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Abstract: Let G = (V, E) be a simple graph of order p and size g. A local total neighborhood antimagic
labeling of G is a bijection f : VU E — [1, p + ¢] such that, for every vertex u € V, the induced vertex
color ff(u) = X ,«elf(ux) + f(x)] assigns distinct integers (called colors) to adjacent vertices of G.
We define f,"(«) = 0 when u is an isolated vertex. A graph G is said to be local total neighborhood
antimagic if it admits a local total neighborhood antimagic labeling. The local total neighborhood
antimagic chromatic number of G, denoted by x;,,(G), is the minimum number of distinct induced
colors taken over all such labelings of G. In this paper, we investigated properties of y,,(G) for graphs
without isolated vertices and provide results that characterize this chromatic parameter. We focused
on several graph classes, including paths, cycles, complete graphs, complete bipartite graphs, wheel
graphs, and various types of join graphs.
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1. Introduction

For integers a < b, let [a,b] = {a,a + 1,...,b}. The disjoint union of graphs G and H is denoted
by G + H, and nG is the disjoint union of n > 2 copies of G. The join of graphs G and H is denoted
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by G vV H. For a given vertex x of G, let dg(x) (or d(x) if no ambiguity) be the degree of x. If
uv ¢ E(G) (respectively, uv € E(G)), we let G +uv (respectively, G — uv) be obtained from G by adding
(respectively, deleting) the edge uv.

Let G = (V,E) be a simple (p, g)-graph, i.e., G is of order p and size g. A bijective edge labeling
h: E — [1,q] is a local antimagic labeling if every edge uv € E has h*(u) # h*(v), where h*(u) =
> h(e) (over all edges e incident to u) is called the induced vertex label of u. The smallest number of
distinct induced vertex labels of G over all possible local antimagic labelings & of G is called the local
antimagic chromatic number of G, denoted by x;,(G) (see [1]). Interested readers may refer to [6-9]
for related papers.

A bijective total labeling f : VU E — [1, p + ¢q] is called a total neighborhood antimagic labeling
if all vertices have distinct total weights where the total weight of a vertex u is f (1) = X, el f(ux) +
f(x)], over every neighbor x of u. If the total weights form an arithmetic sequence with first term a
and common difference d > 1, we say f is an (a, d)-total neighborhood antimagic labeling. Note that
if we allow d = 0, then f is known as a total neighborhood magic labeling with magic constant a
(see [10-12]). Motivated by this, we say f is a local total neighborhood antimagic labeling of G if f

induces a vertex coloring f;} : V — Z, where f; (u) = . [f(ux) + f(x)]. If u is an isolated vertex, we
uxek

let f,/(u) = 0. We say G is local total neighborhood antimagic if it admits a local total neighborhood
antimagic labeling f.

We say f;/(u) is the induced color of u under f. For a local total neighborhood antimagic labeling f,
the number of distinct induced colors is denoted by ¢;,,,(f) so that f is also a local total neighborhood
antimagic cy.(f)-coloring of G. The local total neighborhood antimagic chromatic number of G,
denoted by xu.(G), is

min{c;,,,(f) | f is a local total neighborhood antimagic labeling of G}.

Since we define the label of any isolated vertex by 0, we may define y,,,(0,) = 1, where O, is the
empty graph of order n. Moreover, if G is a graph without isolated vertex and H = G + O,,, n > 1, then
Xima(H) = X1na(G) + 1. Thus, throughout this paper, we focus only on graph G, which is a simple graph
of order p > 2 without isolated vertices and admits a local total neighborhood antimagic labeling f,
unless stated otherwise. Moreover,

Xima(G) 2 x(G) = 2. (1.1)

Similar to the local antimagic conjecture, we also have:
Conjecture 1.1. Every graph admits a local total neighborhood antimagic labeling.

Antimagic-type labelings have been widely studied as effective methods to distinguish vertices via
induced weights, with substantial progress in total labelings and neighborhood-based weighting
frameworks. The local total neighborhood antimagic labeling considered in this paper merges these
ideas by assigning labels to vertices and edges and enforcing neighborhood-sum constraints that
separate adjacent vertices. This yields a strengthened variant of local antimagic labeling. Motivated
by the increasing interest in locally distinguishing colorings and their relevance to network
identification, we also introduce and study the corresponding chromatic invariant, the local total
neighborhood antimagic chromatic number. Examining this parameter for several fundamental graph
classes not only extends the labeling theory but also provides structural insights that advance the
study of neighborhood-based total labelings.
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2. Preliminary results

We refer to [2] for concepts and notations not defined in this paper. We have some preliminary
results on local total neighborhood antimagic chromatic number of G.

Lemma 2.1. Suppose k > 1 and G has a vertex that is adjacent to k pendant vertices. If G admits a
local total neighborhood antimagic labeling, then x ;,,(G) > k + 1.

Proof. Let v be adjacent to k pendant vertices u;, 1| <i < k. Thus, under each local total neighborhood
antimagic labeling f, we must have f,\(u;) = f(u;v) + f(v),1 < i < k. Therefore, f;}(u;) # f,(u;) for
i # j. Moreover, f;/(v) # f(u;) for 1 <i < k. Therefore, there are at least k + 1 distinct induced color
under f. The lemma holds. |

Lemma 2.2. Suppose G is a (p, q)-graph and f is a local total neighborhood antimagic labeling of G.
If, for any u,v € V(G),

(i) fi(w) = f,h(v) implies that d(u) = d(v), and

(ii) f,i(u) # f,i(v) implies that 2(p + q + 1)[d(u) — d(v)] # f,; (u) — f,; (v),
then g = p+q+1— fisalso alocal total neighborhood antimagic labeling of G with ¢j;,,(f) = Ciina(g).

Proof. For any u,v € V(G), we have g, (1) = 2d(u)(p+q+1)—f,}(v) and g;, (v) = 2d(v)(p+q+1)—f,; (V).
Now, g/.(w) — g,(v) = 2(p + g + DId(w) —d(v)] = [f,;(w) — f,;(W]. If £,/ () = f,;(v), then condition (i)
implies that g/ (1) = g (v). If f;;(w) # f;(v), then condition (ii) implies that g} () # g (v). Thus, g is
also a local total neighborhood antimagic labeling of G with ¢, (f) = cima(g)- |

Lemma 2.3. Let G be a (p,q)-graph such that x(G) = Xim«(G) = t > 2 and f be a local total
neighborhood antimagic t-coloring of G with color classes Vy, ..., V,. Suppose uv ¢ E(G), x(G +uv) =
t+ 1, and f;() + fOO)+p+q+ 1, f,;(v) + f(w) + p+q+1and f,;(x) are mutually distinct for each
x € (V(G)\ {u,v}). Then

(a) If there exists a color class V; = {u, v}, then x1,,.(G +uv) =t + 1.

(b) If there exist distinct singleton color classes V; = {u} and V; = {v}, then x1;,(G + uv) = t.

Proof. Define g : V(G + uv) U E(G + uv) — [1, p + g + 1] such that g(x) = f(x) for x € V(G) U E(G)
and g(uv) = p+ g+ 1. Now, g/ (x) = f,i(x)if x ¢ {u,v}, and that g} (v) = f,;(w) + fV) + p+g+1,
&) = fii(w)+ f(u)+p+q+1. Thus, g, (w), g, (v), g;,(x) are all distinct for x € (V(G) \ {u, v}). Under
(a), g is a local total neighborhood antimagic (¢ + 1)-coloring of G + uv so thatt + 1 = y(G + uv) <
Xima(G +uv) <t + 1. Under (b), g is a local total neighborhood antimagic #-coloring of G + uv so that
t £ ¥(G) £ xina(G + uv) < t. The lemma holds. O

Lemma 2.4. Let G be a (p, q)-graph such that x(G) = Xima(G) =t > 2 and uv € E(G). If f is a
local total neighborhood antimagic t-coloring of G such that (i) f(uv) = p + q, (ii) f;;(w) — fii(v) =
f) = f(u), and (iii) u and v belong to distinct singleton color classes V; = {u} and V; = {v} and
fou) = fOv) = (p + q) # f,,(x) for each x € (V(G) \ {u,v}), then xim,(G — uv) < t — 1 with equality
holding if (G —uv) =t — 1.
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Proof. By definition, f; () # f,/(v). By condition (i), we can define a bijection g : V(G — uv) U E(G —
uv) — [1,p + g — 1] such that g(x) = f(x) for x € V(G — uv) U E(G — uv). Now, g} (x) = f(x)

for x ¢ {u,v}, g, (w) = fii(w) — f(v) = (p + q) and g;,(v) = f,;(v) — f(u) — (p + g). By condition (ii),
gn(m) = g! (v). By condition (iii), g is a local total neighborhood antimagic (¢ — 1)-coloring of G — uv.
Thus, Xme(G — uv) < t — 1 with equality holding if (G —uv) =t - 1. O

Remark 1. The simplest graph that satisfies Lemma 2.4 is K,. Another example is the K, with vertices
u, 1 < i < 4 and a local total neighborhood antimagic 4-coloring f given by f(uy) = 1, f(u) =
2, fuz) = 3, fug) = 4 f(uup) = 10, f(ujuz) = 6, fuyus) = 9, fluouz) = 7, f(upug) = 8,
flusug) = 5. Clearly, f,\(u) = 34, f,i(ux) = 33, fi(u3) = 25 and f,}(us) = 28. It is easy to verify
that f;; (uy) — f,i(u2) = f(ua) — f(uy), and that K4 and f also satisfy all other conditions of Lemma 2.4.
Since K4y — ujuy = Ky 15, by Lemma 2.4, we have xn.(K1.12) = 3. In Subsection 4.3, we prove that
Xima(Ki.1,) = 3 for n > 1 using Lemma 2.3(a).

3. Copies of a graph

Theorem 3.1. Let G be a (p, q)-graph with x,,(G) =t > 2. Suppose f is a local total neighborhood
antimagic t-coloring of G. Let n > 2 be an integer. If, for any u,v € V(G),

(a) fr(u) = f,(v)implies that d(u) = dg(v), and

(b) fn(u) # f5,(v) implies that n[ f; () — fr(N] # (de(w) — dg(v))(n — 1),

then xm,(nG) < t with equality holding if x(G) = t.

Proof. Let f be alocal total neighborhood antimagic #-coloring of G. Suppose nG = G, +G,+---+G,
such that Gy =2 G,1 <k <n. For1 <i < p, let u; be the i-th vertex of G and u;; be the corresponding
i-th vertex of Gy. Thus, nG has order np and size ng. Moreover, dg(u;) = d,c(ur;) = d;. For1 <i,j<p
and 1 < k < n,define g : V(nG) U E(nG) — [1,n(p + q)] such that
(1) glur) =nf(u)+1-k,
(i1) glugu;) = nlf(uu;) — 11+ k if uu; € E(G).
Note that for every label x assigned to V(G) U E(G), the corresponding labels assigned to V(nG) U

E(nG)are (x — 1)n+ 1 to nx. Since 1 < x < p + g, g is a bijective total labeling of nG. Without loss of
generality, suppose u; 1s adjacent to u, in G, 1 < a < d,, so that the corresponding vertex u;; is adjacent

to u;, in Gy. We now have f; (u;) = Z [f(u;,)+ f(uu;,)]. Thus,

di
() = Z[g(uk,ia) + g(uy jug )1

a=1

d; d;
- Z [nf ;) + 1= Z [n(f ;) = 1) + k]

S

= Z Alf () + fui,)] = din = 1) = nfiiu) = din = 1),

a=1
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Let 1 < ki,ky < n. Now, g} (uk, i) — &, (Ui, ;) = n(fon(u;) — fi(u;)) — (d; — d;)(n — 1). Therefore,
conditions (a) and (b) imply that f,; (v;) = f,;(u;) if and only if g; (uy, ;) = g, (uk,,;) forall 1 < i, j < p.
Thus, g is a local total neighborhood antimagic #-coloring of nG so that y,,(nG) < t. Since y(nG) =
x(G), we conclude that y,,,,(nG) = t if x(G) = t. This completes the proof. O

Corollary 3.2. If G is a regular graph and x;,,(G) = t, then x;,,(nG) < t with equality holding if
x(G) =1t

4. Some common graphs

4.1. Paths and cycles

Form > 2, let P,, = uyu, - - - u,, be the path of order m and let ¢; = u;u;,; for 1 <i < m—1. For
m > 3, let C,, be the cycle of order m obtained from P,, by adding an edge ¢,, = u,,u;. In this section,
we keep these notations.
2 forn=2,5,
3 forn=3,4,6.

Proof. We first show that there is a local total neighborhood antimagic labeling of P,,, where 2 < n < 6.
For P,, label u;u,, u;, u, by 1,2, 3 respectively. We show other labelings in the following figures.

OO0  OTOTOTQ

Lemma 4.1. y,.(P,) = {

4 7 6 5
(>3} (11) (73)
OO0
4 3 9 5 7

N 7o) VOO )
OO OO0
5 3 1 11 9

Figure 1. A local total neighborhood antimagic 2-coloring of Ps and local total neighborhood
antimagic 3-colorings of P;, P, and Ps.

2 forn=2,5,
3 forn=3,4,6.

Now, we show the lower bound of the y;,,.(P,) for 2 < n < 6. Let f be a local total neighborhood
antimagic labeling of P,. By definition(1.1), xyn(P,) = x(P,) = 2 forn = 2,5. Lemma 2.1 implies
thatXZtna(PB) > 3.

For Py, fi(u2) + fi(u3) = f(uy) + f(er) + fle2) + f(uz) + fex) + f(u2) + fe3) + f(ug) = fp(u1) +
S(ua) + f(uy) + f(ug) + 2f(e2) > fi(uy) + fi(ug). If £, (u2) = fi(us), then f, (uy), f;(u2), f;(u3) are
distinct. If £} (up) # f;}(us), then f;'(u2), ;i (u3), fi(us) are distinct. Thus, y,.(Ps) > 3.

Suppose that x,.(Ps) = 2. Leta = f,/(u;) and b = f;; (uy). Thus,

ThUS, Xltna(Pn) <

6 11
a+b) = fr) =2 j= flu) = flue) = 132 = (fu) + flug)) < 129,
i=1 =1

11

5
2a+b)= ) fa) =) j+ fle) + flus) + fles) + f(wa) + fles)
i=2

J=1

AIMS Mathematics Volume 11, Issue 7, 20986-21011.



20991

=066+ f(e2) + f(u3) + f(e3) + f(us) + f(eq) = 81.
Thus, 41 <a+ b <43 and f(u;) + f(us) =0 (mod 3).

1) If a+ b = 41, then f(u;) + f(ug) = 9. Then f(es) + f(uz) + f(e3) + f(uy) + f(es) = 16. The only
combination is {f(e>), f(u3), f(e3), f(us), f(es)} = {1,2,3,4,6}. There is no solution for f(u;) +
flug) =9.

2) If a+ b = 42, then f(u;) + f(ug) = 6. Then f(e;) + f(u3) + f(e3) + f(uyg) + f(es) = 18. The
combination for {f(e>), f(u3), f(e3), f(us), f(es)}is{1,2,3,4,8},{1,2,3,5,7}or {1,2,4,5,6}. There
is no solution for f(u;) + f(ug) = 6.

3) If a+ b =43, then f(u;) + f(us) = 3. Hence {f(u1), f(us)} = {1,2}. Now f(ez) + f(uz) + f(e3) +

Sfug) + f(eq) = 20. Let m = min{f(e2), f(u3), f(e3), f(us), f(es)}, then 20 = f(ey) + f(uz) + f(e3) +
flug) + fleg) 2m+m+1)+(m+2)+(m+3)+(m+4)=5m+ 10. Thus, m < 2. Since 1 and 2
are used, there is no solution.

Hence, yma(Ps) = 3. The lemma holds. O

From the proof of Lemma 4.1, we have the following corollaries:
Corollary 4.2. A bipartite graph G with a component P,, (im = 3,4) has x,.(G) > 3.
Corollary 4.3. Forn > 2, xyn(nP3) = 2, and x1,a(nP3) = xuna(nPs) = 3.

Proof. By (1.1), Xima(nP>) = x(nP,) = 2. Corollary 4.2 implies that y,,(nP,) > 3 form = 3,4. It is
easy to check that the labeling f for P,,,m = 2,3, 4 in the proof of Lemma 4.1 satisfies the conditions
of Theorem 3.1. Thus, yjn.(nP>) < 2 and e (nP,,) < 3 for m = 3,4. The corollary holds. O

Corollary 4.4. Forn > 2, xy,(nPg) < 3.

Proof. Since the labeling f for P in the proof of Lemma 4.1 satisfies the conditions of Theorem 3.1,
we have the corollary. O

Problem 4.1. Determine y;,.(P,) for n > 7, and x y,(mP,) form > 2,n > 5.
We now give some results on 2-regular graphs.
Theorem 4.5. For n,m > 1, xi1a(nCopys1) = 3.

Proof. By (1-1),/\/ltna(nc2m+l) ZX(nCZmH) =3forn,m> 1.
For m > 1, we define a total labeling f : V(Cy,41) U E(Cypy1) — [1,4m + 2] such that

(a) f(ey-1) =ifori=1,2,...,m+ 1 with the set of labels [1,m + 1],
(b) f(ex)) =3m+2+ifori=1,2,...,m with the set of labels [3m + 3,4m + 2],
(¢) f(urisy) =2m+3 —ifori=1,2,...,m+ 1 with the set of labels [m + 2,2m + 2],

(d) f(uy)=3m+3—ifori=1,2,...,mwith the set of labels [2m + 3, 3m + 2].

AIMS Mathematics Volume 11, Issue 7, 20986-21011.
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Now, we have f,"(u1) = f(eams+1)+ f(Uamr1)+ f(€1)+ f(up) = (m+1)+(m+2)+1+3m+2) = Sm+6.
Similarly, we have f,/(uy;i-1) =9m +8for2 <i<m+1,and f, (uy;) =Tm+7for 1 <i <m.

Thus, f is a local total neighborhood antimagic 3-coloring of Cy,41 and ¥/, (Camys1) < 3. Thus,
Xima(Com+1) = 3. By Corollary 3.2, the theorem holds. O

Example 4.1. The local total neighborhood antimagic 3-coloring of 3Cs extended from the labeling in
Theorem 4.5 is given in Figure 2.

Figure 2. A local total neighborhood antimagic 3-coloring of 3Cs.

Lemma 4.6. If G is a bipartite graph with a component Cy, then x,,(G) > 3.

Proof. Let f be a local total neighborhood antimagic of G and let Cy = ujupususuy. Let a,b,c,d be
the edge labels of C, consecutively under f. Then we have [f;(u;) — fii(u3)] + [f;i(u2) — fii(ug)] =
2a — 2c¢ # 0. Thus, at least one difference is nonzero. Without loss of generality, we may assume
fir(uy) # fii(u3). Thus, f,/(uy), f,;(u2) and f," (u3) are distinct. Hence, x,,(G) > 3. O

Theorem 4.7. Forn > 1, x,s(nCy4) = 3.

Proof. Figure 3 below gives a local total neighborhood antimagic 3-coloring of C4. By Corollary 3.2,
/\/ltna(nc4) <3.

Figure 3. A local total neighborhood antimagic 3-coloring of Cj.

By Lemma 4.6, y/,,(nC4) > 3. Thus, the theorem holds. O

Example 4.2. The local total neighborhood antimagic 3-coloring of 3C4 according to the labeling
above is given in Figure 4.

9 8 7
19,0~ 20, L2 21, NG
15 18 14 17 13 16
4 @ 22 5 @ 23 6 @ 24
12 11 10
Figure 4. A local total neighborhood antimagic 3-coloring of 3Cy.
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Theorem 4.8. Forn > 1 and m = 6,8, 10, xy;,,.(nC,,) = 2.

Proof. A local total neighborhood antimagic 2-coloring of C,, is given in Figure 5.

Figure 5. A local total neighborhood antimagic 2-coloring of C,,,m = 6, 8, 10.

Thus, Yima(Cp) = 2 for m = 6,8, 10 since x;,q(Cn) = x(C,) = 2. By Corollary 3.2, the theorem
holds. O

Conjecture 4.1. Forn > 1, r > 6, xn,(nCy,) = 2.

4.2. Complete graphs and complete bipartite graphs
Theorem 4.9. For n > 2, x1ma(K,) = Xima(mK,) = n.

Proof. For n = 2, the result follows from Corollary 4.3. Forn > 3, let V(K,) = {v; | 1 <i < n}. Without

loss of generality, we may assume that K, admits a local antimagic labeling f : E(K,) — [1, ”22‘ 21 such

that f*(v;) < f*(v;) for 1 <i < j < n. For the existence of local antimagic labeling for connected

graphs, please refer to [5]. lz)eﬁne a total labeling g : V(K,) U E(K,) — [, "22+ 2] such that g(e) = f(e)

fore € E(K,), and g(v;) = "5* + n+ 1 —ifor 1 <i < n. Thus, g is bijective, such that

I’l2

n n _ 2 _
§a) = [T )+ Y 80) — gv) = [ ) + Z( — j) - (” M ne- i)
J=1 j=1

32 2
) .
2
Therefore, g, (vi) < g5, (vj) for 1 <i < j < nso that gis alocal total neighborhood antimagic n-coloring
of K,,. Since y(K,) = n, ximq«(K,) = n. By Corollary 3.2, we immediately have y,,.(mK,) = n. This

completes the proof. O
Theorem 4.10. Forn > 1 and m > 1, xia(nKy ) = m + 1.

Proof. Since nK;; = nP, and nK;, = nPj, the theorem holds for m = 1,2 by Corollary 4.3. Consider
m > 3. By Lemma 2.1, yjn(Ki,n) > m+1. Let V(K ,) = {u}U{v; | 1 <i <m}and E(K;,,) = {uv; |1 <
i < m}. We define a total labeling f : V(K ,,) UE(K,,,) — [1,2m+ 1] such that f(«) = 2m+1, f(v;) =i
and f(uv;) = 2m+1—i,for 1 <i < m. Thus, f is bijective. Moreover, for | <i <m, f'(v;) = 4m+2—1,
fir(u) = m(2m+1). Thus, f is a local total neighborhood antimagic (mm + 1)-coloring of K| ,,. Moreover,
Xima(K1m) < m+ 1. Consequently, xjmq(Kim) =m+ 1.

By Lemma 2.1, we also have y,,(nK;,,) > m + 1. It is straightforward to check that f satisfies the
conditions of Theorem 3.1 so that y;,,,(nK1,,) < m + 1. Therefore, the theorem holds. O

AIMS Mathematics Volume 11, Issue 7, 20986-21011.
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Now, let us consider the complete bipartite graph K, , for m,n > 2.
Theorem 4.11. Suppose m,n > 2, xma(Kinn) = 2 except ximq(Ka22) = 3.

Proof. Since K;, = C4, by Theorem 4.7, we get yimq(K>2) = 3.

Suppose (m,n) # (2,2). By (1.1), Xuna(Kmn) = x(Knn) = 2. Thus, define a bijective total labeling
f V(Kun) U E(Ky,) — [1,t], where t = mn + m + n such that f is a local total neighborhood
antimagic 2-coloring. Let the vertex set and edge set of K,,, be {u;,v; | 1 <i <m,1 < j < n}and
{uv; |1 <i<m,1 < j<n}, respectively.

Consider m = n (mod 2). Without loss of generality, we may assume that n > m. Let M be an
m X n magic rectangle with entries a; ; in row i and column j, constant row sum R = n(mn + 1)/2 and
constant column sum C = m(mn + 1)/2. For the existence of magic rectangle, please see [3,4]. Define

a total labeling f : V(K,,,) U E(K,,,) — [1,mn + m + n] such that
(D f(uivj) = 4, j,
2) fw)) =mn+1i, f(vj)=mn+m+ j.

Thus, f is a bijection. Now,

fo(u) =R+ Zf(vj) =nmn+1)/2 +n(mn+n)+nn+1)/2

j=1
and .
fiw)=C+ Z ) = m@mn + 1)/2 + mn + m(m + 1)/2.
i=1

Thus, f,;(u;) > f,;(v;). Therefore, f is a local total neighborhood antimagic 2-coloring.

Now, consider m # n (mod 2). We may assume m = 2r and n > 3 is odd, where r > 1. We consider
only m,n > 2. The case n = 1 is in Theorem 4.10.

Case A: Suppose n = 45 + 3, where s > 0. Now ¢ = 8rs + 8r + 4s + 3. Let A be the following
2r X 3 array

1 < i,j < r. Note that, if r = 1, then take the first and the last row of the array. The set of used

integers is

[4rs+ 1,4rs +2rjU [drs+6r+4s+4,4rs + 8r+4s +3]U{drs+2r+2s+ 1+ 2k |1 <k <2r}.

AIMS Mathematics

1+4rs drs+6r+4s+4 drs +6r+2s+1
2i—1‘+4rs 4rs+6r+4s+2+2i | drs+6r+2s+5—-4i

2r—1+4rs drs + 8r+4s+2 drs +2r+2s+5

4rs +6r+4s+5 2+4rs 4rs +6r+2s—1
4rs+6r+;ls+3+2j 2j+.4rs 4rs+6r+.2s+3—4j

4drs +8r+4s+3 2r +4rs drs +2r+2s+3
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Consider s > 1. Let us consider the additional 2r X 4 array Ay, where 1 < k < s.

Ry 1+4rtk—1) t—r—4r(k—-1) 3r+1+4r(k-1) t=2r—4r(k—1)

R, 2+4rtk-1) t—r—1—-4rtk-1) 3r+2+4rtk—1) |t-2r—-1-4rk-1)
R, r—=1+4rtk—1) | t=-2r+2—-4rtk—=1)| 4r—-1+4rtk—-1) |t=-3r+2—-4rk—-1)
R, r+4rtk—1) t=2r+1—-4rtk—-1) dr+4rtk-1) t=3r+1—-4rk-1)
R, t—4r(k-1) r+1+4rtk-1) t—=3r—4rtk-1) 2r+ 1 +4rk—1)

R, t—1-4rtk-1) r+2+4rtk-1) t=3r=1—-4rtk—=1)| 2r+2+4rk-1)

Ry 1 | t=r+2—-4rk—1) 2r—1+4rk—1) t—4r+2—-4rk—-1) 3r—1+4rk—1)

Ry |t—r+1-4rk-1) 2r+4r(k - 1) t—4r+1-4rk-1) 3r+4rtk-1)

Similarly, if » = 1, then take the first and the last row of the array. It is easy to verify that the row
sumis R =2(t+ 1) = 8m + 1)(s + 1) and the column sum is C’ = r(t + 1) = 2m(m + 1)(s + 1). Now,
the set of used integers is [1,4rs]U [t —4rs+1,¢] = [1,2ms] U [2ms+4m +4s+4,4ms +4dm + 4s + 3].

It is easy to verify that the row sum of Ay is R” = 6(m + 1)(s + 1) and the column sum of A is
C”" =2m(m+ 1)(s + 1).
LetA = (Ao Aq AS) be the m X (4s + 3) array. Note that, when s = 0, A = Aj. Now, the row

sum of Ais SR + R’ = (8s + 6)(m + 1)(s + 1) and the column sum is 2m(m + 1)(s + 1).

Note that the set of unused integers is U; U U, U U3 where Uy = [2ms + m + 1,2ms + m + 25 + 1],
Uy = 2ms+m+2s+2i|1 <i<m}and Uy = 2ms+3m+2s+2,2ms+3m+4s+3] with |U{| = 2s+1
|Us| =25 + 2 and |U,| = m.

We now define a bijective total labeling f : V(K 45+3) U E(K,45+3) — [1,1] such that

(@) f(uv;) = a;;, where q; j is the (i, j)-th entry of A.
(b) The vertices v;, 1 < j < 4s + 3, are assigned the 45 + 3 integers in U = U; U U3 randomly.
(c) The vertices u;, 1 <i < m, are assigned the m integers in U, randomly.

Now,

fo(u)) = sR' +R" + Z X
xeU

— 85+ 6)m+ D(s+ 1)+ 2!

Ams+2m+2s+2)+ (s + 1)dms + 6m+ 65+ 5)

= 16ms® + 28ms + 165> + 13m + 28s + 12,

Frep=C"+ Y y=2mm+ 1)(s + 1) + %(4ms +dm+4s+2)

yeU>
= 4m®s + 4m> + 4ms + 3m.

Now,

fiw) = fi(v;) = 16ms* — dm®s + 165> + 24ms — 4m* + 10m + 28s + 12

= dm(ds —m + 2)(s + 1) + 165 + 2m + 285 + 12. (4.1)
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Whends >m -2, (4.1) > 0.
When4s <m—4,1ie., —m < —4s — 4, then
(4.1) < (4m)(=2)(s + 1) + 165> + 2m + 285 + 12
= 165 — 8ms — 6m + 285 + 12
< 165> + 8(—4s —4)s + 6(—4s —4) + 285+ 12 = —165> — 285 — 12 < 0.

Thus, f is a local total neighborhood antimagic 2-coloring for Ky, 4443.
Case B: Suppose n =4s+ 5, where s > 0. Now ¢t = 8rs + 12r + 45 + 5.
Suppose r = 1. So thatt = 125 + 17. Let

1 125 + 16 3 12s+14 |---| 45+3 |8s+ 14 [ 8s+ 11
125 + 17 2 12s + 15 4 o |85+ 15| 4s+4 | 4547

be a 2Xx(4s5+5) matrix. Note that the set of entries of Ais [1,4s+4]U[8s+14, 12s+17]U{4s+7,8s+11}.
The row sum of A is R = 245> + 665 + 45 and the column sum is C = 12s + 18. Define a total labeling
[ V(Kya545) U E(Ka505) — [1,12s + 17] such that f(u;v;) = a;;, the (i, j)-th entry of A. Now, let
f(uy) = 4s+5, f(uy) = 4s + 6, and assign the remaining 4s + 5 elements in [4s + 8, 8s + 10] U {8s +
12,8s + 13} tov;, 1 < j <45+ 5, randomly. Thus, f is a bijection.

A=

4s5+5

) R+Zf(vj) forl <i<?2
=1

= 245% + 665 +45+ (4s +3)(12s5 + 18)/2 + (8s + 12) + (8s + 13)
= 48s* + 1365 + 97,
fm) = CH+ fu)+ fup)for1 < j<4s+5
= 125+ 18+ @s+5)+@s+6)
= 20s+29.

Consider r > 2. Suppose s = 0, then t = 12r + 5. Let the following 2r X 5 array be A whose entries
are a; ;.

t—2r+1|t-3r+1 4r Tr+2
2 t—2r+2 | t-3r+2 4r—1 Tr

k t=2r+k | t=3r+k| 4r+1-k |Tr+4-2k

r t—r t—2r 3r+1 Sr+4
t—r+1 r+1 2r+1 t—4r+1 8r+1
t—r+2 r+2 2r+2 t—3r Tr—1
t—r+1 r+l 2r+1 t—3r+2-1| 7r+3-21

t—1 2r—1 3r—-1 t—4r+3 S5r+5

t 2r 3r t—4r+2 S5r+3
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where 2 < k, [ <r.

The column sum is 7(z + 1) and the row sum is 27 + 6r + 5. The labels used in the first 4 columns are
[1,4r]U[87 + 6, 12r + 5]. The labels used in the last column are [Sr+ 3, 7r]U{7r + 2, 8r + 1}. Now the
unused integers are [4r + 1,57 + 2] U [7Tr + 1,8r + 5] \ {7r + 2,8r + 1}. Thus, there are 2r + 5 unused

labels.

Define a bijective total labeling f : V(Kj.5) U E(Ky,.5) — [1,12r + 5] such that f(uv;) = a;j,
1<i<2r,1<j<5 Welet f(vi) =Tr+1, f(vj) =8r+ j,2 < j <5 and label u; by the remaining

5
unused labels randomly. Thus ) f(v;) = 39r+ 15 and

J=1

2r r+2 r=2
3 fu) = Y @r+i)+ Y (Tr+2+i) = 12r* =3r.
i=1 i=1 i=1

5
fnwi) = row sum of A + »" f(v;) = (30r + 15) + (39r + 15) = 69r + 30,

J=1

2r
fH(v;) = colum sum of A + Zf(u,-) = r(12r + 6) + (12r* = 3r) = 24r* + 3r.

i=1

Now, fi(v,)— fii(u;) = 6(4r* = 11r—5) # 0, since the discriminant is 201 which is not a perfect square.
Thus, f is a local total neighborhood antimagic 2-coloring for K5, 5. Hence yu.(Ka,5) = 2.
Suppose s > 1. Let A; be as defined in Case A with the new value of ¢t = 8rs + 12r + 45 + 5,

where 1 < k < 5. Thus, the row sum is R’ = 2(t + 1) = 16rs + 24r + 8s + 12 and the column sum is
C' = r(t+1) = 121 + 8r%s + 4rs + 6r. Now, the set of used integers is [1,4rs] U [t — 4rs + 1,1] =
[1,2ms] U [2ms + 6m + 4s + 6,4ms + 6m + 45 + 5].

Let A be the following 2r X 5 array

1+4rs 10r + 6 + 4rs + 4s Or+6+4rs+4s dr + 4rs Tr+2+4rs+2s
2+4rs 10r + 7+ 4rs + 4s Or+7+4rs+4s dr—1+4rs Tr+4rs +2s
k+4rs 10r+5+k+4rs+4s | Or+5+k+4rs+4s dr+1 -k +4rs Tr+4—=2k+4rs+2s
r+4rs 11r+5+4rs+4s 10r+5+4rs+4s 3r+1+4rs Sr+4+4rs+2s
11r + 6 + 4rs + 4s r+1+4rs 2r+ 1 +4rs 8r+6+4rs+4s 8r+1+4drs+2s
11r+7 +4rs + 4s r+2+4rs 2r+2+4rs Or+5+4rs+4s Tr—1+4rs+2s
11r+5+1+4rs+4s r+l+4rs 2r+ 1+ 4rs O +T7—-1+4rs+4ds | Tr+3-2l+4rs+2s
12r+4+4rs+4s 2r—1+4rs 3r—1+4rs 8r+8+4rs+4s Sr+5+4rs+2s
12r+5+4rs+4s 2r+4rs 3r+4rs 8r+7+4rs +4s Sr+3+4rs+2s

where 2 < k,[ <.

It is easy to verify that the row sum of Ay is R” = 20rs + 30r + 10s + 15 and the column sum of A,

isC” =122+ 82 +4rs + 6r. Let A = (AO A,

AS) be the m X (4s + 5) array. Now, the row sum

of Ais sSR* + R” = (4s + 5)(m + 1)(2s + 3) and the column sum is m(m + 1)(2s + 3).

AIMS Mathematics
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Now, the sets of unused integers are U, and U,, where U; = [4rs + 4r + 1,4rs + 5r + 2s + 2] and
Us = [4rs+Tr+2s+1,4rs+8r+4s+5]\{4rs+7r+2s+2,4rs+8r+2s+1}. Note that |U;| = r+2s+2
and |U,| = r+2s + 3.

We now define a bijective total labeling f : V(K 4515) U E(K)na5+5) — [1,1] such that

(@) f(uv) = a;j, where a; ; is the (i, j)-th entry of A.

(b) f(u)) =4rs+4r+iforl <i<r+2and f(u o) =4rs+7r+2s+2+I1for1 <I<r-2(fr =2,
then the last part is omitted).

(c) The vertices vj, 1 < j < 4s+ 5, are assigned the remaining 4s + 5 unused integers randomly.

Now,

2r r+2 r=2
Zf(ui) = Z(4rs +4r+0) + Z(4rs +Tr+ 25+ 2+ 1) = 825 + 122 + 2rs — 3r — 4s,
i=1 i=1 =1

4s5+3 2s 2s5+4
D)= Ars+5r+24 )+ ) (4rs+8r+2s+ 1+ )+ (@Ars+Tr+ 25+ 1)
j=1 =1 =1

= 16rs”> + 46rs + 85> + 39r + 26s + 15.
Thus,

fiu) = sR +R" + 16rs* + 46rs + 85> + 39r + 26s + 15
= (45 +5)Q2r + 1)(2s + 3) + 16rs* + 46rs + 85* + 39r + 265 + 15
= 32rs> + 90rs + 165> + 69r + 48s + 30,
frv)=C" +8rs+ 1217 +2rs — 3r —4s
=2rQ2r+ )2s + 3) + 8r%s + 121 + 2rs — 3r — 4s
= 16r%s + 24r* + 6rs + 3r — 4s.

Note that, these two formula also agree with s = 0. We have

Fhu) = fiv;) = =16r7s + 32rs* — 24r* + 165 + 84rs + 661 + 525 + 30
=16rs2s—r)+4QR2s—r)2s+r) +20r(2s — r) + 44rs + 66r + 52s + 30. (4.2)

Suppose n > m = 2r. Since n is odd and m is even, it is equivalent to 2s > r — 2.
(4.2) > -32rs — 8(2r —2) —40r + 44rs + 66r + 525 + 30 = 12rs + 10r + 525 + 46 > 0.

Suppose 25 = r—3, then (4.2) = —2r> + 14r—12 = =2(r— 1)(r — 6) # 0, since s is a positive integer.
Suppose 2s —r < —4,1.e.,r > 2s + 4.

(4.2) < 16rs(—4) + 4(-4)2s + r) + 20r(—4) + 44rs + 66r + 525 + 30
= —20rs — 30r + 205 + 30 = —(20s + 30)(r — 1) < O,

Thus, f is a local total neighborhood antimagic 2-coloring for Kj, 44.5. Hence, xima(Kayas545) = 2.
This completes the proof. O
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Example 4.3. Consider Ky3. Now s = 0 and r = 2. From the proof of Theorem 4.11, we have the
array

Column Sum | 40 | 40 | 40 | Row Sum
1 16113 30
3 118] 9 30
17 2 |11 30
194 |7 30

The labeling for K4 3 is
[1,16,13] [3,18,9] [17,2,11] [19.4,7]

[1,3,17,19] [16,18,2,4] [13,9,11,7]

The numbers in the brackets near the vertex are labels for the edges incident to that vertex.
Consider K45. Now s = 0 and r = 2 and t = 29. From the proof of Theorem 4.11, we have the array

Column Sum | 60 | 60 | 60 | 60 | 60 | Row Sum
1 12624 | 8 |16 75

2 (271257 |14 75
281 3 |5 (2217 75
2914 | 6 23|13 75

The labeling for K45 is

[1,26,24,8,16] [2,27,25,7,14] [28.3,5,22,17] [29.4,6,23,13]

Corollary 4.12. For a,m,n > 2 and (m,n) # (2,2), Xima(@Ky,) = 2.

Proof. Keep all the notations defined in the proof of Theorem 4.11. Now, d(u;) = n and d(v;) = m.
When m =n (mod 2), (m,n) # (2,2) and n > m.

S i) = [ (v))

= [n(mn + 1)/2 + n(mn + n) + n(n + 1)/2] = [m@mn + 1)/2 + m*n + m(m + 1)/2]

1
:5[(n—m)(3mn+m+n+2)+2n2]>n—m.

Now we assume m is even and 7 is odd.
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Case A: Letn = 4s+ 3, m = 2r. Suppose n > m. It is equivalent to 4s > m — 2. From (4.1), we
have
fhu) = frv) 2 165> +2m +28s+ 12 =n*+2m+n>n—m > 0.

Suppose n < m — 1. From (4.1), we have

fo ) = fin(u;) = 8ms + 6m — 165> —=28s— 12 =n2m—-n—-1)

>nm—-n)>m-—n>0.
Case B: Letn =45+ 5, m = 2r. Suppose r = 1. Clearly
Fhu) = f1(v)) = 485 + 1365 + 97 — 205 — 29 = 485> + 1165+ 68 > 4s+3 =n—-m > 0
Suppose r > 2. Suppose n > m. From the proof of Theorem 4.11
) = fnv)) >n—m>0.

Suppose m = n + 1. From the proof of Theorem 4.11, |f;; (u;) — f,;(v;)| > 1.
Suppose n < m — 3, 1.e., r > 2s + 4. From the proof of Theorem 4.11, we have

fo ) = for(u;) = (2r — 2)(10s + 15) = m(10s + 15) — 2(10s + 15)
=10sm+15m—-20s-30> 15m—-20s—-50=15m —-5n—-25>m —n > 0.

Thus, for each case, we have |f,; (u;) — f,(v)| > |m — n|. Hence, alf, (u;) — f(v)| > alm — n| >
|m — n|(a — 1). Therefore, condition (b) in the hypothesis of Theorem 3.1 holds. Thus, condition (a)
also holds. By Theorem 3.1, we have the corollary. O

4.3. Stars join with a vertex

Suppose m, s > 1. Let V(mK, , vV K;) = {w;,v;; | 1 <i<m,1 < j<s}U{z}and EmK,,V K;) =
{wiz,vijz,wivij | 1 £i<m,1 < j < s}. Note that the order and the size of mK, ; V K; are m(s + 1) + 1
and m(2s + 1), respectively. Note that K, ; V K| = K| ;.

Theorem 4.13. For m,s > 1, xym(mK; s vV Ky) = 3.

Proof. Let G = mK, vV K;, m,s > 1. Note that K; ; V K; = C;. The result follows from Theorem 4.5.
Consider (m, s) # (1,1). By (1.1), xim(G) > x(G) = 3. For1 <i <m, 1 < j < s, define a total
labeling f : V(G) U E(G) — [1,m(3s + 2) + 1] such that

() fvij) = (= Dm+1i, j# s, with the set of labels [1, m(s — 1)].

(2) f(viy) =m(s—1)+2i—1and f(w;) = m(s — 1) + 2i with the set of labels [m(s — 1) + 1,m(s + 1)].
(3) fwvij) = m(2s + 2 — j) + 1 — i with the set of labels [m(s + 1) + 1,m(2s + 1)].

4) fvijz) =m2s+ 1+ j)+ 1 —1iwith the set of labels [m(2s + 1) + 1,m(3s + 1)].

(5) fwiz) = m(3s+2) + 1 — i with the set of labels [m(3s + 1) + 1, m(3s + 2)].

(6) f(z) =m@Bs+2)+ 1.
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Note that for s = 1, we refer only to (2) to (6). Thus, f is bijective. We now have:

@ frij)=fw)+ f@+ fwyv)) + f(vijz) =[m(s = 1) +2i] + [mBs+2) + 1] + [m2s +2 - ) +
1—-il+[mQ2s+1+j)+1—1i] =8ms+4m+ 3.

(b) Fors =1, fii(w) = f(vin)+fwvi)+ fwin)+f(2) = Qi-1D)+Bm+1-)+(Sm+1-i)+(5Sm+1) =
13m + 2.

(c) Fors > 2,

—_

5=

gk

foov) = f(w,)] + i) + Zf(w vip|+ fwid) + £

J

§—

—_

[G= Dm+ ]+ [m(s—1)+2i—1]+Z[m(2s+2—j)+1—i]

j= j=1

—_— =

+[mQBs+2)+1—-i]+mQBs+2)+1
{ (2ms+m+l)]+(ms+2m+l—i)+(7ms+3m+i+1)

(s—l)(2ms+m+1)+8ms+5m+2

ms* +Tms+4dm+s+1,

which agrees when s = 1.

(d)
m(3s+2) m(2s+1)
fn@ = Z k-
k=m(s+1)+1
B m(3s +2)(m@Bs+2)+1) m2s+1)+m(s+ 1)+ 1)(ms)
B 2 - 2

= mQBms* + Sms +2m + s + 1).

It is routine to check that f,/(v; ), f;(w;), and f,}(z) are mutually distinct when (m, s) # (1, 1). Thus,
f is a local total neighborhood antimagic 3-coloring of G so that y;,,,(G) < 3. This completes the
proof. O

Corollary 4.14. Forn,m, s > 1, xim.(n(mK, s vV K;)) = 3.

Proof. We keep all notations as defined in the proof of Theorem 4.13. By Theorem 4.5, we need only
to deal with (m, s) # (1, 1). It suffices to show that the labeling f satisfies the conditions (a) and (b) of
Theorem 3.1.

Thus, f satisfies (a). In the following, we prove that |f;! (1) — fr(v)| > |d(u) — d(v)| for all distinct
vertices u, v, which implies condition (b) of Theorem 3.1.

Now,

frw) = fiij) =2ms* + Tms + 4m + s + 1 — (8ms + 4m + 3)
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=2ms*> —ms+s—-2=(s—D(ms+s+2)+(m—1)s’

>s—1=dw;)—-d(v; >0.

£i@) = fii)) = mBms® + Sms +2m + s + 1) — (8ms + 4m + 3)
= 3m?s® + 5m’s + 2m* — Tms — 3m — 3
> 3ms® + Sms + 2m — Tms — 3m — 3
=mQBs+1)(s—1)-3. 4.3)

Suppose s = 1, then m > 2. Thus f,}(z) — f,;(vi;) = 10m*> —10m -3 >2m—-2 =d(2) - d(v;;) > 0.
Suppose s >2,(43)>mQBs+ 1) -3 =m(s+ 1) +2ms-3>m(s+1)-2=d(z)—dv;;) >0

fo@ = fi(w) = mG3ms® +Sms+2m+s+1)— Qms> +Tms +dm + s+ 1)
=ms[(m—-1)2s+5)+(ms—2) ] +mCm—-4)+(m—-1)(s+1) 4.4)

When m = 1, from (4.4), we have |f;/(z) — fi(w)| = [s(s —2) = 2| > 1.
Whenm >2,(4.4) > (m—-1)(s+ 1) =d(z) —dw;) > 0.
Thus |f;;(u) — f:(v)] = |d(u) — d(v)| for all distinct vertices u, v. This completes the proof. O

Note that mK, ; VK, = mP,V K, = f,, which is also known as the friendship graph, and mK;,Vv K; =
mP5; VvV K;. So we have

Corollary 4.15. For m > 1, xima(fn) = Xima(mP3 vV Ky) = 3.

Consider the total labeling f in the proof of Theorem 4.13. For m > 2, the friendship graph f,, has
induced vertex weights 12m + 3, 13m + 2 and 2m(5m + 1) with corresponding vertex degrees 2, 2, 2m,
whereas the mP; V K, has induced vertex weights 20m + 3, 26m + 3 and 3m(8m + 1) with corresponding
vertex degrees 2, 3, 3m. It is easy to show that the labeling f defined in the proof of Theorem 4.13
satisfies the conditions of Theorem 3.1 when s = 1, m > 2 and when s =2, m > 1.

Corollary 4.16. Supposen > 2. If G = f,,, m > 2 or G = mP3; V K|, m > 1, then x1,,,(nG) = 3.

Conjecture 4.2. y;,,.(mP,V K;) =3 form > 1,n > 4.

4.4. Wheel graphs
Consider the wheel W,, = C,, V K;, where m > 3, C,, = ujup - - - u,,u; and V(K;) = {x}.

Theorem 4.17. Forn > 1, x1na(Wani1) = 4.

Proof. By (1.1), we have xa(Waui1) = x(Waui1) = 4. Since W3 = Ky, we have y,,,(W3) = 4. Suppose
n > 2. Define a total labeling f : V(W,,.1) U E(Wp,1) — [1,6n + 4] such that

(1) f(upi-y) =ifor1 <i<n+ 1 with the set of labels [1,n + 1].
(2) f(uz)) =n+1+ifor1 <i<nwiththe set of labels [n + 2,2n + 1].

(3) f(uuipy) =4n+ 2 —ifor 0 < i < 2n with the set of labels [2n + 2,4n + 2], here uy = uz,41.
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4) f(xupioy) =4n+3+2i, f(xuy) =4n+2 +2ifor 1 <i<n,and f(xuy,, ) = 6n + 4 with the set of
labels [4n + 4, 6n + 4].

(5) f(x) = 4n +3.

Thus, f is bijective. Moreover,

2n+1 6n+4
fa0 =Y k+ > k=Qn+1)(6n+5) = 1227+ 16n+5,
k=1 k=4n+4

and

FnGonir) = fur) + f(uzn) + f(upiitr) + f(uonttane1) + f(Xttopir) + f(X)
=1+2n+1D)+@n+2)+2n+2)+6n+4)+ @n+3) =18n+ 13.

Similarly, we have f,"(u;) = 18n + 14, f (uy-1) = 18n + 14 for 2 < i < n, and f, (uy;) = 16n + 11 for
1<i<n.

It is routine to check that f (x), fif (uzi-1), f,;(u2)) (1 < i < n), and f,} (u2,+1) are mutually distinct.
Thus, f is a local total neighborhood antimagic 4-coloring of W,,,; so that x;,,.(Ws,41) < 4. This
completes the proof. O

Theorem 4.18. Forn > 1, if G is Wa,,1 with a spoke deleted, then

3 forn=1,2,

na G) =
Xina(G) {4 forn> 3.

Proof. Let G = Wy,11 — Xup,+1. Now, G is of order 2n + 2 and size 4n + 1. For n = 1, the graph is
K 12, which has yj,,(G) = 3. For n = 2, the graph below and the corresponding labeling shows that

Xitna (G) =3.

Suppose n > 3. Since u; to u,, must have distinct weight with x, we need to consider only f;'(x) and
fr(xone1)- I Xima(G) = 3, then f (uz,41) = £, (x). Since uy,,; and x have common neighbors u;, uy,,

2n—1
we must have f(up,1uy) + f(Uonttoni1) = f(xur)+ f(xuz,)+ 2, [f(u;)+ f(xu;)]. Now, the left hand side
i=2
4n-2
isSL<(6n+3)+(6n+2)=12n+5andrighthand sideisR> Y i=(2n—-1)(4n—1)=8n*—-6n+1>
i=1
2dn—6n+1=18n+ 1> L. Thus, x/,.(G) = 4.

Using the labeling f of W, in the proof of Theorem 4.17, we delete xu,,.; and the label 6n + 4.
Now, all u; weights for i = 1,...,2n remain the same so that f," (uy;-1) = 18n + 14, f(uy;) = 16n + 11
for 1 <i < n, whereas f; (x) = 12n% + 9n and fi(uan1) = 8n + 6. Moreover, every two adjacent vertex
weights are distinct. Thus, G admits a local total neighborhood antimagic 4-coloring and x;,,,(G) < 4.
Consequently, the theorem holds. O
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Theorem 4.19. For even m > 4, xna(W,,) = 3.

Proof. By (1.1), we have x;,.(W,) = x(W,,) = 3. Therefore, it suffices to construct a local total
neighborhood antimagic 3-coloring for W,,.
Suppose m = 4n + 2 > 6. Define a total labeling f : V(Wy,42) U E(Wy,12) — [1, 121 + 7] such that

(1) f(ugiz) =ifor 1 <i < n+ 1 with the set of labels [1,n + 1].

(2) f(ugi-1) =n+1+ifor1 <i<nwith the set of labels [n + 2,2n + 1].

(3) f(ugip) =3n+3 —ifor1 <i<n+ 1 withthe set of labels [2n + 2,3n + 2].

(4) f(ug;)) =4n+3 —ifor 1 <i < n with the set of labels [3n + 3,4n + 2].

(5) f(upiy1uzivn) = 4n+ 2 +ifor 1 < i < 2n with the set of labels [4n + 3, 6n + 2].

(6) f(ujuy) = 6n+ 3, f(upus) = 6n + 4.

(7) f(uziz2u2i3) = 8n+ 5 —ifor 1 < i< 2n where uy,,3 = u; with the set of labels [6n + 5, 8n + 4].
(8) f(xuy;) = 10n+ 5 —ifor 1 <i < 2n with the set of labels [8n + 5, 10n + 4].

(9) f(xuzip3) = 10n+ 5 +ifor 1 <i < 2n— 1 with the set of labels [10n + 6, 12n + 4].

(10) f(xuy) = 12n+5, f(xuz) = 12n + 6, f(xugns2) = 100+ 5, f(x) = 12n + 7.

Thus, f is bijective. We now have the following vertex weights:

4n+2 12n+6
fa0 =Y k+ > k=@n+2)(12n+7) = 48n” + 52n + 14,
k=1 k=8n+5

Jonur) = fQugniour) + fQurun) + fOouy) + f(uanin) + f(u2) + f(x)
=O6n+5+6Gn+3)+(12n+5+C2n+2)+Bn+2)+(12n+7) = 41n + 24.

Similarly, we have ff () = 35n+21, f,(u3) = 41n+24, [,/ (Usni2) = 35n+21, [,/ (us;—3) = 41n+24 for
i €[2,n+1], f;}(uai2) = 35n+21 fori € [2,n], f,} (us;-1) = 41n+24 fori € [2,n], and f;| (us;) = 35n+21
fori e [1,n].

As such, every two adjacent vertex weights are distinct. Thus, f is a local total neighborhood
antimagic 3-coloring of Wy,,,, and so xima(Wans2) = 3.

Suppose m = 4n > 4. For n = 1, we obtain the following total labeling of Wj.

Now assume n > 2. For convenience, we let uy = uy,. Define a total labeling f : V(Wy4,)UE(Wy,) —
[1,12n + 1] such that
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(1) f(up_1) =ifor 1 <i < 2n with the set of labels [1, 2n].

(2) f(uz)) =2n+1+ifor0 <i<2n- 1 withthe set of labels [2n + 1, 4n].
3) f(x)=Tn+ 1.

(4) f(uzi_iup;) = 6n+ 1 —ifor 1 <i < 2n with the set of labels [4n + 1, 6n].

6n+2+i, 0<i<n-2;
(5) flugiuoip1) =6n+3+i, n—-1<i<2n-2;
6n+1, i=2n-1;
with the set of labels [6n + 1, 7n] U [7Tn + 2,8n + 1].
12n — i, 0<i<2n-3;
6 Xu;) =
(©) f(us) {12n—1—i, 2n—-2<i<4n-3,
with the set of labels [87 + 2, 10n + 1] U [10n + 3, 12#].
(7 f(xugn—) = 10n + 2, f(xugp—1) = 12n + 1.
Thus, f is bijective. We now have the following vertex weights.
finuz)) = f(xX) + fluzicy) + fugier) + fQugioiuzi) + funittoinr) + f(xun;)
=(Mn+DH)+i+@G+D+O6Gn+1-D+O6n+2+10)+ (12n - 2i)
=3ln+5, 1<i<n-2,

Finon2) = f(x) + f(uzn=z) + fuzno1) + f(Uon_attrer) + fon_3tton_) + f(Xttzy_)
=(Mm+1H)+m-1D)+n+Tn+2)+Gn+2)+{10n+1)=31n+5.

Similarly, we get f,r(uy;) = 31n+ 5 forn <i < 2n.

S y) = f(0) + f(u2) + fuan) + fQrun) + fQugnur) + f(xuy)
=(Mn+D)+2n+2)+Cn+1)+6n+OGn+2)+{12n-1) =351+ 5.

4n 12n+1
Similarly, we obtain f,’(u2;—1) = 35n + 5 for 2 < i < 2n. Finally, we have f;(x) = X k+ Y k=
k=1 k=8n+2
8n(bn + 1).
Thus, f is a local total neighborhood antimagic 3-coloring of Wy, so that y;,,,(W,) = 3.
This completes the proof. O

It is easy to check that the labeling f in the proof of Theorems 4.17, 4.18, or 4.19 satisfies the
conditions of Theorem 3.1. We give the following corollary with the proof omitted.

Corollary 4.20. For a > 2 and m > 3,

4, mis odd,

Xltna(a'Wm) = { .
3, mis even,

and X yma(a(W,, — e)) = 3 for m = 3,5, where e is a spoke of W,,.
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5. Self join graphs

Theorem 5.1. Suppose G is a (p,q)-graph with p > 3 and x,(G) = t > 2. For all u,v € V(G),
suppose f is a local total neighborhood antimagic t-coloring of G satisfying the following conditions

(a) f;i(w) = f(v)implies that d;(u) = dg(v).

(b) fo(u) # f5,(v) implies that f,,(u) — f,(v) # 2(p + @ldc(v) — dg(u)].
(¢) fn@) = () # (p + @)(2dc(v) — p).

Then, x1,(G V G) < 2t. Moreover, the equality holds if x(G) = t.

Proof. Let the two copies of G be G; and G,. Let u; € V(Gy) and v; € V(G,) be the vertices
corresponding to the i-th vertex x; of G, 1 < i < p, respectively. Let d; = ds(x;) so that

dg,(u;) = dg,(vi) = d;
for all i. Define a total labeling g : V(G V G,) U E(G, V G») — [1,2p + 2g + p*] such that
(1) g(x) = f(x) for x € V(G1) U E(Gy) with the set of labels [1, p + ¢].
(i) g(x) = f(x) + p + g for x € V(G,) U E(G,) with the set of labels [p + g + 1,2p + 2q].

(ii1) g(uvj) = a;j +2p + 2q where q; ; is the (i, j)-entry of a p X p magic square, with the set of labels
2p+2g+1,2p +2g + p?.

Now, for 1 <i < p, we have

P
(1) giu) = f(x) + p(p* + D)/2+ pQ2p+2q) + p(p + @) + ) fx0).
k=1

p
(2) g5, (v) = fi(x) + 2di(p + @)+ p(p> + 1)/2 + pQp + 29) + ) f(x0).
k=1
From (1), we see that g}, (u;) = f,;(x;) + ki, where k; is a constant. Thus, g, (u;) = g;,(u;) if and only
if fr(x;)) = fi(xj)for1 <i# j< p. From (2), we see that g}, (v;) = f;;(x:) +2d;(p + q) + ko, where k; is
a constant. Thus, conditions (a) and (b) imply that g;,(v;) = g;,(v;) if and only if f;; (x;) = f,;(x;). Now,

gnu) — 8,(v)) = fu(x) — fir(x;) + (p + @)(p — 2d,).

Observe that g} (1;) — g;,(v;) # 0if and only if £,/ (x;) — f,;(x;) + (p + @)(p — 2d;) # 0 if and only if
fo(xi)) = fin(x;) # (p + q@)(2d; — p). Thus, condition (c) implies that g;,(v;) # g,,(v;) for 1 <i,j < p.
Therefore, g is a local total neighborhood antimagic 2¢-coloring of G V G. So that x;,,,(G V G) < 2t.
Clearly, if x(G) = t, then y,,(G V G) > x(G V G) = 2t so that y;,,(G vV G) = 2¢. This completes the
proof. O

We can also obtain a new set of conditions so that the conclusion of Theorem 5.1 holds.
Theorem 5.2. Suppose G is a (p, q)-graph with p > 3 and x;,.(G) =t > 2. Suppose f is a local total

neighborhood antimagic t-coloring of G satisfying the following conditions:
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(a) fr(u) = f,(v)implies that dg(u) = dg(v).

(D) fin(u) # fin(v) implies that fo(u) = fr(v) # (2p + 3¢ + p*)[d(v) — dg(w)].
(c) fiw)— fi(v)#dc("2p +3q+ p*) — p(p +2q + p?) for all u,v € V(G).
Then, x1,.(G V G) < 2t. Moreover, the equality holds if x(G) = t.

Proof. Let the two copies of G be G; and G,. Let u; € V(Gy) and v; € V(G,) be the vertices
corresponding to the i-th vertex of G, 1 < i < p, respectively. Define a total labeling
g:V(G1VG)UEG, VGy) — [1,2p +2q + p’] by

(1) g(x) = f(x) for x € V(G1) U E(Gy) with the set of labels [1, p + ¢].
(i1) g(x) = f(x) + p + q for x € E(G,) with the set of labels [p + ¢ + 1, p + 2¢].
(ii1) g(uvj) = a;j+ p + 2q, where a, ; is the (i, j)-entry of a p X p magic square, with the set of labels
[p+2g+1,p+2g+p?.
(iv) g(x) = f(x) + p + 2g + p? for x € V(G,) with the set of labels [p + 2q + p* + 1,2p + 2q + p*].
Now, for 1 <i < p, we have

P
(1) g(w) = f306) + p(p* + 1)/2+ p(p +2q) + p(p +2q + p) + ) f(x0)
k=1

= f;;(x,) + k].
(2) &) = [ (X)) +dg,(v))(p + 2q + P +de,(v)(p + q)

P
PP+ D)2+ pp+2q) + ) f(x)

k=1
= £ (x) + de,v)2p + 3q + p*) + k.
Here, k1, k, are constants. Similar to the proof of Theorem 5.1, the theorem holds. O

Remark 2.

(1) One can check that conditions (a) to (c) of Theorem 5.1 are equivalent to the following two
conditions:

(1a) f,;(u) = f,;(v) implies that d;(u) = ds(v) # p/2.

(1b) fin(u) # f,(v) implies that f, (u) — f,,(v) ¢ {2(p + @ldc(v) — dc(W)], (p + ¢)(p — 2dc(V))}.
Farticularly, if dg(u) = dg(v) = d, then we only need to ensure that f, (u) # f,/(v) implies
T @) = fin ) # (p + q)(p — 2d).

(2) Similarly, the conditions (a) to (c) of Theorem 5.2 are equivalent to the following two conditions:

(2a) f(u) = f(v) implies that dg(u) = d(v) # BL2LL).

(2b) f(w) # f}(v) implies that f}(u) — f1(v) & {2p + 3q + p*)dc(v) — dc(u)), dc(v)(2p + 3q +
P*) = p(p +2q+ p*)
Particularly, if dg(u) = dg(v) = d, then we only need to ensure that f, (u) # f,\(v) implies
Jo@) = fir(v) 2 dQ2p + 3q + p*) — p(p + 2q + p).

AIMS Mathematics Volume 11, Issue 7, 20986-21011.



21008

(3) Suppose f, () > f,}(v) always implies d(u) > d(v). Then condition (b) for both theorems always
holds.

Corollary 5.3. Suppose G is an r-regular graph of order p > 3 and x;,,(G) = t. If there is a local
total neighborhood antimagic t-coloring f of G such that for all vertices u and v (i) |f,; () — fr (V)| #
| P22 o (i) | £ () — £ ()] # [(2pr+ %) —(p*+ PP, then xima(G V G) < 2t with equality holding
ifx(G) =t.

Proof. Since 2g = pr, and by Theorems 5.1 and 5.2, we have the corollary. O
We now consider the common graphs in Section 4.
Corollary 5.4. For m,n > 1, xia(nCops1 V nCopy1) = 6.

Proof. The conditions of Corollary 5.3 for nC,,,.; becomes
) £ ) = £ )] # 2n@m + D(n@m + 1) = 4).
(i) |ff ) = £ ()] # n2m + D[*Q2m + 1)* + n(2m + 1) — 10].

We use the labeling f for C,,,,; defined in Theorem 4.5 and its extension g for nC,,,; as defined
in Theorem 3.1. It is known that g} (u, ;) — g (Ur,.;) = n(f,,(u;) — fin(u;)) for all vertices u;, u; and
1 <k, ky <n.

From the proof of Theorem 4.5 we have |f,; (1) — f,;(uzi-)| = 4m + 2, | f; (u1) = fir(uaj)l = 2m + 1
and |f;; (uzi—1) — f(u2j)l = 2m + 1 for all i, j when m > 2; and |f,} (1) — f,;(v)| < 2 for distinct vertices u
and v when m = 1. Thus, the labeling g satisfies condition (i) of Corollary 5.3 when m # 2 and n > 1.

When (m, n) = (2, 1), the labeling g satisfies condition (ii) of Corollary 5.3.

Thus, by Corollary 5.3, we have the corollary. O

Corollary 5.5. Forn > 1 and m = 6, 8,10, x;,.(nC,, vV nC,,) = 4.

Proof. The conditions of Corollary 5.3 becomes

@) If; () = fr)| # 2mn(mn — 4).

(i) |[fF () — £ ()| # [mn(m?n* + mn — 10)|.

It is easy the check that the labelings defined in Theorem 4.8 and its extended labelings satisfy the
conditions of Corollary 5.3. Thus, the corollary holds. O

Corollary 5.6. For s > 2, xin (K115 V K1) = 6.

Proof. Note that K, = K, V K; and x;.(K115) = 3. Keep the notation defined in the proof of
Theorem4.13. Weletm = landletu; = z,u, = wyandv; =v,;, 1 < j <s. Thend(u;) = d(u,) = s+1,
dv)) =2, fi(u) = 35> +65+3, f(u) = 25> + 8s+ 5 and f;}(v;) = 8s+ 7. In the following, we check
the conditions of Theorem 5.2.

Thus, f satisfies condition (a). Since f;!(u) > f;/(v) implies d(u) > d(v) for all u,v € V(K;,,). By
Remark 2, condition (b) holds.

Condition (c) becomes

fr) = f1 () #d@)(s* + 125 + 11) = (s° + 115 + 265 + 16)
_|2s*=3s-5 ifd(v) = s+ 1;
|- -9 2546 ifd(v)=2.
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Now,

_(ft:;(MZ) - f;l—(ul)) = fz;(”l) - f;;:(uz) = s> —25—2#25%— 35— 5,
fiu) = fr(v) =25 =2>0> -5 —95* — 25 + 6,
i) = fiv) =352 —25s—4>0> -5> — 952 =25 +6,
frv) = fiv)=0# -5 —9s* =25 +6, where | < j# j <,
fu @) = fin(ur) = 32 +25+4<-4<25-3s5-5,
frv) = fiu) = =25* +2 < 25 =35 = 5.

Thus, f satisfies condition (c).
By Theorem 5.2, we have the corollary. m]

Corollary 5.7. For n > 2, X1ma(Wa_1 ¥V Wa,1) = 8 and x1ma(Wa, ¥V Wy,) = 6. Moreover, x (W3 —
e)V (W3 —e)) = xina((Ws —e) vV (Ws — e)) = 6, where e is a spoke of Wy,_| forn =2, 3.

Proof. 1t is routine to check that the labeling f in the proof of Theorems 4.17, 4.18 or 4.19, satisfies
either Theorem 5.1 or Theorem 5.2. O

6. Conclusions and future work

In this paper, we introduced and explored the concept of the local total neighborhood antimagic
labeling of simple graphs G and the associated chromatic parameter y;,,(G). We investigated the
existence of such labelings and determined the values of y;,,,(G) for various classes of graphs without
isolated vertices, including paths, cycles, complete graphs, and various forms of join graphs. Our
results highlight the graph operations and vertex connectivity in influencing the behavior of ). (G).
This study contributes to the broader study of graph labelings and opens avenues for further
investigations on labeling techniques and coloring-related graph invariants. In a subsequent paper, we
will show that (i) for k£ > 2, xima(Cox X P2) = 2, Xima((Cor X P2) V (Cox X Pp)) = 4, (ii) for s,n > 1,
Xiina(Cant2 V Opsr1) = 3, and (iid) for r, s > 1, x1ma(rKz V Oa11) = 3.

We now question and suggest some open problems that may serve as potential directions for further
investigation.

e Can general lower and upper bounds be determined for y;,,(G) in terms of specific graph
parameters such as order, size, and degree?

e One could extend the concept of local total neighborhood antimagic labeling to random graphs,
and determine whether random graphs typically admit local total neighborhood antimagic
labelings.

e Can this concept be extended to directed graphs or even multigraphs [13, 14]? If so, how should
the induced coloring be appropriately defined to reflect the directional properties and structural
complexities of such graphs?

e Given the complexity of the problem, can efficient algorithms be developed in determining
whether a given graph admits a local total neighborhood labeling for specific classes of graphs?
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