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corresponding bounds that can be expressed using weighted combinations of positive operators. A
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the derived inequalities. The obtained results provide new tools for estimating the numerical radius and
the operator norm in settings where Moore—Penrose inverse techniques and closed-range assumptions
naturally arise. They further indicate how inequalities for products of operators can be transferred into
practical estimates for individual operators through suitable substitutions and operator decompositions.

Keywords: bounded linear operators; Hilbert spaces; numerical radius; operator norm;
Moore—Penrose inverse; closed-range operators
Mathematics Subject Classification: 46C05, 47A63, 47A99



https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026866

21356

1. Introduction

The numerical radius w (B) of an operator B on the complex Hilbert space H is given by
w(B) = sup{[(Bx, x)|, |lx|| = 1}. (1.1)
Obviously, by (1.1), for any x € H, one has
KBx, )| < w(B) ||xI>. (1.2)
It is well-known that w (-) is a norm on the Banach algebra B (H) of all bounded linear operators
A:H—> H,ie.,

(i) w(A) >0 forany A € B(H) and w(A) = 0 if and only if A = 0;
(i) w(1dA) = [Aw(A)foranyd € Cand A € B(H);
(iii)) w(A+ B) <w(A)+w(B) forany A,B € B(H).

This norm is equivalent to the operator norm. In fact, the following more- precise result holds:
w(A) < |A]l < 2w (A) (1.3)

for any A € B(H).
F. Kittaneh, in 2003 [1], showed that for any operator A € B (H), we have the following refinement
of the first inequality in (1.3):

I
w) < 3 (1al+ J4%]7?). (1.4)

Utilizing the Cartesian decomposition for operators, F. Kittaneh in [2] improved the inequality (1.3)
as follows:

1 1
1 IA*A + AA*|| < w* (A) < 3 IA*A + AAY|| (1.5)

for any operator A € B (H).

For powers of the absolute value of operators, one can state the following results obtained by El-
Haddad and Kittaneh in 2007 [3]:

If, for an operator A € B(H), we denote |A| := (A*A)'? | then

1 * —a)r
W(A) < 5 [[1AP" +1AxP ) (1.6)
and
W (A) < |l |AP + (1 - ) A7) (1.7)
where @ € (0,1) and r > 1.
If we take a = % and r = 1, we get from (1.6) that
1 :
w(A) < 3 IIA] + |A™] (1.8)
and from (1.7) that
1 :
W (4) < 5 147 + 14" - (1.9)
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For more related results, see the recent books on inequalities for numerical radii [4, 5].

A fundamental concept in operator theory is the Moore—Penrose inverse, which generalizes the
notion of operator inverses to more general settings. Further details regarding this concept and its main
properties are provided in the Preliminaries section below.

In [6], Sababheh et al. established some inner-product inequalities for Hilbert space operators
having closed ranges. The obtained results are applied to provide new bounds for the numerical radius
and the operator norm, where the Moore—Penrose inverse plays a key role. The authors obtained the
following remarkable upper bounds for the numerical radius of operators V from CR(H), the class of
closed-range operators on H :

w(V) < % IV +vv?

: (1.10)
Ly 1
wV) < 2 [IVE+ vV w(VV),

1 . 1, .
v HIVE S VY (),

and

1 g g *
wW) < 2 [[vviemil{lvvi+ivi

In [7], Bhunia et al. established several numerical radius bounds for bounded linear operators with
closed ranges. The paper develops inner- product inequalities to obtain bounds for the sum of two
operators, refining existing classical results. The following interesting results were obtained as well:

V> + |V

w? (V) < 5

<

vVi+ ViV
2

V> + |V
2

and

w? (V) < é VIt + vve| + %W(V) [V + vvi|.

In [7], the following power inequality for r > 1 was also obtained:

w" (V) < %min{”lVlz’ + VL IvE+ vV}
In particular, for r = 1, we get
1 . T s«
w(V) < S min{[[VE+ vV v+ ViVl

In [8], Ighachane et al. established several inner-product inequalities that characterize the positivity
of block operator matrices. By examining specific blocks of positive operator matrices involving the
Moore—Penrose inverse, they derived new inner-product inequalities that refine recently established
bounds. As an application, they further refined certain numerical radius inequalities from the literature.
One such result is that

r A r 1-2 r r
W (V) < SIVIF+ vV = D ffivir - v (L.11)
forr>1landA€[1/2,1].
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We observe that, if we replace V with V' in all the other inequalities from the list above, we can get
various bounds for w (V*) . For instance, if V € CR(H), then

w(V1) < % [V +viv

' b

w(v) < % H|(v')‘2 + V*VH + %w((VT)Z V),

w(V') < % [V + vvi]|+ %w(v(vf)z),

and

Lo .
w(V) < 2 ViV vlviv+|(v)

Motivated by the above results, in this paper, we obtained some new norm and numerical radius
inequalities for the product of three operators in terms of the Moore—Penrose inverse. Our results are
more general since they provide several upper bounds for the norm and numerical radius of a product
of three operators in the form ||[BVA||l and w (BVA), with V € CR(H) and A, B being bounded linear
operators on H. Using some fundamental properties of the Moore—Penrose inverse, such as VV'V = V
and V'VV' = V', we are then able to obtain new and innovative upper bounds for the norms and
numerical radius of V € CR(H), which essentially motivates the extension to the product of three
operators. The case when V is an invertible operator is also of interest, since, in this situation, yvi=vy1!
and some of the obtained bounds become simpler.

Among the main results, for V € CR(H) and A, B being bounded linear operators on H, we obtained
the inequalities

IBVAIl < [IVIAll||BVV|
and

2 ‘1/2

‘1 /2
forall 1 € [0, 1].
Several upper bounds are also provided for powers of the numerical radius of operators V € CR(H)
that complement the results stated above. We showed, for instance, that
)

w(BVA) <|[(1 = DIVIAR + A|VV'B

2

x[anviag+a-vlvvie

W (V) < %[IIIV*I VI IV + we (v 2 v

and

w2 (V) < %H”VW V|4p N |V*|4pH
forp > 1.
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2. Preliminaries

For an operator V € B(H), the Moore—Penrose inverse of V , denoted by V7, is the unique operator
satisfying the following four Penrose equations [9]:

*

vviv = v, vivy' = vi, (VV*)* = VvV’ (VTV) =V'v. (2.1)

These conditions ensure the existence and uniqueness of V' whenever V has a closed range, i.e.,
range(V) is closed in H.
We define the set of all operators in B(H) that admit a Moore—Penrose inverse as follows:

CR(H) = {V € B(H)| range(V) is closed}.

For any V € CR(H), its Moore—Penrose inverse V' is also a bounded operator in B(H).
For an operator V € CR(H), the Moore—Penrose inverse satisfies the following important properties:
e Self-adjoint property: If V is self-adjoint, i.e., V = V*, then V' is also self-adjoint and (V*)* =V

.. . . . T
e Involutivity: The Moore—Penrose inverse satisfies the equality (VT) =V;

e Order preservation: If V,,V, € CR(H) with V| <V, in the operator order, then Vi< V2T ;
e Product formula: If V|,V, € CR(H) with range(V;) C range(V,), then V,V;, € CR(H) and
(ADIERA AN

Some other important properties that connect the Moore—Penrose inverse with the adjoint operator
are as follows:

v= (v v=(v) v

and
v=v(Viv) = v (V)

for any V € CR(H).
In [6], the authors obtained the following Schwarz-type inequality involving the Moore—Penrose
inverse:

Lemma 2.1. Let V € CR(H). Then for all u,v € H,

KV )P < (VP u,u) (VVTv, v 2.2)
If we replace V with V' in (2.2) and take into account that (VT)% =V, then we get
KVTu, v>’2 < <|VT|2 u, u> <VTVV, v>, 2.3)

for all u,v € H.
In the next section, we provide several extensions of the Schwarz-type inequality involving the
Moore—Penrose inverse that complement and generalize the above inequality (2.3).
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3. Vector inequalities

We have the following Schwarz-type vector inequality for the product of three operators:
Theorem 3.1. Let V € CR(H) and A, B € B(H). Then for all A € [0, 1] and x,y € H, we have that

KBVAx, )P < (IIVIAP x, x) <|VVTB* y> < min {T, A} 3.1)

)
)

< ((1 ~ D(IVIAP x,x) + /l<
x (/1<||V|A|2 xx) + (1 - /l)<

(IVIAP x, x) + <|VVTB* ’y, y> 2
<
< > :

)

where

:((1 - D(IVIAP x.x) + /l<|VVTB*

1-1
x (IVIAP 5, %) { )

A= (2(IV1AP x5 + (= D (v BT
2 >*
’x, x> < min {0, A} (32)
B 2]x,x>
o2 >
X, X

and

v, y>)

x (IVIAP x, x> <|vv‘

In particular, we have for all x € H that

KBVAx, x)P* < (IIVIAP x, x><|vaB*

< <[(1 — DIIVIAP + a|vV'

x <[/1||V|A|2 (1 -

2
<[||V|A|2 +|vviB 2] >
< 5 X, x) ,

[
y

e
)
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Proof. Let x,y € H. Now, if we take u = Ax and v = B"y in (2.2), then we get
(VAx, B'Y)P < (VP Ax,Ax) (VV'B'y, B'y),

namely,
KBVAx,y)P* < (A" |V Ax.x) (BVV'B"y.y),

and since A*|V|* A = ||V|A)* and

\A%:

g (vv'B) (vW'B") = BVV'VV'B = BVV B,

then by (3.3), we get
KBVAX, Y < (IVIAP x,2)

forall x,y € H.
Observe that, for all A € [0, 1], we have that

)

= (IVIAP x.x)™ <|VV*B* 2y,y>ﬁ (IVIAP x, x)' <|VV*B*

(VAP & x) (jvv's

) 1-2
Y )’>

and by the weighted arithmetic—geometric mean inequality, we have that

(IV1AP x,x)"™ <|VVTB* Y, y>ﬁ < (1= D{IIVIAP x,x) + 2 <|VVTB*

2% )’>
g

and

(VIARx ) ([vv BTy, >Hsz<||V|A|2x,x)+(1—A)<

for all x,y € H.
These give that

||V|A| X, X <

)

Smin{((l—/l) IVIAP x,x>+/1<

o)

(/1<||V|A|2x,x>+(l—/l)<|V g y>)
b

)

% (/1 <||V|A|2 X, x> +(1-2) <|VVTB* y,y>)

)

x(IIVIAP x, x ”<|VVTB*

x(IIViAP x,x) <|V

<[ =D (IvIAR x5 + (v

for all x,y € H.

(3.3)

(3.4)
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2
Also, by the elementary inequality ab < (%) ,a,b > 0, we have that

)
)

(=D (1P )+ a(jvvis

X (AIVIAP 2 ) + (1= D (VB

) 2
)

(IVIAP x,x) + <|VVTB*
<
B 2

for all x,y € H. This completes the proof of (3.1).

Corollary 3.1. With the assumptions in Theorem 3.1, we have that

(Bviax ) <(v]AF 5 x){vive

zy, y> < min{a, S}

)
)

<(a - (V[ a] x.x) + A (vivE

< (V] A x.x) + = (vive

(V14 ) + (v v o))
<
- 2

where
@ = ((1 _ ﬁ)<||V*|A|2x, x> + A<|VTVB*|2y,y>)

) a1 ) 1-2
x (V] AF x.x) (IVivE )

and
pi=(a{IViIaf xx)+ 0 = 0 (VIVET y.))

) 2
»y| -

2 =y,
x([vi|af xx) (Vive
In particular, we have for all x € H that

KBV*Ax, x>'2 < <||VT| A|2 X, x> <|VTVB*

2 X, x> < min {y, ¢}
oo
oo

< <[(1 —»||vi|A] + avivE

X <[/l||VT|A|2 +(1-)|VVE

<(||VT|A|2+|VTVB*|2) >2
< X, x) ,

2

(3.5)

(3.6)
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where

y ::<[(1 —|vial +a|vive

oo

1-1
X, x>

)

2 A
X, X) .

< (Iv]af x) (vve

and

o = ((AlIvi]aF + (- [vive

2 1-2
< (V[ af x.x) (vive

The proof follows from Theorem 3.1 by replacing V with V' and taking into account that (V"')T =V

Remark 3.1. If we take A = B = V7 in Theorem 3.1 and use the properties of the Moore—Penrose
inverse, then we get for all x,y € H that

(Vi) < (Vv s, x><‘v'(v*)*\2'2y,y> < min {e, )
< ((1 - ) <||V| Vi x, x> + /l<‘V (') 2y,y>)
X (/1<||V| Vi x, x> +(1 - A)<'VV‘(V*)*|2 2y,y>)

2
(i)« {1y )
<

B 2

‘2

where

e ::((1 (VI xx) + /1<

X <||V| vifx, x>A <‘V (v7)

v|(v)[ 7 y>)

912 1-4
y,)’>

and

£ = (/l<||V| VI xa)+ (=2 <|V‘(VT)*'2'2y,y>)
<{vs)” (e o)

In particular, we have for all x € H that
(Ve[ < <||V| vifx, x> <‘V )] zx, x> < min {7, 6)

AIMS Mathematics Volume 11, Issue 7, 21355-21384.
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< < :
“
VIV + 'V'(VT)*'2 2

2
S< > x,x> s

= Iy T o)
x (Vv . x>/l <'V vy . x> ;

2
)x,x>

2 A
.X,X> .

(1= + A‘V‘(V*)*

-
o4

AWV + -2 ‘v'(vf)*

where

A=V VIVI+a

and

‘2

0 := <(/l||V| VI + (1 -2 ‘v'(v*)*

(v Fes)” (v

From Corollary 3.1, we get for A = B = V that

(Vx, y)l2 < <||VT| V|2 X, x> <|V% VP 2}’, )’>
<min {((1 - <||VT| V|2 X, x> + /l<|VT IV*|2|2)’,)’>)
’ Pl 2 1-4
X <||VT| V[ x, x> <|VT V2 y,y> ;
(A(IVIVE x.x)+ @ = o (Vv el )
2 1-2 ) @
(IVIVE ) (vvee y,y>}

5((1 - A)<||v*| v x, x> + A<|VT |V*|2|2y,y>)

)

x (A V) + = (Vv

<||V| v x> + <|VT VP 2y,y>]2

- 2
In particular, we have for all x € H that

(v, oF < (Vv xx)(VivE

2
X, X

(3.7)
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<min {<[(1 — D ||Vi V] +alvt
< (v VP ) (v

([l 1vF - ol )

<(IVIVF s (viiveeP s >}

<(|a =D vV + v Vel | x)

X, x>

212
2 1-2
b b

><<[A||VT| v+ - vt

[llv*|v|2+|V”V*'22) |
§< 5 x,x> .

T+TFT T-TF
and DT := TE
i

For T € CR(H), we define the following operators:

STT =

We observe that
S:T+iD;T=Tand ST -iD;T =T",

. (T+TH T+
S:T) = = =S8:T"
(§+7) ( > ) > t
and o .
. (T-T T* —(T%)
D:T) := =— = —D:T".
(D:T) ( 2i ) 2i
Also i
: T+ (TT) T+ T
ST = = =S5:T
and +
T - (TT) TH—T
D:T" := = = -D;T.

2i 2i
Moreover, we have that

5.7] :(T+TT) (T+T )_[T* +2(TT)*](T_;T1)

:—(|T| + |7 + 7T+ (17 )T)

and

T-T\(T-Tf 11
ot = (5 ()=t ()

(3.8)
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(r=(@))(r-17)=

(ITI2 + |17 -7 - (1) T),

Bl
Bl

which gives
2 P2 l( ) i 2)
S+ 7|+ |DsT| S (I + IT7).
Proposition 3.1. Let V € CR(H) and A, B € B(H). Then for all x,y € H, we have that
max {[(B (S+V) Ax.y)|.|(B (D:V) Ax. )|}
1 _
<3 (l(BVAx, i+ |(Bviax y>')
1 5 AR 172 R b2
< E<(||V|A| + ||V 4] )x,x> <(|VV B[ +|V'VE| )y,y>

Proof. By taking the square root in (3.1) and (3.5) and then adding, we get

) 1/2
Y )’>

) 1/2
Vs }’>

1/2

(BVAx ) +|(BV Ax.y)| < (IVI AP x, x)" <|VVTB*

2 172 .
(V] af xx) (jvive

for all x,y € H.
By the elementary CBS inequality

0<ac+bd< (a2 + bz)l/2 (02 + cz)l/2 ,a,b,c,d >0,

we have that

2 172
v.9)
(v x>1/2 <|VTVB*|2y,y>1

<((v1ar x.2) + (vl af = x>)1/2

2y,y> + <|VTVB* Zy,y>)1/2

- 2 172 3 2 3
:<(||V|A|2+||V'|A|)x,x> <(|VV1B* w|Vive

(VAP x ) (|vvis

/2

X (<|VVTB*

5 12
o)

forall x,y € H.
By the triangle inequality, we have that

(BVAx, y)| + ‘(BVT Ax, y>' > ‘(BVAx, W +(BV'Ax, y>'
- KB(V + VT)Ax,y>| = 2(B(S+V) Ax,y)|
and

KBVAx, y)| + '(BVT Ax, y>| > '(BVAx, ¥~ (BV'Ax, y>‘

(3.9)

(3.10)

(3.11)
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=[(B(v - V) Axy)| = 2B (D:V) Ax, )]

which gives that

KBVAx, y)| + KBV"'Ax, y>' (3.12)
> 2max{| V)Ax,y)|}
for all x,y € H.
By utilizing (3.10), (3.11), and (3.12), we derive the desired result (3.9). ]

Remark 3.2. 1f we take A = B = 1 in (3.7), then we get
max {|((S 4 V)x. )|l

ax
%<(|V| + |VT| )x x>] 2((VvT +VIV) )

for all x,y € H.

We can also obtain several power inequalities that provide bounds for the quantity

KBVAx, ) + '(Bv*Ax, y>’2

with x,y € H.
Proposition 3.2. Let V € CR(H) and A, B € B(H). Then for all x,y € H, we have that

2
KBVAx, ) + '(BVTAx, y>| (3.13)
2/ 2/ 2 1 A12P 1/p
< 1P It (VAP + (V] 4] ) 3, %)
1/q
X <( My \4 2q)y, y>
forp,q>1withé+é: 1.
In particular,
5 ; 2 A g 12
(BVAxE +[(BV Axy)| < Il {(1v141* + V7] 4] ) x.2) (3.14)
1/2
X <(|VVTB* " 4)y, y>
forall x,y € H.
Proof. If we add (3.1) and (3.5), then we get that
9 . 2
KBVAx, ) +|(BV Ax, )| (3.15)

< (V1R . x) (Vs

o () v

AIMS Mathematics Volume 11, Issue 7, 21355-21384.
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for all x,y € H.
We use the elementary Holder inequality for p, g > 1 with é + é = 1, which shows that

0 < ac+bd < (@ +b")"" (¢! + )V, a,b,c,d > 0.
Therefore, for p,¢ > 1 with  + _ = 1, we have that
(IVIAP x, x) <|VVTB*|2y,y> + <||VT|A|2 X, x> <|VTVB*
< ((IIVI AP x, x>p + <||VT| A|2 X, x>p)1/p

2 a\1/q
)

2)’,)’> (3.16)

X (<|VV"‘B*

q
2y,y> + <|VTVB*

for all x,y € H.
Recall McCarthy’s inequality, which states that (Px, x)" < (P"x, x) Ix|P"D for x € Hand r > 1.
Utilizing this inequality, we have that

(VAP x,3)" -+ (VI AF x.x) < ((VIAP7 5,2 + ([[V] AP x,0)) 1P
A
and

<|VVTB*

2 q
Yy, )’>

2 _
’y, y>) P

2 _
‘f)y, y} Iyl

2y, y>q + <|VTVB*
< (<|VVT B

= <(|VVTB*

2qy,y> + <|VTVB*

Y ViVE

for all x,y € H. These imply that
n\1/p
(V1A x )" + (V7] AP x.x)) (3.17)
y,y> +<|VTVB y,y>)
. 1/p

< <(|IV|A|2” + ||V'|A|2p)x, x> ] 211/
2 1/q _
Dy} pipo-e

2/q || 20 2 o (It Al Y
= alP 0P (v 4P + V7] A7) . x)

2 l/q
Jos)
for all x,y € H.

By making use of (3.15), (3.16), and (3.17), we get (3.13). O

x((lvve

X <(|VV“‘B* “i|vive

(vl +[vive
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Remark 3.3. If we take A = B = I in Proposition 3.2, then we get for V € CR(H) that
2
(V) + (Vi)

< 1P/ Il (VP o+ V), x>1,,, (vvi+viv)y)"

for p,q > lwithﬁ+}1 =land x,y € H.
In particular,

2 4 172 1/2
(Ve P+ (Vi) < Il {(IvE + [V )x) (V7 + Viv)p)
for all x,y € H.
4. Norm and numerical radius inequalities

It is natural now to find upper bounds for the norm of a product of three operators as follows:

Theorem 4.1. Let V € CR(H) and A, B € B(H). Then

IBVA| < IVIAll|[BVVY| (4.1)
and '
Jvial < V] al |2V 42
Proof. If we take the supremum over ||x|| = |[y|| = 1 in (3.1), then we get
IBVAIP = sup KBVAxyP < sup [(IVIAP x.x) <|VVTB*|2 . y>]
[IxlI=lyll=1 [IxlI=[yll=1
= sup (|[VIAP x, x) sup < VViB’ 2y,y> =[[iviap| |[vv e T
IIxl=1 lIyll=1
= [IVIAIP |vViBY|[.
Since ) .
v | =|(vvie)|| = B(vv) | = IIBvvi],

then inequality (4.1) is proved.
If we replace V with V' in (4.1), then we get (4.2). O

Corollary 4.1. Let V € CR(H) with V # 0. Then

min {[|[VVI{|. [[V'| V]} = 1. (4.3)
Proof. From Theorem 4.1, we get

lvvvi < fiviviiivivv]

and
vvivi <liviivillvviv].,
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namely,
Vel = lvvefiv
and
v < [V vlivir,
which gives (4.3). O

Further on, we can also obtain several bounds for the numerical radius of a product of three operators
as follows:

Theorem 4.2. Let V € CR(H) and A, B € B(H). Then for all A € [0, 1],

w(BVA) < min {ky, ks, k3},

where
ky ::min{H(l —DIVIAP + A[VV B[ A |BVv ™,
liviar +a - plvvs | At ||BVVT||”},
k== DIVIAR+ Ay ViE | v [aviaR +a-pvvie v
and
IVIAP + |vviB|
- 2

Proof. Observe that for x € H with ||x|| = 1, we have that
I
X, X
) 1-1
X, x> ,
)25
X, X
5 1
X, x> }

< min{[(1 = DIVIAP + A|vviE

min {(|(1 = DIVIAP + 2|vViB

x ([IVIAP x, x)' <|VVTB*

(aviap+a - o v

1-4

x(IVIAF x,5) " (jvvi

2 2(1-2)

IIVIAIP||vViB*
Janvia + a - v vvisf|viare- vvs )

for x € H with ||x|| = 1.
By (3.2), we get that

|(BVAx, x)|*

2 2(1-2)

< min{[(1 = DIVIAP + A|vviE

IIVIAIP||vViB*
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|[aviap+a-plvvis|

IIVIAIP*2||vviB*

za}
for x € H with ||x]| = 1, which gives, by taking the supremum over ||x|| = 1, that

w(BVA)

2||1 1-2
9

< min {H(l —DviAR + v viar vvie

[aiviar + a - v | iviar- Ivvis|').

Since
|vviB

_ ”(vvT B)

' - HB(VVT)*H = ||Bvvi|,

then the first part of the theorem is proved.
Moreover,

(|- vmmiar « 2yl

oo

)

X <[a IVIAP + (1 - ) |VV'B

<[la = vuviap + ajvvie|

x[aiviag+a - vlvvie|

which implies, by (3.2), that

KBVAX, )P <[[(1 = DIVIAR + 2 |vV B[

x H/l||V|A|2 +(1-2) |VV*B*|2H,

for x € H with ||x]| = 1. This gives, by taking the supremum over ||x|| = 1, that

2 n 211172
w(BVA) <1 = DIVIAP + 2|[vViB
1/2
x[anviag+a-plvvis|
Finally, since
2 2
IVIAP + |vViB[ IVIAP + |vViB[
x,x) <
2 2
for x € H with ||x]| = 1, then by (3.2), we get that
IVIAP + |[vViB [’

BVA) <
w( ) < >

This completes the proof of the theorem.

O
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We observe that, by taking 4 = 1/2 in k;, we also have that

IVIAP +|vViB[’

2

w (BVA) <min {II|V|A”1/2 ”BVVT””2 ’

1/2}

We also observe that, if we take A = B = I in Theorem 4.2, then we get, for a closed-range operator
Vand A € [0, 1], that

o n1/2

IVIAP + |VViB?
2

w (V) < min{uy, u, us}, 4.4)
where . . e o
wy == min |[(1 = D VP + vV || vz,
wy = ||(1 = DIVP + vV P aviE + a -y vvi||?,
and
e VP + VVT
3= - 5

We observe that the bound u3 gives the known inequality (1.10) from the Introduction.
If we take V = I, then u; = u, = u3 = 1 and we obtain in both terms of (4.4) the same quantity 1,
which shows that (4.4) is sharp. This implies that the inequalities from Theorem 4.2 are also sharp.
For A = 1/2, we obtain
I /2}

If we replace V with V' in Theorem 4.2, then we can state:

Corollary 4.2. Let V € CR(H) and A, B € B(H). Then for all 1 € [0,1],

Ve + vyl

2

[V + vvi
2

w (V) < min {IIVIII/Z,

w (BVTA) < min{¢y, s, 63},

where
&= min{ -0 V[ af + 2y va | v al sy,
Jallvla+ a—alvva I v al™ v,
& =] -l af +arvef]”
x|V af +a - vvef]| .
and

Ivi|al +|vive|

2

53 =
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Remark 4.1. 1f we take A = B = V' in Theorem 4.2 and use the properties of V', then we get for
A € [0, 1] that
w(V*) < min {my, my, mz},

where
) 222
my = min{ 1=V +A‘V‘(V*) T v,
5 2P 1-2
HA||V| V| +(1—1)‘V‘(v*)‘ x Vv IIVIIA},
|2
my :=||(1 ) vivif +2 v'(v*) '
) |2
x ||V +(1—4)‘V‘(V*)]
and ’12
v +[vjv)]
ms =

2

If we take A = B = V in Corollary 4.2, then we also get that

w (V) < min{ny, ny, ns},

where
ny = min{”(l — ||V v+ 2V |V*|2|2H1/2 Vi v v,
JalvIvE + = vt v e,
ma == |[VIVE + apvtveef]
x [l v+ a = v |V*|2|2H1/2,
and

Vv + vt ivepf
2

ns .=

If we take A = 1/2, then we also have

VA VE + v v

2

1/2 1/2
Iv]I'2,

w (V) Smin{|||v*| V||

1/2}
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We can also state the following power inequalities for the numerical radius of a product of three
operators:

Theorem 4.3. Let V € CR(H), A,B € B(H), and p > 1. Then

V1A [BYV? 4w (Vv 1v14r)
w? (BVA) < 5 (4.5)
2
< IVIAIP |BvVT|™
and |
W (BVA) < = [IVIAf + [vv' B (7). (4.6)
In particular, for p = 1, we get
1A [BYVi +w(jvvis iviar)
w? (BVA) < 5 4.7)
2
< IVIAIP |BvV
and |
w? (BVA) < 2 [Iviar +|vv' BT (4.8)
Proof. First, recall Buzano’s inequality [10], which states that
[l V1] + Ku, W)
(u, e) (e, v)| < (4.9)

2

for x,y,e € H with |le|| = 1.

If we take u = |[VIAP x, v = |VVTB* 2 x, and e = x in (4.9) with ||x]| = 1, then we get

2
X, X

"o + ’<||V|A|2 % [VVIB

(VAP &) (jvvi

2x>

2 |IVIAP x, x>

IIVIAP x| H|vv*3*
<

= 2
1vIAR H|Vv*B*

2
X|| +

<|VVTB*

2

Taking the power p > 1, then we get, by the convexity of the power function, that

(VIAP x,2)" (Vv B [ v x)
[IVIAI]” x| |||VV'B*| x|| + {|[VV'B*| ||[V|IA]" x, x ’
lviap | [vvie [ « (vvis] iviap

<

B 2
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Ivia s [y s+ (v B iviar ) ’
: 2
Iviap] [lvvis |« we (v iviap)
<
: 2
IVIAIP? [V B[+ wr (Vv B IviAR)
2

for x € H with ||x|| = 1.
From (3.2), we then get, by taking the power p, that

IIVIAIP? |[vv'B*

Y ewe (vviE
2

? ||V|A|2)
(BVAx, )| <

for x € H with ||x|]| = 1, which gives, by taking the supremum over x € H with ||x|| = 1, the desired
inequality (4.5).
By utilizing McCarthy’s inequality, we then obtain that

(IVIAP x,x)" <|VV*B*

2p
X, X

2p 2
X, X

‘X, x>p < (IVIAP x, x><|VV*B*

(IV1AP? x, ) + <|VVTB*
<
: >
(VIAr? 2, x)+ vV B
: 2
% (v + v B ") x.2)
IEre—

4p
X, X

for x € H with ||x]| = 1.
From (3.2) we then get, by taking the power p, that

I
(BVAx, 0 < = ||IVIAFY + [vV'B

for x € H with ||x|]| = 1, which gives, by taking the supremum over x € H with ||x|| = 1, the desired
inequality (4.5). O

We also observe that, if we take A = B = [ in Theorem 4.3, then we get for V € CR(H) and p > 1
that
IVIP? +wr (VVTVP)

2pV<
wr (V) < 7

and .
W’ (V) < 5 [vir+ v
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If we take V = I in these two inequalities, we obtain the same quantity 1 on both sides. This shows
that the inequalities in Theorem 4.3 are sharp.
We notice that this inequality can also be obtained from (1.11) for 4 = 1.

Corollary 4.3. With the assumptions of Theorem 4.3, we have that
w” (BV'A) < % IV A BV VI + we (v PV aF)| (4.10)
< [[v']al” vV

and
w (BV'A) < %H||VT|A|4P +vive|]. (4.11)

In particular, for p = 1, we obtain
1 * 1
o (8v'a) < L[V A JavvIF (v v vl af)|
<[V Al (v vif

and
w? (BV'A) < %H||VT|A|4 +vivet.

Remark 4.2. If we select A = B = V' in Theorem 4.2, then for V € CR(H), A, B € B(H) and p=>1,we
get that

Vv e e VI w v
W (V1) < . 4.12)

and
4p

W (V1) < %l|||V| Vil + 'V'(VT)*'Z (4.13)

Observe that
'V‘(VT)"‘H2 - (V'(V*)*f)* V(v )‘2 = (vv (V) v (vi)
= ViV (Vi) = vive (Vi) = vi(VT) = ‘(V*)*‘2

and

VIV = (vivi) vive= (V) vivivi = (VY IvE v,
then "
VT = vy ) e vy ey

By (4.12), we then get

Vv I e (v (v v v
2

wP (V') <
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while, by (4.13), we obtain
wr (v < 3+ oy )

The case p = 1 gives that

MV VP (v () ) v v
w (V') < 5

and
w? (V1) < % '“IVI vi[' + ‘(VT)FH

If in Corollary 4.3 we take A = B = V, then we get

wr vy <3 [IIVIVIE wiee e (v pP v o )|

and

WP (V)< % H”VT| V|4p + |V”r |V*|2 4PH .

Now, observe that
= VvVivVvivys = vvivyr = v = [V

and

IVIvE=(viIv)y VIV

Vijv=v|Vi||Vilv =v

and then

ViveEL |viv) = veeve viP v = v viP v

By (4.14), we then obtain

wr )< [V VI e+ we (v oy

)
while, from (4.15),
WP (V) < %”||V*| v v

The case p = 1 gives

IV VI e+ w (v o v o)

| =

w? (V) <

and

1
w ) <3 [IIViIV] v

(4.14)

(4.15)
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Let (C, D) be a pair of bounded linear operators on H. The Euclidean operator radius is defined by:

2 2\!/2
we (C. D) := sup ({Cx, )" + KDx, 1)) . (4.16)
IIxll=1
As pointed out in [11], w, : 82 (H) — [0, c0) is a norm and the following inequality holds:
2
% llici + 1P| < w. ¢, Dy < [licP + 1DP|| ", (4.17)
for (C, D) € B (H), where the constants g and 1 are the best possible in (4.17).
The diamond numerical radius, see, for instance, [12], is defined by
w(C, D) := sup (KCx, x)| + {Dx, x)l).
[IxlI=1
For a, 8 € C with |a| = |8] = 1 we have that
1/2
K(@C +BD) x, x)| < KCx, x)| + KDx, x)| < V2(|(Cx, )" + (Dx, x))
and by taking the supremum over ||x|| = 1, we obtain that
w(aC + BD) < w(C,D) < V2w, (C, D),
or, equivalently,
1 1
5w2 (aC + D) < sz (C,D) <w?(C,D).
Proposition 4.1. Let V € CR(H) and A, B € B(H). Then
2max {w(B(S:V)A),w(B(D:V)A)} (4.18)
< w(BVA,BV'A) < 2min by, by},
where . 0 -
br =5 [viar + V| af|| vyl + viveT|
and ) ) )
IVIAP +||VI|A]" + |[vViB| +|VIVB
bz =
4
Proof. From (3.9), we have for y = x that
max {|(B (S+V) Ax, x)|, [(B(D;V) Ax, x))| (4.19)

‘|vive

2) >1/2
X, X

for all x € H.
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If we take the supremum over ||x|| = 1 in (4.19), then we get
max {w(B(S+V)A),w(B(D:V)A)}
= sup [max {[(B(S+V) Ax, x)| . |(B (D:V) Ax, x)|}]

[Ixfl=1
< % sup (I(BVAx, x| + KBVTAx, x>‘) = %W(BVA, BV'A)
llxll=1
< % su [<(|IV|A|2 + ||VT|A|2)x, x>1/2 <(|VV*B* P|vive z)x, x>1/2]
llxll=1
< % su <(||V|A|2 + ||v"‘|A|2)x, x>1/2 sup <(|VV*B* Ty |V*VB*|2)x, x>1/2
llxll=1 [Ix|=1
1 . 1/2 I . 5 1/2
= > [viar + (v af|| vy« vive

which proves the first part of (4.18).
By the arithmetic mean-geometric mean inequality, we also have that

<(||V|A|2 + ||V*|A|2)x, x>1/2 <(|VVTB* 2)x, x>1/2
<5 |{(v1a2 + v aF)xx) + (Vv B+ [viveT) x|

1

2
: )
X, X

_ 2 2 | Al T
_ 2<(||V|A| +|V|AF +|vviB

‘i |vive

“y|Vive

for all x € H.
By (4.19), we get

1 - T p*
KBVAx, x)| + |(BVAx, x)| < 3 <(||V|A|2 + ||Vl + [vviB

2 + |V‘LVB*|2)x, x>
for all x € H. By taking the supremum over ||x|| = 1 we derive the second part of (4.18). O
Remark 4.3. If we take A = B = I in Proposition 4.1, then we get

2max {w (S+V),w(D:V)} < w(V, V') < 2min{c1, ca},

where 2

e = [P+ V| v+ viv]

and
VP + Vi + vV ViV

7 .

For the Euclidean numerical radius, we have:

Proposition 4.2. Let V € CR(H) and A, B € B(H). Then for a,8 € C with |a| = |8l = 1 and p,q > 1
with 1—17 + él] = 1, we have that

%WZ (B(av+pVT)A) < %wz (BVA.BV'A) (4.20)
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< Wg (BVA, BVTA) < min{d,, d,},

where
“|vive

d = HI|V|A|2p + ||VT|A|2pH1/p'

v

and

dz =

Hwar 1P} 2 (v s v )
In particular, we have the upper bounds

wZ (BVA, BV'A) < min e, e2},

where

e .= H||V|A|4 + ||VT|A|4H1/2 |“VVTB* 4 . |VTVB* 411172

and :
er:= 5 [vial + V| A"+ vV B[ + ViV

Proof. From (3.13), we get for y = x that
2
(BVAx, )P + |(BV Az, x)|

(4 ) v

Zq) >1/q
X, X

Y |vive

for p,g > 1 with}l—?+ Lll =1and x € H with [|x]| = 1.
If we take the supremum over ||x|| = 1, then we get

wi (BVA, BV'A)

= sup (l(BVAx, OP +[(BViAx, x>|2)

llxll=1

< sup <(”V|A|2p + ||Vf|A|2p)x, x>1/p

llxll=1
X sup <(|VVTB*|2q + |VTVB*|2")x, x>l/q
[Ixl=1

= e wap | flvves v

which proves the first upper bound.
If we use Young’s inequality

1 1
ab < —a’ +-b?, a,b >0,
p q

where p, g > 1 with 1—1? + é = 1, then we also have

(w18 1)) (v

Zq) >1/q
X, X

YL |vive

(4.21)
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< Y |vive

(a1} 4 (v

e
o

1
p
= (|~ (vapr+ V] a]) + - (jvv's
p q
for x € H with ||x|| = 1.
Utilizing (4.21), we then get

“|vive

KBVAx, ) + ‘(BVTAx, x>'2

< <Ll? (||V|A|2p + ||vT|A|2”) + 611 (|VVTB* Y4 |vive

LR
X, X
for x € H with ||x|| = 1.
By taking the supremum over ||x|| = 1 we obtain the second upper bound as well. O

Remark 4.4. 1f we take A = B = [ in Proposition 4.2, then for a,8 € C with |a| = || = 1 and p,q > 1
with L + 1 =1, we get
p q
L el 2 t 2 i -
W (aV+pV) < oW (v.vT) <w? (V. BV'A) < min{fi. f5}.

where

fio= e P v+ viv)

and

1
fri==
p

In particular, we have the upper bounds

(e s W) g (v v

w? (V, VT) < min{g, &},

where s

g= vt T vt vim
and

g = % HIVI4 Vi + vy V*VH .

5. The case of invertible operators

When the operator V € B(H) is invertible, we have V' = V~! and we can state the following
inequalities for this class of operators. The obtained results are simpler in this case.
Let A, B € B(H). Then for all 4 € [0, 1], we get from Theorem 4.2 that

w(BVA) < min{lg ,’1;2,76\3},
where

1/2 _
| mviAt sy,

T s=min {[[(1 = D IVIAP + 215
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«2[11/2 _
[ANVIAP + (1= 1B P~ VI Al ||B||A},
— N 1/2 " 1/2
ky = |[(1 = DIVIAP + B F| 7 |AIVIAP + A = DB,
and
—~ IVIAI* + |B**
ky := f )

We observe that, by taking 4 = 1/2 in k;, we also have that

IVIAP + B
2

w (BVA) <min {|||V|A||”2 1BII'>,

1/2}

“||V|A|2 + 1B
X 2

From Theorem 4.3, we get for A, B € B(H) and p > 1 that
IVIAIP? BIP? + w? (1B IV] AP)

w? (BVA) < > < IVIAIP | Bl
and 1
W (BVA) < ~ [IVIAF” + 1877
In particular, for p = 1, we get
) IIVIAIP 1B + w(IB*I2 IIVIAIZ) ,
w? (BVA) < < IIVIA|” || Bl|

2
and :
w? (BVA) < 5 [IviA® +187*

Finally, if we take A = B = [ in the inequalities above, then we have the following bounds for the
invertible operators V:
w (V) < min {s1,, 753},

where

5= min {1 = DIVE + ] VI, JJave + - o v,
% = [ =W+ Jave+a -1,
and
= . V> +1l
3 .= 2 .

We observe that, by taking 4 = 1/2, we also have that

WP+ 1]

2

V> +1
2

1/2}

1
WP (V) < 5 v+ 1]

w (V) < min {IIVIII/Z,

Also for p > 1, we get that
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Remark 5.1. The following example gives a numerical validation of the inequality

VP +1
2

VP +1
5.1
5 (5.1)

w? (V) < min {IIVII,

that holds for any invertible operator V € B(H).
We consider the 2 X 2 invertible matrix
1 0
V= ( 2 1 ) '

After some simple numerical calculations, we get that w(V) =2, ||[V]| =1 + V2, and

=2+ \/5.

VP +1
2

If we replace these values in (5.1), then we get
4<minf{l + v2,2+ V2f(2+ V2) = (1+ V2)(2+ V2) =4+ 3 V2,

which numerically validates (5.1).
6. Conclusions

In this paper, we obtained some new norm and numerical radius inequalities for the product of three
operators in terms of the Moore—Penrose inverse. Several upper bounds for powers of the numerical
radius of operators V € CR(H), which complement some recent results stated in the Introduction, were
also provided.
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