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1. Introduction

As is well-known, the classical Bernstein operators were constructed in [1] to prove the Weierstrass
approximation theorem as follows:

4 (2
Bilgiv)= ) (p)m -wre(5) vero, (1.1)
n=0

where y = 0,1,--- ,4, e N* :={1,2,---} and ¢ € C[O, 1].

Later, many modifications and generalizations of Bernstein operators were introduced and
studied extensively, including a-Bernstein operators [2—4], A-Bernstein operators [5—8], g-Bernstein
operators [9-11] and (p, g)-Bernstein operators [12—14], among others. In [15], Usta constructed the
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following modified Bernstein operators by using the second-order central moment of the classical
Bernstein operators (1.1):

A

Bign = Y pae(5), ve o, (12)
n=0

where

Av(1 =)', p=0,

(v - D*(1 =n'*2, p=1,

1{A 2 u—1 A—u—1

Pag(v) = p =V -v) , l<u<a-1,
[A(1 =) = 117 (1 - ), p=a-1,
A0 =yt u=A

The g-analog of the operators (1.2) was discussed in [16]. In [17], Cai et al. presented the beta-
type generalization of the operators (1.2). Based on Usta’s method in [15], several other operators
have been constructed and studied by many authors (see [18-20]). In [21], Khan defined a p-th-order
Kantorovich-type generalization of A-Bernstein operators. Related studies were also considered by
many authors; see, for example, [22—-24]. Motivated by the above works, we define a new Kantorovich-
type variant of the modified Berstein operators (1.2) on [0, 1] as follows:

K (piv) = ZPM(V)I f (,u+p;1-:-p p)dm -+ du,, (1.3)

2. Preliminaries
Lete,(u) =u™,me N :={0,1,2,---} denote the test functions, which play an important role in the
operator approximation theory.

Lemma 2.1. [16, Lemmas I and 2, g=1] For any v € [0, 1], the following relations hold:
1 ,
Bi(epns15v) = iv(l = v)(Bi(ew; V)" + vBi(en; v),
and {
Bilewsv) = 5 (v(1 = v) (Ba(ew; v))') + Balew; v),
where A € N*, m € N.

The following lemma follows immediately.

Lemma 2.2. Foranyv € [0, 1],1 € N*, we have

B(ep;v) =1,
A-2 1
Bj(el;v):( 1 )V+§’
. 2-T1+6 51-6 1
B/l(62§V):( FE )V2+( 22 )V+E’

AIMS Mathematics Volume 11, Issue 7, 21128-21152.



21130

/13—15/12+38/1—24) 3 (/12—4/1+3) ) (13/1—14) 1
v+ 12—V +|—————|V

Bi(e3:v) =( pE e — + 5

. (/14 — 2643 +1314% — 2261 + 120) 4 (22/13 — 18642 + 4041 — 240) 3
(e4;v) = v+ v

A4 A4

(61/12—211/1+150) ) (29/1—30) 1
+ Vot |—|v

A A Py
By direct calculation, we obtain the following lemma.
Lemma 2.3. Forve [0,1], u=1{0,1,--- 1}, 1 € N¥,

O A Z m o \pou - up”
/l+p - iO"" vlp (/1+p)m .

ig+e+ip,=m

Moreover,

f f'uul... w e du, = ﬂio
(d+p)" To@rp)i DG+ D)

Using the lemma above, we can obtain the following moment relation between the operators (1.2)

and (1.3).

Lemma 2.4. Foranyv € [0, 1], p, A € N*, we have

m Al
K} ms = B V).

io+--tip=m

Proof. By the definition of the operators K}, , we have

(em’V)_ E p/l,u(V)f f (Iu+l/;1:p ) dul---dup
p ”1' p
;pwm O PR A e "

g+ +ip=m

A m H
#Z:(;p/l,,u(v) Z i, - - - ,ip)(/l+p)m(i1+1)"'(ip+1)

i0+~~~+ip:m
Al o
s i (A + )"+ 1) (i, + 1) ; /llop/ly(v)

I

[

.
3

Z m Alo B*(ev)
A Ng, i)+ 1) G+ DT

This proves (2.1).

Combining Lemmas 2.2 and 2.4, we immediately obtain the following three lemmas.

2.1
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Lemma 2.5. For any v € [0,1],p,4 € N, the following equalities and asymptotic formulas hold as
A — oo

K;,p(eo; v) =1,

- 2 p+2
(el’v)
/l+p 2(/l +p)
A2=71+6 S5A-6+(1-2 302+ 13p+ 12
K (exv) = Al v+ * )pv+ pE P
? (A+p)? (A+p)? 12(1 + p)?
, A3 —152% + 382 3p(A2 =720 12(A* -44a 310% + 311p + 521 1
K, (e3;v) = v+ o )+ ( ) Vi + P P v+ol|l—=|,
? A+ p)? 2(A + p)? A+ p)} 41+ p)? 2
. 2% =261+ 131) 2224 -186) 22%p(A—-15)
Kl,p(e4; V) = 7 v+ ( 7 + P 2 v
(1+p) (1+p) (A+p)

1220 +490% + 3007 5 (1
4 ol—1.
21 + p)* 2

Lemma 2.6. Forany v € [0, 1] and p, A € N*, we have

K (o1 —viyy= PTE, PH2
@1p(v) =Ky (er = viv) = 2 +pv ¥ 21+ p)’
31-p*—4p -6 30+ 13p+ 12
- 2.0 _
Bro(v) =K}, ((61 -v) ,v) = WSS v(l —v) + 2A+pP

and, as A — oo,

1
K, ((61 - v)4;v) = Q +p)4v (v—17+ 0(?).

Lemma 2.7. Forany v € [0, 1] and p € N*, the following limits hold:

. | 1
lm(d+p)K; ey —viv) = (5 - V) (o +2), (2.2)
lim (4 + PK; (€1 = v);v) =3v(1 —v), (2.3)
lim (2 + P’K, ((er = v)hv) = 15v2(v = 1), (2.4)

Lemma 2.8. Let C[0, 1] be endowed with the maximum norm
llpll = max lp(V)I.

Then, for any ¢ € C[0, 1], we have
I1K;,@)]| < llgll.

Proof. By the definition of the operators (1.3) and Lemma 2.5, we have

. M+ U+
< San [ [ B
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Taking the maximum over v € [0, 1], we obtain

;@) < el
This completes the proof. .

Lemma 2.9. For any ¢ € C[0, 1], p € N*, we have
lim K3 ,(¢3v) = ¢(v)
uniformly in [0, 1].

Proof. Because
K (eo;v) =1,

and
Kip(elﬂ/) -, Kip(ez;l/) — % asd — o

uniformly in [0, 1], the classical Korovkin Theorem [25, Theorem 3.1] implies that K ; p(go; V) converges
to ¢(v) uniformly on [0, 1]. This completes the proof. O

3. Main results

3.1. Voronovskaya-type theorems

Theorem 3.1. Let ¢ € C[0, 1]. If ¢” exists at a point v € [0, 1], then the following limit holds
. - 1 ’ 3 77
lim (@ +p) (K3, (¢:7) = 9) = (0 + 2)| 5 = v|¢'0) + 571 = 1)g" ).

Proof. By Taylor’s formula with Peano’s remainder to ¢, we have

1
o) = () + @' ()(u —v) + 590"(1/)(” -’ + R, v)(u - v), (3.1
where
o) — (v) — @ MU —v) = 3" (V)(u — v)? .,
R(u,v) = (u—v)?  HEY
0, u="m.

Because ¢”(v) exists, by L’Hospital’s Rule, we have

1 / — 1
limR(u,v) = Elimw _.

u—y u—y u-—v 2

¢"(v) =0 =R(,).

Thus, for the fixed point v € [0, 1], the function R(:,v) belongs to C[0, 1]. By Lemma 2.9, it follows
that

}im K}, (R(u,v);v) = R(v,v) = 0. (3.2)
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Applying the operators K} , to both sides of (3.1), we obtain

1
K3, (@:9) = 00) = ¢/ 0an, () + 56" B, (1) + K3, (Raw v =%:v).

For the last term, the Cauchy-Bunyakovsky-Schwarz inequality gives

K, (R(u, V(U —v)% v)' < \/Kj’p ((R(u, )% v) \/K;’p ((u—=v)*;v).
Therefore, by (2.4), (3.2), and (3.3), we obtain
: * 2.0\ —
lim(A+p)K}, (R, v)(u = v)%sv) = 0.
Combining (2.2), (2.3), and (3.4), we arrive at the desired result.
Corollary 3.2. Let ¢" € C[0, 1] and p € N*. Then,

1 3
lim (2 + p) (Kﬁ,p(so; V) — w(V)) =(p+2) (5 - V) ¢+ v =" ).

uniformly for v € [0, 1].
Theorem 3.3. Let ¢, ¢ € C|0, 1] satisfy ¢”,¢”" € C[0, 1]. Then,

lim (1 +p) (K, (6 ¢:v) = K3, (@¢:9) - K}, (9:9) = 3v(1 = )¢ 0) - ¢/ ).

Proof. We first recall that

(@) = o) - o(v),
@-9) M =¢"() o) +d() - ¢'(v),

and

(@-9)" (M =¢"() (V) +2¢'(V) - ' (V) + () - " (V).

By direct computation, for every v € [0, 1], we have
Ky, (@ 93v) = K3, (:v) - K3 (93 7)
= (K}“,p (@-0:v) =0 -0(v) = (¢ (V) @;,(v) — Mﬁ@(ﬂ)

¢"(v)
2

—¢() (Kﬁ,p (@:v) = (V) — ¢’ (M, (v) - ﬁ/l,p(v))

— Ky, (37) (Kﬁ,p (@;v) = (V) = ' (M, (v) = SOT(V)ﬁ/Lp(V))

1
+ 51,0 (80) ¢ 0) + 2600 - ¢ (1) = K3, (¢17) - "))

+ay, (q’)(v) PV =Ky, ($5v) go'(v)) .
Using (2.3), Lemma 2.9, and Theorem 3.1, we obtain

lim (2 + ) (K3, (6 - ¢39) = K f(@39) - K3, (59)) = 3v(1 =g () - ¢/ ).

This completes the proof.

(3.3)

(3.4)

O
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3.2. Rate of convergence

In this subsection, we discuss the rate of convergence for the operators (1.3) in terms of the modulus
of continuity, the Peetre’s K-functional, the Steklov mean function, and the elements of Lipschitz-type
function classes.

For ¢ € C[0, 1], the usual modulus of continuity and the second-order modulus of smoothness of ¢
are defined respectively by

w(p; x) = sup  sup |o(v+u) —e(v)|,

0<|ul<y v,v+uel0,1]

and
w (@3 x) = sup sup (v +2u) — 2¢(v + u) + o(v)|.

0<|ul<y v,v+2u€l0,1]

The following two properties of the usual modulus of continuity are readily obtained:

lo(u) — e()] < w(g: ) (1 + '”; V'), (3.5)

— )2
lp(u) = eI < (s )| 1 + w ZV) :
X

(3.6)

The classical Peetre’s K-functional associated with the function ¢ € C[0, 1] is defined by

K(p; x) = ¢,,gc1[f0,u {llp =l + xllg” 11} ,

where y > 0. By [25, Theorem 2.4], there exists an absolute constant C; > 0 such that

K(p: x) < Crwn(g; x). (3.7)

We first derive four estimates for the rate of convergence of the operators K  in terms of the modulus
of continuity and the classical Peetre’s K-functional.

Theorem 3.4. Let ¢ € C[0, 1] and p € N*. Then, for every v € [0, 1], we have
K5 (@3 v) = ()| < 20 (; \BLO).
Proof. By the positivity and linearity of K | together with (3.6), we obtain

K3, (0:v) — o] < K, () — g v)
K, ((er = vy V)]

XZ

<w(p; )1+

= w(p; x) (1 + ﬁﬂ;Z(V)) .

Choosing xy = +/B.1,(v), we obtain
|K:,(659) = )] < 20 (65 VBro).

This completes the proof. O
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Theorem 3.5. Let ¢ € C[0, 1] and p € N*. Then, for every v € [0, 1], we have

3
Ko (0:0) = @) < @ (g5 VB2, () + w2 (2 VBL,().

Proof. By aresult of R. Pdltanea [26], for any positive linear operator L, the following inequality holds:

1 1
IL(@; v) =) < |Leg; v) = 1]-le(v)] Y \L(er—v;v)| w(¢;X)+(L(eo; v)+ ﬁL ((61 - V)) w2(3 )

Taking L := K;p and using Lemma 2.5, we have

|K; (e1 = viv)| < K, (ler = VI v) < \/Kj,p ((er =% v),

and then we have

) K;,p ((er =v)%v) Kj’p ((el - V)% v)
|K; (03 v) — ()| < w(p; x) + |1+ > W (3 x)-
X X
Taking y = /B1,(v) = \/Kj . ((ey = v)?;v), we complete the proof of Theorem 3.5. |

Theorem 3.6. Let ¢ € C'[0,1], p € N*. Then, for every v € [0, 1], we have

K (39) = )| < e, 0|19 0)] + 2 yBr, 0w (¢; VBr,().
Proof. For u,v € [0, 1], we write
eu) = (V) + ' M = v) + p(u) — p(v) = ¢'(V)(u = v)

= o)+ PN — ) + f &(0) — & (o

Applying K} , on both sides of this equality and using (3.5), we obtain

K, (0:v) — o] <l WK, (e = viv)| + |KG, ( f (¢'(0) = ¢’ (v))dor; v)

= ' Ml |ar,)| +

K, ( f (¢'(0) — ¢'(v))do; V)

By the definition of the modulus of continuity, for any y > 0,

" — )2
f (o) - "D’(V))da‘ < w(¢'s x) (Iu -V + (u XV) )

Therefore, by the positivity of K} / and the Cauchy-Bunyakovsky inequality,

)2
K3, (0:v) = e0)] < 1’ W) |aa, ()] + w(¢': VK], (m Il ;y)
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< PO, 0] + @ (@0 (K, (e =2 0)| 1+

Choosing

x = VB0 = K}, ((er =),
we finally get
|K;,(#:9) = 90| < |, 0|19 0] + 2 VB, (¢'5 VB ).
This completes the proof.

Theorem 3.7. For any ¢ € C[0, 1] and p € N*, we have

|Kip(go; V) — (p(v)| <4C 1w, (90; \/(aﬁ,p(v))z +5/Lp(y)] +w (go; |aq,p(v)|) .

Proof. For each v € [0, 1], define the following auxiliary operators:
Kio(3v) = K5 (@3 ) + () = o (@,() + v),
By Lemmas 2.5 and 2.8, we obtain
K (eo;v) =1, Ky (e1;v) =,
and

1K@l < 3llell.

For any ¢ with ¢ € C[0, 1], Taylor’s formula with integral remainder gives, for u,v € [0, 1],

o) = p(v) + o' (V) —v) + f (o = v)¢"(0)do.

Applying K" to both sides of (3.11) and using (3.8) and (3.9), we obtain
Ko(¢v) = 60) = K75, (e = V)¢ (0);v) + KT, ( f (0 — )¢ (0)dor; v)

=Ky, (fu(O' —v)¢" (o)do; v)

u @ p(V)+V
=K, ( f (o =v)¢"(0)do; V) + f (o —v)¢" (0)do.

Furthermore,

f M(O' - V)qﬁ"((f)do“ <

1o+
f (o —v)¢"(o)do

f o - VI¢”(0)da‘ < -l

p(V)+Y
f o = V¢ (o
4

and

< () 19"

<

(3.8)

(3.9)

(3.10)

(3.11)

AIMS Mathematics Volume 11, Issue 7, 21128-21152.
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Hence,

2
K356 = 60| < ((@0,00) +B1,09) 1611
For ¢ € C[0, 1] and any ¢ with¢” € C[O0, 1], using (3.8) and (3.10), we have
Ko (3v) + @ (@a,(0) + ) = 20()
K3 (@ = 99| + o) = 60| + K753 ) = 40| + [ (2, (1) +v) = o)

<4l = ol + ((@0,0) +Bap0)) 16711+ 0 ()]

K (03 v) — ()] <

<

Taking the infimum over all such ¢ and using (3.7), we obtain

|Kj’p(go; V) — go(v)| < 4K (yp; (cm,p(v))2 + B, (V) + w (go; |aq,p(v)|)

< 4C ) (<p; \/ (an, ) +ﬁﬂ,p(v>J + (@3, )]).

This completes the proof of Theorem 3.7. O

For ¢ € C[0, 1] and ¢ € (0, 1], the Steklov mean function is defined by

4 (1 (2
%(V)ZL—2 fo fo Qe(v+o+¢)—¢(v+20 +¢))dods.

By direct computation, we have

A) llg. = ¢ll < w) (g5 0),
(B) ¢/, ¢!’ € C[0,1] and

/ 5 7 9
leill < —w ez, lle/ll < Zw (gi0).
Theorem 3.8. Let ¢ € C[0, 1] and p € N*. Then, for every v € [0, 1], we have
1 91 1
K} (p;v) = <5va — |+ = +2 —.
[K3p (i) — o] < 5V |aﬂ,p<v>|w(so ﬁ) ( S Bo(?) )wz (90 ﬁ)

Proof. For € (0,1],v,v + 2t € [0, 1], applying the Steklov mean function ¢,, we obtain

K (0:v) — 0| < K3, (e = @i v) + K, (00— o0 0)| + o.0) — ().

By property (A) of the Steklov mean function and Lemma 2.8, we have

K, (e —@liv) <IIKy, (e —eD Il < llo = @ll < wa (¢30).-

By Taylor’s expansion formula applied to ¢,, we have

() = (V) + () —v) + f (u — o)p; (0)dor. (3.12)

AIMS Mathematics Volume 11, Issue 7, 21128-21152.
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Applying K , to both sides of (3.12) and using property (B) of the Steklov mean function together
with Lemma 2.6, we obtain

1
K (0= 000 9)] < Il aa, )] + Sl O)B6(7)
1
< gl a o )] + S lle! DlIBa, )
5 9
< 3l @0 + 0w (930

Combing the above estimate with property (B), we get
" 5 9
K3 (@19) = )] < = | @ (@10) + | 5B100) + 2] wr (i)

Taking ¢ = %, we arrive at

1 1
|Kj’p(¢p; V) — go(v)| <52 |a/4,p(v)| w (90; ﬁ) + (%ﬂﬁ’p(v) + 2) w> (‘p; ﬁ) .

This completes the proof. O
For y € (0, 1], a function ¢ is said to belong to ¢ € Lip), if
o) =M < Mu—vI", u,v €[0,1],
where M > 0 is a constant depending only on ¢ and .

Theorem 3.9. Let ¢ € Lip),, v € (0, 1], and p € N*. Then, for every v € [0, 1],

IR

|K:(0:9) — ()| < M (B1,(1)*

Proof. By the monotonicity and the linearity of the operators K, , we have
K33 v) = o) < K3, () = )] 3 v) < MK, (1= 5).

2 2
Applying the well-known Holder inequality with p = —, g = C we obtain
Y -y
1

K3y (= 39 < (K3, (= v7s0) (K, (1)

Because yp = 2, Lemma 2.6 gives

IR

K3, (u = 5v) < (Bro)”

Therefore, ,
K5, (03 v) = o] < M (Bi,(v)” .

This completes the proof. O

AIMS Mathematics Volume 11, Issue 7, 21128-21152.
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In [27], B. Lenze introduced the following Lipschitz-type maximal function of order vy:

@,(¢;v) = sup lew) =W ¢ 0.1]. (3.13)

wtvave0,1] U=V

Theorem 3.10. Let C[0, 1], y € (0, 1], and p € N*. Then, for every v € [0, 1], we have

K, (@:9) — 6] < By (i) (B, )

Proof. By the monotonicity and the linearity of the operators K , together with Lemma 2.6 and the
definition of w,(¢; v), we obtain

|K;(0:v) — )| < K5, (o) — ¢ v) < @@ VK, (1 — VI 5v).

2 2
Applying the well-known Holder with p = —, g = S Lemma 2.6, and (3.13), we obtain
Y Y

K3, (@0:v) — o] < K3, ((u) — g5 v)

< W@ Ky, (u—vI";v)
< @) (K3, (e — w)P;w)) (K3, (1% )"
=3y (B, )

In [28], M. A. Ozarslan and H. Aktuglu introduced the following Lipschitz-type function space:

Lipjy " (y) := {so e CI0, 11 lgw) — 9] < M— =1 7> v €0, 1]},

(u + kv? + kv)?

where y € (0, 1], k; > 0, k, > 0, M is a positive constant depending only on ¢, v, k; > 0, and x, > 0.

Theorem 3.11. Let ¢ € Llp(Kl *(), where y € (0,1], k; = 0, k, > 0, and p € N*. Then, for every
v € (0, 1], we have

By (¥) )5

K, (p3v) — SM|———
K o0:9) = ¢ (wmv

Proof. By the well-known Holder with p = %, q= ﬁ together with the monotonicity and the linearity
of the operators K;,p and Lemma 2.6, we have

|K3p(<p; v) - so(v)l
(,u +u + - p) o)

» 5 A 1 1 i
[ (,u"'ul +- ) o) duy - dl/tp] .[Zp/w(v)f .. f 19duy - - ‘dup] .
u=0 0 0

AIMS Mathematics Volume 11, Issue 7, 21128-21152.
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Because ¢ € Lip;';‘ *2)(5), we further have

pru ey Y P
A+p v

du, - -

K3 (63 9) = ()| < M pr) f f

Y
+ur+--u, 2
“ — +K1V2+K2V)

pA U+ uy P
<— pM(V)f f E—v| du---
(k1V? + sz) - A+p

2
Because p = —, we have yp = 2. Therefore,
Y

. U+ up + P
|K; (03 v) — o(v)] < o +;<2v) [ P/lu(V)f f( ;er p—v) du - -

IR "‘:

ﬁ/l p(V)
k2 + ko)
This completes the proof.

3.3. Global approximation

-du,

g
i)
s’
= -

For ¢ € C[0,1], the first- and second-order Ditzian-Totik weighted moduli of smoothness are

defined, respectively, by

w'(g;x)=sup  sup o+ oY) —¢wl,

o<y uu+0¥(u)el0,1]

and

w3 x) =sup  sup o —o®w) —2¢ W) + ¢ u+ ocdw))l.

o<y uxo®(u)el0,1]

The corresponding second-order weighted K-functional is defined by
Kgx) = inf {lle - oll + xI®%¢”ll + x*lle"ll} x > 0,
PEW(D)

where
W2(®) = {¢p € C[0,1] : ¢’ € ACye}, D*¢” € C[O, 1].

Here, ¢* € AC), means that ¢ is differentiable, and ¢’ is absolutely continuous on every closed

subinterval I C [0, 1]. By [29], there exists an absolute constant M > 0, such that

K(g; x) < Mw?(@; VX),

where the weighted functions are given by

D) = (1 =), ¥() = (p + 2)'1 - g ,

v € [0,1].

(3.14)
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Theorem 3.12. For any ¢ € C[0, 1] and p € N*, we have

pp— w ; )
VA +p "0/1+,0

where M is a positive constant depending only on p and ¢.

1K}, () — || < Miwf (90;

Proof. Let K}’ be the operator defined in the proof of Theorem 3.7. For any ¢ € W2(®), Taylor’s
formula for ¢, together with the argument used in the proof Theorem 3.7, gives

)+

1
200N — B2
@(V)—(I)(V)+/l+p.

ap(V)+Y
f |, +v = o|l¢”(0)ldor] .
\4

|Kfp (¢;v) — (/)(v)| <Ky, ( f lu — oll¢” (o)|do; v

Set

Foru < o < v, write 0 = pv + (1 — o)u with ¢ € [0, 1]. By the concavity of ®, we obtain

p-ol o=Vl o=y v
0(@) O+ -0uw ~ 000 +(1-00w ~ O0)

f‘“w(v)” @ ,(v) +v - 0'|d
o
v ©%*(0)

Therefore, by Lemma 2.6,

u |u _ 0_|
, ©%(0)

520719011 (8150 + (a0, )

C ., C
2 ||@%"|| < —2
A+p A+p

107" |

do;v

1
<

<

1
(D2 ’” 17 ,
(II ¢”ll + T+o +p||¢ II)
where C, > 0 is a constant depending only on p. For any ¢ € C[0, 1] and v € [0, 1], Lemma 2.8 yields
K3 ) = )] < [K3 (0 = g5 )| + K, (659) = 9] + e = g0 + [ (02,000 + v) = 90)

C 7 C ’’
IO =+ o (00,00 + ) - 0]

< 4lp — ¢l +
< 4l =l + =

Taking the infimum over all ¢ € W?(®) on the right-hand side, we get

. 1
K, (93v) = ()] < MoK (90; m) + o (@) +v) - g (3.15)
Furthermore,
o (@2p1 +v) = 6| = ‘90 (v +¥) “\;‘gg)) - so(v)‘
(p+2)(1-%)
A+p _
< VEE(JB] ©® {v +¥Y(v) Y0 e(v) (3.16)
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e+2)[1-1% 1
'Y . 2 b4 .
s [()D’ A+ p)¥Y() Jéw (()0’/1+p)'

Combining (3.14)—(3.16) and then taking the supremum over v € [0, 1], we obtain

7=l
w" |g; :
A+p "0/1+,D

This completes the proof. m|

1K () — o] < M (90;

3.4. Numerical examples about K}, ,
Let E,,(¢;v) = |Kj’ L3 v) — go(v)| denote the error function for the approximation of ¢ by K .

Example 3.13 (Approximation error). Let ¢(v) = (v — 0.5) sin(2zv), v € [0, 1]. Figures I and 2 show
the convergence of K o to the function ¢ for A = 10, 60, 120, 240, p = 3.

©() = (v — 0.5) sin(271)

L L L L L L L L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Approximation process by K , p = 3.

X ¥+

0.2

L i L I L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. Approximation error function £, ,, p = 3.

Figure 1 shows the convergence of the operators K (¢;v) to the function ¢(v) for different
values of 1. We can clearly see that as A increases, the graph of the operators K (¢;v) approach
the graph of the function ¢(v) for the given p = 3. Table 1 shows the approximation errors for
Ev03(0;v), Ee03(0; V), E1203(9; V), E2403(¢; v) at the points {0.2,0.3,0.4,0.5,0.6,0.7,0.8}. Together
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with Figure 2, we can clearly see that when the values of A are increasing, the approximation error

©(v) decreases.

Table 1. Approximation error function £, , for 4 = 10, 60, 120, 240 and p = 3.

4

Eip3(p;v)

Eco3(p;v)

E1203(0;v)

Er03(05v)

0.2
0.3
0.4
0.5
0.6
0.7
0.8

0.1430991
0.046598108
0.099049985
0.16502246
0.099049985
0.046598108
0.1430991

0.056834085
0.029716887
0.032052316
0.062536785
0.032052316
0.029716887
0.056834085

0.031458536
0.017472748
0.017406873
0.034916348
0.017406873
0.017472748
0.031458536

0.016563449
0.0094964475
0.0090821258
0.018497244
0.0090821258
0.0094964475
0.016563449

4. Construction of bivariate operators

In this section, we discuss the convergence rates of the bivariate operators Kﬁ:’ﬁj

(¢;v1,v2) to the

function ¢(vy, v,) in terms of the modulus of continuity. Further results related to bivariate operators
can be found in [30-32].

Let I? := IxI, where I = [0, 1]. We denote byC(I?) the space of all real-valued continuous functions
on 1%, endowed with the max-norm

||90||C(12) = max _|o(vi, ).
(v1.m)el?

Let C2(1?) be the subspace of all functions ¢ € C(I?) such that

The norm on C?(I?) is defined by

llellezzy = llelleqz) +

3

" 0"
vy ovy”

mn

14
oy

For ¢ € C(I?), Peetre’s K-functional is defined by

K(p; x) =
@

inf
cC2(1?)

C(?%)

=1,2.

"¢

vy

By [33, p. 192], there exists an absolute constant M3 > 0 such that

Here, w, (cp; \/)?) denotes the following second-order complete modulus of continuity:

> (@5 V) =

AIMS Mathematics

J!
C(I?%)

{||90 = Bllea +)(||¢||(:2(12)} » x> 0.

0%
8v1 81/2

K (3 ) < M3 (@2 (@3 Vi) + min(1, 0)liglleq) ) » x> 0.

sup

sup |le(v) + @(v + 2u) — 2¢(v + w)l|cp2),

0<ul< ¥ v,v+2uel?

C(1?%)

4.1)
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where v = (vi,v,), and u = (uy, up) € I Similarly, the first-order complete modulus of continuity is

defined by
w(p;x) = sup sup |lo(v+uw) — oVl

0<ul<y v,v+uel?

Further, the partial moduli of continuity with respect to v; and v,, respectively, are defined by

oV (g x)= sup  sup  lp(vi +up,va) — (vi, M),

0<|u1 |<X Vi,V1tug ,V2€I

and
w? (g;x) = sup sup  |o(vi, v + uz) — @(vi, v2)l.

0<|u2|<)( vo,Vo+up,vi€l

For any ¢ € C(I?) and A, 4,,p,,p» € N*, the bivariate generalization of the operators (1.3) is
constructed as follows:

A1 A 1 1 1 1
K2 (g3 vi,va) = ZZpal,ﬂl(vl)mm(Vz)f f f f
0 0 0 0

11=0 =0

4.2)

(ul+ul+---up1 Mo + Wi+ Wy,

, dus - -du. -dw;---dw.. .
A1+ p1 A2+ 2 )u] o T W1 Wer

Let e,,, = epm(u,up) = ujuy, (n,m) € N X N denote the test functions in the bivariate case. By
Lemmas 2.6 and 2.7, we obtain the following two lemmas.

Lemma 4.1. For (vi,v») € I? and A1, 5, p1, p» € N*, the following equalities hold:

K" (€005 v1,v2) = 1,

A
A =2 +2
K (er0svism) = : Vit al ,
’ A +py 2(41 +p1)
=2 p2+2

K" (eg15v1,v2) = vy + ,
A B A+ p2 2( + p2)

/l%—7/11+62+5/11—6+(/11—2)p1 3p7 + 13p; + 12
YA G+’ T TR0+ 1)

/15—7/12+62+5/12—6+(/12—2)p2 303+ 13p, + 12
(L +p) 2 L+p)? 120+ p)?

P1:02 . —
KM (e203v1,v2) =

P1,02 . —
K0 (eopsviva) =

Lemma 4.2. For (vi,v») € I? and A1, 5, p1, p» € N*, the following equalities hold:

Ko (ero=viviv) = ‘511 . pzl " 2(/311 1;290’
Ki2 (eoq = vasvi,v) = _/ll)j :pzz V2 2(//0122 :iz)’
K552 ((e10 = 1) v1,v2) = = ;/I?i_p?;l - 6V1(1 B 3/01%2’;111? /103212’
K92 ((eos = va)s v, va) = = Zﬁii_p?)o; v+ 3p1§2?4123f 2;212
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Lemma 4.3. For any ¢ € C(I?) and A1, A2, p1,p> € N*, we have

||K§:5§(90)IIC(12) < llellea)-

Theorem 4.4. For any ¢ € C(I*) and fixed p\,p> € N*, the bivariate operators {Kﬁ:ﬁ;((p)} converge
uniformly to ¢ on I? as A;, 1, — oo.

Proof. We first obtain the following limit equalities:

lim K& (s vi,v2) = VIV, (n,m) € ((0,0), (0, 1), (1,0)),

A1, Aa—00
and

11’1}21‘1_1)00 KG2 (e20 + €023 v1,v2) = Vi+ V)
uniformly on [ 2. Hence, by [34, Theorem 2.1], the desired conclusion follows. O

Theorem 4.5. For any ¢ € C(I?) and A, 1>, p1,p> € N*, we have

K522 (5 v1,v2) = 001, va)| < 2 (0 (05 VB D) + 02 (93 VBiops(0))).

Proof. Applying the definition of the partial moduli of continuity, together the monotonicity and the

linearity of the bivariate operators K%'*” and using the Cauchy-Bunyakovsky-Schwarz inequality, we

) 1,42
obtain
K203 v1,v2) = (v, v)| < K22 (plur, 2) = (v1, va)l 5 v, v2)
A, \Fo V1 V2 eV, )| = 1,42 e uy, U eV, V2)l5V1, V2
<SKLTE (p(ur, va) = (v, vl s vi, va) + K2 (lp(un, uz) = @(ur, vo)l 5 vi, v2)
, Dy . ; 2) (. .
SKﬁ:j; (CU( (@3l =il s Vl,Vz) + K (CU( V(@3 |tz = val) vy, Vz)-

A1,42

Then, for arbitray x, x> > 0, the standard estimate for the partial moduli of continuity yields
K542 s v1,v) = 61, v2)|

1 1
< (g1 x1) (1 + ;Ki‘ﬁ; (lur = vils v, Vz)) +w? (@3 x2) (1 + —K2 (lug = vals v, Vz))

X2

1 1
<oV (@ x) |1+ — Kf{]’ﬁz ((uy =v)%5vi,m) | + 0? (g x) |1+ — Kﬁ"ﬁz (U2 = v2)*;v1,72)
X1 b X2 b

1 1
=0 (g3 x1) (1 o VB, (Vl)) +w? (g1 x2) (1 t \/ﬁflz,pz(VQ)) :

Choosing
X1 = ﬁ/h,pl(vl)’ X2 = Vﬁlz,pz(v2)9

we obtain the desired estimate. O
Theorem 4.6. For any ¢ € C*(I*) and p,,p> € N*, we have
lim (K523 vi,v2) = 91, 12))

1 0 1 0 3 i 3 i
=(p1 +2) (5 - Vl) Z 42 (5 - Vz) o -v)ZE s (-2

v, dv, 2 o2 2 v
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Proof. Let (v;,v,) € I? be arbitrary but fixed. By Taylor’s formula for functions of two variables with
Peano’s form of reminder, we have

0y 0y
o(ur, up) =p(vi,v2) + —(Ml -V + —(uz - V)

a, avs
! _(92cp 2 Py P 2 4.3
j— — 2 _ _ Y _ ( . )

+2(av%(”1 V2 gy, T v V2)+ayg(”2 v2)

+ R(uy, uz, vi,v2) V(ur —vi)* + (y — vy)*,
where R(uy, us, v, v2) € C(I?), and
R(ui, uz, vi,v2) = 0 as (uy, uz) = (vi,v).

Applying the operator K‘O ! p > to both sides of (4.3), we obtain

d¢ d¢
K2 (05 vi,va) = (v, v) + 2= K4 (er0 = visvis va) + 2K (€01 — vai vi, v)

vy o,
d Y 2 82(,0
2(8 5 Kpl 2 ((61,0 - Vl) V1, VZ) + 2(91/1(?1/ Kpl 2 ((61 0~ Vl)(601 - V2) Vi, Vz) (44)
6
0 pr' 2 ((60,1 - Vz)z; V1, Vz)) + Kiljpz (R(Ml, Uz, vi,v2) \/(Ml — v+ (up = V) vy, Vz) .

By the Cauchy-Bunyakovsky-Schwarz inequality, we get

|Kiljp2 (R(ul’ Uz, vi,v) \/(Ml v+ (uy = v vy, Vz)‘
< \/Kﬁ,l,ipz (R2(uy, uz, vi,v2);v1,v2) - \/Kpl’pz (@ = v)* + (up = v2)*;vi,v2)

= \/Kﬁ,l/ipz (R2(uy, uz, vi,v2);vi, v2) - \/Kﬁp, (w1 —v)%:v) + K, (02 = v2)*5v2).

Combining Theorem 4.4 and the corresponding convergence result with Lemma 2.7, we obtain

}1_)1‘1(}0 ﬂKﬁ,],ipz (R(Ml s U2, V1, V2) \/(Ml —vi)t + (2 — a4 v, Vz) =0.

Therefore, using the moment estimates and passing to the limit in (4.4), the desired Voronovskaya-type
formula follows. m|

Theorem 4.7. For every ¢ € C(I?) and A1, A2, p1,p> € N*, we have

K% 2203 v1,v2) — @(v1, )|

_ 2 2
<4M; (602 (90 \/Tﬂl p2(V1, Vz)) + min(1, Tf{l 3)22(1/1, Vz))||90||C(12)) +w (QD; \/(%,pl(vl)) + (%,pz(vz)) ,

Pl 02 2 2
where TV (v1,v2) = (@4, 1) + (@2 (V2)) + By 1) + B (072,

AIMS Mathematics Volume 11, Issue 7, 21128-21152.



21147

Proof. For (vi,v,) € I?, define the following auxiliary bivariate operators:

K22 (@ v1,v) = K220 v1,v2) = 0 (0, (1) + V10 @y, (v2) + v2) + (71, 7). (4.5)

By Lemma 4.3, we obtain

01,02 . — * Pl PZ 1 PZ
Ky (€005 v1,v2) = 1, K (e1,03v1,v2) = VI’K (€0,13v1,v2) = V2,

" 4.6)
1K (@lleqe) < 3||90||C(12)-

For any ¢ € C*(I?) and (u;, u,) € I?, (v, v,) € I?, Taylor’s formula with an integral remainder gives
Gy, uz) — d(vi,v2) =@y, v2) — ¢(vi, va) + duy, up) — d(uy, v2)

a ’ 62 , 0 s
¢(V1 Vz)( _ Vl) + f (ul O—O%dO‘] (p(;/—:/ZVZ)(MZ - VZ) (47)

0 ¢(V1,0'2) “ 02(15(0'1,0'2)
(uz —0)—(—— oo dodos.
" o100

Applying K:’f 2"2”2 to both sides of (4.7) and using (4.5) and (4.6), we obtain

:ﬂfz@ Vi, v2) — ¢(v1,v2)

_K;.pizpz (P(ur, uz) — d(vi,v2); vi,v2)

« . F¢(o1,2) . " *P(vy1,02)
=K"\ (f () — o)) ———=——do;vi,v2 | + K7} f (y — 0p)—————do;vi,»
v

oo 2 80’%

g 82¢(0_1 0_2)
K*Plpz 4 d d : ,
TRy (f fl 80100 014072, V1, V2

i (0' ,V2) a1y p (VD)+I P, v)
Kﬁ: ﬁi (f (ul 0-1) 1 : d0'1;V1, Va| — f (a/ll,pl (V]) + Vi — O'])—¢6 12 2 do-l
Vi

52¢(V1, 02) Vigey (242 Fo(vy, 0 2)
K}jll f{; (f (I/tz - do- 02;V1, V2 (aﬂz’pz(V2) + vy — O-Z)T )
V2

Uy 82¢(01, 0.2) @, 0, (V2)+V2 A1 VDAV 62¢(O'1, )
=K' dodos; vy, va | — —— ““dodos.
12 00’160’2 va v 60'160'2

Moreover,

" 0*d(01,v2) " Od(01,v2) 0?
f (bl1—<3'1)¢—122 1Sf |M1—0'1|¢—122 < (=) (f ;
Vi do Vi do Oy C(12)
and
@, o) VDHYVI 82 (O' LV ) 62
f (@a,p,(v1) +v1 — 01)% ol <aj ) 5 (f
Vi Villea?)
Similarly,
0? ,
f (U — O))——F—F— (vl 02) < (uy = vo)’
a 12)
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Agpp (V2)+V2 52¢(V o ) 2¢
f (@y,0,(v2) + V2 = Uz)% o| < @3, ,,(v2) 2l
V2 V2 c(?)
Using the Cauchy-Bunyakovsky-Schwarz inequality and the arithmetic-geometric mean inequality, we
obtain
" PP(oy, ) )
Ko'? ————Zdodoy; vy, v
/7.1 ,A2 (f f (90-1(90'2 1 25 V1, V2
0P p(ai, 02)
1P ’ .
—Kall Aj (f f 601602 daldoz,vl,vz)
82
Kpl p2(|ul =il lug = valsvi,v2) 9 (;/)
V10V, c?)
< [KP2 2y. KP1P2 2y. 82¢
= A4 /lz((ul - Vl) )’ Vi, VZ) A /12((142 - VZ) )’ Vi, VZ) 9.0y
V10V, C([Z)
BT B |22 < (8, 00+ B 0)
A,p1\V'1 L.p2\V2 16 Vs o AL\l A Pz V2 lavz C(12)
and
@2y 0, (V2)+2 Uo VDV 52
f f P(oy, Uz)do_ldo_zi
vy Vi 001005
0*¢ 2 2\|| 8%¢
< : — + .
|C¥A],p.(V1)| |af/12,p2(V2)| ‘(’91/101/2 o ((a/h,pl(vl)) (a/lz,pz(VZ))) Ov10vs o
Hence,

KO @5 v1v2) = 601, va)| < TR 0 v)lBlicee)-

For ¢ € C(I?) and ¢” € C(I?), using (4.5) and (4.6), we have

K 22 (03 v1,v2) = p(vi, )| = [KEY2 (3 v1,v2) + ¢ (01/1.,p1 (V1) + Vi, @y p,(2) + Vz) = 2¢(v1, Vz)‘
<K (0 — diviova)| + e, va) = ¢ )l + [K 2 (03 v1,v2) — ¢(v1, va)|

+ "f’ @y p (V1) + v, a/lz,pz(VZ) - (v, Vz)‘

— 2 2
<4llp - ¢l + T2 1. va)lglleqn) + @ [so; \/ (@200 + (@2, () ] .

Now, taking the infimum on the right-hand side for all ¢” € C(/?) and using (4.1), we obtain

K325 v, v2) = e, va)|

<4K (90, (o, Vz)) +w (90, \/(a%,p] (Vl))2 + (a/lz,pz(VZ))z)

_ _ 2 2
<4M; (602 (90; \/Tpl p2(V1, Vz)) + min(1, Tf{l 3)22(1/1, Vz))||90||C(12)) +w (QD; \/(%,pl(vl)) + (%,pz(vz)) ,

This completes the proof of Theorem 4.7. O
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4.1. Numerical examples about Kﬁ: y

Let B2 (g1 v1,v2) = |

P12
K/ll A2

02

L@ vi,v2)

(@3 vi,v2) — (v, v2)| denote the error function for the approximation of

Example 4.8. Let o(vi,v2) = vi + viv, — 6v§, (v1,v2) € [0,1] X [0,1]. Here, we take the value of
A=A =Aa€ {20,40}, pP1 = 4, P2 = 5.

Figure 3 shows the convergence of the operators Kﬁ:’

J(@ivi,va) to function ¢(vy, v;) for increasing

values of 4; = A, = A and fixed p; and p,. Table 2 shows the approximation errors for Egbb: 203 V1, v2),
Ej (@3 v1,v2) at the points {(v1,v2) : v; = 0.5, = 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0}. We can

clearly see that when the values of 4; = A, = A are increasing, the approximation error Eﬁi

decreases.

e

)

K

(@3 v1, )

Figure 3. Approximation process by K%'*(¢; v1,v2) for py = 4,02 = Sand 4, = A, = 20,40.

Table 2. Approximation error function E,

5. Conclusions

1,02

fOI'pl = 4, P2 = 5 and /11 = /12 = 20,40

1,42
vio v Eyo(@ivieva) EXE)SAO(‘P; Vi, V2)
0.5 0.1 1.1694145 0.89364941
0.5 0.2 1.1316281 0.87305929
0.5 0.3 1.0938418 0.85246917
0.5 0.4 1.0560555 0.83187906
0.5 0.5 1.0182691 0.81128894
0.5 0.6 0.98048278 0.79069883
0.5 0.7 0.94269644 0.77010871
0.5 0.8 0.9049101 0.74951859
0.5 09 0.86712377 0.72892848
0.5 1.0 0.82933743 0.70833836

In this paper, we construct a new p-th-order Kantorovich-type generalization of the modified
Bernstein operators. First, the moments and the central moments computation formulas and their
quantitative properties are computed. Then, the Voronovskaya-type theorems for the proposed
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operators are established. Also, we derive rates of convergence and establish global approximation
theorems by means of the modulus of continuity, the K-functional, the Ditzian-Totik weighted moduli
of smoothness, and the weighted K-functional. Additionally, a bivariate analog of these operators
is also constructed and investigated. Finally, some graphs and numerical examples are shown using
Matlab.
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