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Abstract: In this study, we formulate a within-host mathematical model of human papillomavirus
(HPV) infection that captures the dynamics of susceptible epithelial cells, infected cells, free
virions, cytotoxic T lymphocytes (CTLs), neutralizing antibodies, and cancerous cells. The model
incorporates immune mechanisms, including CTL-mediated killing of infected cells and antibody-
driven neutralization of virions, as well as therapeutic interventions. Building on this framework,
we apply optimal control theory using three treatment strategies: (i) chemotherapy intensity, which
enhances infected-cell death and reduces virion production, (ii) CTL stimulation (immunotherapy)
intensity, which augments the CTL source term, and (iii) antibody therapy, which strengthens humoral
immunity. We first identify the equilibria of the system and test their stability. The disease-free
equilibrium is stable when the basic reproduction number is R0 < 1, meaning the infection cannot
persist in the population. When R0 > 1, the endemic equilibrium (EE) becomes feasible and is globally
asymptotically stable. Finally, the optimal control approach shows that a combined treatment strategy-
chemotherapy, immune cell (CTL) boosting, and antibody therapy can significantly minimize viral
load and cancer cell growth. This integrated approach demonstrates how traditional chemotherapy
and immune-based therapies can complement each other, offering a more effective pathway for
managing HPV.
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1. Introduction

Cervical cancer remains one of the leading causes of cancer-related morbidity and mortality
among women worldwide, with persistent infection by human papillomavirus (HPV) identified as
its primary etiological agent [1]. Despite the availability of prophylactic vaccines and significant
advances in therapeutic interventions including surgery, chemotherapy, radiotherapy, immunotherapy,
and recombinant gene therapy, the global burden of cervical cancer continues to pose a major public
health challenge [2]. The complexity of HPV infection dynamics, coupled with the interplay of
host immune responses, necessitates rigorous mathematical modeling to better understand disease
progression and to optimize treatment strategies [3].

Chemotherapy remains the cornerstone in the management of advanced cervical cancer [4, 5].
Platinum-based agents, such as cisplatin, have traditionally been the standard, but combination
regimens have demonstrated improved outcomes [6]. For instance, topotecan, a semisynthetic
derivative of camptothecin, has been found to be effective when combined with cisplatin, resulting
in improved overall survival and progression-free survival among patients with recurrent or persistent
cervical cancer [7]. Apart from the traditional chemotherapeutic agents, newer approaches include
the use of immune checkpoint inhibitors, such as pembrolizumab and nivolumab, and HPV-targeted
therapeutic vaccines are under investigation and offer promising avenues of treatment in advanced
disease [8]. In concert, these drugs reflect the trend away from conventional cytotoxic agents to targeted
and immunological therapies designed to benefit not only survival but also quality of life.

Chemotherapy for cervical cancer often uses platinum-based drugs such as cisplatin or carboplatin.
These may be combined with other medicines like paclitaxel, topotecan, or 5-fluorouracil (5-FU) to
improve treatment outcomes [9]. In more advanced cases, targeted therapies such as bevacizumab
(Avastin) or immunotherapy with pembrolizumab can also be added, often alongside radiation in what
is called chemoradiation therapy [10]. Using these treatments in combination helps improve survival
rates because they attack the tumor in multiple ways, making the therapy more effective.

Monoclonal antibodies (mAbs) have significantly transformed the treatment of cancers by allowing
very targeted approaches that specifically differentiate between malignant and normal cells [11]. mAbs
are proteins designed by the laboratory that target antigens found in cancerous cells, hence increasing
the immune response, preventing the proliferation of these cells, or releasing toxins that destroy
the targeted cancer tissues [12]. Unlike conventional chemotherapeutic agents, which target healthy
tissues, mAbs target molecular mechanisms associated with the primary causative agents of cancers,
including HER2, CD20, or VEGF, hence increasing their efficiency with little toxicity [13].

Mathematical models have long been employed to study viral infections, providing insights into
transmission dynamics, immune system interactions, and therapeutic efficacy [14–16]. However,
HPV-specific modeling has largely focused on epidemiological perspectives, with relatively limited
attention given to within-host dynamics and the role of immune modulation [3, 17, 18]. In particular,
the synergistic effects of cytotoxic T lymphocytes (CTLs) and neutralizing antibodies in controlling
HPV infection remain underexplored in formal mathematical frameworks [19].

In this work, we formulate a mathematical model that describes how HPV behaves within the
host. The model accounts for several key components: healthy epithelial cells, infected cells, free
virus particles, CTLs, antibodies, and cancerous cells. To represent treatment strategies, we introduce
three time-dependent control parameters. These correspond to chemotherapy (which increases the
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death rate of infected cells and reduces virus production), CTL stimulation through immunotherapy
(which boosts CTL generation), and antibody therapy (which enhances antibody production). We
analyze the equilibrium states, including both the disease-free and endemic equilibria, and calculate the
basic reproduction number of the system. Through numerical simulations, we show how combining
chemotherapy, CTL stimulation, and antibody therapy can effectively suppress viral persistence and
slow down cancerous cell growth. Finally, this study highlights how integrating immune modulation
with direct antiviral effects can provide new insights into optimizing HPV treatment strategies.

2. Model formulation

In this section, we develop a within-host model of HPV infection that captures the dynamics of
epithelial cells, free virions, immune responses, and cancerous cells. There are six populations in
the model, namely the susceptible epithelial cells S (t), infected epithelial cell I(t), free virions V(t),
cancerous cells C(t), CTLs E(t), and antibodies A(t) at any time t.

The model is based on the following assumptions:

(A1) Susceptible epithelial cells S (t) are produced at a constant rate λ and die naturally at rate dS . They
become infected upon contact with free virions at rate β modeled via the saturated term

βS V
1 + σV

,

where σ accounts for saturation effects. Thus, the equation reads as below:

dS
dt
= λ − dS S −

βS V
1 + σV

.

(A2) Infected epithelial cells I(t) die naturally at rate dI and are removed through CTL-mediated killing
at rate p modeled by the term pEI. Each infected cell produces virions at rate kI with k as the
viral replication parameter. Thus, we have

dI
dt
=
βS V

1 + σV
− dI I − pEI.

(A3) Free virions V(t) are produced by infected cells at rate k, cleared naturally at rate dVV , and
neutralized by antibodies at rate q modeled using the term qAV [20]. Thus, we have

dV
dt
= k I − dVV − qAV.

(A4) Cancerous cells C(t) arise from infected cells at rate γ, proliferate at rate ξ, and die at rate dC with
dc > ξ. Thus, the equation for C(t) become

dC
dt
= γ I + ξC − dC C.

(A5) CTLs E(t) enters the system with constant rate s, produced in response to infected cells according
to the saturated term

cIE
h1 + E

,
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and decay naturally at rate dE [21]. Thus, the dynamics of E(t) is governed by:

dE
dt
= s +

cIE
h1 + E

− dE E.

(A6) Antibodies A(t) are produced in response to viral load, with antigen-driven stimulation
modeled by

ωVA
h2 + A

.

They decay at rate dA A and contribute to neutralizing virions and clearing infected cells [22, 23].

From the above assumptions, we finally obtain the following mathematical model:

dS
dt
= λ − dS S −

βS V
1 + σV

,

dI
dt
=
βS V

1 + σV
− dI I − pEI,

dV
dt
= kI − dVV − qAV, (1)

dC
dt
= γI + ξC − dCC,

dE
dt
= s +

cIE
h1 + E

− dEE,

dA
dt
=
ωVA

h2 + A
− dAA.

The initial conditions are specified as

S (0) > 0, I(0) > 0, V(0) > 0, C(0) > 0, E(0) > 0, A(0) > 0. (2)

3. Basic properties of the model

In this section, we establish the nonnegativity and boundedness of solutions to system (1). This
ensures the model’s biological feasibility. We have also found the system’s equilibrium points.

3.1. Nonnegativity and boundedness of solutions

We now establish that the solutions of system (1) subject to the initial conditions (2) remain
nonnegative for all t ≥ 0. The nonnegativity is shown by using the method of contradiction.

Suppose there exists a first time t1 > 0 such that the state variable S (t) becomes negative with other
variables being non-negative as per initial conditions, i.e.,

I(t) ≥ 0, V(t) ≥ 0, C(t) ≥ 0, E(t) ≥ 0, A(t) ≥ 0 for t ∈ [0, t1).

Then at ts, that variable must satisfy
S (t1) = 0.
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Thus from the equation of S , we have
dS
dt
= λ ≥ 0.

Hence, S (t) cannot cross into negative values, which contradicts our assumption.
Again, assume that t2 > 0 is the first time I(t) becomes negative with other nonnegative variables.

Thus, at t = t2, we have
dI
dt
=
βS (t2)V(t2)
1 + σV(t2)

≥ 0.

This shows that I(t) cannot cross the negative axis. This is again a contradiction. Thus, I(t) is
nonnegative for all t > 0.

Similarly, we can show the nonnegativity for remaining model variables.
Therefore, the system (1) with initial conditions (2) is biologically wellposed, and all state variables

remain nonnegative throughout the evolution of the model.
Boundedness: From the first equation of the model (1), we have

dS
dt
= λ − dS S −

βS V
1 + σV

≤ λ − dS S .

Solving this, we can write

0 ≤ S (t) ≤ max
{

S (0),
λ

dS

}
. (3)

From the second equation of (1) and using

V
1 + σV

≤
1
σ
,

and S (t) ≤ S̄ , we get
dI
dt
=
βS V

1 + σV
− dI I − pEI ≤

β S̄
σ
− dI I.

This gives the following inequality:

0 ≤ I(t) ≤ max
{

I(0),
βS̄
σdI

}
. (4)

From the third equation, we can write

dV
dt
= kI − dVV − qAV ≤ kI − dVV ≤ kĪ − dVV.

This gives

0 ≤ V(t) ≤ max
{

V(0),
kĪ
dV

}
. (5)

Considering the fourth equation of (1) and using

E
h1 + E

≤ 1,
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we have
dE
dt
= s +

cIE
h1 + E

− dEE ≤ s + cI − dEE ≤ s + cĪ − dEE,

hence,

0 ≤ E(t) ≤ max
{

E(0),
s + cĪ

dE

}
. (6)

Using
A

h2 + A
≤ 1,

from fifth equation, we have

dA
dt
=
ωVA

h2 + A
− dAA ≤ ωV − dAA ≤ ω V̄ − dAA.

Therefore,

0 ≤ A(t) ≤ max
{

A(0),
ωV̄
dA

}
. (7)

Using the last equation of system (1), we obtain

dC
dt
= γI + ξC − dCC = γI −

(
dC − ξ

)
C.

Now,
dC
dt
≤ γĪ −

(
dC − ξ

)
C,

and hence

0 ≤ C(t) ≤ max
{

C(0),
γĪ

dC − ξ

}
, (8)

since dC > ξ (according to the assumption (A4)).
From the above discussion, we have the following theorem.

Theorem 1. The compact set

B :=
{
(S , I,V,C, E, A) ∈ R6

≥0 : 0 ≤ S ≤ S̃ , 0 ≤ I ≤ Ĩ, 0 ≤ V ≤ Ṽ , 0 ≤ C ≤ C̃, 0 ≤ E ≤ Ẽ, 0 ≤ A ≤ Ã
}
, (9)

where dC > ξ and

S̃ = max
{

S (0),
λ

dS

}
, Ĩ = max

{
I(0),

βS̃
σdI

}
, Ṽ = max

{
V(0),

kĨ
dV

}
,

Ẽ = max
{

E(0),
s + cĨ

dE

}
, Ã = max

{
A(0),

ωṼ
dA

}
, C̃ = max

{
C(0),

γĨ
dC − ξ

}
,

is positively invariant, and all trajectories with initial data (2) remain in B for all t ≥ 0.

Remark 1. The bound on C naturally requires dC > ξ. This is a biologically reasonable assumption
(cytokine clearance dominates net production feedback). Without it, C may exhibit unbounded growth
driven by positive linear feedback, even if the other compartments are bounded.
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3.2. Equilibrium points

The model (1) has two equilibria, namely:

(i) The disease-free equilibrium (DFE), U0

(
λ

dS
, 0, 0, 0,

s
dE
, 0

)
,

(ii) The endemic equilibrium (EE) given by U∗
(
S ∗, I∗,V∗,C∗,U∗, A∗

)
, where

S ∗ =
λω

dSω + (σdS + β)dA(A∗ + h2)
,

I∗ =
dV + qA∗

kσ

(
βλk

(dV + qA∗)(dI + pE∗)M
− 1

)
,

V∗ =
kI∗

dV + qA∗
,

C∗ =
γI∗

dC − ξ
,

E∗ =
dI

p

(
βλk

dI(dV + qA∗)M
− 1

)
,

with

M =
(
dS +

(σdS + β)dA(A∗ + h2)
ω

)
,

and A∗ is the positive root of the quartic polynomial in A∗:

a4
(
A∗

)4
+ a3

(
A∗

)3
+ a2

(
A∗

)2
+ a1A∗ + a0 = 0, (10)

with coefficients:

a4 = d2
I dE q2 (σdS + β) dA

ω
,

a3 = −2 d2
I dE q dV

(σdS + β) dA

ω
− c

dA

ω
q2 dI ,

a2 = d2
I dE

(
d2

V +
2qdVh2dA

ω

)
−

cdAqdVdI

ω
− spq

(σdS + β) dA

ω
,

a1 = −2 dIdEdVh1 p −
cdAd2

VdI

ω
− spdV

(σdS + β)dA

ω
,

a0 = (βλ k − dIdVdS )
(
dE(h1 p + β λ k − dIdVdS ) −

cdAh2dV

ω

)
− sp(h1 p + βλk − dIdVdS ).

We note that a4 > 0, a3 < 0, and a1 < 0. Thus, we have the following results.

Proposition 1. Consider the quartic polynomial (10) with coefficients a4, a3, a2, a1, a0 defined as above.
(i) The polynomial admits at least one positive real root if a0 < 0,
(ii) If both a2 < 0 and a0 < 0, then there exists a unique positive root of (10).
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3.3. The basic reproduction number

The basic reproduction number R0 is a threshold parameter that determines whether the infection
can invade and persist in the host. To compute R0, we employ the next generation matrix (NGM)
method [24] focusing on the infection subsystem involving infected epithelial cells I(t) and free
virions V(t).

Other compartments such as S (t), C(t), E(t), and A(t) do not directly generate new infections and
are therefore excluded from the NGM construction.

We now separate the dynamics of I(t) and V(t) into two components: (i) the new infection terms,
denoted by F , which represent the appearance of new infections, (ii) the transition terms, denoted
by V, which represent all other changes (natural death, clearance, immune removal). Thus, we
can write

F =


βS V

1 + σV
kI

 , V =

 dI I + pEI

dVV + qAV

 .
At the DFE, there are no infected cells or virions:

I = 0, V = 0, C = 0.

The susceptible cell population is given by

S̄ =
λ

dS
,

while the CTL population settles at its baseline value

Ē∗ =
s

dE
, A∗ = 0.

We compute the Jacobians of F andV with respect to the infected compartments (I,V) at the DFE.
For F , we have

F =

0
βS ∗

1 + σ · 0
k 0

 =
0
βλ

dS

k 0

 .
ForV, we get

V =

dI + pE∗ 0

0 dV + qA∗

 =
dI +

ps
dE

0

0 dV

 .
The next generation matrix is defined as

K = FV−1.

Substituting the matrices, we obtain the next generation matrix as

K =


0

βλ

dS dV

k

dI +
ps
dE

0

 .
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The eigenvalues ρ of K satisfy

ρ2 =
βλ

dS dV
·

k

dI +
ps
dE

.

Hence, the basic reproduction number is given by the spectral radius of K:

R0 =

√√√√√√ βkλ

dS dV

(
dI +

ps
dE

) . (11)

Remark 2. The expression for R0 highlights the balance between viral replication and immune
clearance. The numerator involves the infection rate β, viral production rate k, and the supply
of susceptible cells λ, all of which promote infection. The denominator involves the death rate of
susceptible cells dS , the clearance rate of virions dV , and the combined removal of infected cells
through natural death and CTL-mediated killing

(
dI +

ps
dE

)
,

all of which suppress infection. This helps in proposing control interventions.

Remark 3. We obtained

R0 =

√√√√√√ βkλ

dS dV

(
dI +

ps
dE

)
as the basic reproduction number of system (1). Now, if R0 > 1, then the EE exists and satisfies

I∗ =
(dV + qA∗)

kσ


βλk

(dV + qA∗)(dI + pE∗)
(
dS +

(σdS + β)dA(A∗ + h2)
ω

) − 1

 > 0.

Hence, the infected cell population is strictly positive whenever R0 > 1. Similarly, E∗ is also positive
when R0 > 1. Thus, if R0 < 1, the infection cannot establish and will eventually die out, whereas if
R0 > 1, the infection persists within the host.

4. Stability of equilibria

We analyze the stability of equilibria in the following subsections.
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4.1. Stability of DFE

The DFE is U0
( λ
dS
, 0, 0, 0,

s
dE
, 0

)
. The Jacobian matrix at U0 is determined as:

JU0 =



−dS 0 −
βλ

dS
0 0 0

0 −dI −
ps
dE

βλ

dS
0 0 0

0 k −dV 0 0 0

0 γ 0 −(dC − ξ) 0 0

0 0 0 0 −dE 0

0 0 0 0 0 −dA



.

The eigenvalues are

µ1 = −dS , µ2 = −dE, µ3 = −dA, µ4 = −(dC − ξ),

and the remaining satisfy the following equation:

H(µ) = µ2 + µ

(
dI +

ps
dE
+ dV

)
+ dV

(
dI +

ps
dE

)
−
βλ k
dS
= 0.

By the Routh-Hurwitz criterion, both roots of H(µ) have negative real parts if

dV
(
dI +

ps
dE

)
−
βλk
dS
> 0,

i.e., if R0 < 1.
Also, using (9), we have µ4 < 0. Therefore, the DFE is locally asymptotically stable if R0 < 1. Thus

we have the following theorem.

Theorem 2. The DFE is locally asymptotically stable if R0 < 1 and unstable if R0 > 1. Consequently,
forward bifurcation occurs at R0 = 1.

Proof of the first part of the theorem is directly followed by the above discussion. For the proof of
the last part, one can see [25].

Remark 4. Biologically, R0 < 1 implies that each infected cell produces fewer than one secondary
infection on average, leading to eventual eradication of the virus. Conversely, R0 > 1 indicates
sustained viral replication and potential epidemic outbreaks. Thus, interventions that reduce
transmission (β), enhance clearance (dV), or increase immune removal (θI) are critical for controlling
infection.
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4.2. Local stability of EE

The Jacobian matrix of the system at the EE, U∗
(
S ∗, I∗, V∗, C∗, E∗, A∗

)
is

J = [Ji j] =



−dS −
βV∗

1 + σV∗
0 −

βS ∗

(1 + σV∗)2 0 0 0

βV∗

1 + σV∗
−dI − pE∗

βS ∗

(1 + σV∗)2 0 −pI∗ 0

0 k −dV − qA∗ 0 0 −qV∗

0 γ 0 ξ − dC 0 0

0
cE∗

h1 + E∗
0 0

cI∗h1

(h1 + E∗)2 − dE 0

0 0
ωA∗

h2 + A∗
0 0

ωV∗h2

(h2 + A∗)2 − dA



.

The characteristic equation is

P(µ) = (µ + ξ − dC) ·
(
µ5 + a1µ

4 + a2µ
3 + a3µ

2 + a4µ + a5
)
= 0, (12)

where the coefficients are given below:

a1 = −
(
J11 + J22 + J33 + J55 + J65

)
,

a2 = J11(J22 + J33 + J55 + J65) + J22(J33 + J55 + J65) + J33(J55 + J65)
+ J55(J65 − J63) − J23 J32 − J24 J52 − J35 J63,

a3 = −

[
J11

(
J22J33J55 − J22J35J63 − J23J32J55 + J23J35J63 − J24J52J33

+ J22J33J65 − J23J32J65 + J22J55J65 − J24J52J65 + J33J55J65 − J35J63J55

)
− J11J13J21J32 + J22

(
J33J55J65 − J35J63J55

)
− J23J32J55J65 + J23J35J52J65 − J24J52J33J65 + J24J52J35J63

]
,

a4 = J11

(
J22J33(J55 + J65) − J22J35J63 − J23J32(J55 + J65) + J23J35J63

+ J24J32J55 + J24J52(J35 − J33 − J65)
)
+ J13

(
J21J32(J55 + J65) − J21J35J63 − J22J35J52

)
+ J55

(
J22J33J65 − J22J35J63 − J23J32J65 + J23J35J63

)
+ J65

(
J22J33J55 − J23J32J55 − J24J52J33

)
+ J55J65(J22 + J33),

a5 = −

[
J11

(
J22J33J55(J65 − J63) − J22J35J55J63 − J23J32J55(J65 − J63) + J23J35J52J65

− J24J32J55J65 + J24J52(J33J65 − J35J65 + J35J63)
)

− J13

(
J21J32J55(J65 − J63) − J21J35J52(J65 − J63) + J22J35J52(J65 − J63)

)]
.
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Applying Routh-Hurwitz criteria on

µ5 + a1 µ
4 + a2 µ

3 + a3 µ
2 + a4 µ + a5 = 0,

we get the stability conditions as:

i. a1 > 0, a5 > 0, a1a2 − a3 > 0,
ii. a3(a1a2 − a3) − a1(a1a4 − a5) > 0, (13)

iii. a4
[
a3(a1a2 − a3) − a1(a1a4 − a5)

]
− a5

[
a2(a1a2 − a3) − (a1a4 − a5)

]
> 0.

Equation (12) has a negative root −(dC − ξ), and the rest of the roots have negative real parts if Eq (13)
is satisfied. Thus, the EE E∗ is stable if the above conditions given in Eq (13) are satisfied.

5. Global stability of the EE

We construct the following Volterra-type Lyapunov function:

L = αS

(
S − S ∗ − S ∗ ln

S
S ∗

)
+ αI

(
I − I∗ − I∗ ln

I
I∗

)
+ αV

(
V − V∗ − V∗ ln

V
V∗

)
+ αC

(
C −C∗ −C∗ ln

C
C∗

)
+ αE

(
E − E∗ − E∗ ln

E
E∗

)
+ αA

(
A − A∗ − A∗ ln

A
A∗

)
, (14)

where αi > 0, i = S , I,V,C, E, A.
Clearly,

L ≥ 0,

and
L = 0 ⇐⇒ (S , I,V,C, E, A) = (S ∗, I∗,V∗,C∗, E∗, A∗).

Differentiating L along the trajectories of system (1), we obtain

L̇ = αS

(
1 −

S ∗

S

) (
λ − dS S −

βS V
1 + σV

)
+ αI

(
1 −

I∗

I

) (
βS V

1 + σV
− dI I − pEI

)
+ αV

(
1 −

V∗

V

)
(kI − dVV − qAV)

+ αC

(
1 −

C∗

C

)
(γI + ξC − dCC)

+ αE

(
1 −

E∗

E

) (
s +

cIE
h1 + E

− dEE
)

+ αA

(
1 −

A∗

A

) (
ωVA

h2 + A
− dAA

)
. (15)
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At the EE U∗ = (S ∗, I∗,V∗,C∗, E∗, A∗), the following relations hold:

λ = dS S ∗ +
βS ∗V∗

1 + σV∗
,

βS ∗V∗

1 + σV∗
= (dI + pE∗)I∗,

kI∗ = (dV + qA∗)V∗,
γI∗ + ξC∗ = dCC∗,

s +
cI∗E∗

h1 + E∗
= dEE∗,

ωV∗A∗

h2 + A∗
= dAA∗.

(16)

Using (16), we derive

T1 =

(
1 −

S ∗

S

) (
λ − dS S −

βS V
1 + σV

)
= −dS

(S − S ∗)2

S
+

(
1 −

S ∗

S

) (
βS ∗V∗

1 + σV∗
−
βS V

1 + σV

)
, (17)

T2 =

(
1 −

I∗

I

) (
βS V

1 + σV
− (dI + pE)I

)
=

(
1 −

I∗

I

) (
βS V

1 + σV
−
βS ∗V∗

1 + σV∗

)
− (dI + pE)

(I − I∗)2

I
, (18)

(
1 −

V∗

V

)
(kI − (dV + qA)V) = kI

(
1 −

V∗

V

)
− (dV + qA)

(V − V∗)2

V
, (19)

T3 =

(
1 −

C∗

C

)
(γI + ξC − dCC) = γ

(
1 −

C∗

C

)
(I − I∗) − dC

(C −C∗)2

C
, (20)

T4 =

(
1 −

E∗

E

) (
s +

cIE
h1 + E

− dEE
)
=

(
1 −

E∗

E

) [
cIE

h1 + E
−

cI∗E∗

h1 + E∗

]
− dE

(E − E∗)2

E
, (21)

and

T5 =

(
1 −

A∗

A

) (
ωVA

h2 + A
− dAA

)
=

(
1 −

A∗

A

) [
ωVA

h2 + A
−
ωV∗A∗

h2 + A∗

]
− dA

(A − A∗)2

A
. (22)

We choose αS = αI = αC = αE = αA = 1, and

αV =
βS ∗V∗

kI∗(1 + σV∗)
.

Substituting Ti, i = 1, 2, 3, 4, 5 into (15), we obtain

L̇ = −dS
(S − S ∗)2

S
− (dI + pE)

(I − I∗)2

I

− αV(dV + qA)
(V − V∗)2

V
− dC

(C −C∗)2

C

− dE
(E − E∗)2

E
− dA

(A − A∗)2

A
+ Φ, (23)
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where

Φ =

(
1 −

S ∗

S

) (
βS ∗V∗

1 + σV∗
−
βS V

1 + σV

)
+

(
1 −

I∗

I

) (
βS V

1 + σV
−
βS ∗V∗

1 + σV∗

)
+ αVkI

(
1 −

V∗

V

)
+

(
1 −

E∗

E

) [
cIE

h1 + E
−

cI∗E∗

h1 + E∗

]
+

(
1 −

A∗

A

) [
ωVA

h2 + A
−
ωV∗A∗

h2 + A∗

]
+ γ

(
1 −

C∗

C

)
(I − I∗).

(24)

Using the choice of αV , the infection terms cancel exactly:(
1 −

S ∗

S

) (
βS ∗V∗

1 + σV∗
−
βS V

1 + σV

)
+ αV k I

(
1 −

V∗

V

)
= 0.

Next, we estimate the nonlinear immune-response terms. Since

f (E) =
E

h1 + E

is increasing for E > 0, by the mean value theorem,( IE
h1 + E

−
I∗E∗

h1 + E∗
)
(I − I∗) ≥ 0.

Hence, (
1 −

E∗

E

) [
cIE

h1 + E
−

cI∗E∗

h1 + E∗

]
≤

c
h1
|I − I∗| |E − E∗|. (25)

Similarly,

g(A) =
A

h2 + A
is increasing for A > 0, and thus(

1 −
A∗

A

) [
ωVA

h2 + A
−
ωV∗A∗

h2 + A∗

]
≤
ω

h2
|V − V∗| |A − A∗|. (26)

Also,

γ

(
1 −

C∗

C

)
(I − I∗) ≤ γ |I − I∗| |C −C∗|. (27)

Applying Young’s inequality,

ab ≤
εa2

2
+

b2

2ε
,

to the inequalities (25)–(27), we can write from (24)

Φ ≤
c

2h1

[
ε1(I − I∗)2 +

1
ε1

(E − E∗)2
]

+
ω

2h2

[
ε2(V − V∗)2 +

1
ε2

(A − A∗)2
]

+
γ

2

[
ε3(I − I∗)2 +

1
ε3

(C −C∗)2
]
. (28)
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Therefore,
L̇ ≤ 0,

provided that the parameters satisfy

dI + pE >
cε1

2h1
+
γε3

2
,

dE >
c

2h1ε1
,

αV(dV + qA) >
ωε2

2h2
,

dA >
ω

2h2ε2
,

dC >
γ

2ε3

(29)

for some positive constants ε1, ε2, ε3 > 0.
Hence, L̇ ≤ 0 in B. Moreover, L̇ = 0 if and only if

S = S ∗, I = I∗, V = V∗, C = C∗, E = E∗, A = A∗.

Therefore, the largest invariant subset of
{
L̇ = 0

}
is the singleton {U∗}.

By LaSalle’s invariance principle, every solution trajectory in B approaches the endemic
equilibrium U∗ as t → ∞. Thus,

(S (t), I(t), V(t), C(t), E(t), A(t))→ (S ∗, I∗, V∗, C∗, E∗, A∗) (30)

as t → ∞.
Hence, the EE U∗ is globally asymptotically stable in B. Thus, we have the following theorem.

Theorem 3. For initial conditions in B, as long as parameters satisfy conditions (29), the endemic
steady state U∗ is globally asymptotically stable in B, with all solutions satisfying

(S (t), I(t), V(t), C(t), E(t), A(t))→ U∗ as t → ∞,

for any
(S (0), I(0), V(0), C(0), E(0), A(0)) ∈ B.

6. Optimal control problem

To investigate treatment strategies for HPV infection, we introduce three time-dependent control
variables. The first control, denoted by u1(t), represents chemotherapy intensity, which acts by
increasing the death rate of infected cells and reducing virion production. The second control, u2(t),
corresponds to CTL stimulation (immunotherapy) intensity, which augments the source term of CTLs
and thereby strengthens the cellular immune response. The third control, u3(t), models antibody
therapy intensity, which enhances antibody production and contributes to virion neutralization. Each
control function ui(t), for i = 1, 2, 3, is bounded between 0 and 1, ensuring that the treatment levels
remain within biologically feasible limits [26].
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The controlled system is then described by the following nonlinear differential equations:

dS
dt
= λ − dS S −

βS V
1 + σV

,

dI
dt
=
βS V

1 + σV
− dI I − pEI,

dV
dt
= kI − dVV − qAV − θV u1(t) V,

dC
dt
= γI + ξC − dCC − θC u2(t) C, (31)

dE
dt
= s +

cIE
h1 + E

− dEE,

dA
dt
= µu3(t) +

ωVA
h2 + A

− dAA,

with initial conditions (2).
The objective is to minimize both infection burden and viral load while penalizing excessive

treatment effort. We define the cost functional:

J(u1, u2, u3) =
∫ t f

0

(
w1I(t) + w2V(t) +

1
2

B1u2
1(t) +

1
2

B2u2
2(t) +

1
2

B3u2
3(t)

)
dt, (32)

where w1 and w2 are positive weights reflecting the importance of reducing infected cells and viral load,
while B1, B2, B3 are penalty constants associated with the intensity of chemotherapy, CTL stimulation,
and antibody therapy, respectively.

We define the admissible control set as

U = {(u1(t), u2(t), u3(t)) : 0 ≤ ui(t) ≤ 1, are measurable, i = 1, 2, 3} . (33)

The optimal control problem is therefore to determine measurable functions u∗1(t), u∗2(t), u∗3(t)
satisfying 0 ≤ ui(t) ≤ 1, i = 1, 2, 3 that minimize the cost functional (32) subject to the state
system (31). Mathematically, the problem is to find (u∗1, u

∗
2, u

∗
3) ∈ U such that

J(u∗1, u
∗
2, u

∗
3) = inf

(u1,u2,u3)∈U
J(u1, u2, u3), (34)

subject to the state system (31).

6.1. Characterization of the optimal control

The Hamiltonian for the minimization problem is assumed as

H = w1I + w2V + w3C +
1
2

B1u2
1 +

1
2

B2u2
2 +

1
2

B3u2
3

+ λ1

(
λ − dS S −

βS V
1 + σV

)
+ λ2

(
βS V

1 + σV
− dI I − pEI

)
+ λ3 (kI − dVV − qAV − θV u1 V) (35)
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+ λ4 (γI + ξC − dCC − θC u2 C)

+ λ5

(
s +

cIE
h1 + E

− dEE
)

+ λ6

(
µu3 +

ωVA
h2 + A

− dAA
)
,

where λ1(t), λ2(t), λ3(t), λ4(t), λ5(t), and λ6(t) are introduced as adjoint variables. According to
Pontryagin’s maximum principle [27], the adjoint equations are given by

λ̇ j = −
∂H
∂x
, x ∈ {S , I, V, C, E, A}, i=1,2,. . . ,6. (36)

Using (36), we derive the adjoint system as

λ̇1 = −
(
−dSλ1 −

βV
1 + σV

λ1 +
βV

1 + σV
λ2

)
,

λ̇2 = −
(
w1 + kλ3 + γλ4 +

cE
h1 + E

λ5 − dIλ2 − pEλ2
)
,

λ̇3 = −
(
w2 −

βS
(1 + σV)2λ1 +

βS
(1 + σV)2λ2 − dVλ3 − qAλ3 +

ωA
h2 + A

λ6 − θVu1 λ3
)
,

λ̇4 = −
(
w3 + (ξ − dc − θCu2)λ4

)
,

λ̇5 = −
(
−pIλ2 +

cIh1

(h1 + E)2λ5 − dEλ5
)
,

λ̇6 = −
(
−qVλ3 +

ωVh2

(h2 + A)2λ6 − dAλ6
)
,

(37)

with boundary condition λi(t f ) = 0.
Now, we determine the control parameters. By Pontryagin’s maximum principle [27], the optimal

controls are characterized by the minimization of the Hamiltonian with respect to each control variable.
This yields the condition

∂H
∂ui
= 0, i = 1, 2, 3 (38)

together with the admissible bounds 0 ≤ ui(t) ≤ 1. Projecting onto the admissible control set, the
optimal controls are therefore given by

u∗1(t) = min
{
1, max

{
0,
θV V(t) λ3(t)

B1

}}
,

u∗2(t) = min
{
1, max

{
0,
θC C(t) λ4(t)

B2

}}
,

u∗3(t) = min
{
1, max

{
0, −
µ λ6(t)

B3

}}
.

(39)

Thus, the optimal control problem contains the state system (31), adjoint system (37), and optimal
control triplet (39). Hence, it is a two-point boundary value problem.
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For the numerical simulations, the optimality system was solved using the forward–backward sweep
method implemented in MATLAB. The state equations were solved forward in time using a fourth-
order Runge-Kutta scheme, while the adjoint equations were solved backward in time using the same
discretization method. The controls were initially guessed as constant functions satisfying

u(0)
1 (t) = u(0)

2 (t) = u(0)
3 (t) = 0

for all t ∈ [0, t f ]. At each iteration, the controls were updated using the characterization Eq (39). The
iterative process was terminated when the maximum absolute difference between successive control
iterates satisfied

max
i=1, 2, 3

∥u(k+1)
i − u(k)

i ∥∞ < 10−6.

The time interval [0, t f ] was discretized using a uniform step size ∆t = 0.01.

7. Sensitivity analysis

To investigate the impact of model parameters on the basic reproduction number (R0), we compute
the forward sensitivity index (ΥR0

θ ) using R0 with respect to the generic parameter θ as follows:

Υ
R0
θ =

∂R0

∂θ
·
θ

R0
. (40)

In this study, we derive R0 as

R0 =

√√√√√√ βλk

dS (dV + qω)
(
dI +

ps
dE

) . (41)

The sensitivity indices are obtained using (40) as follows:

Υ
R0
β = Υ

R0
λ = Υ

R0
k = +

1
2
, ΥR0

dS
= −

1
2
, ΥR0

dE
= +

1
2
·

ps/dE

dI + ps/dE
,

Υ
R0
dV
= −

1
2
·

dV

dV + qω
, ΥR0

q = −
1
2
·

qω
dV + qω

, ΥR0
ω = −

1
2
·

qω
dV + qω

,

Υ
R0
dI
= −

1
2
·

dI

dI +
ps
dE

, ΥR0
p = −

1
2
·

ps/dE

dI + ps/dE
, ΥR0

s = −
1
2
·

ps/dE

dI + ps/dE
.

The measure is defined by the percentage change of R0 with a percentage change of parameter x.
This index allows one to assess the impact of sensitivity among the different parameters in a normalized
manner. A 10% increase in β leads to a 5% increase in R0, due to the square root property. An increase
of 10% in dV causes a decrease in R0 of 5%. An increase in dE has a significant effect on R0, indicating
that the model is sensitive to immune clearance. One can conclude that R0 is sensitive to changes in β,
k, and λ, and also the immune clearance rate.
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8. Numerical simulations

In this section, we present the numerical simulations using the values of parameters as in Table 1.
We vary important parameters to observe their impact on the system. Finally, we plot the solutions of
the optimal system.

Table 1. Model parameters, values, and references for HPV infection dynamics with
chemotherapy and CTL activator drugs.

Short description Symbol Baseline value Reference
Susceptible cell recruitment rate λ 5 × 106 [28]
Susceptible cell death rate dS 0.1 [29]
Infection rate per virion β 5 × 10−7 [1, 28]
Infected cell death rate dI 2.0 [2]
CTL killing rate of infected cells p 0.01 [30]
Virion production rate per infected cell k 50 [3]
Virion clearance rate dV 0.5 [30]
Basal CTL source rate s 0.5 [30]
CTL proliferation rate c 10−2 [18]
CTL decay rate dE 0.12 [18]
Maximal antibody production rate ω 0.3 [19]
Half-saturation constant h1 100 [19]
Antibody decay rate dA 0.1 [19]
Virion neutralization rate by antibodies q 1 × 10−3 [19]
Antibody-mediated clearance of infected cells α 5 × 10−4 [19]

In Figure 1, sensitivity indices are plotted. From this figure, we observe that the parameters β, λ, and
k have equal positive sensitivity 0.5, whereas removal processes (dS , dV , q, ω, dI , p, s) have negative
sensitivity. Interestingly, the CTL decay rate (dE) exhibits a positive sensitivity, highlighting its role in
weakening immune control when increased. This figure emphasizes the most influential parameters of
the system. The biological and therapeutic factors in HPV infection dynamics are identified. Positive
values indicate that an increase in the parameter leads to an increase in R0, while negative values
indicate a reduction in R0. To obtain a disease-free system, we need R0 < 1. Thus, the parameters that
reduce R0 should be increased to manage the disease or vice versa.

AIMS Mathematics Volume 11, Issue 7, 21293–21322.



21312

β k λ d S d V d I p s d E

Parameters

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

S
e

n
s
it
iv

it
y
 I

n
d

e
x

Figure 1. Sensitivity indices of model parameters are plotted using the values as in Table 1.

Figure 2 contains the region of stability of the DFE. For lower values of the infection rate β and
viral replication rate k, the DFE is stable as the basic reproduction number R0 is below unity. Also, as
the infected cell killing rate p increases, the region of stability increases. This shows p has a stabilizing
role in the system.

Figure 2. Region of stability of the DFE U0 in (a) β− p and (b) β−k planes. Other parameter
values are taken from Table 1. In the yellow region, U0 is unstable and stable in green regions.

In Figure 3, we show the solutions when the basic reproduction is less than unity and when the
basic reproduction number is greater than unity. When infection rate is lower (β = 0.2 × 10−9), the
infected cells and virus population become zero as R0 < 1. When the rate is comparatively higher
(β = 5 × 10−8), R0 = 1.625 > 1, and the system becomes endemic. The EE is asymptotically stable in
this parametric situation.
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Figure 3. Time series solution of the system for R0 < 1 (blue lines) and R0 > 1 (green
dashed lines). Parameter values are taken from Table 1, except β = 0.0001 (blue lines) and
β = 0.0005 (green lines).

In Figure 4, we explore how changes in the infection rate affect the steady-state levels of infected
cells and viral population, plotted against the basic reproduction number. The DFE is stable when
R0 < 1, but it loses stability once R0 > 1. At the critical threshold R0 = 1, the system undergoes a
forward transcritical bifurcation. Beyond this point, with R0 > 1, the system settles into an endemic
state. Put simply, the infection rate must exceed a certain threshold for the system to sustain endemicity.
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Figure 4. Forward bifurcation: Steady state values of the infected cell and virus population
are plotted vs R0. Here, β is varied, and other parameter values are taken from Table 1.
Solid blue lines represent stable DFE, and blue dashed lines indicate unstable DFE. Red
lines represent stable EE.

Phase portraits are plotted for three different initial conditions in Figure 5. Each trajectory converges
to the same steady point, the EE. This shows the nonlinear stability of the EE. Biologically, this indicate
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that the infection will persist but settle into a steady state.

0
540

2000

(a)
v

4000

4.8
×10

5

SI

20

6000

4.6
0

0
100

10

E

20

6000

(b)

C

30

50 4000

V

2000
0 0

U
*

U
*

Figure 5. Phase trajectories plotted for different initial values in (a) S −I−V , and (b) V−C−E
phase spaces. Parameter values are kept the same as in Table 1.

The effects of varying parameters ω, p, and q are illustrated in Figures 6–9, respectively. Increasing
the values of these parameters leads to a reduction in infection, as evidenced by the decreasing levels
of infected cells, viral load, and cancerous cells. Based on these findings, we subsequently implement
the optimal treatment strategy.
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Figure 6. Effect of ω on the steady state values of model populations. Other parameter
values are the same as in Table 1.
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Figure 7. Effect of p on the steady state values of model populations. Parameter values are
kept the same as in Table 1.
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Figure 8. Effect of q on the steady state values of model populations. Parameter values are
kept same as in Table 1.
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Figure 9. The systems with control and without control are compared. Parameter values are
taken from Table 1.

The optimality system is solved numerically using a Matlab forward–backward sweep method,
which provides an efficient iterative scheme for optimal control problems. In this approach, the state
system (31) is first integrated forward in time with an initial guess of the control variables, ui, i = 1, 2, 3.
Next, the adjoint system (37) is integrated backward in time using the computed state trajectories and
the current control values. The controls are then updated point-wise by applying the formulas derived
in (39), ensuring that they remain within the admissible bounds. This forward–backward process
is repeated iteratively until convergence is achieved, thereby yielding the optimal state, adjoint, and
control trajectories that satisfy the necessary conditions for optimality. The numerical algorithm for
the optimal control problem is given in the Appendix.

Figures 9 and 10 present the optimal system and the corresponding optimal controls. In Figure 9,
we compare the system dynamics with and without control. The results show that the optimal system
performs better, as it reduces the overall cost of treatment, minimizes side effects, and lowers the level
of infection. Figure 10 presents the control functions. The results indicate that treatment doses should
be administered at higher levels initially and then gradually reduced over time. This dosing strategy
helps to suppress infection effectively while also minimizing treatment costs and potential side effects.
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Figure 10. Control functions are plotted. Parameter values are taken from Figure 9.

From the numerical simulations of the optimal control problem, we find that the optimal control
approach not only provides a mathematical basis for designing optimal treatment strategy but also
offers practical insights into balancing efficacy and cost. The findings suggest that combination
therapies, particularly those involving chemotherapy and immune stimulation, represent the most
promising pathway toward HPV eradication and cervical cancer prevention.

9. Conclusions and discussion

Cervical cancer is still a serious health problem worldwide. It is mainly caused by long-term
infection with HPV. Even though vaccines and treatments have improved, completely removing
HPV and stopping its cancer-causing effects remains challenging. Mathematical models and control
approaches are useful for testing how different treatments can work together to manage HPV
transmission.

In this study, we proposed a new mathematical model using interactions among the susceptible
epithelial cells, infected cells, free virions, CTLs, neutralizing antibodies, and cancerous cells.
The model was analysed analytically and numerically using MATLAB. Analytically, we found the
equilibria and studied their stability. We found two equilibria: DFE and EE. We derived the basic
reproduction number (R0), and showed that the DFE is stable when R0 < 1 and unstable when R0 > 1.
At R0 = 1, forward bifurcation occurs. EE is feasible when R0 > 1, and it is globally stable.

Finally, we applied optimal control theory using the maximum principle to focus on optimal
combined therapy using chemotherapy (u1(t)), immune system stimulation through CTLs (u2(t)),
and antibody therapy (u3(t)). We identified the best treatment strategies that can minimize HPV
infection and side-effects. The results showed that combining therapies works better than using them
alone. Chemotherapy lowers virus production and kills infected cells, CTL stimulation boosts immune
defense, and antibody therapy helps neutralize free viruses. Together, they act in synergy to reduce
infection and slow cancer growth. Numerical results suggest that combining chemotherapy with CTL
stimulation in short, strong doses can be especially effective, pushing viral levels below persistence
thresholds and limiting cancer cell growth. These combinations may improve cancer cell death and
reduce resistance to immune-based therapies. Thus, the optimal control approach provides a framework
for balancing infection suppression with treatment costs, allowing us to explore the synergistic effects
of chemotherapy, immunotherapy, and antibody therapy in HPV management.

The findings from this study provide valuable insights for researchers, highlighting promising
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directions for designing treatment strategies that harness both medical and immune system
interventions in tandem. Optimizing treatment timing and intensity is key to balancing effectiveness
with safety. Future research could adapt this approach to individual patients, include random effects, or
use clinical trial data to make the model more relevant for real-world HPV management and cervical
cancer prevention. Time delay can be included, and optimal control using the delay model will be more
real [31].
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Appendix

Numerical algorithm for the optimal control problem: The optimal control problem is solved
numerically using the forward–backward sweep method. To improve numerical stability and
reproducibility, both the state and adjoint systems are discretized using the classical fourth-order
Runge-Kutta (RK4) scheme on a uniform temporal mesh. The computational procedure is summarized
as follows:
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(1) Initialization:
i. Define all model parameters (e.g., β, k, c, dA) and control weighting constants B1–B3.

ii. Specify the initial conditions

S (0), I(0), V(0), C(0), E(0), A(0).

iii. Choose the final simulation time T , uniform time step ∆t, maximum iteration number Nmax, and
convergence tolerance ε.

iv. Discretize the interval [0,T ] into N = T/∆t subintervals.

v. Initialize the control functions using biologically feasible constant guesses:

u(0)
1 (t) = u(0)

2 (t) = u(0)
3 (t) = 0, t ∈ [0,T ].

(2) Forward sweep (state system):
i. Using the current controls

u(k)
1 (t), u(k)

2 (t), u(k)
3 (t),

solve the state system forward in time from t = 0 to t = T using the RK4 method.

ii. At each time node, compute and store the numerical approximations of

S (t), I(t), V(t), C(t), E(t), A(t).

(3) Backward sweep (adjoint system):
i. Impose the transversality conditions

λi(T ) = 0, i = 1, 2, . . . , 6.

ii. Solve the adjoint system backward in time from t = T to t = 0 using the RK4 method together
with the previously computed state variables.

iii. Store the adjoint variables

λS (t), λI(t), λV(t), λC(t), λE(t), λA(t).

(4) Control update: Update the controls using the characterization obtained from Pontryagin’s
maximum principle:

u(k+1)
1 (t) = max

{
0, min

(
1,
θVV(t)λV(t)

B1

)}
,

u(k+1)
2 (t) = max

{
0, min

(
1,
θC C(t) λC(t)

B2

)}
,

u(k+1)
3 (t) = max

{
0, min

(
1, −
µλA(t)

B3

)}
.

To improve convergence stability, the updated controls are relaxed according to

u(k+1)
i = η u(k+1)

i + (1 − η) u(k)
i , i = 1, 2, 3,

where 0 < η ≤ 1 is the relaxation parameter.
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(5) Convergence test: Compute the maximum error between successive control iterates:

E(k) = max
i=1, 2, 3

∥∥∥u(k+1)
i − u(k)

i

∥∥∥
∞
.

If E(k) < ε, the iterative process is terminated. Otherwise, set

k ← k + 1,

and repeat the forward and backward sweeps.
(6) Output: The numerical scheme yields the optimal controls u∗1(t), u∗2(t), u∗3(t), together with the

corresponding optimal state trajectories

S (t), I(t), V(t), C(t), E(t), A(t).
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