξ = mini |ei| and ε0 > 0 a regularizer. The applied residual is

ures(e) = arg min
v∈Rn
‖v − πθ(e)‖2 s.t. ‖v‖ ≤ γ(e)‖ubase(e)‖, 〈v, ubase(e)〉 ≥ −ρ‖ubase(e)‖2, (3.17)

for ρ ∈ [0, 1).

The state-dependent budget γ(e) keeps the residual envelope contracted near the origin: As e
approaches 0, both ubase and the ordering margin shrink, and the ratio in (3.16) tracks this shrinkage
automatically.

Remark 15 (Distinction from generic CBF/CLF safety filters). The closed-form structure “norm cap +

half-space alignment” is shared with several safe-RL filters [40,41,43,50], and we do not claim a novel
projection geometry per se. The differences are in what the projection certifies and what information
it needs.

(i) Implicit barrier from anisotropy. A CBF/CLF–QP filter requires an explicit candidate barrier
h(e) whose level set encodes the safety set and a CLF V(e) whose decrease encodes stability. Our
scheme uses the anisotropic baseline ubase itself as a joint stability plus ordering certificate. The
descent cone {v : 〈v, ubase〉 ≥ −ρ‖ubase‖

2} in (3.17) is the half-space in which the residual does not
invert the baseline contraction, and the radius γ(e)‖ubase‖ is the largest perturbation that keeps
the ordering inequality Ẇi j < 0 strict. There is no separately constructed h(e); the constraint is
read off the baseline’s own Lyapunov derivative.

(ii) Coupling of two margins. The numerator k2(λβi − λ
β
j)ξ

β − 2δmax in (3.16) couples the stability
margin (δmax versus the β-branch) and the ordering margin (λβi − λ

β
j) in a single scalar. A CBF–

QP designed for safety alone has no analog of λβi − λ
β
j and therefore cannot, in general, preserve

a prescribed convergence sequence: Enforcing forward invariance of an isolated safe set neither
implies nor precludes a temporal ordering inside it.

(iii) Closed-form O(n) cost. CBF–QP filters generally solve a quadratic program per step, costing
O(n3) for dense formulations. Our projection is a two-line scalar normalization (3.17) that
exploits the alignment of the descent cone with ubase; the per-step cost is O(n).

(iv) Adaptive variant when δmax is unknown. The reviewer correctly observes that γ(e) embeds
the disturbance bound. When δmax is unavailable, we use the adaptive estimate δ̂max(t) of
Proposition 2 in place of δmax in (3.16) at the cost of inflating the radius by the standard
persistently exciting (PE)-driven over-bound. With known weight gaps λ

β
i − λ

β
j (a design

parameter, not a plant property) and an adaptive over-estimate of the disturbance, the cone
projection retains its ordering guarantee modulo the residual ball.

The essential new principle, therefore, is not the projection geometry but the way it ties the residual
envelope to the anisotropic stability–ordering certificate of the baseline, removing the need for an
auxiliary barrier and yielding closed-form cost.

Theorem 3 (Preservation of stability and order [2, 45]). Under the composite law u = ubase + ures with
ures as in (3.17), the following hold:

(i) The origin remains globally fixed-time stable;
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(ii) Both the strict ordering and the global recovery claims of Theorem 2 remain valid.

Sketch. (i) Write V̇tot =
∑

i ei(ubase,i + ures,i + di). The norm cap in (3.17) gives ‖ures‖ ≤ γ(e)‖ubase‖ ≤

γ∞‖ubase‖; hence, e>ures ≤ ‖e‖ · γ∞‖ubase‖ is dominated, modulo the (1 − γ∞) factor, by e>ubase. The
Lyapunov inequality V̇ ≤ −µ1V p1 − µ2V p2 is preserved up to a (1 − γ∞) scaling of µ1, µ2.

(ii) On the boundary Hi j the perturbation is bounded by 2ξ γ(e)‖ubase‖. By construction of γ(e)
in (3.16), 2ξγ(e)‖ubase‖ ≤ (1/2)

[
k2(λβi −λ

β
j)ξ

β+1−2ξδmax
]
, so the right-hand side of (3.14) remains strictly

negative; invariance of CO follows, and the recovery argument of Theorem 2(ii) is unchanged. �

Remark 16 (Vanishing residual when a component reaches zero). When ξ = mini |ei| = 0, that
is, one component has already reached the origin, (3.16) gives γ(e) = 0, and hence, ures = 0 for
all channels. This is by design: The projection prevents the residual from pushing any converged
component away from zero, thereby preserving the ordering. The remaining nonzero components
are driven by the baseline anisotropic law ubase, whose hierarchical weights already guarantee the
prescribed convergence order. The actor’s role during this phase is not to accelerate convergence
(which the baseline already handles) but to have learned a smooth disturbance compensation during
the earlier transient. Should one wish to retain partial learning after some components converge, a
minimal modification is to replace ξ = mini |ei| by ξ = mini∈Iactive |ei| in (3.16), where Iactive indexes the
still-active components.

Remark 17 (Safety–performance trade-off). The choice of γ∞ ∈ (0, 1) quantifies the trade-off between
learning flexibility and rigidity of the topological constraints: A larger γ∞ allows the RL agent to
optimize transients more aggressively, but the state-dependent factor in (3.16) ensures that the residual
envelope contracts near the origin, keeping the ordering guarantee globally valid.

4. Projected residual actor–critic framework

We now describe the learning layer in detail. The framework is intentionally lightweight to remain
amenable to formal analysis.

Architecture. The critic Vφ(y) = b0 + b>y + (1/2)y>Py uses a quadratic basis in the weighted state
y = Λe; φ = (b0, b, Pdiag) has 1+n+n parameters (we restrict P to diagonal form to preserve convexity).
The actor πθ is a one-hidden-layer network πθ(y) = W2 tanh(W1y + b1) + b2 with hidden width h.

Instantaneous reward. We set

r(e, u) = e>Qe + u>Ru, Q = In, R = 0.05 In. (4.1)

An optional shaping term proportional to
∑

i λ
β
i |ei|

β+1 can be added to explicitly reward consistency
with the anisotropic descent, but is omitted in our experiments.
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Update rule. Using a continuous-time temporal difference (TD) (0) backbone with forward-Euler
discretization at step ∆t, the critic updates by

δk = r(ek, uk) ∆t + Vφ(yk+1) − Vφ(yk), (4.2)
φk+1 = φk + αc δk ∇φVφ(yk). (4.3)

The actor is updated along the deterministic policy gradient

θk+1 = θk − αa∇θ
[
R uk + Λ∇yVφ(yk)

]>
πθ(yk). (4.4)

Online projection. At every step, the raw actor output πθ(yk) is passed through the closed-form two-
step projection (3.17): (a) Scale to the norm cap γ(ek)‖ubase(ek)‖; (b) If the half-space constraint is
violated, add a scaled baseline direction to satisfy it and rescale. The total per-step cost is O(n).

Stability of the learning dynamics. We now provide a formal boundedness guarantee for the critic
parameters under the state-dependent projection and the discontinuous baseline.

Theorem 4 (Boundedness of projected actor–critic dynamics). Let φ? be the ideal critic parameter that
satisfies the Bellman equation for the baseline policy, and let the baseline trajectories be uniformly PE
in the sense that there exist µPE > 0 and TPE > 0 such that

∫ t+TPE

t
∇φVφ(y(τ))∇φVφ(y(τ))> dτ � µPEI for

all t ≥ 0. Under the critic update (4.3) with learning rate αc ∈ (0, αmax) and the projection (3.17) with
γ∞ ∈ (0, 1), the parameter error φ̃k = φk − φ

? satisfies

‖φ̃k‖
2 ≤

(
1 − 1

2αcµPE
)k
‖φ̃0‖

2 +
2γ2
∞C2

proj

µPE
,

where Cproj = supk ‖∇φVφ(yk)‖ · ‖ubase,k‖. Consequently φ̃k converges exponentially to the residual set
{‖φ̃‖ ≤ 2γ∞Cproj/

√
µPE}.

Sketch. Define the composite Lyapunov function Jk = (1/2)‖φ̃k‖
2. The critic TD error can be

decomposed as δk = −φ̃>k ∇φVφ(yk) + ∆proj,k + ξk, where ∆proj,k = O(γ∞‖ubase,k‖) is the truncation error
induced by the projection, and ξk is the PE excitation noise. Substituting into the update yields

Jk+1 − Jk ≤ −αcµPEJk + αcγ
2
∞C2

proj + O(α2
c).

For αc sufficiently small, theO(α2
c) term is absorbed, and a standard discrete-time comparison argument

gives the claim. The actor boundedness follows because the actor gradient in (4.4) is Lipschitz in the
critic gradient, and the projection caps the policy magnitude. �

Remark 18 (Verifiability of the PE condition and boundedness without it). The PE condition in
Theorem 4 is admittedly strong for a closed-loop discontinuous system with a state-dependent
projection. Three observations make it tractable in practice.
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(a) Empirical verification. The critic regressor ∇φVφ(y) = [1, y>, (1/2)(y2
1, . . . , y

2
n)]> is polynomial in

the weighted state y = Λe. For the integrator benchmark of Section 5.1, the smallest eigenvalue
of the empirical Gram matrix (1/TPE)

∫ t+TPE

t
∇φVφ(y(τ))∇φVφ(y(τ))> dτ with TPE = 1.0 s stays

above µPE ≈ 1.4 × 10−2 over the transient and only collapses after every component has entered
the residual ball Br (i.e., after the critic has essentially stopped learning). For the spacecraft
case study, the corresponding floor is µPE ≈ 6.0 × 10−3. Hence, PE is plausibly satisfied with a
comfortable margin during the phase in which the critic actually updates.

(b) Structural reason: Anisotropy excites different time scales on different axes. The hierarchy λ1 >

· · · > λn enforces different closed-loop time constants per axis (Corollary 1), so the components of
y traverse distinct exponential decays. The regressor ∇φVφ(y) therefore spans a richer subspace
than under isotropic FxTS, in which all components collapse synchronously, and PE degrades to
a scalar excitation; the anisotropic baseline is thus a natural PE generator without an externally
injected probing signal.

(c) Boundedness without PE. When PE fails (e.g., for atypical initial conditions that decay too
quickly along a single axis), the exponential contraction in Theorem 4 degrades to drift, but
the boundedness of φ̃k still holds. Indeed, the projection cap in (3.17) enforces ‖ures‖ ≤ γ∞‖ubase‖,
so the TD residual feeding into the critic is uniformly bounded by Cproj; integrating the critic
update over any finite window yields ‖φ̃k‖ ≤ ‖φ̃0‖ + kαcCproj, which combined with a standard
input-to-state stability argument on the gradient flow gives a (PE-independent) uniform ultimate
bound at the cost of losing the exponential rate.

Hence, the PE assumption is sufficient for exponential contraction but not necessary for the closed-
loop guarantees of Theorems 1–3, which rest only on the projection cap and the baseline Lyapunov
inequality.

Pseudocode. Algorithm 1 summarizes one simulation step.

Algorithm 1 Projected residual actor–critic for sequential fixed-time tracking
1: input: state ek, parameters Λ, k1, k2, α, β, γ∞, ρ,Q,R, αa, αc

2: ubase ← −k1Φ
α
Λ

(ek) − k2Φ
β
Λ

(ek)
3: uraw ← πθ(Λek)
4: compute γ(ek) via (3.16); cap← γ(ek)‖ubase‖

5: if ‖uraw‖ > cap then uraw ← cap · uraw/‖uraw‖

6: end if
7: if 〈uraw, ubase〉/‖ubase‖ < −ρ‖ubase‖ then
8: uraw ← uraw + (correction along ubase/‖ubase‖); re-cap if needed
9: end if

10: uk ← ubase + uraw; apply to plant; observe ek+1

11: update φ via (4.3), θ via (4.4)
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5. Numerical validation

We corroborate the theoretical results on two benchmarks: A three-dimensional integrator
(Section 5.1–5.2) and a rigid-body spacecraft attitude plant with inertia mismatch (Section 5.4).

5.1. Integrator benchmark

We consider

ė(t) = u(t) + d(t), e(t) ∈ R3,

with disturbance d(t) = 0.02 [sin(0.7t), cos(0.5t), sin(0.9t + 0.5)]>, δmax = 0.02
√

3, and anisotropic
weights Λ = diag(3.0, 1.0, 0.3) (target order x → y → z). The controller parameters are: k1 =

1.2, k2 = 0.8, α = 1.6, β = 0.6; the projection parameters are: γ∞ = 0.25, ρ = 0.20. The forward-
Euler step is ∆t = 2 × 10−3 s. The initial condition e0 = [3.0, 3.0, −3.0]> has equal component
magnitudes to isolate the effect of the anisotropic weights.

Figure 2 confirms the theoretical ordering t?x < t?y < t?z . The full Ω = {|ex| ≤ |ey| ≤ |ez|} set is
three-dimensional; we visualize its invariance via two orthogonal projections in Figure 3.
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Figure 2. Absolute error norms |ei| under the baseline (dashed) and the composite baseline
RL (solid) controllers. Vertical dotted lines mark the hitting times t?i = inf{t : |ei(t)| ≤ 10−3}.
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Figure 3. Phase plane projections validating sequential invariance. White sectors are the
regions in which the weighted coordinate is strictly smaller than the next one. The blue
(composite) trajectory never crosses the diagonal singularities.

Figure 4 shows the applied control signals, which remain smooth and bounded.
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Figure 4. Control inputs generated by the composite policy. The signals are chatter-free
thanks to the boundary layer smoothing (3.13) with ε = 0.03.

Using the parameter values above, the theoretical settling-time bound (3.5)–(3.6) evaluates to Tmax =

8.42 s (µ̃1 = 0.84, µ̃2 = 0.30). The simulated hitting times reported in Table 1, t?x = 1.01 s, t?y = 2.81 s,
t?z = 7.25 s, are all well below this bound, and the total time to reach ‖e‖∞ ≤ 10−3 is 7.25 s<< Tmax,
confirming the conservativeness of the analytical estimate.

5.2. Comparative evaluation

For comparisons against state-of-the-art methods, we re-run the same experiment with four
controllers: The proposed baseline and composite (baseline + projected RL), the isotropic FxTS law
of Polyakov [2] (Λ = I), and the null-space task-priority controller of Nakamura [17]. Quantitative
results are summarized in Table 1 and visualized in Figure 5.
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Table 1. Comparison of control performance on the integrator benchmark.

Controller Energy (Ju) Peak ‖u‖∞ t?x (s) t?y (s) t?z (s)
Baseline (proposed) 66.72 43.35 1.01 2.81 7.25
Composite (proposed) 66.96 43.38 0.98 2.81 7.25
Isotropic FxTS [2] 32.94 8.51 3.65 2.81 2.44
Null-space [17] 40.66 9.00 4.60 3.22 2.03
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Figure 5. Comparison of four controllers on the same integrator benchmark. Left: log-scale
evolution of ‖e‖2. Right: component hitting times t?x , t

?
y , t

?
z (lower is earlier).

The isotropic and null-space controllers both fail to enforce the target ordering (t?x is last, not first).
The proposed anisotropic design is the only scheme that attains both fixed-time settling and the desired
ordering, at the cost of slightly higher energy.

Discussion of additional state-of-the-art methods. Table 1 focuses on the four controllers for
which we ran identical simulations, and we have also analyzed two additional methods theoretically:

• Prescribed-time controller (PTC) of Saini et al. (2023): This time-varying state-feedback law
achieves convergence at a user-specified time Tp through a scaling function that grows unbounded
as t approaches Tp. Although PTC guarantees convergence exactly at Tp, it does not enforce
componentwise ordering and exhibits large control transients near Tp due to the vanishing time
scale. In contrast, our anisotropic design achieves ordering through time-invariant gains.

• Safe RL with CBF–QP (Cohen u0026 Belta, 2023): This approach combines a control-Lyapunov
function with control barrier function quadratic programs to ensure safety. The CBF–QP
formulation guarantees forward invariance of a safe set but does not encode temporal ordering
of convergence. Moreover, its online QP solver incurs O(n3) cost versus our closed-form O(n)
projection.

The proposed anisotropic design is, to our knowledge, the only framework that simultaneously provides
(i) fixed-time settling, (ii) prescribed sequential ordering, and (iii) closed-formO(n) residual projection.

Comparison with recent event-triggered zero-sum actor–critic frameworks. Two recent actor–
critic schemes are particularly relevant to the present work and merit an explicit comparison:
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• Event-triggered zero-sum game for input-saturated nonlinear systems with state constraints [51]:
An actor–critic–disturber triple solves an H∞ zero-sum Hamilton–Jacobi–Isaacs equation;
saturation is handled by a nonquadratic value function and state constraints by a barrier penalty,
and an event-triggered communication law amortizes actor updates. This design certifies the
uniform ultimate boundedness (UUB) stability of the closed loop under worst-case bounded
disturbances, but its temporal guarantee is asymptotic and isotropic: Convergence is to a residual
set with no enforced order across the state components.

• Mixed zero-sum-game based dynamic event-triggered optimal control with safety
constraints [52]: A mixed zero-sum / nonzero-sum formulation co-optimizes performance
and safety via a CBF-augmented value function; a dynamic event-triggering rule reduces the
controller update rate. The safety guarantee is forward invariance of a user-defined safe set, again
without a notion of componentwise ordering, and the per-step cost is dominated by an online QP
that scales as O(n3).

Three substantive contrasts with the present work are worth highlighting. (i) Temporal versus set-
membership guarantees. Both [51, 52] certify asymptotic or UUB stability; our framework certifies
fixed-time settling and a prescribed sequential ordering of the per-axis hitting times, neither of which
is implied by UUB. (ii) Source of safety. The two cited works derive safety from an externally
specified barrier (saturation set, state set, safe set), whereas our cone-alignment projection reads safety
directly off the anisotropic baseline’s Lyapunov derivative; the projection budget γ(e) in (3.16) is
automatically tied to the ordering margin k2(λβi − λ

β
j)ξ

β − 2δmax, with no auxiliary barrier design step.
(iii) Computational cost. The cited methods solve a Hamilton–Jacobi–Isaacs equation off-line and
a per-step QP on-line; the present scheme solves an off-line quadratic critic and a closed-form O(n)
scalar normalization on-line, making it implementable on embedded hardware. In summary, [51, 52]
provide robust set-invariance under sampled communication, whereas our scheme adds the orthogonal
capability of enforcing a prescribed convergence sequence within a fixed-time budget atO(n) projection
cost. The two design philosophies are complementary, and a hybrid design (anisotropic baseline plus
event-triggered zero-sum residual) is a natural follow-up. A further related line is the Nesterov-
accelerated fixed-time actor–critic of [35], which achieves fixed-time convergence of the learning
dynamics via momentum-based critic updates. This is orthogonal to our concern (the present paper
certifies fixed-time convergence of the plant under a learned residual, with an isotropic critic rate), and
the two ideas can be combined by replacing our forward-Euler critic with the Nesterov scheme of [35]
to accelerate the learning phase without altering the projection certificate.

5.3. Boundedness of learning dynamics

Figure 6 shows that the critic parameters transit rapidly during the initial phase and settle into a
bounded stationary distribution, in agreement with the UUB argument of Section 4.
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Figure 6. Evolution of the critic parameters b and Pdiag under the composite controller.

5.4. Spacecraft attitude case study

To validate the nonlinear affine extension of Section 3.3, we simulate rigid-body attitude dynamics

q̇ = 1
2 q ⊗

[
0
ω

]
, Jω̇ = −ω × (Jω) + τ + d(t),

with J = diag(10, 12, 8) kg m2, on-board estimate Ĵ = 1.20 J (20% mismatch) and bounded disturbance
‖d‖∞ ≤ 0.05 N m. Following Proposition 3, the control law τ = ω × Ĵω + Ĵ v with v = −k1Φ

α
Λ

(ω) −
k2Φ

β
Λ

(ω) is applied for detumbling. Weights Λ = diag(3.0, 1.0, 0.3) enforce the x→y→z ordering; the
initial tumbling ω0 = [20,−20, 20] deg/s has equal magnitudes so that the ordering effect is due solely
to Λ.

Remark on detumbling versus attitude tracking. The present case study concerns detumbling only
(ω→ 0), which is the standard first phase of spacecraft attitude acquisition after launch or momentum
dumping. Full attitude tracking (q→ qd) can be obtained by defining the quaternion error qe = q−1

d ⊗ q
and the angular-velocity error ωe = ω − R(qe)ωd. The kinematic equation q̇e = (1/2)qe ⊗ [0, ωe]> is
feedback-linearizable, so the anisotropic design applies to ωe with the same fixed-time and sequential-
ordering guarantees; the only additional requirement is that ωd and ω̇d be bounded, which holds for
typical smooth reference trajectories. We leave a detailed attitude-tracking simulation to future work.

Figure 7 confirms that, despite the 20% inertia mismatch and persistent disturbance, only the
anisotropic design attains the prescribed ordering. With the spacecraft parameters, the theoretical
bound (3.5)–(3.6) gives Tmax = 2.18 s (µ̃1 = 2.18, µ̃2 = 0.88); the simulated hitting times
{0.30, 0.73, 1.76} s are all below this bound, again validating the conservativeness of the analytical
estimate. The applied torques (recorded by the simulation but omitted for brevity) remain continuous
and well within the ±30 N m saturation limit thanks to the boundary-layer regularization of
Proposition 1, with peak values below 18 N m and no observable chattering.
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≈ 0.74 s with no ordering.

5.5. Robustness to random initial conditions, mismatched disturbances, and higher dimensions

The two benchmarks above were deliberately constructed with |ei(0)| equal (so that the ordering
effect is attributable solely to Λ) and with a diagonal inertia / matched disturbance plant. We now
stress-test the framework along three orthogonal axes; the simulation setup below is documented for
reproducibility.

(S1) Random initial conditions. For the integrator benchmark of Section 5.1, we generated NMC =

500 initial states uniformly on the sphere ‖e(0)‖2 = 5, covering all 23 · 3! = 48 chambers of the type-
An−1 arrangement (Remark 12). The empirical hitting times {t?x , t

?
y , t

?
z } satisfied the prescribed order

t?x < t?y < t?z in 500/500 trials. The mean recovery time Trec (the first instant after which the trajectory
enters CO and stays there) was 0.52 s with worst case 1.07 s, consistent with the fixed-time bound of
Theorem 2(ii). For trials starting in the “inverted” chamber |ez(0)| > |ey(0)| > |ex(0)|, Trec ranged from
0.41 s to 0.98 s with no failure. The global recovery property is therefore robust to arbitrary starting
chambers.

(S2) Mismatched disturbances. For the spacecraft case study, we replaced the matched disturbance
w(t) = g(x)d(t) with the mismatched perturbation

w(t) = g(x)d(t) + ∆mis [sin(0.8t), − cos(0.6t), sin(1.1t)]>, ∆mis ∈ {0.02, 0.05, 0.10},

which lies outside the range of g(x). The amplified bound in normal form is δ̃max ≤ δmax + ‖g†‖∞∆mis,
in line with Remark 14(b). For ∆mis = 0.02 and 0.05 N m, the ordering margin in (3.16) remains
positive, and the prescribed sequence is preserved with a slightly enlarged residual ball (r inflates from
0.03 to 0.07). For ∆mis = 0.10 N m, the margin is violated for the last pair (y, z); the design rule of
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Remark 6, increasing the gap λβy − λ
β
z from the nominal λ = diag(3.0, 1.0, 0.3) to diag(3.0, 1.0, 0.15),

restores the ordering at the cost of 20% higher control energy. This is precisely the design–margin
trade-off predicted by the theory and confirms that mismatched disturbances enter the analysis through
the single scalar δ̃max rather than disrupting the framework’s structure.

(S3) Higher dimensions (n ≥ 6). We instantiated the integrator benchmark in n ∈ {6, 9, 12} with
weights λi = 3 · 0.6 i−1 (geometrically decaying), k1 = k2 = 1.0, α = 1.6, β = 0.6, random
initial conditions on the sphere ‖e(0)‖2 = 5, and matched disturbance ‖d‖∞ = 0.02. The prescribed
permutation O = (1, 2, . . . , n) was preserved in 100/100 Monte Carlo trials per dimension. The per-
step cost of the projection scales as O(n) (a single normalization and dot product), and the empirical
hitting times respect the theoretical ordering T̂1 < · · · < T̂n of Corollary 1. We also observed that the
number of chambers in the arrangement grows as 2n n!, so for n = 9 the trajectory must in principle
traverse 29 · 9! ≈ 1.8× 108 chambers, yet the recovery time stays below 1.4 s. This is a consequence of
the fact that, by Theorem 2(ii), the flow contracts every pairwise comparison Wi j at a rate ∝ k2(λβi −λ

β
j),

which decays geometrically in i but is uniformly bounded below across pairs.
The three stress tests jointly confirm that (i) the ordering is enforced under arbitrary initial

conditions via the global recovery in Theorem 2(ii); (ii) mismatched disturbances tighten the design
margin in (3.16) but do not change the framework, and the design knob is the gap λβi − λ

β
j ; and (iii) the

scheme scales to n ≥ 6 with no structural modification, the per-step cost remaining O(n).

6. Conclusions

This paper has presented a geometric framework for enforcing sequential convergence in fixed-time
stable affine nonlinear systems. An anisotropic weighted sign operator forms the baseline controller
and guarantees both a closed-form settling-time bound and a prescribed componentwise ordering.
A projected residual actor–critic policy with a state-dependent cone-alignment projection enhances
disturbance rejection without breaking the ordering or the fixed-time guarantee. The framework
extends to generic affine nonlinear plants under a standard input–output linearizability assumption and
was validated numerically on a three-dimensional integrator benchmark and a rigid-body spacecraft
attitude case study with a 20% inertia mismatch.

The present analysis relies on four structural assumptions: (i) The error dynamics have been brought
to the chain-of-integrators form (Assumption 1); (ii) The initial-ordering consistency set CO is needed
for strict ordering, whereas global recovery is only in the asymptotic-set sense of Definition 5; (iii) The
disturbance bound δmax enters the gain formula, although Proposition 2 copes with an unknown bound;
and (iv) The critic is restricted to a quadratic basis. Natural directions include (a) adaptive estimation
of δmax and Λ; (b) removal of the full-rank assumption via hybrid designs blending our continuous
approach with temporal logic layers [20, 22]; (c) larger critic bases (kernel or neural network) while
preserving the closed-form cone projection; (d) event-triggered anisotropic control that leverages the
already-discontinuous nature of the baseline to reduce communication load without sacrificing the
fixed-time guarantee; (e) distributed sequential consensus, extending the single-agent design to multi-
agent networks where each node must reach consensus in a prescribed order, in the spirit of fixed-time
hierarchical game-based docking control of heterogeneous vehicle platforms [19]; and (f) experimental
hardware validation on robotic manipulators or spacecraft testbeds to confirm chattering mitigation and
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robustness claims under real actuator saturation and sensor noise.
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