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1. Introduction

The Moreau envelope e, f(x) of a function f with index 4 > 0 on a Hilbert space H is defined by

e f(x) :zig£[f(s)+%|ls—xll2, Vx e H. (1.1)

The study of the differentiability (Fréchet and Gateaux) of e, f is of considerable interest in variational
analysis and its applications to unconstrained optimization. We refer the reader to [5, 20, 24] and the
references therein.

When f is replaced by f + s in (1.1) with ¢ as the indicator function of a closed set S C H, the
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resulting Moreau envelope is denoted by e, s f(x) and takes the form

eas f(x) = inf [f(s) + %ns - x||2] , VxeH. (1.2)

The associated proximal mapping P, f : H = S is defined by

1
Pusf(x) = {)’C €S tesf(0)=fX)+ ﬁllx - x||2}. (1.3)

The study of the differentiability of e, f along with the nonemptiness, single-valuedness, and
continuity of P,sf plays a fundamental role in variational analysis and constrained optimization.
These properties are closely related to the geometric nature of the set S and have been the subject
of extensive research (see, e.g., [17,19,29]).

In the particular case where f = 0 on S, the Moreau envelope reduces to the squared distance

1
function ﬁdg, and the proximal mapping becomes the well-known projection operator Ps onto S.

This special case has been thoroughly investigated for closed convex sets in Hilbert spaces (see,
e.g., [18,28]). The nonconvex case has also been studied; see, for instance, [17,27] and the references
therein. The extension of these results from Hilbert to Banach spaces was addressed straightforwardly
in [6]. A different extension approach, based on replacing the squared norm by the functional V, was
introduced and studied in [10, 11]. Specifically, for a Banach space X with dual X, the V-Moreau
envelope of f with index A > 0 is defined from X* to X by

1
e s f(x*) :=inf [f(s) + —V(x', s)] , x'eX', (1.4)
’ seS 21
where V : X* X X — R is given by
V(x',x) = ][5 — 2(x", x) + [Ix]l3- (1.5)

The associated proximal mapping, called the (f, 1)-generalized projection and denoted by ﬂg’/l, has
been studied in [10]. The differentiability of e, s f as well as the nonemptiness, single-valuedness,
and continuity of JT?A were investigated in [10, 11]. Several other properties of e, s f and JT?/I have
also been established. When f = 0 on S, this construction reduces to the generalized projection 7,
first introduced for convex sets in [3] and later extended to nonconvex sets in [9]. Applications of
mg to variational inequalities have been widely studied; see [2, 4, 23] for convex sets and [9] for the
nonconvex case.

In this paper, we develop a local version of the theory introduced in [11]. More precisely, for a point
X € dom f and a radius p > 0, we consider

1
14 kY o3 _ * * *
€repf () = Inf [f(s) + 5V ,s)], xeX (1.6)
and the associated local generalized projection
k - * - 1 % =
T (x') 1= {MEX:eaV,x,pf(x )= f)+ —Vix ,u)}. (1.7)
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We first prove the local Lipschitz continuity of eL_c’ ,J in Proposition 2.1. Then, in Theorem 2.1,
we establish the existence of the (f, 1)-generalized projection whenever the local Moreau envelope
exx’p f is Fréchet subdifferentiable. These results hold in any reflexive Banach space with a smooth
dual norm. The remaining results are proved in the setting of uniformly convex and uniformly smooth
Banach spaces. We investigate the relationship between the (f, 1)-generalized projection and the V-
proximal subdifferential of f in Propositions 2.3 and 3.5.

The main result of the paper is presented in Theorem 3.3, where we show that for the class of V-
primal lower nice functions f, the (f, 1)-generalized projection is locally nonempty, single-valued, and
Holder continuous. We also establish several properties for this class of functions as well as for the
class of V-proximal sets. Our results extend and unify a number of theorems from [12, 13,26]. Before
proceeding, we collect in Table 1 the main symbols and notation for the reader’s convenience.

Table 1. Symbols used in the paper.

Symbols Description

ex ip f(x") Local V-Moreau envelope of f

V(x*,s) V-functional

nJ;:;l(x*) (f, A)-generalized projection over X + pB

B Closed unit ball in X

B. Closed unit ball in X*

|-l Norm on both X and X*

(-5 ) Duality pairing between X and X*

J Normalized duality mapping on X

J Normalized duality mapping on X*

of f(x) Fréchet subdifferential of f at X

d f(x) V-proximal subdifferential of f at X

o5 f(x) Geometric V-proximal subdifferential of f at X
O f(x) Limiting V-proximal subdifferential at X

L f(x) Limiting geometric V-proximal subdifferential at x

N"(epi f, (x, f(x)))
N(J(X),61,62)

Proximal normal cone to the epigraph of f at (X, f(X))
Special (61, 9;)-open neighborhood of J(X) in X*

N (€) Special e-open neighborhood of J(X) in X*

Us Indicator function

g (x") Generalized projection of x* onto §

5 (x") g-generalized projection of x* onto §

P,f Proximal mapping of f

erf Global Moreau envelope of f

Proj, Metric projection onto S

x, = x Convergence in the sense x,, — x with f(x,) — f(x)

2. Preliminaries

In the first part of our work, we assume that X is a reflexive Banach space.

AIMS Mathematics Volume 11, Issue 7, 21012-21035.
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Definition 2.1. Consider a function f : X — R U {+o0} and a point x € domf and two positive
numbers p,A > 0. We define the local V-Moreau envelope of f of index A over the neighborhood
X + pB as follows:

*k : 1 3k k *
ey f () = nf [ fl9)+ 7V ,s)], for any x* € X (2.1)

where V(x*, s) := ||x*||” = 2(x*, s) + ||s]|*.
We also define for a given element x* in the dual space X*, the generalized (f, 1)-projection of x*
on X + pB as follows:

|
by = {u € X €Yo, f(x) = fi) + 7V, u)} : 2.2)

Before going further in our study, we state some particular cases of the local V-Moreau envelope
(2.1) and the generalized (f, A)-projection (2.2), showing the motivations and the importance of the
study of the function e/‘i ip f and the operator 7'({-6:;}1

Banach space cases:

1) If f =y for some closed nonempty set S, then

e/‘{’x’pf(x*): inf [%V(x*, s)] ! inf [V(x%, )],

=— 1
se[X+pBINS 21 se[x+pBINS
and

se[x+pBINS

alA(x') = {u €S :V(x*,a)= inf V(x*,s)};

that is, Jrj;ﬁ(x*) coincides with the generalized projection 7z, 5)ns (x*) of x* over [X + pB] N S.
2) If p = +oo, then e;’j’p f becomes the global V-Moreau envelope of f with index A, introduced and
studied in [10, 11]; that is,

1
e/‘l/,x,pf(X*) = lsg [f(s) + ﬁV(x*, s)] =e)f(x*) forany x* € X",

3) If p = +00, and f = Y for some closed nonempty set S, then n{_cf)(x*) coincides with the
generalized projection 7g(x*) of x* over the set S studied in [4, 22, 23] for closed convex sets
and in [9, 12] for nonconvex sets.

4 If 4 = 3P = +00, and f = g + Y for some closed nonempty set S and for some lower

semicontinuous (I.s.c.) function g, then e;/)_cp f becomes
e epf (x7) = inf [g(s) + V(x",5)]  forany x" € X",
T SE

and rr;:z(x*) coincides with the g-generalized projection 7r§ (x*) of x* over the set S studied in [31,
32] for closed convex sets and in [10, 11] for nonconvex sets.
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S) If p = +00, and f = g+ for some closed nonempty set S and some l.s.c. function g, then e/‘ix’p f
becomes

1
epepf(x7) = lsfelsf [g(s) + EV(x*, s)] for any x* € X",

and rrfﬁ (x*) coincides with the (g, 1)-generalized projection ﬂi’ﬁ(x*) of x* over the set S introduced
and studied in [10, 11].

Hilbert space cases: If X is a Hilbert space, then the functional V becomes the norm squared, and
then, we can derive many different particular cases. We state for instance only the following two cases.

1) If p = +oo, then ﬂﬁ;ﬁ(x*) coincides with the well-known Moreau envelope of f with index A; that
1s,

1
e f () = lsrel)’{ f(s)+ ﬁﬂx”‘ —s|*| forany x* € X,

and ﬂfxﬁ(x*) coincides with the proximal mapping P, f associated with the Moreau envelope e, f.
For more details and existing studies on P, f and e, f, we refer the reader to [24,25].

2) If p = +oco, and f = ¥ for some closed nonempty set S, then ﬂf)_cj;:(x*) coincides with the well-
known metric projection Projq(x*) of x* over the set S ; see, for instance, [18,20,21].

The special cases presented above serve as the primary motivation for our work. To help the reader
situate our contributions within the existing body of research, we summarize in Tables 2 and 3 the key
settings and the corresponding references from the literature, thereby highlighting the connections and
distinctions between our framework and previous studies.

Table 2. Comparison of references for special cases of e;/,)_c’p f(x*) the local V-Moreau
envelope of f with the index A.

Special case Mathematical setting References
Local V-Moreau envelope p € (0, 00], general f, Banach spaces  Introduced here
Global V-Moreau envelope p = +oo, general f, Banach spaces [10,11]
Moreau envelope & proximal mapping  Hilbert space, p = +c0 [24,25]

Metric projection onto a set Hilbert space, p = +oo, f = g [18,20,21]

. : A
Table 3. Comparison of references for special cases of n‘fg "
the generalized (f, A)-projection onto X + pB.

Special case Mathematical setting References
ngﬁ: Generalized (f, 1)-projection onto X + pB p € (0, o0], general f, general 4 > 0, Banach spaces Introduced here
ns: Generalized projection onto a convex set S p =+00, f =g, S convex, Banach spaces [2—4,22,23]
75 Generalized projection onto a nonconvex set S p = +00, f =g, S nonconvex, Banach spaces [9,12]

n§: Generalized g-projection onto a convex set S A= %, p =+oo, f =g+ s, S convex, Banach spaces [31,32]

7§+ Generalized g-projection onto a nonconvex set S A = %, p = +oo, f = g+ s, S nonconvex, Banach spaces [10,11]

ﬂ'?AI (g, A)-generalized projection onto S p =400, f =g+ s, general A > 0, Banach spaces [10,11]

Projs: Metric projection onto a set S p =400, f =g, S convex, Hilbert spaces [18,20,21]

We begin our study, by proving the Lipschitz continuity of eX zpJ over any neighborhood of J(X%).
Here, J denotes the normalized duality mapping on the space X; that is, J : X=X" is defined by

J(x) = {j(X) € X" 1 (j(x),x) = |Inll* = ||j(x)||2},
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where || - || stands for both norms on X and X*. The original definition of the duality mapping is given
as the subdifferential in the sense of convex analysis of the norm of X (see, for instance, [1]). Similarly,
we define J* on X*. Many properties of J and J* are well-known, and we refer the reader, for instance,
to [30]. We state here the following properties needed in our framework.

If X is reflexive, then J is onto,

J is a continuous operator in smooth Banach spaces,

If the dual norm is smooth, that is, the norm on X* is smooth, then X is strictly convex, and hence,
J is one-to-one,

If X is a reflexive strictly convex space with strictly convex dual space X* and if J* : X*=X is a
normalized duality mapping in X*, then J~! = J*,

e J is the identity operator in Hilbert spaces.

For the proofs of the these properties and for more properties, we refer to [1,30].

Proposition 2.1. Let X be a reflexive Banach space and x € domf with p > 0. Assume that, for some
0 > 0, f is bounded below by 3 € R on X + 0B. Then, the function e/‘{’j’p [ is Lipschitz on J(x) + 0B, with

: . x| +p+ 06
constant Lipschitz K, 1.5 := ””+

le) s p f ) = €41 f @ < Kipaolly™ = 2'll, VY, 2" € J(R) + 6B..

Proof. Let any y*, z* € J(X) + 0B. Let € > 0 be any positive real number. By definition of the infimum
in the expression of e/‘ix’p f(y"), there exists y. € X + pB such that

s that is,

1 .
euepl ) S G+ V075 < €, [0 + €.

Then,

1
gl @) =€y [07) < €le, f@) = f0) = VO, y0) + €
1 * 1 *
< SO+ VLY = fh) = 7 VO + €

1
< 53 [V, y) = V", yo] + €

1 *112 %112 * *
< o[ =IYIP =26 =y ya)| + e

1
< Izl + 1Yl + 2lyeDliz" = y*Il + €.
Z U+ I+ 2llyelDll” = y7ll + €

Because y*, z* € J(X) + 6B, we have |[y*|| < ||x|| + ¢ and ||Z*|| < ||X]| + 6. Also, we have ||[y.|| < ||X]| + p.
Therefore, we obtain

* k 1 k k k * 1 = k k
en e f (@) = el fO) < 57 Wl 7T+ 2yelDlle” = y7ll + € < 57 @Il + 20 + 260) )7 = ¥l + €.

Taking € — 0 and interchanging the roles of z* and y*, we get

* * 1 - * * * * -
e s, f (@) — el fOOI < 3 QX +p + ) lz" = y*|l, for any y*,z" € J(X) + 0B..

This completes the proof. O
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2(/1 %l + p)
PR

We use the Lipschitz continuity of e}/j’p f over any neighborhood of J(X) proved above to prove our
first main result on the Fréchet differentiability of e/‘{’x’ ,J- To do that, we recall the definition of the
Fréchet subdifferential (see, for instance, [7]). For a l.s.c. function f : X — R U {+o0} at X € domf,
the Fréchet subdifferential §* f(¥) of f at & is defined as the set of all x* € X* such that for any € > 0,
there exists 6 > 0 satisfying

Remark 2.1. For the case 6 = p > 0, the Lipschitz constant becomes Kx,, ; =

X,x=-X<f(x)— f(X)+¢€llx—x|, VYxex+B.

Theorem 2.1. Assume that X is a reflexive Banach space, let f : X — R U {+oo} be any L.s.c. function,

and let X € domf. If the local V-Moreau envelope e/‘{j’ ) f is Fréchet subdifferentiable at some x*

around J(X), then the generalized (f, 1)-projection of x* exists and is unique, and e/‘{j, . f is Fréchet
differentiable at x*. In other words, if x* € J(X)+ 6B,with 0F eL_C,p f(x*) # O, then ﬂ)é:z(x*) is a singleton,
and e/‘{’i’p f is Fréchet differentiable at x* with V¥ e/‘ii,p F(x*) = AT (x) - n)’.j;ﬁ(x*)].

Proof. Let x* € J(X) + 6B, with 6Fe;’j’pf(x*) #0,and lety € aFe/‘{j’pf(x*). Let € > 0. Then, by the
definition of &F e/‘{j’p f(x"), there exists 6" > 0 such that for any ¢ € (0,¢") and any b* € B., we have

(. 1b") < e o J(X" +1b") — e} . f(xX) + et. (2.3)

By the definition of ey’x’p f(x"), for any n > 1, there exists some y, € X + pB such that

elspf () < FOm) + TV, 30) < €5, f(X) + . (2.4)
Therefore,
<y’tb> < f(Yn)"‘_V(x +tb a)’n)_f(Yn)__V(x ’yn)+_+€t
24 24 n
1 . . t
< — [V + b, y,) - V(X y)] + — + et
24 n
1 * %112 ®[12 * !
< ﬁ[||x + 1| = 11 = 24,y | + ~ et
Thus,
1 1 [l + |2 = |Ix]P] 1
+ =y b7y < — +—+e
bd b < 53 ” noc

Because the norm of the dual space is smooth, we can take the limit + — 0" to get
1 1 1
+ =y, b)Y < —(J XY+ — +¢€,
O+ 2y b7 DN+ e

and hence,

1 1 .
(y+z[yn—J*x*],b*) < —+¢€ VYb"eB,,Ve>0,Vn>1.
n
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1
This ensures that lim ||y + Z[y" - J°X')|| = 0; that is, y, —» ¥ := J'x* — Ay as n — oco. Because
Yn € X+ pB, we have y € X + pB. By taking the limit as n — oo in inequality (2.4), we obtain

. N
e/ () = fG) + = V(X 5),
22
which means by definition that y € ﬂ)é:z(x*). Hence, the set ﬂ;:;(x*) is nonempty. The proof of the

fact that ﬂfzﬁ(x*) is a singleton follows easily from inequality (2.4). Indeed, let Z be another element

1
of nf_;ﬁ(x*)’ and we have to prove that 7 = y. Then, Z € X + pB with f(2) + ﬁV(x*, 7) = e;/’x’p ().
Therefore, by (2.3), we may write

G tb*) < el f(x +1b) — el f(x") + et

< e f(xT +1b) — [f @)+ %V(x*,i)] + €t

IA

[f(Z) + %V(x* + tb*,Z)] - [f(z) + %V(x*,z) + et

IA

1
1 [V(x" +tb",7) — V(x",2)] + et

1 k * k * =
3 [Ilx” + 1671 = 115" = 2tb", 2)] + e.

IA

Thus,
1
24

z ., llc* + 1b*|” = IIlx*|1P
+=,b") < +
O+ .67 ; €
We use the smoothness of the dual norm to take the limit as t — 0* and to get
( +Z b*y < 1(]* DYy +
y T =7 X, €,
which gives
Z 1 k% * *
Y+-—-=JX,b") < € Vb e€B,,Ve>0.
A A4
Taking the supremum over b* € B,,, we obtain

=
lly + % SSTEl < e VesO.

z 1
Taking now the limit as € — 0 gives ||y + % - ZJ *x*|| = 0, and hence, Z = J*x* — 1y, which means that
Z = ¥, and hence, the set ﬂéjﬁ(x*) is a singleton. Let us now turn to prove the Fréchet differentiability
of eii o f at x* € J(X) + 6B.. By Proposition 2.1, the function eL_C’ o f 1s Lipschitz over J(X) + 0B., and
so it is enough to prove the Gateaux differentiablity of ey,)_c’p f at x* € J(X) + 0B,; that is, we prove the
existence of the following limit for all v* € X™:

e{x’p F(x* + ) — e}/j’p F(x)

t

G V * ®\ . 12
Ve, i, f (X, V) 1= ,li%l (2.5)
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with the function v* — V%" _ f(x*,v*) as linear and continuous on X*. To do that, first, we deduce

e/l X,0
from the above reasoning that 6% e" €5,f (x*) and 7T§ ,,(x") are singleton and satisfy

L. .
e/lxpf(x ) - { I:J*-x - ﬂj/l(x )]} (26)
Indeed, we proved previously that for any y € d7e? Lip f(x*), we have J Xt — Ay € ! ’/l(x*), which is
1
equivalentto y € 3 [J X - ﬂ;:;(x*)] and hence, we get 67 e" Ak f(x") c f [ nf A(x )] Finally, by

the single-valuedness of nJ;ﬁ(x*), we deduce that the equality in (2.6) holds.

1
Let v € X* with v # 0. Sety := ﬂ)’_:ﬁ(x*). Thus, we have eKi,pf(x*) = f(y) + ﬁV(x*,)‘z). By the

definition of the Fréchet subdifferential, there exists 6’ > O such that for any ¢ € (0, —), we have

b 2
£
vl

1 , . .
(71 [J*x" =53], (X" +1v") —x") < e}/j’pf(x* + 1) — e/‘{j’pf(x*) + €t.

Hence,
— * * % 1 % % - *
! [e/‘l/,)_c,pf(x + tv )—e/‘{’x’pf(x )] - (z [J*x" = §],v") > —e,

4

0
and hence, for any ¢ € (0, —) and any € > 0,

[Vl
lim inf 1" |eb o f + 1) — e F(x)] >< [J5x" = F]v') — e 2.7)

On the other hand, we have, by the definition of egj’p f,

1 1
-1 \% 5 % \% * -1 « % — % -
t [eﬂj’pf(x +v) —eps,f(x )] <t [ﬁV(x + 05, y) - ﬁV(x ,y)

< 2/1 TV + 0, 5) - Vs, )],
and so, by taking t — 0,
| 1
limsup s [e} ., f(x" + 1) =€) . f(x")] < 57207 =5, (2.8)
t—0+

Combining this inequality (2.8) with (2.7) and taking € — 0*, we obtain the existence of the limit in
(2.5) and

1 * * - >k * 3k
e“pf(x i[(]x -y,vH], W eX.

Because the functlon Vi VoY Lip f(x*,v*) is linear and continuous on X*, we get the Gateaux
differentiability of e Lip f at x*, and so it is Fréchet differentiable at x*, and hence, the proof is
complete. O
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smooth Banach space (1 < p < 2). First, we recall the definition of g-uniform convexity and
p-uniform smoothness. The space X is said to be g-uniformly convex if there exists ¢, > 0
such that 6x(e) > c,e?, Ye € (0,2]. Here, 6x is the moduli of convexity defined by ox(e) :=

inf{l _ x—”‘
2

there exists k, > 0 such that px(¢) < k,t7, ¥t > 0. Here, py is the moduli of smoothness defined by

From now on, the space X is assumed to be a g-uniformly convex (¢ > 2) and p-uniformly

Xl =yl = 1 and ||x — y|| = e}. The space X is said to be p-uniformly smooth if

1
px(1) := SUP{E(IIX+yII +lx=yl) =L lxll = LIyl = t}-

Let ¢, > 0 be the constant given in the definition of the g-uniform convexity of X. By Lemma 1.5
in [12], for any M > 0, there exists Cy; > 0 such that

V(x*,y) = CyllJ*(x*) — y||?, forall x* € MB,,y € MB. (2.9)

2¢,

Here, Cj has an explicit form in terms of ¢, g, and M as follows: Cy, = PRy

Note that simple computations give

J-Jy),x-y) = %[V(J(X),y) + V(I (), x)].
Hence, using inequality (2.9), we obtain
J(x) = J(y),x —y) > Cyllx — yl|? for all x,y € MB. (2.10)
We now use the Cauchy-Schwartz inequality to write
I7(x) = I - lx = yll = (J(x) = J (), x = y) = Cyllx = yll*, forall x,y € MB, (2.11)

and so
I7(x) = JO)I| = Cullx — yl|7~" for all x,y € MB. (2.12)

On the other hand, because X is a p-uniformly smooth Banach space (1 < p < 2), the dual space X* is

p’-uniformly convex with p’ =

P 7 as the conjugate of p. Applying (2.12) for the dual space X* and

its duality mapping J*, we can write

IT°(x") = TGO = Cyllx™ = Y17~ = C)llx* = y||71, forall x°,y* € MB,, (2.13)
. , 2Cp’ 2Cp’ . . . ..
with C}, 1= — — = —, where c¢,; > 0 is the constant given in the definition of the
4=t MPE s

p’-uniform convexity of X*. Let now x,y € MB, and set x* := J(x) and y* := J(y). Then, x*,y* € MB,,
and so, by (2.13), we obtain

L ’ k k i
CullJ(x) = JWI7T = Cyllx™ = 17T < llx =y,

and so
. M2-p

(26‘19’)[7_1

We summarize the above obtained inequalities in the following proposition.

I(x) = IO < llx = ylI”", for all x,y € MB. (2.14)
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Proposition 2.2. Assume that X is a g-uniformly convex and p-uniformly smooth Banach space, and
let M > 0. The following inequalities hold:

) 2c
D) Jx)-JO),x—y) = 4q_1—qllx -yl%,  Vx,y € MB.

. Ma—2
1) lV(x) = Il = Lllx— 17!, ¥x,y € MB
~ 49-1 . pa-2 y ’ 24 ’
4M>r _
(1) [ (x) = JWI < —|lx—ylI’~',  Vx,y e MB.
ZP_ICP,

p
q-2
g1

. %% %% 4Mq * ) ]
(i) |77 = S OO < ———=[lx" = y7ll=T, Vo', y" € MB..

P
24 T¢,

fid

1o WE define the

To start our local study around J(X) of the function eL_C, ,J and the operator 7
following special form of open neighborhoods of J(X):

N (X),01,07) :={x" € X" : V(x*,X) < ¢, and ||J*(x") — X|| < 62} (2.15)

Obviously, J(x) € N(J(X), 01, 0,) (because V(J(X), X) = 0, and ||J*(J(X)) — x|| = 0). We shall prove that
N(J(x),d1,0,) is an open set. It can be written as

NJ(X),01,0) ={x" e X" : V(x",X) <o In{x" e X" || (x") — || < 2}

Because the functional V(-, X) is continuous, the first set {x* € X* : V(x*,X) < 9} is open in X*. The
second set {x* € X* : ||J*(x*) — X|| < 6} = [J*]"!(% + &,int (B)) is the inverse of an open subset in X by
a continuous mapping. Here, int (B) stands for the topological interior of B in X. Because the space X
is g-uniformly convex, the mapping J* is Holder continuous on bounded sets by Proposition 2.2, and
so the second set is open in X*. Consequently, the set N (J(X), d1,0,) is open in X* containing J(Xx), and
hence, it is an open neighborhood of J(X).

For a given € > 0, we denote M, := ||x|| + €, and we define the following e-open neighborhood of
J(X)in X*:
- . CME - €1 €
Niw(e) := N(J(X),0;,0,) with 6 := Y and 0, = Z;
that is,

CME - el
2q+1

N (e) = {x* eEX V(XX < and ||J*(x") — X|| < 2}

The following lemma is very important in our analysis. It establishes a localization inside the
neighborhood X + pB of the generalized (f, A)-projection of elements of the p-open neighborhood of
J (%), whenever the parameter A is given in the interval (0, Ay) for some 4y > 0.

Lemma 2.2. Let X be a g-uniformly convex Banach space, and let f : X — R U {+o0} be a function
with f(X) < oco. Let p > 0 be a positive number such that f is bounded from below by B € R over

CMppq
2. 2q+1(f()—c) _ﬁ) . Then’ fOl’ all 1 € (0, /10), we have

X+ pB. For Ay € (0,

L f(X), VX' e Ny (p). (2.16)

|4 |4
e/l,)_c,pf(X*) = e/l,)_c,%
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Proof. Let M, := ||X|| + p, and let x* € N (o). Then,

Cy,p?

V(x*, X) < T (2.17)
. _ _ 3p
Fix any y € [x + pB] \ [x + ZB]' Then, we have
Iyl < IX| + p = M, and [|x"[| < ||| + [|J7(x") = Xl < [|X]] +i—: <M,,
2¢,
and so by (2.9), we have for C), := —
T 4eipm
* k% = ok = 3 ! C‘llepq
V(x",y) = Cy lly = ()N = Cg, [lly = &l = 177 (x") = &]* = Cuy, [Zp - g] =5 (2.18)
Hence,
1 . 1 Cy,p?
I > I
FO)+ V) 2 B+ =
B i have 0 < A Cup” hich hat £(& Cul”
t that + .
y our assumption, we have 0 < 4y < 2 f()'c)—ﬁ)’w ich ensures that f(x) < 8 320001 en,
f /1 O,/l N h P P d bl
or any A € (0, 4y), we have 3 < 71 and so
1 1 Cy, p? 1 Cyp? 1 Cy p?
+—=Vxy) > B+———> f(D)———— + ———
JO+ Ve 2 B o > I e T
_ 1 Cy,p? 1 Cy,p? _ 1 Cy,p?
> f(x)—ﬁ S +ﬁ e —f(x)+z1 T (2.19)
Using (2.17), we obtain
JFO)+ IV(* ) > f(X) + 1CMppq>f(’)+ 1V(*‘) (2.20)
—V(x7, X))+ — X))+ —V(&x5, X). .
21 Y 24 20 21

Hence,

) 1 1 . 1 .
inf [f(y) + ﬁV(x*,y) > f(x)+ ﬁV(x*,)’c) > yel,%-li—i;]B [f(y) + ﬁV(x ,y)]. (2.21)

yelF+pBI\[F+2£B]

This ensures that

e&ﬂng%P@+ﬁwL4=qum+ﬁwL4=qﬁﬂm, (2.22)

it 2
YEX+B

and hence, the proof of (2.16) is complete. O
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Remark 2.2.
1) By the above useful localization lemma, we have a localization of the (f, 1)-generalized projection

nj (x ), relative to the given point X; that is, there exists some Ay > 0 such that YA € (0, 4y), and
we have

3
oy c 2+ ZpB, V' € Ny (p). (2.23)
2) The second consequence of the above localization lemma is
Ve o, f(x) = [J (x") = 7w (x)]

for all 4 € (0, Ap) and all x* € D, N N (p), where D, is the set of all x* € X*, where the function
eX p f is Fréchet subdifferentiable. Note that D, is dense in X*. Indeed, observe that

|| ||2

repf (X)) = —k(x"), VYx"eX (2.24)

* 2
with k(x") := sup (%,z) f(2) - @ tﬁ[HpB](z)} Obviously, the function & is convex L.s.c.
zeX

on X*, and so it is Fréchet dlfferentlable on a dense set in X*, and because the space X* has a
smooth norm, the function e}/ip f 1is also dense in X*. Thus, for any x* € D, N Ny (p), the set

3
ﬁ)’_::z(x*) is a singleton and belongs to X + ZPB' Therefore,

177 (x7) = s | < 7 (") = 5] + 1% = 7k (O <

-lkl‘b

L3P
— =p; 2.25
TP (2.25)

that 1s,
0 (x) € J°(x") + pB.

Consequently, we obtain by Theorem 2.1 that for all A4 € (0, 4p) and all x* € D, N Ny (p), we
have

Vie) (") = [J (x") = Tha ()]

In the following proposition, we establish a relationship between the (f, 1)-generalized projection
ﬂf;ﬁ(x*) and 0" f the V-proximal subdifferential of f. First, we recall (see [14]) the definition of the
V-proximal subdifferential. For a point X € X with f(X) < co, we define the V-proximal subdifferential
J" f(x) of f at X by the set of all x* € X* for which there exist o > 0, > 0 such that

(X, x=x) < f(X) = f(x) + o V(J(x),x")),¥x € x + 6B. (2.26)
Proposition 2.3. Under the assumptions of Lemma 2.2, there exists Ay > 0 such that

YA € (0,40), VX" € Ny(p), we have iy (x") € [J + 40" ] (x").
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Proof. By Lemma 2.2, there ex1sts Ao > 0 such that (2.16) holds. Let x* € Ny (o). If 7rf l(x ) =0,
then we are done. Assume that 7T (x )# 0. Letye ﬂ{c p(x ). Then,

1 1
f®)+ﬁV(X*’y)Sf@)+ﬁV(X*’y), vyex"’PB,

that is,

1
71 [V 5) -V 0] < fO) = f(F),  VyeX+pB. (2.27)

3 3
By Lemma 2.2, we have y € X + ZpB, and so for any y € 5)+§B, we have y € X+ ZPB +§B = X+ pB,

and so inequality (2.27) holds for all y € y + i—:B. Therefore,

V(L) - V() < 2[f0) - fG). ¥yey+LE. (2.28)
Observe that V(x*,y) — V(x*,y) = 2(x* = J()),y — ¥) — V(J(), y). Thus,

2§x" = JG),y =3 L24[f0) = fFOD] + VUG, ),

and so,
x'=J@)

0 -9 < [0 - FO + VU@L, Vres+ 5B

I 4
x'=J©)

This ensures by the definition of the V-proximal subdifferential that € 0" f(y), and so x* €

JG) + A5 f(5) = [J + A" f] 5); that is, § € [J + 2" ] (x), and so, 7L5(x*) € [J + 27 f] ' (x). O
3. Main results

In order to establish further properties for the (f,A)-generalized projection, we need more
assumptions on the function f. We quote from [13] the definition of the class of V-primal lower
nice (V-p.l.n.) functions. We are going to prove for this class of nonconvex functions, that the (f, 1)-
generalized operator is Holder continuous on the p-neighborhood of J(%).

Definition 3.1. Let f : X — R U {+00} be a Ls.c. function. We will say that f is V-primal lower nice
(V-p.Ln.) at x € dom f, if there exist ny > 0,co > 0,1y > 0 such that

FOO) = () 2 (a1 = x) - £V(J<x>, x) (3.1)

for all > 1y, all x,x" € X + nB, and all x* € o7, f(x) N corB.. Here, 07, f(x) stands for the geometric
V-proximal subdifferential introduced and studied in [14] and is defined by

IGf(x) ={x" € X" (x", —1) € N™(epi f, (x, ()}

The first important result for this class of functions is the following one, in which we prove the
coincidence of both subsdifferentials, 67, f and d" f around the point x as well as their limiting concepts
g f and 8" f.
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Theorem 3.1. If f is V-p.L.n. at X € dom f, then there exists 6 > 0 such that

& f(2) = 9Gf(2) = 05 f(2) = 3" f(2), VzeX+6B, (3.2)

where 05" f(x) is the limiting geometric V-proximal subdifferential, and 0" f(x) is the limiting V-
proximal subdifferential defined (see [8]) by

O f(x) = limsup 0% f(x) := {x* € X* : x* = w—limx" : x € % f(x,) with x, =/ x} and

X' —=x

O f(x) = limsup & f(x') = {x* € X" : x* = w—limx : x} € " f(x,) with x, =/ x}, respectively.

X' —x

Here, x, —/ x means x, — x with f(x,) = f(x).

Proof. By the definition of V-p.l.n at X, there are 1y > 0, ¢y > 0, ) > 0 such that

t
f(X)=f(x) = " x —x)— EV(J(X)’ x'), forallt > ty, all x,x" € X+ 1B, and all x* € 97 f(x) N cotB..

Letze x+ %B, and let z* € 95" f(z). Then, by the definition of the limiting geometric V-proximal
subdifferential, there exist z, — z with f(z,) — f(2) and z; —" z* with z; € 87 f(z,). For n large

enough, we have z, € z + %B C X+ %B + %B = X + noB. Because z; is weakly convergent it
M

is bounded, and so there exists M > 0 such that ||z}|| < M,Vn. Set t := max {—,to}. Obviously,
Co

llzX|l < cot, and ¢ > t,. Thus, we have

(T Y =2 < fO) = fzn) + %V(J(zn),y), forally € z + %B,

Taking n — oo gives
. t
(@y=2) < fO) - f(@ + 5VU().y), forally € 2+ %B,

which means that z* € 0" f(z). Because the inclusions 0" f(z) C 07 f(z) C Gé” f(z) and 0" f(z) C
9" f(z) C 05 f(z) are always valid, we obtain the equalities

Ff(2) = 0.f(2) = 05 f(2) = 0" f(z), VYze X+ %B_

This complete the proof. O

Remark 3.1. Using Theorem 3.1, we may replace, in the definition of V-p.Ln. functions, the geometric
V-proximal subdifferential 87,f(x) by the V-proximal subdifferential &" f(x) or by their limiting
concepts 05 f(x) and 8" f(x), in the definition of V-p.L.n. functions in Definition 3.1.

An example of a V-p.l.n. function is given by the indicator function of V-prox-regular sets. We
recall from [12, 13, 15] the definition of V-prox-regularity of sets.
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Definition 3.2. Let S be a nonempty closed set in a reflexive Banach space X, and let X € S. We will say
that S is V-prox-regular at x if and only if there exist r > 0 and € > 0 such that for all x € S N (X + €B)
and for any x* € N™(S, x) N €B., the point x is a generalised projection of Jx + rx* on § N (X + €B);
that is, x € mgnz+em)(JX + 1rx").

In order to prove that the indicator function of a V-prox-regular set S is V-p.l.n., we recall from [13]
the following proposition.

Proposition 3.1. Assume that X is a reflexive smooth Banach space, and let f : X — R U {oo} be a
Ls.c. function. For any V-p.Ln. function f at X € domf, there exist ny > 0,co > 0,1y > 0 such that for
any t > ty, any xi, x; € X + noBB, x; € 0" f(x;) N cotB., i = 1,2, we have

(x] = X5, X1 — x2) = —(J(x1) — J(x2), X1 — X2). (3.3)

To get the equivalence in the previous proposition, that is, f is V-p.l.n at X if and only if inequality
(3.3) holds, we need a further assumption on the space X. Indeed, according to Theorem 4.1 in [13],
we need the space X to be V-proximal trustworthy. We recall from [16] the definition of this class
of spaces. A Banach space X is said to be V-proximal trustworthy if and only if the V-proximal
subdifferential satisfies the fuzzy sum rule. That is, for any € > 0, any two functions fi, f, : X —
R U {oo} and any u € X such that f; is lower semicontinuous and f, is Lipschitz around u the following
fuzzy sum rule holds: &"(fi + f2)(u) C U0 fi(u1) + 0" fo(ua) : u; € Ug(u,€),i = 1,2} + €B,. Here,
Uy (u, €) := {x € u+eB such that | f;(x)— fi(u)| < €}. It has been proved in [16] that all the integral spaces
L? (1 < p < o) as well as the sequence spaces [’(1 < p < 00), the Sobolev spaces WP"(1 < p < 00),
and the Schatten trace ideals C”(1 < p < o), are V-proximal trustworthy. We state from Theorem 4.1
in [13] the following characterization of V-p.l.n functions on V-proximal trustworthy Banach space.

Proposition 3.2. Assume that X is g-uniformly convex and p-uniformly smooth Banach space which
is V-proximal trustworthy, let f : X — R U {400} be any Ls.c. function, and let X € domf and p > 0.
Then, f is V-p.L.n at x if and only if there exist ny > 0,co > 0,1y > 0 such that

(X] = x5, x1 — x2) > —K{J(x1) = J(x2), X1 — Xx2), (3.4)

for all > 1y, all x;, x, € X + 9B, and all x7 € 8" f(x;) N cotB. (i = 1,2).
The following result extends Theorem 3.2 in [13], in which the authors prove the equality at only
the point X where the set S is V-prox-regular. However, we prove it here for all points very close to x.

Proposition 3.3. Assume that X is V-proximal trustworthy Banach space. If S is V-prox-regular at X,
then the indicator function g is V-p.Ln. at X, and we have N™(S, x) = N**(S, x) for all x € X + 6B, for
some 6 > 0.

Proof. Assume that S is V-prox-regular at X € §. By Definition 3.2, there exist r > 0, € > 0 such that
Vxe(xX+eB)NS,VYx" € N (S, x) N eB., and we have

VUJ(x)+rx",x) < VUJ(x)+rx",z), VYze(X+eB)NS. 3.5)

Because V is convex differentiable on X with respect to the second variable with VFV(z*, )(z) = 2[J(z)—
7],¥z € X,Vz* € X*, we may write

QU@ -2Ly-2 <V, -V(@,2), VYyzekX (3.6)
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Applying this inequality with y = x and z* = J(x) + rx*, we obtain
QU@ -Jx)—rxl,x—2) < VU X)) +rx",x) - V(J(x) + rx*,2), VYz,xe X. (3.7)
Combining this inequality with inequality (3.5), we obtain

@) - J(x),x—2) = 2r(x", x — 2) QU@ -Jx) —rx'], x - 2)

VJ(x)+rx",x)— V(J(x)+rx",2)
0, Vze(x+eB)NnS.

IANIA I

Therefore, we obtain
J@)-Jx),x—2)<r{x,x—2z), VYxe(x+eB)NS,Vx" e N(S,x)NeB,, Vz€ X.
Interchanging the roles of x and z, we get
Jx)=J@),z—x) <, z—x), Vze(X+eB)NS, Vz" € N(S,2)N€eB,, Vx € X.
Combining these two inequalities gives
20(2) = J(x),x—2) <K = x",2—Xx) (3.8)

forall x,z € (x+eB)NS, all x* € N*(S, x)NeB,, and all z* € N*(S,z)NeB,. Letty =0, ¢y = % > 0, and
t> 1. Let x; € (x+eB)Ndom gbg, and let x7 € 8 5(x;) NcotB, (i = 1,2). Then, x; € N™(S, x;) N cotB.,

2cot X;
and ||—|| < L: = €. Hence, _t e N™(S, x;) N €B., and so, inequality (3.8) ensures
r r
2x; 2% 2. .
2(J(x1) = J(x2), x2 — x1) < r<7 Sk Xp) = <x1 — X5, X| — X2).

Consequently, we obtain that for any ¢ > #;, any x; € (¥ + €B) N dom ¥, and any x; € &5 (x;) N cotB.
(i=1,2), we have

(x; = x5, x1 — x2) > —K{J(x1) — J(x2), X1 — X2).

This ensures by Proposition 3.2 that g is V-p.L.n. at X. The second part of the proposition follows
straightforwardly from Theorem 3.1, and hence, the proof is complete. O

Now, we proceed to prove the main result of the (f, 1)-generalized projection for V-p.l.n. functions.
First, we start by recalling the following density theorem, which is a direct consequence of Theorem
2.11n [10], by taking the set § := X + pB.

Theorem 3.2. Assume that X is a reflexive Banach space with smooth dual norm, and let f : X —
R U {+o0} be any Ls.c. function, and let X € domf and p > 0. Then, the set of points x* € X* admitting
a unique generalized (f, 1)- projectlon on X + pB is dense in X*; that is, for any x* € X", there exists a
sequence x,, converging to x* with 71 (x ) # 0.

Using this density result and Proposition 3.1, we prove the Holder continuity of ﬂf_;ﬁ on its domain
locally around J(Xx).
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Proposition 3.4. Assume that X is a g-uniformly convex and p-uniformly smooth Banach space, and
letp>0. Let f: X > RU{co} be a ls.c. function which is V-p.l.n. at X € domf with positive real
numbers ny > 0,co > 0,1y > 1 as in Proposition 3.1. Assume that f is bounded below on X + pB by

co(2c,y )Pt
8
* * A =
and for any xi, x; € dom IT)/-:”D NN (x),

we have

A
B € R and that p € (0, min{no, D). Then, there exists Ay > 0 such that for any A € (0, t_o]’
0

CMp - p1 Cot()/l
4q+1

)N () +

B.], and for any y; € ﬂgﬁ(xf)’

1
2 = il < yallx = xil|# for some 7y, > 0. (3.9)
2p Cum, - p?
co 2 2"”[f(56) Bl)’

Pl
Proof. Set Ay = min{l, and let 1 € (0, TO]' Let x},x; € domnl’ N

0

c fod
N, ’qu S N + e x(x)) (i = 1,2). By Part (1) in Remark
2.2, wehave y;, € X + 34’)18. Sety! := A~ [xi — J(y;)]. By (iii) in Proposition 2.2, we derive
4MP AMYP 30\ 30\
JO) —J@| < =—L—ly; 7P < —L—(=| =4m>7r[=—| . 3.10
Vo) = Il < Gl = 1! < Fo0 ( 4 ) 2 (Scp,) (3.10)
8M§_p 3p p-1 .
Sett; := — and 1y, := max{#y, t;}. Hence, we obtain
cod \8c, ’

il = A7 = Jeoll < 7'l = J@I + V(&) = Tl

fod 30\ f t
< ﬂ—l[%_0+4Mz—p(_P) ):M+C()_A<CO,M

2 P \8cy 2 2
2 A 2 tod
On the other hand, the inequalities 1y < L and 1 < t—o give fpd < Ay < —p; that is, cofo <p
Co 0 Co
CM,, - p1 coltod

This ensures that N(J(X), prrTa T) C Nyw(p). Thus, we apply Proposition 2.3 to get y; €
[J + /la”f]_l (x)), (i = 1,2); thatis, x; € J(y;) + 20" f(y;) (i = 1,2). First, we need to check if A is

3
the same in Proposition 2.3. Therefore, we obtain y: € 0" f(y;) N cotp B with y; € X + ZpB C X+ noB
(i = 1,2). Thus, all the assumptions of Proposition 3.1 are satisfied, and so, we obtain for ¢ := 1,

O] =Yy =y = —to(J1) — JO2), y1 — ¥2),

which ensures that

([x] = JOD] = [x5 = T2, y1 = y2) = —to, I (1) = J(2), y1 = ¥2)s

and so,
(X} = x5, 91 = y2) 2 [1 = to A1) = J(¥2), Y1 — Y2)-

A
By assumption, we have A € (0, t_o]’ and so, Aty < 4y < 1. Also, by our assumption, we have
0

-1 -1 2-p _p-1
co(2c,)?P b2 co(2cy )P M”’Z@SMP fols <1

co(2c, )1
< P
8 8 P co(2c,)P!

8

epl=p-p?t<
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SMy” (30 \"' 8ME !

This ensures that Ar, = —2— P M P
co \8cy co(2c, )P

max{Afy, At,} < 1, and hence, 1 — A, , > 0. Thus, by using inequality (2.10), we have

< 1. Consequently, we obtain Az, , =

1) = J02)y1 = y2) = Cy,llyr =yl

c
with Cy, = —q2 > 0, and so
4a-1M7”
Xy = x50 llyr =yl = <x) — X5, y1 = y2)
> [1 = At KIO1) = J2), y1 — y2)
> [1 = Aty lCullyr — yall?, (3.11)
and hence,
Iyt = yall < yllx; = 230177 with [ 1 ]A
vi — wll < vallx] = x5||«T withy, := | —————| .
P A T = A1, )Ch,
This completes the proof of the proposition. m|

Now, we are ready to prove the single-valuedness and the local Holder continuity of the operator

nii around J(X) for V-primal lower nice functions.

Theorem 3.3. Assume that X is a g-uniformly convex and p-uniformly smooth Banach space, and let
p>0. Let f : X > RU{oo} be a ls.c. function which is V-p.l.n. at X € domf with positive real
numbers 1y > 0,co > 0,1y > 0 as in Proposition 3.4. Assume that f is bounded below on X + pB by
co(2c, )Pt Pl
B € Rand that p € (O, min {770, %}). Then, there exists Ay > 0 such that for any A € (0, t_o)
0
there exists 61 > 0 such that for any x* € J(X) + 6,B., the (f, 1)-generalized projection 7T (x ) exists
and is unique, and for any xi, x; € J(X) + 6,B., we have

2l o) = 7L OI < yalleg — Xl (3.12)

for some y, > 0.

Proof. We prove the conclusion of the theorem in two steps. Let /lo be as in Proposition 3.4, and
Ao tod

let 4 € (0,2] Set Vi 1= NU, ZH’O N + -

nelghborhood of J(X), so there exists §; > 0 such that J (x) +201B. C V.

Step 1. In this step, we prove that J(X) + 6;B. € dom 7r . Let x* € J(X) + 0,B.. Using the density

od
int (B,)]. This set is an open

theorem of Tlf proved in Theorem 3.2, there exists a sequence X, converging to x* with 7r (x ) # 0.

Let x, € ﬂ“(x ). For n large enough, we have x; € x* + 6,B., and hence, x; € J(X) + 6118 + 0B, C

M P Col‘()/l
e N + 2

and x, € 7r (x ). Therefore, all the assumptions of Proposition 3.4 are satlsﬁed and so we have

J(%)+261B. C V. Thus, we found x; € dom 7.3 N N(J(%),

1nt (B.)]

X, — Xl < yllx, — xj;llqlfl, for all n > m very large . (3.13)
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Because x; — x*, we get the Cauchy property of the sequence (x,),, and so it is convergent to some

limit y € X + Z'OB. By construction, we have x, € n{cfﬁ(x;‘l); that 1s,

1 1
Sxn) + ﬁV(xj;, x) < f(2) + ﬁV(x;;,z) Vz € X+ pB.

2/1 ’ 2 /l ’ ’

that is, y € Tl‘)]-::;l(x*), and hence, x* € dom ﬂ)’:;l Consequently, because x* is taken as arbitrary in
J(%) + 6,B., we obtain J(¥) + 6,8, C dom .
Step 2. Fix now any x* € J(X) + 6;B.. By Step 1, ﬂéﬁ(x*) #0. Lety,y, € ﬂﬁf)(x*). Using Step 1, we
may write

2 = yill < yllx" = x)77 = 0.
This ensures that y; = y,; that is, ﬂfxﬁ(x*) is a singleton on J(X) + 61 B..
Fix now any x;, x; € J(¥)+6,B.. By Step 1, we obtain x}, x; € dom 7L NV, with 7L7(x7) (i = 1,2)
as a singleton. Hence, by Proposition 3.4, we obtain

1
L) = who (eIl < yllag — X1 (3.14)

This completes the proof. O

We close this section with the following proposition proving the equality form in Proposition 2.3
for V-p.Ln. functions.

Proposition 3.5. Under the assumptions of Theorem 3.3 with ty > 1, we have for all 1 €

1 A
(0, min {t_z’ t_o}) there exists 6 > 0 such that
o Do

Al = [J+ 407 f]7' (¥, Vx® € J(F) + 6B.. (3.15)
Proof. The direct inclusion follows from Proposition 2.3. To prove (3.15), we need to prove that the
right-hand side in the equality is at most single-valued. Let 70 > 0,co > 0,7 > 1 be given as in

1 A
Definition 3.1. Let 4 € (0, min {t_z’ t_o})’ and define the set-valued mapping R;,, : X* — X + 1B
o Do

-1
by x* = Ry, (x") = [J + 10" f N ?B*] (x*). We proceed to show that R,,, is single-valued on
0
its domain. Take x; € domR,,,, i = 1,2. Choose y; € R,,,(x}); that is, y; € X + noB and x! €

J) + A8 f(p) N ?B*, i=1,2. Sety" = A'[x = J(y)l,i = 1,2. Then, y* € & f(y;) N ;—:B* with
0 0

1 1
yi € X+ noB,i=1,2. Because — > 1o, we apply Proposition 3.1 with 7 = — to write
0 0

A =TI = 'S = JODLy —y2) = O =Yy —y2)
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1
> ——<J()’1)—J0’2)»y1 _y2>9 (316)
fod

which ensures that
() = x5, 01 = y2) = (1= 15" I 1) = J(v2), 31 = y2)-
Let M := |[x]| + 170. Then, |ly;|| < ||X[| + 70 < M (i = 1,2). By (2.10), we obtain

1) = I3, y1 = y2) = Cullyr =yl

with Cy = Using once again the assumption 7, > 1 to get 1 — 75! > 0, and so, we obtain

Cq
4a-1pa-2"
(x = 25,31 = y2) = (1= 15"I31) = J(32), y1 = ¥2) = (1 = t5)Cullyr = yall?.
This ensures that
llx; = %511 > (1 = 5" Cllyr = yall7,

and so
4971 (|| x| + 70)7>
2¢,(1 - 13"

# ®)| =
ly1 = yell < llx; = x|l

A
Finally, we find constants 7o > 0,co > 0,7y > 0 such that for any A € (O, min {152, t_o})’ any x: €
0

domR,,,,i=1,2,and any y; € Ry, (x), we have

1
47X+ )2 | L L
i X = 7 (3.17)
2c,(1- 1)

Iy = yall < [
Finally, we take any x* € dom R,,, and lety;,y, € Ry,,(x*). The inequality (3.17) ensures that y; = y,,
and hence, the set-valued mapping R, ,, is at most single-valued. This completes the proof. O

4. Conclusions

In summary, the Moreau envelope and its associated proximal mapping have proven to be
indispensable tools in variational analysis, particularly in the study of constrained optimization
problems in Hilbert spaces. The extension of these concepts to Banach spaces via the V-Moreau
envelope and the (f, A)-generalized projection has opened new avenues for analyzing nonconvex
functions and sets in more general geometric settings. However, the existing theory has been
primarily developed in a global framework, which limits its applicability to problems where only local
information is available or relevant.

In this paper, we address this gap by introducing and developing a local theory for the V-Moreau
envelope and its associated generalized projection. More precisely, for a given point X in the domain
of f and a radius p > 0, we define the local V-Moreau envelope e}{j’p f and the corresponding local

(f, A)-generalized projection n{cﬁ These objects allow us to study the variational properties of f and S
in a neighborhood of X rather than globally on the whole space.
Our main contributions are as follows:
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e We established the local Lipschitz continuity of eL_C, ,J in reflexive Banach spaces with smooth
dual norms (Proposition 2.1).

e We proved that the existence of the local generalized projection is guaranteed whenever the local
Moreau envelope is Fréchet subdifferentiable (Theorem 2.1).

e In the framework of uniformly convex and uniformly smooth Banach spaces, we investigated the
relationship between ﬂ)}-:ﬁ and the V-proximal subdifferential of f (Propositions 2.3 and 3.5).

e Our main result (Theorem 3.3) showed that for the class of V-primal lower nice functions, the
local generalized projection was locally nonempty, single-valued, and Holder continuous.

e We derived additional properties for this class of functions and for V-proximal sets, thereby
extending several classical theorems from [12, 13,26] to the Banach space setting.

These results not only generalize existing Hilbert space theories but also provide a flexible
framework for tackling local constrained optimization problems in smooth Banach spaces. The
local nature of our approach makes it particularly well-suited for applications involving variational
inequalities, proximal point methods, and nonsmooth analysis in infinite-dimensional settings.
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