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Abstract: In this paper, we study a discrete-time predator-prey model with a weak Allee effect and
multiple environmental factors: Prey refuge, water availability, and moonlight intensity. A major
contribution is the biologically inspired synthesis of Allee effects with multiple environmental drivers
in a unified discrete-time framework. This class of discrete ecological systems is of considerable
theoretical interest due to the possibility of richer dynamics than in their continuous counterparts.
The paper provides a detailed study of equilibrium identification, local stability analysis, bifurcation
analysis, and numerical simulations. We derive conditions for non-negative equilibria, investigate
local stability, and characterize dynamical transitions from stable coexistence to oscillatory and more
complex behaviors. In particular, explicit analytical conditions are obtained for the occurrence of
two codimension-one bifurcations: The flip (period-doubling) bifurcation, which leads to cycles of
period two and higher, and the Neimark—Sacker bifurcation, which gives rise to invariant cycles and
quasiperiodic dynamics. A particular strength is the combination of analytical bifurcation arguments
with numerical evidence such as bifurcation diagrams, phase portraits, and maximal Lyapunov
exponents. The results demonstrate that the synergistic impact of a weak Allee effect threshold,
combined with with variables such as prey refuge, water availability, moonlight intensity, and predator
interference, significantly enriches the system’s dynamic behavior.
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1. Introduction

The Lotka—Volterra predator-prey model is widely recognized as a fundamental framework
in population dynamics. The concept of predator-prey interactions was originally formulated
independently by Lotka [1] and Volterra [2] in their respective seminal works. Building on their
work, Holling [3] proposed more ecologically realistic models by introducing three different types of
functional responses to describe how predation behavior varies among species. The functional response
is an important component in understanding how predator-prey systems evolve over time. Numerous
functional forms have since been incorporated into these models, including Holling type I [4], type
I [5, 6], type III [7], type IV [8], ratio-dependent [9], Leslie—Gower [10], and Beddington—-DeAngelis
types [11]. In recent years, many researchers [12—14] have endorsed discrete-time models governed
by difference equations as superior to continuous-time models, particularly for species exhibiting non-
overlapping generations. These discrete models not only provide enhanced biological realism but also
demonstrate a significantly broader spectrum of complex dynamics, encompassing phenomena such as
flip bifurcation, chaos, heteroclinic cycles, and Neimark—Sacker bifurcations. Furthermore, it is widely
acknowledged that the mere presence of a predator, rather than predation itself, can substantially impact
prey populations by altering their physiology and behavior. Consequently, numerous prey species
exhibit a range of anti-predator strategies, including harvesting [15], utilization of refuges [16], and
behavioral modifications induced by fear [17], among others.

Mathematical modeling is crucial for analyzing predator-prey dynamics, particularly in assessing
the influence of ecological factors on population stability and equilibrium. Among these elements,
prey refuges have received increased attention in recent years, with numerous studies investigating
their impact within predator-prey systems [18-21]. The Allee effect, which American scientist Allee
proposed in 1932, is another crucial part of ecology. It examines how living in groups impacts the
growth of a population. Reasonable population densities may enhance survival and reproduction;
however, both extremely sparse and overly crowded populations might hinder growth. There are two
main varieties of the Allee effect: strong and weak. In strong cases, population growth slows down
at low densities, whereas in weak cases, growth continues at low densities. This effect is especially
relevant for small populations because it changes how they grow, how likely they are to survive, and
how likely they are to go extinct. This is a vital factor to keep in mind when planning conservation and
management initiatives (Eva—Chirodeep [22]). In addition to refuges and the Allee effect, additional
ecological factors play a significant role in interactions between predators and prey. One such factor
is the fear effect, which refers to changes in the behavior of prey caused by the presence of predators,
even when there is no direct predation [23,24]. Furthermore, visual perception is particularly crucial
in predator-prey interactions because both predators and prey rely on sight to locate food and dangers.
The quantity of moonlight that shines on the Earth changes with the lunar cycle. This can make it
harder to see at night, which can make it harder to access shared resources such as water in dry areas
and influence how species operate. Many mammals are active at night and depend on visual cues in
low light [25]. Changes in the moon’s phases that influence nighttime light levels can greatly affect
how well they can see and, as a result, how they interact with others and how they survive [26-29].

According to the above discussion, Ashraf Adnan et al. [30] introduced a continuous-time
predator—prey model for two mammalian species with Allee effects, prey refuge, water resources,
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and moonlight as follows:

dx X, x (a(l1-B)+aw)y
E_x<r(1_z)(x+A>_ 1+(1—[3+qm)x)’
dy _ (H(a(l—BHaw)X_ )
i ° 14+ (1—=B+gm)x ’

(1.1)

where x(¢) and y(¢) are the population densities of prey and predator at time 7, respectively. The
parameter r is the growth rate, and k denotes the carrying capacity in the absence of a mammalian

predator. The function 5 represents the weak Allee function, where A > 0 denotes the Allee level.

The functional response is given by W%, where a is the consumption rate, f3 is the prey refuge

rate, @ is the water source availability, m is moonlight, ¢ is an organism’s ability to obtain water, and
q is the rate at which moonlight becomes brighter or darker. The predator’s death rate is denoted by L,
and the conversion rate (conversion efficiency of prey to predator biomass) is denoted by 7.

The main novelty is the biological inspiration to combine Allee effects and multiple environmental
drivers in a single discrete-time framework. As the system (1.1) has no exact solution, we discretize
it using the semi-discretization method, which does not require considering the step size. This is
supported by differential equations with piecewise-constant arguments [31-34]. We introduce the
model (1.1) in order to derive its discrete approximation. To this end, let [¢] be the integer part of 7, and
consider the average rate of change of the system (1.1) at integer points.

1 dx xle], o xlr] (a(1—B)+ o)yl
ME—<’<1_7)(x[t]+A)_1+(1—B+qm)x[r])’
Ldy (ﬂ(a(l—BHaw)X[r]_ )

y(t) dt I+ (1= B +gm)xlt]

with initial conditions x(0) = xp >0, y(0) =y > 0.
For n <t < n+ 1, the right-hand side of the system (1.2) is constant on each interval [n,n+ 1).
Integrating over this interval gives the discrete-time form:

(1.2)

x(n),,_x(n) (a(1=B) + aw)y(n)
x(n+1) zx(n)exp[r(l ~ )(x(n)+A>_ g —B—l—qm)x(n)]’ .
n(a(l—B)+ aw)x(n) '

Yt 1) =y(menp [T g S

The aim of this work is to carry out a complete dynamical analysis of a discrete-time predator-prey
model obtained from its continuous-time analog. In particular, the continuous predator-prey model
with a weak Allee effect and several environmental parameters, that is, prey refuge, water availability,
and moonlight intensity, is transformed into a discrete system using the piecewise constant argument.
This study pursues four main objectives under this framework: (i) to determine the conditions for local
stability and to find all fixed points of the discrete system; (ii) to apply a lemma from [35,36] to obtain
the necessary conditions for the occurrence of flip and Neimark-Sacker bifurcations; (iii) to analytically
prove the existence of codimension-one bifurcations using bifurcation theory and the normal form
theorem as given in [37-39]; and (iv) to provide numerical simulations that support and extend the
theoretical results, thereby illustrating periodic orbits, invariant cycles, and chaotic attractors.
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This paper is structured as follows. We contend that equilibrium points for the model (1.3) exist and
are locally stable in Section 2. We discuss the necessary and sufficient conditions for codimension-one
bifurcations, such as the flip bifurcation and the Neimark-Sacker bifurcation, in Section 3. Numerical
simulations are presented in Section 4 to demonstrate further complicated dynamics and to confirm the
theoretical results. In the final Section 5, we offer a concise summary of our mathematical remarks.

2. Existence and stability of fixed points of the model (1.3)

This section discusses the existence of equilibrium points in the system (1.3) and examines their
stability by analyzing the eigenvalues of the Jacobian matrix evaluated at the fixed points. The model
presented in (1.3) yields three non-negative equilibrium points, as listed below:

1. The trivial fixed point Ey = (0,0);
2. The semi-trivial fixed point E; = (k,0);
3. The interior fixed point E, = (x*,y") =
. 1+k(1—

provided by n > %.
To assess the local stability of equilibrium points in the model (1.3), we create a Jacobian matrix and
calculate the eigenvalues at each fixed point. The Jacobian matrix at a specific fixed point, J(x,y) is
defined as follows:

( U (k=) (14" (1= B +-gm)) )
(I=B)(an—p)+naw—ugm’  k(x*+A)(a—af+aw) 77

J(x,y) = ( i di ) 2.1)

azy a
where
an = b-4x R e |
ay = —x® | L Ppee (2:2)
azi :y‘P[M% san =Y.
Also,

@ = exp (1 D)ca) g |

W = oxp | a0 =) +oco)

2.3)
Tx(1_Prqm) “] .

Before analyzing the stability of the fixed points of the system (1.3), we recall two fundamental lemmas
from Refs. [35-37]. These results provide the necessary and sufficient conditions for classifying the
stability behavior of equilibrium points and are presented below for the reader’s convenience, as they
will be essential to our subsequent stability analysis.

Lemma 1. [35,36] Let F(A) = A%+ pA +q. Assume F (1) > 0, A1 and A, are two roots of F(A) = 0.
Then,

1. |AM] <1, and |Az| < 1ifand only if F(—1) >0, ¢ < 1;
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2. M| <1, and |A2| > 1 (or |A1| > 1 and |A3] < 1) if and only if F(—1) < 0;

3. |M| > 1, and |A| > Lifand only if F(—1) > 0and g > 1;

4. My =—1,and |Ay| # L ifand only if F(—1) =0 and p # 0,2,

5. A1, and Ay are complex and |A| = 1 and |A3| = 1 if and only if p* —4q < 0 and g = 1.
Lemma 2. [35,36] Let F(A) = A?>+PA+Qwith F(1) > 0, and let A1, A3 be the two roots of F(A) = 0.
Then the following statements hold:

1. It is indicated to as a sink if |A| < 1 and |A2| < 1 so the sink is considered to be locally
asymptotically stable;

2. Itis considered a source if |A| > 1 and | ;| > 1, so the source is considered to be locally unstable;

3. It is considered a saddle if |A1| > 1 and |Ay| < 1 (or |A| < 1 and |A3| > 1);

4. It is considered non-hyperbolic if either |A1| = 1 or |Ay| = 1.

By applying Lemma 2 in the preceding framework, the following theorems concerning the stability
of the fixed points Ey and E are readily obtained.

Theorem 1. The trivial fixed point Ey(0,0) is a non-hyperbolic.

Proof. The Jacobian matrix at J(Ey) is

150 ()

According to Lemma 1, we can deduce that |A;| = 1, and |A,| # 1. Therefore, Ey is a non-hyperbolic.
This conclusion is based on the fact that the Jacobian matrix J(Ep) has two eigenvalues: A; = 1 and

Ay =exp(—p). o

Theorem 2. The semi-trivial fixed point E|(k,0) possesses the following characteristics:

1. Ifk]i—rA > 1, and u > %, then |A1 2| < 1, and Ey is a locally asymptotically stable;
2. Ifk]i—’A <1, and u > %, then E| is a saddle point where |Ai| > 1, and |A;| < 1;
3. Ifu= ma(_lf—m, then E\ is a non-hyperbolic because |A3| = 1, and |A{| # 1;
Proof. The Jacobian matrix at J(E)) is
| — kr k(a—aB+aw)
k+A 14+k(1—
J(El) = ( 0 kn—?a(,aﬁﬁ:_o?g)l)) ) :
P Ti—prgm) — M

The Jacobian matrix J(E]) has two eigenvalues, ] = 1 — k’_‘F—’A, and A, = exp[w — it]. When

14+k(1—B+gm)
ki_rA > 1,wegetA; < 1. When u > %, we have A, < 1. Furthermore, we conclude |4;| < 1,

|A1] < 1, and E; implies that locally asymptotically stable. At k’i’ + <1,and u > %, then
|A1] > 1, and |A;| < 1. This implies that E| is a non-hyperbolic. When the condition (3) is satisfied,
one of the eigenvalues of E| is 1, but the other eigenvalue is not equal to 1. This proves that the fixed
point E is a location of a transcritical bifurcation at yurc = % . Also, when the condition (3)
is satisfied, one of the eigenvalues of E; is -1, but the other eigenvalue is not equal to -1. This proves

that the fixed point E| is a location of a flip bifurcation at rrp = 2(k+A) /k. o
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The following table shows stability and bifurcation behavior associated with the equilibrium point
E1(k,0). The conditions governing the sign of the eigenvalues (or roots of the characteristic equation),
the resulting stability status (asymptotically stable, unstable, or non-hyperbolic), and the type of
bifurcation (e.g., transcritical, or period-doubling) that may occur as key parameters change are
summarized in Table 1.

Table 1. The bifurcation types of E;(k,0).

Equilibrium Eigenvalue = 1? Bifurcation type Exchange of stability?
Ey(0,0) Yes (A, = 1) No bifurcation (isolated, due to Allee structure) No

E\(k,0) Yes (A, = 1 at 4 = Urc) Transcritical bifurcation Yes (with E»)
E(k,0) Yes (A, = —1 at r = rpp) Flip bifurcation Yes (with E,)

Next, we examine the local dynamical behavior of the system (1.3) in the vicinity of the interior
fixed point E;. To this end, we analyze the system’s dynamics within an arbitrarily small open
neighborhood of E», thereby enabling us to determine whether nearby trajectories converge to, diverge
from, or exhibit more complex dynamics around this equilibrium point. The Jacobian matrix evaluated
at Ep(x*,y*) is expressed as

14 x* r(Ak—x*z—ZAx*)+y*(a—aﬁ+aa))(1—ﬁ+qm)] _ X(a—aB+aw)
J(x,y) = k(x*+A)? (1+x* (1-B+gm))? 2 (1—B+qm)
Y ny*(a—af+aw) 1

(12 (1=B+gm))*

The characteristic equation at this stationary point, which is known as point E;, can be stated as follows:
A%+ p("y)A +4(x",y") =0, (2:4)

where

p(x*,y*)=—-2-G, q(x*,y*)=14+G+H,

s [rAk—x?—24x") | y*(a—aB+aw)(1—B+qm)
G=x k(x*+A)? + (14x*(1—B+qm))? ] )

. ”nx*y*(a—aﬁ—i—oca))2
| = (I+x*(1—=B+gm))?

By applying Lemmas 1 and 2 to the analysis above, we now examine the stability of the interior
equilibrium point by considering the Jacobian matrix of the system (1.3), evaluated at E,(x*,y*). The
Jury criterion [35,36] and the following Lemma 1 will be used to investigate the local stability of the
positive fixed point E»(x*,y*). The Jury criterion provides the necessary and sufficient conditions for
the fixed point E;(x*,y*) to be locally stable:

(D] p(x*,y") < T+q(x",y%),

(i)q(x*,y*) < 1. (2.5)

If the condition (2.5) holds, point E,(x*,y*) is locally asymptotically stable; otherwise, E» becomes
unstable. Also, if either the condition 4 or the condition 5 of Lemma 1 is met, thatis, F(1)=1—p+¢g=
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0; F(—1)=14+p+g=0; p>—4g < 0; and g = 1, then E»(x*,y*) is called non-hyperbolic. We now turn
to the analysis of bifurcations that may arise at the interior equilibrium point of the system (1.3). To this
end, we employ the framework of bifurcation theory, which enables the detection and characterization
of qualitative changes in the dynamical behavior of the system as parameters are varied.

3. Codimension-one bifurcation analysis

From the stability analysis of Section 2, we study the existence of codimension-one bifurcations,
that is, the flip bifurcation and the Neimark—Sacker bifurcation, in a neighborhood of the equilibrium
point E; = (x*,y*). We examine the various bifurcation types of the model (1.3) at the fixed point
E>(x*,y"), including flip bifurcation and Neimark-Sacker bifurcation, as detailed in Section 2. This
study employs the normal form theorem and bifurcation theory, as cited in [37,38]. Let u = x — x* and
v=y—y*, and define J(r) = J(x*,y*). We can translate the fixed point E»(x*,y*) to the origin, thereby
reformulating the model (1.3) into

(v)=0(2)+ (), o1

fi(u,v,r) = apu? + appuv + any? + aynu® + ajpu?v + apuv? + anpv? + O(|[X||4),
fz(u,v, I’) = b11u2 +bipuv+ b22V2 + b111u3 + b112u2v+b122uv2 + b222V3 + O(| |X| |4)

where

(3.2)

The nonlinear terms fi(u,v,r) and f>(u,v,r) are denoted as F(X), where X = (u,v)’. The Taylor
expansion about the origin might be articulated as

1 1
F(X) = 2B(X,X) + cC(X,X X),

where B(X,X) and C(X,X,X) are multilinear mappings. Consequently,

;

9?

Bi(x,y) = sz 1 a?jagk |e=0 Xjyk = 2a11x1y1 + a1 (x1y2 +x231),
9?

Bo(x,y) = X} i agagk |e=0 Xjyk = 2b11x1y1 + b1a(x1y2 +x231),

02
Ci(x,y,z) = ijl 1% le—o Xjyrzr = 6arix1y1z1 +2ai2(x1y122 +x1y221 +X25121),

9?
\ Co(x,y,2) = Z,kl 1% |e—0 Xjykz1 = 6b111x1y121 + 2b112(X1122 + X1)221 +X2)121),
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In the next subsections, we are now able to perform a full examination of the codimension-one
bifurcations of the system (1.3) using the above computations. We consider in particular two
elementary types of dynamic instabilities: the flip bifurcation (or period-doubling bifurcation) and
the Neimark—Sacker bifurcation (or torus bifurcation). For each case, we analyze the critical values of
the parameters for which the corresponding bifurcation takes place, verify the transversality conditions,
and analyze the resulting changes in the stability and structure of the invariant sets of the system, such
as the transition from a stable fixed point to periodic orbits or invariant closed curves.

3.1. Flip bifurcation

The purpose of this part is to study the necessity of a flip bifurcation (period-doubling) at the
positive fixed point E»(x*,y*) of the model (1.3). In order to simplify the bifurcation analysis and
to concentrate on the role of one parameter only, the study is limited to changes in the parameter
r only, whereas all other parameters are considered fixed constants. Consider r as a bifurcation

L. . kvt (xf+A 20, .
parameter. This implies that r = 2(Ak—2jx5<x—;2))(fixfgtgi)qm)ﬁ R(1=B+gm)(1+x*(1—B+gm))+

—_ * 2 . . .
N(a—ap + aa))] — % = r;. We are aware that the Jacobian matrix J(x*,y*) has a simple
eigenvalue A; = —1 in this instance, whereas the other eigenvalue is A, # —1. The eigenspace E€ is
one-dimensional and is spanned by an eigenvector ¢ € R?, which satisfies the equation J(r)g = —q.

Furthermore, let p € R? be the adjoint eigenvector, which necessitates that J'(r\)p = —p. By
conducting direct calculations, we can obtain the results associated with these eigenvectors as

T
g~ (b2+1,-b1)

T
p~ (bz—{—l,—dz) .
To normalize p concerning ¢, we represent it as follows:

p= Y(bz +1, —az)T,

1

where aj,ay,b1, and b; are the entries of the Jacobian matrix J(r;) and y = T b

The scalar product in R? is represented by (.,.), and it is evident that (p,q) = 1.

We can certainly state that the map (3.1) is amenable to transformation into its normal form, based
on the theories that Kuznetsov offered [37]. This is because the map’s limitation to its one-dimensional
center manifold at the key parameter value r| can be transformed into its normal form:

£ —E+c(rn)E+0(EY),

where
c(r)) = §(p,C(9,9.9)) — 3{p,B(q,(J (r1) = 1)"'B(q,q))).

and / represents the identity matrix of dimension 2 x 2.

Based on the above analysis and the theorems presented in [37-39], we can conclude the following
result.

AIMS Mathematics Volume 11, Issue 7, 21069-21090.
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— kv (x* 2 a—a «
Theorem 3. If r| = 2(Ak_gx£_;ég(fﬂ*gtgﬂmw [2(1 —B+gm)(1+x*(1 =B +qgm))+n(a—aP +

* 2
av)| -
E>(x*,y") when the parameter r varies and passes through ry. Furthermore it, if c¢(r;) > 0 (resp.,
c(r1) <0), then the flip bifurcation of the model (1.3) at r = ry is supercritical (resp., subcritical), and
the resulting period-2 orbits are stable (resp., unstable).

then the model (1.3) undergoes the flip bifurcation at the positive fixed point

3.2. Neimark-Sacker bifurcation

Here, we will explore the fascinating occurrence of the Neimark-Sacker bifurcation, employing
insights from the Neimark-Sacker theorems detailed in [37-39] for the map (1.3) at the
equilibrium point E(x*,y*). We will also designate r as the bifurcation parameter, setting r =

—ky* (x* 2(g—a *
T [(1 —Bgm)(1+x*(1—B+qm))+n(a—ap + oca))] — 1. If we follow

the formula (2.4), we can describe the eigenvalues of the matrix associated with the linearization of the
map (3.1) at the point (u,v) = (0,0) as conjugates with modulus 1.

A= @ié \/4q(r2) —p*(r),

d|A Akx*—2A %2 %3
and [A],—r, = /q(0), 1= G|, = BT 2,

where M = g?;f?;fg:q%’% [(1 —B+gm)(1+x*(1—B+gm))+n(a—aP + Oca))].

Moreover, it is implies that when r = rp, A® ,ZS # 1, (s = 1,2,3,4), which is equivalent to p(0) #
—2,0,1,2, then, p(0) # —2,2. Therefore, we only need to require that p(0) # 0, 1, which leads to

G=p0)+1+£2,3, (3.3)

where G is the nondegeneracy condition for the bifurcation.

The matrix J(r) has an eigenvalue A, and the corresponding complex eigenvector g is C.
Consequently, J(r2)q = Aq, and J(r2)§ = A4. In addition, let us assume that the complex eigenvector
p € C of the transposed matrix J7 (r), which corresponds to the eigenvalue A, can be defined as

JT(r)p=2Ap, JT(r)p=Ap.
By doing some simple calculations, we get

T
qn~ (bz —l,—b1> ;
_ T
p~ <b2 _2’7 _a2>
To normalize p relative to g, we define
_ T
P=n (bz —/1,—612> :
where

-
yl o (bzfl)z%»azb] '

Clearly, the scalar product denoted as (.,.) in C? satisfies the relation (p,q) = 1. The equivalent
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normal form of the restriction of a map (3.1) onto its two-dimensional center manifold, assessed at the
crucial parameter value r;, can be reformed by drawing on the ideas presented by Kuznetsov [37]:

21 A(m)z(14+d1ZY) +0(z1*),

where A (r) = ¢9(n) 7, € 72, and d is given by the relation

() = e |(p.Cla.g.9) + 2pBla,(I — J(r2)'Blg.q) + (pBlg,(200I1 ~
J(r2)"'Bla.q)))|.

By applying the relevant theorems referenced in [37-39], we derive the following conclusions.

Theorem 4. If the conditions (3.3) are satisfied, and Re(c(r;)) # 0, a Neimark—Sacker bifurcation
occurs at the equilibrium point E>(x*,y*) of the map (1.3) when r = ry. Moreover; the sign of Re(c(r?))
determines the stability of the bifurcating closed invariant curve. Specifically, if Re(c(r2)) < O (resp.,
Re(c(rp)) > 0), the resulting closed invariant curve is attracting (resp., repelling) for r > r (resp.,
r<rn).

In addition to the flip bifurcation at E; when A, = —1 (which we already treat), the case A, = +1
kn(a—af+aw)
1+k(1—B+gm)
+1. At this critical value, the boundary equilibrium E|(k,0) collides with the interior equilibrium
E>(x*,y*) and exchanges stability. For u > prc, the predator cannot establish itself, and E| is stable;
for 4 < urc, the interior equilibrium emerges as a sink, and E; becomes a saddle. Hence, the model
undergoes a transcritical bifurcation at £y when the predator’s mortality crosses this threshold. Indeed,
when U is larger than this threshold, predators cannot survive, and Ej is stable; when u is smaller, the
interior equilibrium appears and becomes stable, whereas E; loses stability. Regarding E((0,0), the
eigenvalue +1 does not lead to a transcritical bifurcation with any other fixed point, as no equilibrium
bifurcates from E( under parameter variation. This is because the weak Allee effect term xﬁ—A vanishes
at x = 0, keeping E isolated.

In the next section, we provide various numerical examples to confirm the theoretical results stated
above. The examples are conducted for diverse model parameters, such as varied coefficient values,
initial conditions, and key control parameters, to evaluate the robustness and accuracy of the proposed
theoretical framework for different configurations.

at E corresponds to a transcritical bifurcation. Setting U = Utc = yields an eigenvalue

4. Numerical examples

In this section, we verify the analytical results obtained for the system (1.3). We can enhance our
understanding of system functionality through effective analytical and computational methodologies.
Bifurcation diagrams illustrate the influence of parameter variations on a system’s behavior. This
encompasses transitions from stable to chaotic states, periodic orbits, and more complex states such
as quasiperiodicity or chaos. Phase portraits, conversely, depict the trajectories, attractors, and the
configuration of stable and unstable manifolds inside the system’s state space. Maximal Lyapunov
exponents (MLEs) for various parameter values quantify the system’s sensitivity to initial conditions.
This facilitates the distinction between chaotic and regular motion. The inquiry may reveal unexpected
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dynamical properties, such as multistability, torus breakdown, intermittency, or aberrant attractors
beyond traditional instrumentation. These phenomena enhance our theoretical comprehension and
elucidate the functioning of observed complexity, potentially altering our perspective on real-world
systems modeled by these dynamics.

Example 1. Let us set k =10,A =2,a=02,=04,0 =02,0 =0.4,9g=02,m=0.02,r =3,
and @ = 0.1 while varying the parameter M. We initiate our numerical simulations using the model’s
initial values defined as Ep(x*,y") = (4.29997,14.054). Figure 1(a) indicates that a flip bifurcation
occurs at M = 0.358, as demonstrated in our theoretical analysis in Section 3. We compute the maximal
Lyapunov exponents (MLEs) [36] related to Figure 1(a) and present them in Figure 1(b) to improve
our understanding of the system’s dynamics. Notably, MLEs are negative for 1 > 0.355, indicating a
stable system. However, we also observe that for N < 0.355, a small proportion of MLEs turn positive.
The flip bifurcation, which can be found in Figure 1 at 1 = 0.357, indicates a critical threshold in the
predator’s conversion efficiency. Unlike the forward (supercritical) case, this bifurcation is a backward
[ip bifurcation (subcritical) in nature. Below this threshold (n < 0.357), the predator-prey system
shows complex dynamics, with periodic oscillations and chaos, as seen in the bifurcation diagram with
its multiple branches and scattered points. At 11 = 0.357, a subcritical flip bifurcation occurs where
an unstable period-2 orbit is born from the interior fixed point. Above the threshold (1 > 0.357), the
system collapses to a stable predator-free state at x = 10, where predators die out, and prey recover to
carrying capacity. This can be clearly seen from Figure I(a), where for 1 > 0.357, the prey population
settles to a constant value of x = 10, whereas for n < 0.357 the dynamics are oscillatory or chaotic.
This transition is confirmed by the corresponding Lyapunov exponents shown in Figure 1(b), which are
positive or near-zero for N < 0.357 (chaos or periodic windows) and negative for 1 > 0.357 (a stable
fixed point). Unlike the forward flip bifurcation, in which a stable period-2 orbit emerges smoothly, the
backward flip bifurcation generates a region of bistability where the stable interior dynamics (cycles
or chaos) coexist with the stable boundary equilibrium for a range of N values below the critical point.
Biologically, this implies that if the predator conversion efficiency 1N surpasses the critical value 0.357,
the predator population is doomed to extinction, and the state of coexistence cannot be restored by
lowering M below the threshold due to the presence of hysteresis. This has important implications for
conservation: Managers need to keep predator efficiency N = 0.357 to ensure sustainable coexistence,
because approaching the threshold from below risks sudden predator collapse. This figure confirms
the analytical predictions of Theorem 3, demonstrating that the interior fixed point loses stability via
bifurcations as parameters vary. Thus, Figure 1 shows a subcritical flip bifurcation which results
in catastrophic regime shifts instead of smooth transitions, verifying the analytical conditions of
Theorem 3 in the subcritical case where the normal form coefficient ¢(Nrp) > 0.

Figure 2(a) displays the bifurcation diagram in the (r,x)-plane, where r (the prey growth rate) serves
as the bifurcation parameter while 7 is held fixed. For low values of r (r < 2.5), the system possesses
a stable interior fixed point, represented by a single thin curve. As r increases through r ~ 2.5, a
Neimark-Sacker bifurcation occurs, giving rise to quasiperiodic oscillations and invariant cycles, which
appear as a thickened band in the diagram. For larger values of r (r > 3.0), the system transitions to
chaos, characterized by a densely filled band of prey values. It also illustrates the rich dynamical
repertoire of the system (1.3), including fixed points, invariant cycles, and chaotic attractors. The
basin of attraction in the two-parameter plane (r,7n) is illustrated in Figure 2(b). Different colors
denote distinct attractors: Blue for the predator-free state £, green for the stable interior fixed point,
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yellow for limit cycles or quasiperiodic oscillations, and red for chaos. This basin diagram clearly
delineates the parameter regions corresponding to each dynamical behavior. The boundary separating
the blue region (predator extinction) from the colored regions (coexistence) corresponds precisely to
the analytically derived transcritical bifurcation condition, the boundaries between the green, yellow,
and red regions correspond to the flip and Neimark-Sacker bifurcation curves predicted by Theorem 3.
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Figure 1. (a) The bifurcation diagram in the (1,x) plane, using parameters k = 10,A =2,a =
02, =04, =02,0=04,9g=0.2,m=0.02,r =3,u = 0.1. illustrates the maximal
Lyapunov exponents corresponding to the results in (a) of the model (1.3).
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Figure 2. (a) The bifurcation diagram in the (r,x) plane, using parameters k = 10,4 =

2,a=02,=04,a0=02,0=0.4,g=0.2,m=0.02,u =0.1. (b) illustrates the basin of
attraction of the model (1.3) in the (r,17) plane.

From a biological viewpoint, Figures 1 and 2 collectively demonstrate that the predator-prey
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system (1.3) exhibits markedly different behaviors depending on which parameter is varied. Increasing
the predator conversion efficiency 1 above 0.357 causes predator extinction (Figure 1), a catastrophic
regime shift from complex coexistence dynamics to a simple predator-free state. Furthermore, because
the bifurcation is subcritical (backward bifurcation), hysteresis occurs: Once predators have gone
extinct, reducing 1 back below 0.357 does not necessarily restore the original coexisting state.
Consequently, managers must maintain 1] well below the critical threshold to ensure long-term stability.
In contrast, Figure 2(a) demonstrates that increasing the prey growth rate r leads to progressive
destabilization via the classical Neimark-Sacker route to invariant cycles and eventually chaos. This
represents a distinct ecological scenario: When prey reproduction accelerates, the system becomes
oscillatory and unpredictable, yet predators do not necessarily go extinct. Instead, both populations
fluctuate irregularly. Figure 2(b) synthesizes these insights by mapping the complete dynamical
landscape in the (r,1) parameter space, enabling ecologists to predict which parameter combinations
yield stable coexistence (green), periodic cycles (yellow), chaos (red), or predator extinction (blue).
The overarching biological implication is clear: To maintain sustainable predator-prey coexistence,
managers should keep the predator conversion efficiency 1 sufficiently low (well below 0.357) and
the prey growth rate r within a moderate range (approximately 2.5 < r < 2.7 for the parameters
considered).

Example 2. Figure 3(a) presents the bifurcation diagram in the (U, x)-plane, where L (predator death
rate) varies from 0 to 0.25 while other parameters are fixedatk=10,A=2,a=0.2,  =0.4, a =0.2,
w=044¢g=02 m=0.02 r=3.3, and n =0.32. For u < 0.09, the prey population is stable at
the carrying capacity, representing the predator-free equilibrium E; where low predator mortality
allows prey to thrive unchecked. At u ~ 0.09, a bifurcation occurs, and for u > 0.09, the system
exhibits a dense chaotic band, indicating complex oscillations and chaotic dynamics. This transition
reveals that increasing predator death rate beyond the critical threshold destabilizes the system,
leading to sustained fluctuations in prey abundance. Biologically, higher predator mortality reduces
prey control, allowing prey to escape regulation and undergo complex, unpredictable dynamics. The
basin of attraction in the two-parameter plane ([L,n) is depicted in Figure 3(b), where the predator
mortality rate W is varied along the horizontal axis, and the predator attack rate 1 is varied along
the vertical axis. The colors correspond to distinct asymptotic attractors: Blue for the predator-
free equilibrium E\, green for the stable interior fixed point E>(x*,y*), yellow for limit cycles or
quasiperiodic oscillations, and red for chaotic attractors. The basin diagram shows four separate
dynamical zones. For large values of 1 (roughly u > 0.12), the blue region dominates the parameter
space, meaning that the predator cannot establish itself for any assault efficiency, resulting in prey
recovery to its carrying capacity. The green zone is a narrow band at low p (1 < 0.08), and low to
moderate 1 (N ~ 0.3 —0.38), which corresponds to stable predator-prey coexistence. The yellow region
is at low W and higher n (n ~ 0.38 —0.44), corresponding to limit cycle oscillations. The red zone
arises at the highest values of 1 (N > 0.44) and lowest U, suggesting chaotic behavior. Theorem 4
analytically predicts that the interior fixed point E>(x*,y*) undergoes a Neimark-Sacker bifurcation
when the bifurcation parameter (here M) satisfies G + 2,3, Re(c(r2)) # 0, giving rise to a closed
invariant curve. This is confirmed numerically, directly in Figure 3(b). The border between the green
region (stable interior fixed point) and the yellow region (limit cycles and quasiperiodic oscillations)
exactly matches the Neimark-Sacker bifurcation curve predicted by Theorem 4. When M crosses this
limit (for low U fixed), the system switches from a stable fixed point to quasiperiodic oscillations
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with an invariant closed curve. Furthermore, the lack of chaotic dynamics just outside this boundary,
with chaos only occurring at larger values of W, confirms the supercritical nature of the Neimark-
Sacker bifurcation (i.e., Re(c(rp)) < 0), as the bifurcating invariant curve is initially attracting and
stable. Figure 3(b) shows good agreement between the analytically obtained bifurcation conditions
and the numerically calculated basin borders, which verifies the theoretical framework presented in
Section 3.2.

Chaos
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Prey population X,
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Figure 3. (a) The bifurcation diagram in the (i, x) plane, using parameters k = 10,A =2,a =
02,=04,00=02,0=0.4,g=0.2,m=0.02,r =3.3,u =0.1. (b) illustrates the basin
of attraction of the model (1.3) in the (¢, n) plane.

Example 3. In Figure 4(a-g), the phase portraits of the system (1.3) are given. It gives important
insights into the transition from stable dynamics to complicated oscillatory behavior. The subfigures
present the plots of a series of dynamical transitions when the key parameters, that is, the predator
attack rate 1, the prey growth rate r, and the Allee threshold A are varied. For low values of A (e.g.,
A =17 r=14 n =0.4), the system first shows a stable interior fixed point, corresponding to the
sustained coexistence of predator and prey with both populations constant in time. When A = 1.8,
there is a homoclinic bifurcation, and the dynamics start to get more complicated. At A = 1.84, a
Neimark—Sacker bifurcation creates an invariant limit cycle from the fixed point E;, and its radius
grows as A increases. Here, we see the start of quasiperiodic oscillations, where the numbers of
predator and prey go up and down in a regular but irregular fashion. For A > 1.86, the system is
temporarily unstable, in that the limit cycle disappears in a heteroclinic bifurcation. For A > 1.89, a
new closed invariant curve appears around E;. This curve’s amplitude grows again with A, signalling
a return to oscillatory dynamics. Finally, the positive maximal Lyapunov exponents indicate that
the system enters into a chaotic domain with strange attractor and sensitive dependence to initial
conditions for high enough values of parameters (A =2, r =4, n = 0.345). Biologically, these
results show that the Allee threshold A, that is, the minimal population size required for species
survival, has two roles: Small increases of A can at first stabilize the predator-prey system by avoiding
overexploitation, but then, larger increases destabilize the system, giving rise to periodic cycles,
quasiperiodic oscillations, and finally chaos.
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Example 4. This example demonstrates the numerical continuation of the positive fixed point
E>(x*,y*) = (4.29997,14.054). Parameters are established as k =10, A=2, a=0.2, B =04,
=02 0=04,¢g=02 m=0.02, r=3, and u = 0.1, with 1) designated as a bifurcation parameter.
Figure 5 distinctly illustrates that the positive fixed point E; transitions to instability as a result of a
subcritical Neimark-Sacker bifurcation (labeled NS) at N = 0.399135. Furthermore, at N = 0.357048,
a subcritical period-doubling bifurcation transpires at E;, denoted as PD. A branch point is also
present when 11 = 0.352000, designated as BP.

14
12t

10} BP
PD

NS

O 1 1 1 ]
0 0.5 1 1.5 2

U

Figure 5. Continuation curve of E* in (1,x)-plane. The Neimark-Sacker point (NS), period
doubling point (PD), and branch point (BP).

The numerical continuation curve of the interior fixed point E5(x*,y*) in the (1],x)-plane obtained
using the MatContM toolbox is shown in Figure 5. The steady-state prey population x* is a function
of  with other parameters fixed at k =10, A =2,a=02, =04, a =02, ® =04, g =0.2,
m =0.02, r =3, and u = 0.1. The curve contains a number of important bifurcation points. At
N ~ 0.352, a branch point (BP) is created, where E7 collides with E; via a transcritical bifurcation,
the lowest 1) for predator survival. A period-doubling point (PD) with 1) =~ 0.357 occurs where the
Jacobian has eigenvalue A = —1 satisfies Theorem 3, and the fixed point becomes unstable, and a stable
period-2 orbit appears. A Neimark-Sacker point (NS) at n ~ 0.399 satisfies Theorem 4 with complex
conjugate eigenvalues on the unit circle and a closed invariant curve with quasiperiodic oscillations.
Biologically, for n < 0.352, the system converges to the predator-free state E;. For 0.352 < n <
0.357, the fixed point is stable, corresponding to a sustained coexistence. A subcritical flip bifurcation
occurs at 11 ~ 0.357 giving rise to a stable period-2 orbit and boom-bust cycles. The system displays
periodic or complex dynamics depending on initial conditions for 0.357 <1 < 0.399. For n ~ 0.399,
a Neimark-Sacker bifurcation leads to quasiperiodic oscillations. Thus, the results of Figure 5 confirm
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the correctness of Theorems 3 and 4 and also provide a useful tool to predict dynamical transitions in
predator-prey systems.

5. Conclusions

This research has investigated the discrete-time predator-prey model (1.3) considering Allee effects,
prey refuge, water resources, and moonlight. We obtained analytical conditions for codimension-one
bifurcations: Theorem 3 predicts a flip bifurcation (period-doubling) at the interior fixed point when the
prey growth rate r crosses a critical threshold r;, and Theorem 4 provides conditions for a Neimark-
Sacker bifurcation leading to quasiperiodic oscillations on a closed invariant curve. Our theoretical
predictions are confirmed by numerical simulations. The subcritical flip bifurcation at 1 = 0.358 is
shown in Figure 1, where the system collapses from complex dynamics to a predator-free state with
hysteresis. The Neimark-Sacker bifurcation in the (r,x)-plane is shown in Figure 2, along with the basin
of attraction in the (r,17)-plane that delineates the regions of stable fixed points, limit cycles, chaos, and
predator extinction. The supercritical Neimark—Sacker bifurcation is confirmed for u € [0.09,0.25]
in Figure 3, showing the transition from a stable equilibrium to quasiperiodic oscillations. The
continuation curve in Figure 5 is used to detect the branch point (BP) at 1 ~ 0.352, the period-doubling
point (PD) at 1 ~ 0.357, and the Neimark—Sacker point (NS) at n ~ 0.399, which confirms Theorems 3
and 4. Biologically, moderate prey refuge enhances stability, whereas excessive refuge or high predator
efficiency triggers oscillations or chaos. Moonlight boosts visibility for both predators and prey, and
water sources concentrate prey, increasing predation risk. These results highlight the sensitivity of
predator—prey systems to environmental variables and provide practical insights for conservation and
management strategies.

Our investigation points to some important contrasts between discrete-time models and their
continuous equivalent. Although the continuous model [30] often exhibits smooth transitions to
periodic cycles via Hopf bifurcations, our discrete model has a larger dynamical repertoire that
includes period-doubling cascades, subcritical flip bifurcations, Neimark-Sacker bifurcations, and
deterministic chaos. Unlike continuous systems, where loss of stability usually leads to simple
limit cycles, our discrete setting produces sudden regime transitions, bistability, hysteresis, and
complicated basin structures. In addition, the discrete formulation reproduces physiologically realistic
phenomena such as boom-bust cycles and sensitivity to initial conditions, which are often absent
or less evident in continuous formulations. These results suggest that discrete-time modelling
is necessary for studying predator-prey systems with non-overlapping generations because pulsed
ecological interactions produce dynamics that cannot be reproduced by continuous models.

In future work, we will study codimension-two bifurcations of the model (1.3) including the
generalized flip bifurcation and the Chenciner bifurcation leading to multiple invariant cycles and
resonance tongues. We will focus on strong resonances (1:2, 1:3, and 1:4) that can lead to period-
k orbits, quasiperiodic attractors, heteroclinic cycles, and global bifurcations that change the structure
of the basins of attraction. Global analysis will describe the basins, find homoclinic and heteroclinic
orbits, and analyze the bistability between several attractors (predator free equilibrium, interior fixed
points, limit cycles, and chaos). Understanding these bifurcations is important to predict regime shifts
and tipping points in predator-prey systems under environmental changes.
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6. Appendix
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