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Abstract: Let G = (V, E) be a simple graph of order p and size q. A local total neighborhood antimagic
labeling of G is a bijection f : V ∪ E → [1, p+ q] such that, for every vertex u ∈ V , the induced vertex
color f +tn(u) =

∑
ux∈E[ f (ux) + f (x)] assigns distinct integers (called colors) to adjacent vertices of G.

We define f +tn(u) = 0 when u is an isolated vertex. A graph G is said to be local total neighborhood
antimagic if it admits a local total neighborhood antimagic labeling. The local total neighborhood
antimagic chromatic number of G, denoted by χltna(G), is the minimum number of distinct induced
colors taken over all such labelings of G. In this paper, we investigated properties of χltna(G) for graphs
without isolated vertices and provide results that characterize this chromatic parameter. We focused
on several graph classes, including paths, cycles, complete graphs, complete bipartite graphs, wheel
graphs, and various types of join graphs.
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1. Introduction

For integers a < b, let [a, b] = {a, a + 1, . . . , b}. The disjoint union of graphs G and H is denoted
by G + H, and nG is the disjoint union of n ≥ 2 copies of G. The join of graphs G and H is denoted
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by G ∨ H. For a given vertex x of G, let dG(x) (or d(x) if no ambiguity) be the degree of x. If
uv < E(G) (respectively, uv ∈ E(G)), we let G+uv (respectively, G−uv) be obtained from G by adding
(respectively, deleting) the edge uv.

Let G = (V, E) be a simple (p, q)-graph, i.e., G is of order p and size q. A bijective edge labeling
h : E → [1, q] is a local antimagic labeling if every edge uv ∈ E has h+(u) , h+(v), where h+(u) =∑

e∼u h(e) (over all edges e incident to u) is called the induced vertex label of u. The smallest number of
distinct induced vertex labels of G over all possible local antimagic labelings h of G is called the local
antimagic chromatic number of G, denoted by χla(G) (see [1]). Interested readers may refer to [6–9]
for related papers.

A bijective total labeling f : V ∪ E → [1, p + q] is called a total neighborhood antimagic labeling
if all vertices have distinct total weights where the total weight of a vertex u is f +tn(u) =

∑
ux∈E[ f (ux) +

f (x)], over every neighbor x of u. If the total weights form an arithmetic sequence with first term a
and common difference d ≥ 1, we say f is an (a, d)-total neighborhood antimagic labeling. Note that
if we allow d = 0, then f is known as a total neighborhood magic labeling with magic constant a
(see [10–12]). Motivated by this, we say f is a local total neighborhood antimagic labeling of G if f
induces a vertex coloring f +tn : V → Z, where f +tn(u) =

∑
ux∈E

[ f (ux) + f (x)]. If u is an isolated vertex, we

let f +tn(u) = 0. We say G is local total neighborhood antimagic if it admits a local total neighborhood
antimagic labeling f .

We say f +tn(u) is the induced color of u under f . For a local total neighborhood antimagic labeling f ,
the number of distinct induced colors is denoted by cltna( f ) so that f is also a local total neighborhood
antimagic cltna( f )-coloring of G. The local total neighborhood antimagic chromatic number of G,
denoted by χltna(G), is

min{cltna( f ) | f is a local total neighborhood antimagic labeling of G}.

Since we define the label of any isolated vertex by 0, we may define χltna(On) = 1, where On is the
empty graph of order n. Moreover, if G is a graph without isolated vertex and H = G +On, n ≥ 1, then
χltna(H) = χltna(G)+1. Thus, throughout this paper, we focus only on graph G, which is a simple graph
of order p ≥ 2 without isolated vertices and admits a local total neighborhood antimagic labeling f ,
unless stated otherwise. Moreover,

χltna(G) ≥ χ(G) ≥ 2. (1.1)

Similar to the local antimagic conjecture, we also have:

Conjecture 1.1. Every graph admits a local total neighborhood antimagic labeling.

Antimagic-type labelings have been widely studied as effective methods to distinguish vertices via
induced weights, with substantial progress in total labelings and neighborhood-based weighting
frameworks. The local total neighborhood antimagic labeling considered in this paper merges these
ideas by assigning labels to vertices and edges and enforcing neighborhood-sum constraints that
separate adjacent vertices. This yields a strengthened variant of local antimagic labeling. Motivated
by the increasing interest in locally distinguishing colorings and their relevance to network
identification, we also introduce and study the corresponding chromatic invariant, the local total
neighborhood antimagic chromatic number. Examining this parameter for several fundamental graph
classes not only extends the labeling theory but also provides structural insights that advance the
study of neighborhood-based total labelings.
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2. Preliminary results

We refer to [2] for concepts and notations not defined in this paper. We have some preliminary
results on local total neighborhood antimagic chromatic number of G.

Lemma 2.1. Suppose k ≥ 1 and G has a vertex that is adjacent to k pendant vertices. If G admits a
local total neighborhood antimagic labeling, then χltna(G) ≥ k + 1.

Proof. Let v be adjacent to k pendant vertices ui, 1 ≤ i ≤ k. Thus, under each local total neighborhood
antimagic labeling f , we must have f +tn(ui) = f (uiv) + f (v), 1 ≤ i ≤ k. Therefore, f +tn(ui) , f +tn(u j) for
i , j. Moreover, f +tn(v) , f +tn(ui) for 1 ≤ i ≤ k. Therefore, there are at least k + 1 distinct induced color
under f . The lemma holds. □

Lemma 2.2. Suppose G is a (p, q)-graph and f is a local total neighborhood antimagic labeling of G.
If, for any u, v ∈ V(G),

(i) f +tn(u) = f +tn(v) implies that d(u) = d(v), and

(ii) f +tn(u) , f +tn(v) implies that 2(p + q + 1)[d(u) − d(v)] , f +tn(u) − f +tn(v),

then g = p+q+1− f is also a local total neighborhood antimagic labeling of G with cltna( f ) = cltna(g).

Proof. For any u, v ∈ V(G), we have g+tn(u) = 2d(u)(p+q+1)− f +tn(u) and g+tn(v) = 2d(v)(p+q+1)− f +tn(v).
Now, g+tn(u) − g+tn(v) = 2(p + q + 1)[d(u) − d(v)] − [ f +tn(u) − f +tn(v)]. If f +tn(u) = f +tn(v), then condition (i)
implies that g+tn(u) = g+tn(v). If f +tn(u) , f +tn(v), then condition (ii) implies that g+tn(u) , g+tn(v). Thus, g is
also a local total neighborhood antimagic labeling of G with cltna( f ) = cltna(g). □

Lemma 2.3. Let G be a (p, q)-graph such that χ(G) = χltna(G) = t ≥ 2 and f be a local total
neighborhood antimagic t-coloring of G with color classes V1, . . . ,Vt. Suppose uv < E(G), χ(G+uv) =
t + 1, and f +tn(u) + f (v) + p + q + 1, f +tn(v) + f (u) + p + q + 1 and f +tn(x) are mutually distinct for each
x ∈ (V(G) \ {u, v}). Then

(a) If there exists a color class Vi = {u, v}, then χltna(G + uv) = t + 1.

(b) If there exist distinct singleton color classes Vi = {u} and V j = {v}, then χltna(G + uv) = t.

Proof. Define g : V(G + uv) ∪ E(G + uv) → [1, p + q + 1] such that g(x) = f (x) for x ∈ V(G) ∪ E(G)
and g(uv) = p + q + 1. Now, g+tn(x) = f +tn(x) if x < {u, v}, and that g+tn(u) = f +tn(u) + f (v) + p + q + 1,
g+tn(v) = f +tn(v)+ f (u)+ p+q+1. Thus, g+tn(u), g+tn(v), g+tn(x) are all distinct for x ∈ (V(G) \ {u, v}). Under
(a), g is a local total neighborhood antimagic (t + 1)-coloring of G + uv so that t + 1 = χ(G + uv) ≤
χltna(G + uv) ≤ t + 1. Under (b), g is a local total neighborhood antimagic t-coloring of G + uv so that
t ≤ χ(G) ≤ χltna(G + uv) ≤ t. The lemma holds. □

Lemma 2.4. Let G be a (p, q)-graph such that χ(G) = χltna(G) = t ≥ 2 and uv ∈ E(G). If f is a
local total neighborhood antimagic t-coloring of G such that (i) f (uv) = p + q, (ii) f +tn(u) − f +tn(v) =
f (v) − f (u), and (iii) u and v belong to distinct singleton color classes Vi = {u} and V j = {v} and
f +tn(u) − f (v) − (p + q) , f +tn(x) for each x ∈ (V(G) \ {u, v}), then χltna(G − uv) ≤ t − 1 with equality
holding if χ(G − uv) = t − 1.
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Proof. By definition, f +tn(u) , f +tn(v). By condition (i), we can define a bijection g : V(G − uv) ∪ E(G −
uv) → [1, p + q − 1] such that g(x) = f (x) for x ∈ V(G − uv) ∪ E(G − uv). Now, g+tn(x) = f +tn(x)
for x < {u, v}, g+tn(u) = f +tn(u) − f (v) − (p + q) and g+tn(v) = f +tn(v) − f (u) − (p + q). By condition (ii),
g+tn(u) = g+tn(v). By condition (iii), g is a local total neighborhood antimagic (t − 1)-coloring of G − uv.
Thus, χltna(G − uv) ≤ t − 1 with equality holding if χ(G − uv) = t − 1. □

Remark 1. The simplest graph that satisfies Lemma 2.4 is K2. Another example is the K4 with vertices
ui, 1 ≤ i ≤ 4 and a local total neighborhood antimagic 4-coloring f given by f (u1) = 1, f (u2) =
2, f (u3) = 3, f (u4) = 4, f (u1u2) = 10, f (u1u3) = 6, f (u1u4) = 9, f (u2u3) = 7, f (u2u4) = 8,
f (u3u4) = 5. Clearly, f +tn(u1) = 34, f +tn(u2) = 33, f +tn(u3) = 25 and f +tn(u4) = 28. It is easy to verify
that f +tn(u1)− f +tn(u2) = f (u2)− f (u1), and that K4 and f also satisfy all other conditions of Lemma 2.4.
Since K4 − u1u2 � K1,1,2, by Lemma 2.4, we have χltna(K1,1,2) = 3. In Subsection 4.3, we prove that
χltna(K1,1,n) = 3 for n ≥ 1 using Lemma 2.3(a).

3. Copies of a graph

Theorem 3.1. Let G be a (p, q)-graph with χltna(G) = t ≥ 2. Suppose f is a local total neighborhood
antimagic t-coloring of G. Let n ≥ 2 be an integer. If, for any u, v ∈ V(G),

(a) f +tn(u) = f +tn(v) implies that dG(u) = dG(v), and

(b) f +tn(u) , f +tn(v) implies that n[ f +tn(u) − f +tn(v)] , (dG(u) − dG(v))(n − 1),

then χltna(nG) ≤ t with equality holding if χ(G) = t.

Proof. Let f be a local total neighborhood antimagic t-coloring of G. Suppose nG = G1+G2+ · · ·+Gn

such that Gk � G, 1 ≤ k ≤ n. For 1 ≤ i ≤ p, let ui be the i-th vertex of G and uk,i be the corresponding
i-th vertex of Gk. Thus, nG has order np and size nq. Moreover, dG(ui) = dnG(uk,i) = di. For 1 ≤ i, j ≤ p
and 1 ≤ k ≤ n, define g : V(nG) ∪ E(nG)→ [1, n(p + q)] such that

(i) g(uk,i) = n f (ui) + 1 − k,

(ii) g(uk,iuk, j) = n[ f (uiu j) − 1] + k if uiu j ∈ E(G).

Note that for every label x assigned to V(G) ∪ E(G), the corresponding labels assigned to V(nG) ∪
E(nG) are (x − 1)n + 1 to nx. Since 1 ≤ x ≤ p + q, g is a bijective total labeling of nG. Without loss of
generality, suppose ui is adjacent to uia in G, 1 ≤ a ≤ di, so that the corresponding vertex uk,i is adjacent

to uk,ia in Gk. We now have f +tn(ui) =
di∑

a=1
[ f (uia) + f (uiuia)]. Thus,

g+tn(uk,i) =
di∑

a=1

[g(uk,ia) + g(uk,iuk,ia)]

=

di∑
a=1

[n f (uia) + 1 − k] +
di∑

a=1

[n( f (uiuia) − 1) + k]

=

di∑
a=1

n[ f (uia) + f (uiuia)] − di(n − 1) = n f +tn(ui) − di(n − 1).

AIMS Mathematics Volume 11, Issue 7, 20986–21011.
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Let 1 ≤ k1, k2 ≤ n. Now, g+tn(uk1,i) − g+tn(uk2, j) = n( f +tn(ui) − f +tn(u j)) − (di − d j)(n − 1). Therefore,
conditions (a) and (b) imply that f +tn(ui) = f +tn(u j) if and only if g+tn(uk1,i) = g+tn(uk2, j) for all 1 ≤ i, j ≤ p.
Thus, g is a local total neighborhood antimagic t-coloring of nG so that χltna(nG) ≤ t. Since χ(nG) =
χ(G), we conclude that χltna(nG) = t if χ(G) = t. This completes the proof. □

Corollary 3.2. If G is a regular graph and χltna(G) = t, then χltna(nG) ≤ t with equality holding if
χ(G) = t.

4. Some common graphs

4.1. Paths and cycles

For m ≥ 2, let Pm = u1u2 · · · um be the path of order m and let ei = uiui+1 for 1 ≤ i ≤ m − 1. For
m ≥ 3, let Cm be the cycle of order m obtained from Pm by adding an edge em = umu1. In this section,
we keep these notations.

Lemma 4.1. χltna(Pn) =

2 for n = 2, 5,
3 for n = 3, 4, 6.

Proof. We first show that there is a local total neighborhood antimagic labeling of Pn, where 2 ≤ n ≤ 6.
For P2, label u1u2, u1, u2 by 1, 2, 3 respectively. We show other labelings in the following figures.

2
1 5
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3

12 7 8 817
1 2

4
3

567

14

2 1 6
59

11

4 7
8
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23 2311 11

181922192218

5 8 3 11 91

10 4 6 2 7

Figure 1. A local total neighborhood antimagic 2-coloring of P5 and local total neighborhood
antimagic 3-colorings of P3, P4 and P6.

Thus, χltna(Pn) ≤

2 for n = 2, 5,
3 for n = 3, 4, 6.

Now, we show the lower bound of the χltna(Pn) for 2 ≤ n ≤ 6. Let f be a local total neighborhood
antimagic labeling of Pn. By definition(1.1), χltna(Pn) ≥ χ(Pn) = 2 for n = 2, 5. Lemma 2.1 implies
that χltna(P3) ≥ 3.

For P4, f +tn(u2) + f +tn(u3) = f (u1) + f (e1) + f (e2) + f (u3) + f (e2) + f (u2) + f (e3) + f (u4) = f +tn(u1) +
f +tn(u4) + f (u1) + f (u4) + 2 f (e2) > f +tn(u1) + f +tn(u4). If f +tn(u2) = f +tn(u4), then f +tn(u1), f +tn(u2), f +tn(u3) are
distinct. If f +tn(u2) , f +tn(u4), then f +tn(u2), f +tn(u3), f +tn(u4) are distinct. Thus, χltna(P4) ≥ 3.

Suppose that χltna(P6) = 2. Let a = f +tn(u1) and b = f +tn(u2). Thus,

3(a + b) =
6∑

i=1

f +tn(ui) = 2
11∑
j=1

j − f (u1) − f (u6) = 132 − ( f (u1) + f (u6)) ≤ 129,

2(a + b) =
5∑

i=2

f +tn(ui) =
11∑
j=1

j + f (e2) + f (u3) + f (e3) + f (u4) + f (e4)

AIMS Mathematics Volume 11, Issue 7, 20986–21011.
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= 66 + f (e2) + f (u3) + f (e3) + f (u4) + f (e4) ≥ 81.

Thus, 41 ≤ a + b ≤ 43 and f (u1) + f (u6) ≡ 0 (mod 3).

1) If a + b = 41, then f (u1) + f (u6) = 9. Then f (e2) + f (u3) + f (e3) + f (u4) + f (e4) = 16. The only
combination is { f (e2), f (u3), f (e3), f (u4), f (e4)} = {1, 2, 3, 4, 6}. There is no solution for f (u1) +
f (u6) = 9.

2) If a + b = 42, then f (u1) + f (u6) = 6. Then f (e2) + f (u3) + f (e3) + f (u4) + f (e4) = 18. The
combination for { f (e2), f (u3), f (e3), f (u4), f (e4)} is {1, 2, 3, 4, 8}, {1, 2, 3, 5, 7} or {1, 2, 4, 5, 6}. There
is no solution for f (u1) + f (u6) = 6.

3) If a + b = 43, then f (u1) + f (u6) = 3. Hence { f (u1), f (u6)} = {1, 2}. Now f (e2) + f (u3) + f (e3) +
f (u4) + f (e4) = 20. Let m = min{ f (e2), f (u3), f (e3), f (u4), f (e4)}, then 20 = f (e2) + f (u3) + f (e3) +
f (u4) + f (e4) ≥ m + (m + 1) + (m + 2) + (m + 3) + (m + 4) = 5m + 10. Thus, m ≤ 2. Since 1 and 2
are used, there is no solution.

Hence, χltna(P6) ≥ 3. The lemma holds. □

From the proof of Lemma 4.1, we have the following corollaries:

Corollary 4.2. A bipartite graph G with a component Pm (m = 3, 4) has χltna(G) ≥ 3.

Corollary 4.3. For n ≥ 2, χltna(nP2) = 2, and χltna(nP3) = χltna(nP4) = 3.

Proof. By (1.1), χltna(nP2) ≥ χ(nP2) = 2. Corollary 4.2 implies that χltna(nPm) ≥ 3 for m = 3, 4. It is
easy to check that the labeling f for Pm,m = 2, 3, 4 in the proof of Lemma 4.1 satisfies the conditions
of Theorem 3.1. Thus, χltna(nP2) ≤ 2 and χltna(nPm) ≤ 3 for m = 3, 4. The corollary holds. □

Corollary 4.4. For n ≥ 2, χltna(nP6) ≤ 3.

Proof. Since the labeling f for P6 in the proof of Lemma 4.1 satisfies the conditions of Theorem 3.1,
we have the corollary. □

Problem 4.1. Determine χltna(Pn) for n ≥ 7, and χltna(mPn) for m ≥ 2, n ≥ 5.

We now give some results on 2-regular graphs.

Theorem 4.5. For n,m ≥ 1, χltna(nC2m+1) = 3.

Proof. By (1.1), χltna(nC2m+1) ≥ χ(nC2m+1) = 3 for n,m ≥ 1.
For m ≥ 1, we define a total labeling f : V(C2m+1) ∪ E(C2m+1)→ [1, 4m + 2] such that

(a) f (e2i−1) = i for i = 1, 2, . . . ,m + 1 with the set of labels [1,m + 1],

(b) f (e2i) = 3m + 2 + i for i = 1, 2, . . . ,m with the set of labels [3m + 3, 4m + 2],

(c) f (u2i−1) = 2m + 3 − i for i = 1, 2, . . . ,m + 1 with the set of labels [m + 2, 2m + 2],

(d) f (u2i) = 3m + 3 − i for i = 1, 2, . . . ,m with the set of labels [2m + 3, 3m + 2].

AIMS Mathematics Volume 11, Issue 7, 20986–21011.
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Now, we have f +tn(u1) = f (e2m+1)+ f (u2m+1)+ f (e1)+ f (u2) = (m+1)+(m+2)+1+(3m+2) = 5m+6.
Similarly, we have f +tn(u2i−1) = 9m + 8 for 2 ≤ i ≤ m + 1, and f +tn(u2i) = 7m + 7 for 1 ≤ i ≤ m.

Thus, f is a local total neighborhood antimagic 3-coloring of C2m+1 and χltna(C2m+1) ≤ 3. Thus,
χltna(C2m+1) = 3. By Corollary 3.2, the theorem holds. □

Example 4.1. The local total neighborhood antimagic 3-coloring of 3C5 extended from the labeling in
Theorem 4.5 is given in Figure 2.
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Figure 2. A local total neighborhood antimagic 3-coloring of 3C5.

Lemma 4.6. If G is a bipartite graph with a component C4, then χltna(G) ≥ 3.

Proof. Let f be a local total neighborhood antimagic of G and let C4 = u1u2u3u4u1. Let a, b, c, d be
the edge labels of C4 consecutively under f . Then we have [ f +tn(u1) − f +tn(u3)] + [ f +tn(u2) − f +tn(u4)] =
2a − 2c , 0. Thus, at least one difference is nonzero. Without loss of generality, we may assume
f +tn(u1) , f +tn(u3). Thus, f +tn(u1), f +tn(u2) and f +tn(u3) are distinct. Hence, χltna(G) ≥ 3. □

Theorem 4.7. For n ≥ 1, χltna(nC4) = 3.

Proof. Figure 3 below gives a local total neighborhood antimagic 3-coloring of C4. By Corollary 3.2,
χltna(nC4) ≤ 3.

1

65

3

19

82

7

4

16

21

16

Figure 3. A local total neighborhood antimagic 3-coloring of C4.

By Lemma 4.6, χltna(nC4) ≥ 3. Thus, the theorem holds. □

Example 4.2. The local total neighborhood antimagic 3-coloring of 3C4 according to the labeling
above is given in Figure 4.
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Figure 4. A local total neighborhood antimagic 3-coloring of 3C4.
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Theorem 4.8. For n ≥ 1 and m = 6, 8, 10, χltna(nCm) = 2.

Proof. A local total neighborhood antimagic 2-coloring of Cm is given in Figure 5.
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Figure 5. A local total neighborhood antimagic 2-coloring of Cm,m = 6, 8, 10.

Thus, χltna(Cm) = 2 for m = 6, 8, 10 since χltna(Cm) ≥ χ(Cm) = 2. By Corollary 3.2, the theorem
holds. □

Conjecture 4.1. For n ≥ 1, r ≥ 6, χltna(nC2r) = 2.

4.2. Complete graphs and complete bipartite graphs

Theorem 4.9. For n ≥ 2, χltna(Kn) = χltna(mKn) = n.

Proof. For n = 2, the result follows from Corollary 4.3. For n ≥ 3, let V(Kn) = {vi | 1 ≤ i ≤ n}. Without
loss of generality, we may assume that Kn admits a local antimagic labeling f : E(Kn)→ [1, n2−n

2 ] such
that f +(vi) < f +(v j) for 1 ≤ i < j ≤ n. For the existence of local antimagic labeling for connected
graphs, please refer to [5]. Define a total labeling g : V(Kn) ∪ E(Kn) → [1, n2+n

2 ] such that g(e) = f (e)
for e ∈ E(Kn), and g(vi) = n2−n

2 + n + 1 − i for 1 ≤ i ≤ n. Thus, g is bijective, such that

g+tn(vi) = f +(vi) +
n∑

j=1

g(v j) − g(vi) = f +(vi) +
n∑

j=1

(
n2 − n

2
+ j

)
−

(
n2 − n

2
+ n + 1 − i

)
= f +(vi) +

n3 − n2 − 2
2

+ i.

Therefore, g+tn(vi) < g+tn(v j) for 1 ≤ i < j ≤ n so that g is a local total neighborhood antimagic n-coloring
of Kn. Since χ(Kn) = n, χltna(Kn) = n. By Corollary 3.2, we immediately have χltna(mKn) = n. This
completes the proof. □

Theorem 4.10. For n ≥ 1 and m ≥ 1, χltna(nK1,m) = m + 1.

Proof. Since nK1,1 � nP2 and nK1,2 � nP3, the theorem holds for m = 1, 2 by Corollary 4.3. Consider
m ≥ 3. By Lemma 2.1, χltna(K1,m) ≥ m+1. Let V(K1,m) = {u}∪{vi | 1 ≤ i ≤ m} and E(K1,m) = {uvi | 1 ≤
i ≤ m}. We define a total labeling f : V(K1,m)∪E(K1,m)→ [1, 2m+1] such that f (u) = 2m+1, f (vi) = i
and f (uvi) = 2m+1− i, for 1 ≤ i ≤ m. Thus, f is bijective. Moreover, for 1 ≤ i ≤ m, f +tn(vi) = 4m+2− i,
f +tn(u) = m(2m+1). Thus, f is a local total neighborhood antimagic (m+1)-coloring of K1,m. Moreover,
χltna(K1,m) ≤ m + 1. Consequently, χltna(K1,m) = m + 1.

By Lemma 2.1, we also have χltna(nK1,m) ≥ m + 1. It is straightforward to check that f satisfies the
conditions of Theorem 3.1 so that χltna(nK1,m) ≤ m + 1. Therefore, the theorem holds. □
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Now, let us consider the complete bipartite graph Km,n for m, n ≥ 2.

Theorem 4.11. Suppose m, n ≥ 2, χltna(Km,n) = 2 except χltna(K2,2) = 3.

Proof. Since K2,2 � C4, by Theorem 4.7, we get χltna(K2,2) = 3.
Suppose (m, n) , (2, 2). By (1.1), χltna(Km,n) ≥ χ(Km,n) = 2. Thus, define a bijective total labeling

f : V(Km,n) ∪ E(Km,n) → [1, t], where t = mn + m + n such that f is a local total neighborhood
antimagic 2-coloring. Let the vertex set and edge set of Km,n be {ui, v j | 1 ≤ i ≤ m, 1 ≤ j ≤ n} and
{uiv j | 1 ≤ i ≤ m, 1 ≤ j ≤ n}, respectively.

Consider m ≡ n (mod 2). Without loss of generality, we may assume that n ≥ m. Let M be an
m × n magic rectangle with entries ai, j in row i and column j, constant row sum R = n(mn + 1)/2 and
constant column sum C = m(mn + 1)/2. For the existence of magic rectangle, please see [3,4]. Define
a total labeling f : V(Km,n) ∪ E(Km,n)→ [1,mn + m + n] such that

(1) f (uiv j) = ai, j,

(2) f (ui) = mn + i, f (v j) = mn + m + j.

Thus, f is a bijection. Now,

f +tn(ui) = R +
n∑

j=1

f (v j) = n(mn + 1)/2 + n(mn + n) + n(n + 1)/2

and

f +tn(v j) = C +
m∑

i=1

f (ui) = m(mn + 1)/2 + m2n + m(m + 1)/2.

Thus, f +tn(ui) > f +tn(v j). Therefore, f is a local total neighborhood antimagic 2-coloring.
Now, consider m . n (mod 2). We may assume m = 2r and n ≥ 3 is odd, where r ≥ 1. We consider

only m, n ≥ 2. The case n = 1 is in Theorem 4.10.
Case A: Suppose n = 4s + 3, where s ≥ 0. Now t = 8rs + 8r + 4s + 3. Let A0 be the following

2r × 3 array

1 + 4rs 4rs + 6r + 4s + 4 4rs + 6r + 2s + 1
...

...
...

2i − 1 + 4rs 4rs + 6r + 4s + 2 + 2i 4rs + 6r + 2s + 5 − 4i
...

...
...

2r − 1 + 4rs 4rs + 8r + 4s + 2 4rs + 2r + 2s + 5

4rs + 6r + 4s + 5 2 + 4rs 4rs + 6r + 2s − 1
...

...
...

4rs + 6r + 4s + 3 + 2 j 2 j + 4rs 4rs + 6r + 2s + 3 − 4 j
...

...
...

4rs + 8r + 4s + 3 2r + 4rs 4rs + 2r + 2s + 3

1 ≤ i, j ≤ r. Note that, if r = 1, then take the first and the last row of the array. The set of used
integers is

[4rs + 1, 4rs + 2r] ∪ [4rs + 6r + 4s + 4, 4rs + 8r + 4s + 3] ∪ {4rs + 2r + 2s + 1 + 2k | 1 ≤ k ≤ 2r}.

AIMS Mathematics Volume 11, Issue 7, 20986–21011.



20995

Consider s ≥ 1. Let us consider the additional 2r × 4 array Ak, where 1 ≤ k ≤ s.

R1 1 + 4r(k − 1) t − r − 4r(k − 1) 3r + 1 + 4r(k − 1) t − 2r − 4r(k − 1)

R2 2 + 4r(k − 1) t − r − 1 − 4r(k − 1) 3r + 2 + 4r(k − 1) t − 2r − 1 − 4r(k − 1)
...

...
...

...
...

Rr−1 r − 1 + 4r(k − 1) t − 2r + 2 − 4r(k − 1) 4r − 1 + 4r(k − 1) t − 3r + 2 − 4r(k − 1)

Rr r + 4r(k − 1) t − 2r + 1 − 4r(k − 1) 4r + 4r(k − 1) t − 3r + 1 − 4r(k − 1)

Rr+1 t − 4r(k − 1) r + 1 + 4r(k − 1) t − 3r − 4r(k − 1) 2r + 1 + 4r(k − 1)

Rr+2 t − 1 − 4r(k − 1) r + 2 + 4r(k − 1) t − 3r − 1 − 4r(k − 1) 2r + 2 + 4r(k − 1)
...

...
...

...
...

R2r−1 t − r + 2 − 4r(k − 1) 2r − 1 + 4r(k − 1) t − 4r + 2 − 4r(k − 1) 3r − 1 + 4r(k − 1)

R2r t − r + 1 − 4r(k − 1) 2r + 4r(k − 1) t − 4r + 1 − 4r(k − 1) 3r + 4r(k − 1)

Similarly, if r = 1, then take the first and the last row of the array. It is easy to verify that the row
sum is R′ = 2(t + 1) = 8(m + 1)(s + 1) and the column sum is C′ = r(t + 1) = 2m(m + 1)(s + 1). Now,
the set of used integers is [1, 4rs]∪ [t− 4rs+ 1, t] = [1, 2ms]∪ [2ms+ 4m+ 4s+ 4, 4ms+ 4m+ 4s+ 3].

It is easy to verify that the row sum of A0 is R′′ = 6(m + 1)(s + 1) and the column sum of A0 is
C′′ = 2m(m + 1)(s + 1).

Let A =
(
A0 A1 · · · As

)
be the m × (4s + 3) array. Note that, when s = 0, A = A0. Now, the row

sum of A is sR′ + R′′ = (8s + 6)(m + 1)(s + 1) and the column sum is 2m(m + 1)(s + 1).
Note that the set of unused integers is U1 ∪ U2 ∪ U3 where U1 = [2ms + m + 1, 2ms + m + 2s + 1],

U2 = {2ms+m+2s+2i | 1 ≤ i ≤ m} and U3 = [2ms+3m+2s+2, 2ms+3m+4s+3] with |U1| = 2s+1
|U3| = 2s + 2 and |U2| = m.

We now define a bijective total labeling f : V(Km,4s+3) ∪ E(Km,4s+3)→ [1, t] such that

(a) f (uiv j) = ai, j, where ai, j is the (i, j)-th entry of A.

(b) The vertices v j, 1 ≤ j ≤ 4s + 3, are assigned the 4s + 3 integers in U = U1 ∪ U3 randomly.

(c) The vertices ui, 1 ≤ i ≤ m, are assigned the m integers in U2 randomly.

Now,

f +tn(ui) = sR′ + R′′ +
∑
x∈U

x

= (8s + 6)(m + 1)(s + 1) +
2s + 1

2
(4ms + 2m + 2s + 2) + (s + 1)(4ms + 6m + 6s + 5)

= 16ms2 + 28ms + 16s2 + 13m + 28s + 12,

f +tn(v j) = C′′ +
∑
y∈U2

y = 2m(m + 1)(s + 1) +
m
2

(4ms + 4m + 4s + 2)

= 4m2s + 4m2 + 4ms + 3m.

Now,

f +tn(ui) − f +tn(v j) = 16ms2 − 4m2s + 16s2 + 24ms − 4m2 + 10m + 28s + 12
= 4m(4s − m + 2)(s + 1) + 16s2 + 2m + 28s + 12. (4.1)
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When 4s ≥ m − 2, (4.1) > 0.
When 4s ≤ m − 4, i.e., −m ≤ −4s − 4, then

(4.1) ≤ (4m)(−2)(s + 1) + 16s2 + 2m + 28s + 12
= 16s2 − 8ms − 6m + 28s + 12
≤ 16s2 + 8(−4s − 4)s + 6(−4s − 4) + 28s + 12 = −16s2 − 28s − 12 < 0.

Thus, f is a local total neighborhood antimagic 2-coloring for K2r,4s+3.
Case B: Suppose n = 4s + 5, where s ≥ 0. Now t = 8rs + 12r + 4s + 5.
Suppose r = 1. So that t = 12s + 17. Let

A =
1 12s + 16 3 12s + 14 · · · 4s + 3 8s + 14 8s + 11

12s + 17 2 12s + 15 4 · · · 8s + 15 4s + 4 4s + 7

be a 2×(4s+5) matrix. Note that the set of entries of A is [1, 4s+4]∪[8s+14, 12s+17]∪{4s+7, 8s+11}.
The row sum of A is R = 24s2 + 66s + 45 and the column sum is C = 12s + 18. Define a total labeling
f : V(K2,4s+5) ∪ E(K2,4s+5) → [1, 12s + 17] such that f (uiv j) = ai, j, the (i, j)-th entry of A. Now, let
f (u1) = 4s + 5, f (u2) = 4s + 6, and assign the remaining 4s + 5 elements in [4s + 8, 8s + 10] ∪ {8s +
12, 8s + 13} to v j, 1 ≤ j ≤ 4s + 5, randomly. Thus, f is a bijection.

f +tn(ui) = R +
4s+5∑
j=1

f (v j) for 1 ≤ i ≤ 2

= 24s2 + 66s + 45 + (4s + 3)(12s + 18)/2 + (8s + 12) + (8s + 13)
= 48s2 + 136s + 97,

f +tn(v j) = C + f (u1) + f (u2) for 1 ≤ j ≤ 4s + 5
= 12s + 18 + (4s + 5) + (4s + 6)
= 20s + 29.

Consider r ≥ 2. Suppose s = 0, then t = 12r + 5. Let the following 2r × 5 array be A whose entries
are ai, j.

1 t − 2r + 1 t − 3r + 1 4r 7r + 2

2 t − 2r + 2 t − 3r + 2 4r − 1 7r
...

...
...

...
...

k t − 2r + k t − 3r + k 4r + 1 − k 7r + 4 − 2k
...

...
...

...
...

r t − r t − 2r 3r + 1 5r + 4

t − r + 1 r + 1 2r + 1 t − 4r + 1 8r + 1

t − r + 2 r + 2 2r + 2 t − 3r 7r − 1
...

...
...

...
...

t − r + l r + l 2r + l t − 3r + 2 − l 7r + 3 − 2l
...

...
...

...
...

t − 1 2r − 1 3r − 1 t − 4r + 3 5r + 5

t 2r 3r t − 4r + 2 5r + 3
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where 2 ≤ k, l ≤ r.
The column sum is r(t+ 1) and the row sum is 2t+ 6r+ 5. The labels used in the first 4 columns are

[1, 4r]∪ [8r + 6, 12r + 5]. The labels used in the last column are [5r + 3, 7r]∪ {7r + 2, 8r + 1}. Now the
unused integers are [4r + 1, 5r + 2] ∪ [7r + 1, 8r + 5] \ {7r + 2, 8r + 1}. Thus, there are 2r + 5 unused
labels.

Define a bijective total labeling f : V(K2r,5) ∪ E(K2r,5) → [1, 12r + 5] such that f (uiv j) = ai, j,
1 ≤ i ≤ 2r, 1 ≤ j ≤ 5. We let f (v1) = 7r + 1, f (v j) = 8r + j, 2 ≤ j ≤ 5 and label ui by the remaining

unused labels randomly. Thus
5∑

j=1
f (vi) = 39r+15 and

2r∑
i=1

f (ui) =
r+2∑
i=1

(4r+ i)+
r−2∑
i=1

(7r+2+ i) = 12r2−3r.

f +tn(ui) = row sum of A +
5∑

j=1

f (v j) = (30r + 15) + (39r + 15) = 69r + 30,

f +tn(v j) = colum sum of A +
2r∑

i=1

f (ui) = r(12r + 6) + (12r2 − 3r) = 24r2 + 3r.

Now, f +tn(v j)− f +tn(ui) = 6(4r2−11r−5) , 0, since the discriminant is 201 which is not a perfect square.
Thus, f is a local total neighborhood antimagic 2-coloring for K2r,5. Hence χltna(K2r,5) = 2.

Suppose s ≥ 1. Let Ak be as defined in Case A with the new value of t = 8rs + 12r + 4s + 5,
where 1 ≤ k ≤ s. Thus, the row sum is R′ = 2(t + 1) = 16rs + 24r + 8s + 12 and the column sum is
C′ = r(t + 1) = 12r2 + 8r2s + 4rs + 6r. Now, the set of used integers is [1, 4rs] ∪ [t − 4rs + 1, t] =
[1, 2ms] ∪ [2ms + 6m + 4s + 6, 4ms + 6m + 4s + 5].

Let A0 be the following 2r × 5 array

1 + 4rs 10r + 6 + 4rs + 4s 9r + 6 + 4rs + 4s 4r + 4rs 7r + 2 + 4rs + 2s

2 + 4rs 10r + 7 + 4rs + 4s 9r + 7 + 4rs + 4s 4r − 1 + 4rs 7r + 4rs + 2s
...

...
...

...
...

k + 4rs 10r + 5 + k + 4rs + 4s 9r + 5 + k + 4rs + 4s 4r + 1 − k + 4rs 7r + 4 − 2k + 4rs + 2s
...

...
...

...
...

r + 4rs 11r + 5 + 4rs + 4s 10r + 5 + 4rs + 4s 3r + 1 + 4rs 5r + 4 + 4rs + 2s

11r + 6 + 4rs + 4s r + 1 + 4rs 2r + 1 + 4rs 8r + 6 + 4rs + 4s 8r + 1 + 4rs + 2s

11r + 7 + 4rs + 4s r + 2 + 4rs 2r + 2 + 4rs 9r + 5 + 4rs + 4s 7r − 1 + 4rs + 2s
...

...
...

...
...

11r + 5 + l + 4rs + 4s r + l + 4rs 2r + l + 4rs 9r + 7 − l + 4rs + 4s 7r + 3 − 2l + 4rs + 2s
...

...
...

...
...

12r + 4 + 4rs + 4s 2r − 1 + 4rs 3r − 1 + 4rs 8r + 8 + 4rs + 4s 5r + 5 + 4rs + 2s

12r + 5 + 4rs + 4s 2r + 4rs 3r + 4rs 8r + 7 + 4rs + 4s 5r + 3 + 4rs + 2s

where 2 ≤ k, l ≤ r.
It is easy to verify that the row sum of A0 is R′′ = 20rs + 30r + 10s + 15 and the column sum of A0

is C′′ = 12r2 + 8r2 + 4rs + 6r. Let A =
(
A0 A1 · · · As

)
be the m × (4s + 5) array. Now, the row sum

of A is sR′ + R′′ = (4s + 5)(m + 1)(2s + 3) and the column sum is m(m + 1)(2s + 3).
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Now, the sets of unused integers are U1 and U2, where U1 = [4rs + 4r + 1, 4rs + 5r + 2s + 2] and
U2 = [4rs+7r+2s+1, 4rs+8r+4s+5]\{4rs+7r+2s+2, 4rs+8r+2s+1}. Note that |U1| = r+2s+2
and |U2| = r + 2s + 3.

We now define a bijective total labeling f : V(Km,4s+5) ∪ E(Km,4s+5)→ [1, t] such that

(a) f (uiv j) = ai, j, where ai, j is the (i, j)-th entry of A.

(b) f (ui) = 4rs+ 4r + i for 1 ≤ i ≤ r + 2 and f (ur+2+l) = 4rs+ 7r + 2s+ 2+ l for 1 ≤ l ≤ r − 2 (if r = 2,
then the last part is omitted).

(c) The vertices v j, 1 ≤ j ≤ 4s + 5, are assigned the remaining 4s + 5 unused integers randomly.

Now,

2r∑
i=1

f (ui) =
r+2∑
i=1

(4rs + 4r + i) +
r−2∑
l=1

(4rs + 7r + 2s + 2 + l) = 8r2s + 12r2 + 2rs − 3r − 4s,

4s+3∑
j=1

f (v j) =
2s∑
j=1

(4rs + 5r + 2 + j) +
2s+4∑
j=1

(4rs + 8r + 2s + 1 + j) + (4rs + 7r + 2s + 1)

= 16rs2 + 46rs + 8s2 + 39r + 26s + 15.

Thus,

f +tn(ui) = sR′ + R′′ + 16rs2 + 46rs + 8s2 + 39r + 26s + 15
= (4s + 5)(2r + 1)(2s + 3) + 16rs2 + 46rs + 8s2 + 39r + 26s + 15
= 32rs2 + 90rs + 16s2 + 69r + 48s + 30,

f +tn(v j) = C′′ + 8r2s + 12r2 + 2rs − 3r − 4s

= 2r(2r + 1)(2s + 3) + 8r2s + 12r2 + 2rs − 3r − 4s

= 16r2s + 24r2 + 6rs + 3r − 4s.

Note that, these two formula also agree with s = 0. We have

f +tn(ui) − f +tn(v j) = −16r2s + 32rs2 − 24r2 + 16s2 + 84rs + 66r + 52s + 30
= 16rs(2s − r) + 4(2s − r)(2s + r) + 20r(2s − r) + 44rs + 66r + 52s + 30. (4.2)

Suppose n ≥ m = 2r. Since n is odd and m is even, it is equivalent to 2s ≥ r − 2.

(4.2) ≥ −32rs − 8(2r − 2) − 40r + 44rs + 66r + 52s + 30 = 12rs + 10r + 52s + 46 > 0.

Suppose 2s = r−3, then (4.2) = −2r2+14r−12 = −2(r−1)(r−6) , 0, since s is a positive integer.
Suppose 2s − r ≤ −4, i.e., r ≥ 2s + 4.

(4.2) ≤ 16rs(−4) + 4(−4)(2s + r) + 20r(−4) + 44rs + 66r + 52s + 30
= −20rs − 30r + 20s + 30 = −(20s + 30)(r − 1) < 0,

Thus, f is a local total neighborhood antimagic 2-coloring for K2r,4s+5. Hence, χltna(K2r,4s+5) = 2.
This completes the proof. □
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Example 4.3. Consider K4,3. Now s = 0 and r = 2. From the proof of Theorem 4.11, we have the
array

Column Sum 40 40 40 Row Sum
1 16 13 30
3 18 9 30

17 2 11 30
19 4 7 30

The labeling for K4,3 is

6 10 12

[1,16,13] [3,18,9] [17,2,11] [19,4,7]

[16,18,2,4][1,3,17,19] [13,9,11,7]

145 15

8

76 76 76

64646464

The numbers in the brackets near the vertex are labels for the edges incident to that vertex.
Consider K4,5. Now s = 0 and r = 2 and t = 29. From the proof of Theorem 4.11, we have the array

Column Sum 60 60 60 60 60 Row Sum
1 26 24 8 16 75
2 27 25 7 14 75

28 3 5 22 17 75
29 4 6 23 13 75

The labeling for K4,5 is

9 10 11 12

[1,26,24,8,16] [2,27,25,7,14] [28,3,5,22,17] [29,4,6,23,13]

[1,2,28,29] [24,25,5,6] [16,14,17,13][26,27,3,4] [8,7,22,23]

211915 18 20

168

102 102 102 102 102

168168168

□

Corollary 4.12. For α,m, n ≥ 2 and (m, n) , (2, 2), χltna(αKm,n) = 2.

Proof. Keep all the notations defined in the proof of Theorem 4.11. Now, d(ui) = n and d(v j) = m.
When m ≡ n (mod 2), (m, n) , (2, 2) and n ≥ m.

f +tn(ui) − f +tn(v j)
= [n(mn + 1)/2 + n(mn + n) + n(n + 1)/2] − [m(mn + 1)/2 + m2n + m(m + 1)/2]

=
1
2

[(n − m)(3mn + m + n + 2) + 2n2] > n − m.

Now we assume m is even and n is odd.
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Case A: Let n = 4s + 3, m = 2r. Suppose n ≥ m. It is equivalent to 4s ≥ m − 2. From (4.1), we
have

f +tn(ui) − f +tn(v j) ≥ 16s2 + 2m + 28s + 12 = n2 + 2m + n > n − m > 0.

Suppose n ≤ m − 1. From (4.1), we have

f +tn(v j) − f +tn(ui) ≥ 8ms + 6m − 16s2 − 28s − 12 = n(2m − n − 1)
> n(m − n) > m − n > 0.

Case B: Let n = 4s + 5, m = 2r. Suppose r = 1. Clearly

f +tn(ui) − f +tn(v j) = 48s2 + 136s + 97 − 20s − 29 = 48s2 + 116s + 68 > 4s + 3 = n − m > 0

Suppose r ≥ 2. Suppose n ≥ m. From the proof of Theorem 4.11

f +tn(ui) − f +tn(v j) > n − m > 0.

Suppose m = n + 1. From the proof of Theorem 4.11, | f +tn(ui) − f +tn(v j)| > 1.
Suppose n ≤ m − 3, i.e., r ≥ 2s + 4. From the proof of Theorem 4.11, we have

f +tn(v j) − f +tn(ui) ≥ (2r − 2)(10s + 15) = m(10s + 15) − 2(10s + 15)
= 10sm + 15m − 20s − 30 > 15m − 20s − 50 = 15m − 5n − 25 > m − n > 0.

Thus, for each case, we have | f +tn(ui) − f +tn(v j)| > |m − n|. Hence, α| f +tn(ui) − f +tn(v j)| > α|m − n| ≥
|m − n|(α − 1). Therefore, condition (b) in the hypothesis of Theorem 3.1 holds. Thus, condition (a)
also holds. By Theorem 3.1, we have the corollary. □

4.3. Stars join with a vertex

Suppose m, s ≥ 1. Let V(mK1,s ∨ K1) = {wi, vi, j | 1 ≤ i ≤ m, 1 ≤ j ≤ s} ∪ {z} and E(mK1,s ∨ K1) =
{wiz, vi, jz,wivi, j | 1 ≤ i ≤ m, 1 ≤ j ≤ s}. Note that the order and the size of mK1,s ∨ K1 are m(s + 1) + 1
and m(2s + 1), respectively. Note that K1,s ∨ K1 � K1,1,s.

Theorem 4.13. For m, s ≥ 1, χltna(mK1,s ∨ K1) = 3.

Proof. Let G = mK1,s ∨ K1, m, s ≥ 1. Note that K1,1 ∨ K1 � C3. The result follows from Theorem 4.5.
Consider (m, s) , (1, 1). By (1.1), χltna(G) ≥ χ(G) = 3. For 1 ≤ i ≤ m, 1 ≤ j ≤ s, define a total
labeling f : V(G) ∪ E(G)→ [1,m(3s + 2) + 1] such that

(1) f (vi, j) = ( j − 1)m + i, j , s, with the set of labels [1,m(s − 1)].

(2) f (vi,s) = m(s − 1) + 2i − 1 and f (wi) = m(s − 1) + 2i with the set of labels [m(s − 1) + 1,m(s + 1)].

(3) f (wivi, j) = m(2s + 2 − j) + 1 − i with the set of labels [m(s + 1) + 1,m(2s + 1)].

(4) f (vi, jz) = m(2s + 1 + j) + 1 − i with the set of labels [m(2s + 1) + 1,m(3s + 1)].

(5) f (wiz) = m(3s + 2) + 1 − i with the set of labels [m(3s + 1) + 1,m(3s + 2)].

(6) f (z) = m(3s + 2) + 1.
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Note that for s = 1, we refer only to (2) to (6). Thus, f is bijective. We now have:

(a) f +tn(vi, j) = f (wi) + f (z) + f (wivi, j) + f (vi, jz) = [m(s − 1) + 2i] + [m(3s + 2) + 1] + [m(2s + 2 − j) +
1 − i] + [m(2s + 1 + j) + 1 − i] = 8ms + 4m + 3.

(b) For s = 1, f +tn(wi) = f (vi,1)+ f (wivi,1)+ f (wiz)+ f (z) = (2i−1)+(3m+1−i)+(5m+1−i)+(5m+1) =
13m + 2.

(c) For s ≥ 2,

f +tn(wi) =
[ s−1∑

j=1

f (vi, j)
]
+ f (vi,s) +

[ s∑
j=1

f (wivi, j)
]
+ f (wiz) + f (z)

=

s−1∑
j=1

[
( j − 1)m + i

]
+ [m(s − 1) + 2i − 1] +

s∑
j=1

[
m(2s + 2 − j) + 1 − i

]
+ [m(3s + 2) + 1 − i] + m(3s + 2) + 1

=

 s−1∑
j=1

(2ms + m + 1)

 + (ms + 2m + 1 − i) + (7ms + 3m + i + 1)

= (s − 1)(2ms + m + 1) + 8ms + 5m + 2
= 2ms2 + 7ms + 4m + s + 1,

which agrees when s = 1.

(d)

f +tn(z) =
m(3s+2)∑

k=1

k −
m(2s+1)∑

k=m(s+1)+1

k

=
m(3s + 2)(m(3s + 2) + 1)

2
−

(m(2s + 1) + m(s + 1) + 1)(ms)
2

= m(3ms2 + 5ms + 2m + s + 1).

It is routine to check that f +tn(vi, j), f +tn(wi), and f +tn(z) are mutually distinct when (m, s) , (1, 1). Thus,
f is a local total neighborhood antimagic 3-coloring of G so that χltna(G) ≤ 3. This completes the
proof. □

Corollary 4.14. For n,m, s ≥ 1, χltna(n(mK1,s ∨ K1)) = 3.

Proof. We keep all notations as defined in the proof of Theorem 4.13. By Theorem 4.5, we need only
to deal with (m, s) , (1, 1). It suffices to show that the labeling f satisfies the conditions (a) and (b) of
Theorem 3.1.

Thus, f satisfies (a). In the following, we prove that | f +tn(u) − f +tn(v)| ≥ |d(u) − d(v)| for all distinct
vertices u, v, which implies condition (b) of Theorem 3.1.

Now,

f +tn(wi) − f +tn(vi, j) = 2ms2 + 7ms + 4m + s + 1 − (8ms + 4m + 3)
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= 2ms2 − ms + s − 2 = (s − 1)(ms + s + 2) + (m − 1)s2

≥ s − 1 = d(wi) − d(vi, j) > 0.

f +tn(z) − f +tn(vi, j) = m(3ms2 + 5ms + 2m + s + 1) − (8ms + 4m + 3)
= 3m2s2 + 5m2s + 2m2 − 7ms − 3m − 3
≥ 3ms2 + 5ms + 2m − 7ms − 3m − 3
= m(3s + 1)(s − 1) − 3. (4.3)

Suppose s = 1, then m ≥ 2. Thus f +tn(z) − f +tn(vi, j) = 10m2 − 10m − 3 > 2m − 2 = d(z) − d(vi, j) > 0.
Suppose s ≥ 2, (4.3) ≥ m(3s + 1) − 3 = m(s + 1) + 2ms − 3 > m(s + 1) − 2 = d(z) − d(vi, j) > 0

f +tn(z) − f +tn(wi) = m(3ms2 + 5ms + 2m + s + 1) − (2ms2 + 7ms + 4m + s + 1)
= ms[(m − 1)(2s + 5) + (ms − 2)] + m(2m − 4) + (m − 1)(s + 1) (4.4)

When m = 1, from (4.4), we have | f +tn(z) − f +tn(wi)| = |s(s − 2) − 2| ≥ 1.
When m ≥ 2, (4.4) ≥ (m − 1)(s + 1) = d(z) − d(wi) > 0.

Thus | f +tn(u) − f +tn(v)| ≥ |d(u) − d(v)| for all distinct vertices u, v. This completes the proof. □

Note that mK1,1∨K1 � mP2∨K1 � fm which is also known as the friendship graph, and mK1,2∨K1 �

mP3 ∨ K1. So we have

Corollary 4.15. For m ≥ 1, χltna( fm) = χltna(mP3 ∨ K1) = 3.

Consider the total labeling f in the proof of Theorem 4.13. For m ≥ 2, the friendship graph fm has
induced vertex weights 12m + 3, 13m + 2 and 2m(5m + 1) with corresponding vertex degrees 2, 2, 2m,
whereas the mP3∨K1 has induced vertex weights 20m+3, 26m+3 and 3m(8m+1) with corresponding
vertex degrees 2, 3, 3m. It is easy to show that the labeling f defined in the proof of Theorem 4.13
satisfies the conditions of Theorem 3.1 when s = 1, m ≥ 2 and when s = 2, m ≥ 1.

Corollary 4.16. Suppose n ≥ 2. If G � fm, m ≥ 2 or G � mP3 ∨ K1, m ≥ 1, then χltna(nG) = 3.

Conjecture 4.2. χltna(mPn ∨ K1) = 3 for m ≥ 1, n ≥ 4.

4.4. Wheel graphs

Consider the wheel Wm = Cm ∨ K1, where m ≥ 3, Cm = u1u2 · · · umu1 and V(K1) = {x}.

Theorem 4.17. For n ≥ 1, χltna(W2n+1) = 4.

Proof. By (1.1), we have χltna(W2n+1) ≥ χ(W2n+1) = 4. Since W3 � K4, we have χltna(W3) = 4. Suppose
n ≥ 2. Define a total labeling f : V(W2n+1) ∪ E(W2n+1)→ [1, 6n + 4] such that

(1) f (u2i−1) = i for 1 ≤ i ≤ n + 1 with the set of labels [1, n + 1].

(2) f (u2i) = n + 1 + i for 1 ≤ i ≤ n with the set of labels [n + 2, 2n + 1].

(3) f (uiui+1) = 4n + 2 − i for 0 ≤ i ≤ 2n with the set of labels [2n + 2, 4n + 2], here u0 = u2n+1.
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(4) f (xu2i−1) = 4n + 3 + 2i, f (xu2i) = 4n + 2 + 2i for 1 ≤ i ≤ n, and f (xu2n+1) = 6n + 4 with the set of
labels [4n + 4, 6n + 4].

(5) f (x) = 4n + 3.

Thus, f is bijective. Moreover,

f +tn(x) =
2n+1∑
k=1

k +
6n+4∑

k=4n+4

k = (2n + 1)(6n + 5) = 12n2 + 16n + 5,

and

f +tn(u2n+1) = f (u1) + f (u2n) + f (u2n+1u1) + f (u2nu2n+1) + f (xu2n+1) + f (x)
= 1 + (2n + 1) + (4n + 2) + (2n + 2) + (6n + 4) + (4n + 3) = 18n + 13.

Similarly, we have f +tn(u1) = 18n + 14, f +tn(u2i−1) = 18n + 14 for 2 ≤ i ≤ n, and f +tn(u2i) = 16n + 11 for
1 ≤ i ≤ n.

It is routine to check that f +tn(x), f +tn(u2i−1), f +tn(u2i) (1 ≤ i ≤ n), and f +tn(u2n+1) are mutually distinct.
Thus, f is a local total neighborhood antimagic 4-coloring of W2n+1 so that χltna(W2n+1) ≤ 4. This
completes the proof. □

Theorem 4.18. For n ≥ 1, if G is W2n+1 with a spoke deleted, then

χltna(G) =

3 for n = 1, 2,
4 for n ≥ 3.

Proof. Let G = W2n+1 − xu2n+1. Now, G is of order 2n + 2 and size 4n + 1. For n = 1, the graph is
K1,1,2, which has χltna(G) = 3. For n = 2, the graph below and the corresponding labeling shows that
χltna(G) = 3.

8

14

10

15

11

12

13

9

38

52

59

38

7

5

52

59
6

2

1

43

Suppose n ≥ 3. Since u1 to u2n must have distinct weight with x, we need to consider only f +tn(x) and
f +tn(x2n+1). If χltna(G) = 3, then f +tn(u2n+1) = f +tn(x). Since u2n+1 and x have common neighbors u1, u2n,

we must have f (u2n+1u1)+ f (u2nu2n+1) = f (xu1)+ f (xu2n)+
2n−1∑
i=2

[ f (ui)+ f (xui)]. Now, the left hand side

is L ≤ (6n+3)+ (6n+2) = 12n+5 and right hand side is R ≥
4n−2∑
i=1

i = (2n−1)(4n−1) = 8n2−6n+1 >

24n − 6n + 1 = 18n + 1 > L. Thus, χltna(G) ≥ 4.
Using the labeling f of W2n+1 in the proof of Theorem 4.17, we delete xu2n+1 and the label 6n + 4.

Now, all ui weights for i = 1, . . . , 2n remain the same so that f +tn(u2i−1) = 18n + 14, f +tn(u2i) = 16n + 11
for 1 ≤ i ≤ n, whereas f +tn(x) = 12n2 + 9n and f +tn(u2n+1) = 8n+ 6. Moreover, every two adjacent vertex
weights are distinct. Thus, G admits a local total neighborhood antimagic 4-coloring and χltna(G) ≤ 4.
Consequently, the theorem holds. □
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Theorem 4.19. For even m ≥ 4, χltna(Wm) = 3.

Proof. By (1.1), we have χltna(Wm) ≥ χ(Wm) = 3. Therefore, it suffices to construct a local total
neighborhood antimagic 3-coloring for Wm.

Suppose m = 4n + 2 ≥ 6. Define a total labeling f : V(W4n+2) ∪ E(W4n+2)→ [1, 12n + 7] such that

(1) f (u4i−3) = i for 1 ≤ i ≤ n + 1 with the set of labels [1, n + 1].

(2) f (u4i−1) = n + 1 + i for 1 ≤ i ≤ n with the set of labels [n + 2, 2n + 1].

(3) f (u4i−2) = 3n + 3 − i for 1 ≤ i ≤ n + 1 with the set of labels [2n + 2, 3n + 2].

(4) f (u4i) = 4n + 3 − i for 1 ≤ i ≤ n with the set of labels [3n + 3, 4n + 2].

(5) f (u2i+1u2i+2) = 4n + 2 + i for 1 ≤ i ≤ 2n with the set of labels [4n + 3, 6n + 2].

(6) f (u1u2) = 6n + 3, f (u2u3) = 6n + 4.

(7) f (u2i+2u2i+3) = 8n + 5 − i for 1 ≤ i ≤ 2n where u4n+3 = u1 with the set of labels [6n + 5, 8n + 4].

(8) f (xu2i) = 10n + 5 − i for 1 ≤ i ≤ 2n with the set of labels [8n + 5, 10n + 4].

(9) f (xu2i+3) = 10n + 5 + i for 1 ≤ i ≤ 2n − 1 with the set of labels [10n + 6, 12n + 4].

(10) f (xu1) = 12n + 5, f (xu3) = 12n + 6, f (xu4n+2) = 10n + 5, f (x) = 12n + 7.

Thus, f is bijective. We now have the following vertex weights:

f +tn(x) =
4n+2∑
k=1

k +
12n+6∑

k=8n+5

k = (4n + 2)(12n + 7) = 48n2 + 52n + 14,

f +tn(u1) = f (u4n+2u1) + f (u1u2) + f (xu1) + f (u4n+2) + f (u2) + f (x)
= (6n + 5) + (6n + 3) + (12n + 5) + (2n + 2) + (3n + 2) + (12n + 7) = 41n + 24.

Similarly, we have f +tn(u2) = 35n+21, f +tn(u3) = 41n+24, f +tn(u4n+2) = 35n+21, f +tn(u4i−3) = 41n+24 for
i ∈ [2, n+1], f +tn(u4i−2) = 35n+21 for i ∈ [2, n], f +tn(u4i−1) = 41n+24 for i ∈ [2, n], and f +tn(u4i) = 35n+21
for i ∈ [1, n].

As such, every two adjacent vertex weights are distinct. Thus, f is a local total neighborhood
antimagic 3-coloring of W4n+2, and so χltna(W4n+2) = 3.

Suppose m = 4n ≥ 4. For n = 1, we obtain the following total labeling of W4.

139

11

41

39

41

39 54

2

1

3

4

5

6

7

8

12

10

Now assume n ≥ 2. For convenience, we let u0 = u4n. Define a total labeling f : V(W4n)∪E(W4n)→
[1, 12n + 1] such that
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(1) f (u2i−1) = i for 1 ≤ i ≤ 2n with the set of labels [1, 2n].

(2) f (u2i) = 2n + 1 + i for 0 ≤ i ≤ 2n − 1 with the set of labels [2n + 1, 4n].

(3) f (x) = 7n + 1.

(4) f (u2i−1u2i) = 6n + 1 − i for 1 ≤ i ≤ 2n with the set of labels [4n + 1, 6n].

(5) f (u2iu2i+1) =


6n + 2 + i, 0 ≤ i ≤ n − 2;
6n + 3 + i, n − 1 ≤ i ≤ 2n − 2;
6n + 1, i = 2n − 1;

with the set of labels [6n + 1, 7n] ∪ [7n + 2, 8n + 1].

(6) f (xui) =

12n − i, 0 ≤ i ≤ 2n − 3;
12n − 1 − i, 2n − 2 ≤ i ≤ 4n − 3,

with the set of labels [8n + 2, 10n + 1] ∪ [10n + 3, 12n].

(7) f (xu4n−2) = 10n + 2, f (xu4n−1) = 12n + 1.

Thus, f is bijective. We now have the following vertex weights.

f +tn(u2i) = f (x) + f (u2i−1) + f (u2i+1) + f (u2i−1u2i) + f (u2iu2i+1) + f (xu2i)
= (7n + 1) + i + (i + 1) + (6n + 1 − i) + (6n + 2 + i) + (12n − 2i)
= 31n + 5, 1 ≤ i < n − 2,

f +tn(u2n−2) = f (x) + f (u2n−3) + f (u2n−1) + f (u2n−2u2n−1) + f (u2n−3u2n−2) + f (xu2n−2)
= (7n + 1) + (n − 1) + n + (7n + 2) + (5n + 2) + (10n + 1) = 31n + 5.

Similarly, we get f +tn(u2i) = 31n + 5 for n ≤ i ≤ 2n.

f +tn(u1) = f (x) + f (u2) + f (u4n) + f (u1u2) + f (u4nu1) + f (xu1)
= (7n + 1) + (2n + 2) + (2n + 1) + 6n + (6n + 2) + (12n − 1) = 35n + 5.

Similarly, we obtain f +tn(u2i−1) = 35n + 5 for 2 ≤ i ≤ 2n. Finally, we have f +tn(x) =
4n∑

k=1
k +

12n+1∑
k=8n+2

k =

8n(6n + 1).
Thus, f is a local total neighborhood antimagic 3-coloring of W4n so that χltna(W4n) = 3.
This completes the proof. □

It is easy to check that the labeling f in the proof of Theorems 4.17, 4.18, or 4.19 satisfies the
conditions of Theorem 3.1. We give the following corollary with the proof omitted.

Corollary 4.20. For α ≥ 2 and m ≥ 3,

χltna(αWm) =

4, m is odd;
3, m is even,

and χltna(α(Wm − e)) = 3 for m = 3, 5, where e is a spoke of Wm.
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5. Self join graphs

Theorem 5.1. Suppose G is a (p, q)-graph with p ≥ 3 and χltna(G) = t ≥ 2. For all u, v ∈ V(G),
suppose f is a local total neighborhood antimagic t-coloring of G satisfying the following conditions

(a) f +tn(u) = f +tn(v) implies that dG(u) = dG(v).

(b) f +tn(u) , f +tn(v) implies that f +tn(u) − f +tn(v) , 2(p + q)[dG(v) − dG(u)].

(c) f +tn(u) − f +tn(v) , (p + q)(2dG(v) − p).

Then, χltna(G ∨G) ≤ 2t. Moreover, the equality holds if χ(G) = t.

Proof. Let the two copies of G be G1 and G2. Let ui ∈ V(G1) and vi ∈ V(G2) be the vertices
corresponding to the i-th vertex xi of G, 1 ≤ i ≤ p, respectively. Let di = dG(xi) so that

dG1(ui) = dG2(vi) = di

for all i. Define a total labeling g : V(G1 ∨G2) ∪ E(G1 ∨G2)→ [1, 2p + 2q + p2] such that

(i) g(x) = f (x) for x ∈ V(G1) ∪ E(G1) with the set of labels [1, p + q].

(ii) g(x) = f (x) + p + q for x ∈ V(G2) ∪ E(G2) with the set of labels [p + q + 1, 2p + 2q].

(iii) g(uiv j) = ai, j + 2p + 2q where ai, j is the (i, j)-entry of a p × p magic square, with the set of labels
[2p + 2q + 1, 2p + 2q + p2].

Now, for 1 ≤ i ≤ p, we have

(1) g+tn(ui) = f +tn(xi) + p(p2 + 1)/2 + p(2p + 2q) + p(p + q) +
p∑

k=1

f (xk).

(2) g+tn(vi) = f +tn(xi) + 2di(p + q) + p(p2 + 1)/2 + p(2p + 2q) +
p∑

k=1

f (xk).

From (1), we see that g+tn(ui) = f +tn(xi)+ k1, where k1 is a constant. Thus, g+tn(ui) = g+tn(u j) if and only
if f +tn(xi) = f +tn(x j) for 1 ≤ i , j ≤ p. From (2), we see that g+tn(vi) = f +tn(xi)+ 2di(p+ q)+ k2, where k2 is
a constant. Thus, conditions (a) and (b) imply that g+tn(vi) = g+tn(v j) if and only if f +tn(xi) = f +tn(x j). Now,

g+tn(ui) − g+tn(v j) = f +tn(xi) − f +tn(x j) + (p + q)(p − 2d j).

Observe that g+tn(ui) − g+tn(v j) , 0 if and only if f +tn(xi) − f +tn(x j) + (p + q)(p − 2d j) , 0 if and only if
f +tn(xi) − f +tn(x j) , (p + q)(2d j − p). Thus, condition (c) implies that g+tn(ui) , g+tn(v j) for 1 ≤ i, j ≤ p.
Therefore, g is a local total neighborhood antimagic 2t-coloring of G ∨ G. So that χltna(G ∨ G) ≤ 2t.
Clearly, if χ(G) = t, then χltna(G ∨G) ≥ χ(G ∨G) = 2t so that χltna(G ∨G) = 2t. This completes the
proof. □

We can also obtain a new set of conditions so that the conclusion of Theorem 5.1 holds.

Theorem 5.2. Suppose G is a (p, q)-graph with p ≥ 3 and χltna(G) = t ≥ 2. Suppose f is a local total
neighborhood antimagic t-coloring of G satisfying the following conditions:
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(a) f +tn(u) = f +tn(v) implies that dG(u) = dG(v).

(b) f +tn(u) , f +tn(v) implies that f +tn(u) − f +tn(v) , (2p + 3q + p2)[dG(v) − dG(u)].

(c) f +tn(u) − f +tn(v) , dG(v)(2p + 3q + p2) − p(p + 2q + p2) for all u, v ∈ V(G).

Then, χltna(G ∨G) ≤ 2t. Moreover, the equality holds if χ(G) = t.

Proof. Let the two copies of G be G1 and G2. Let ui ∈ V(G1) and vi ∈ V(G2) be the vertices
corresponding to the i-th vertex of G, 1 ≤ i ≤ p, respectively. Define a total labeling
g : V(G1 ∨G2) ∪ E(G1 ∨G2)→ [1, 2p + 2q + p2] by

(i) g(x) = f (x) for x ∈ V(G1) ∪ E(G1) with the set of labels [1, p + q].

(ii) g(x) = f (x) + p + q for x ∈ E(G2) with the set of labels [p + q + 1, p + 2q].

(iii) g(uiv j) = ai, j + p + 2q, where ai, j is the (i, j)-entry of a p × p magic square, with the set of labels
[p + 2q + 1, p + 2q + p2].

(iv) g(x) = f (x) + p + 2q + p2 for x ∈ V(G2) with the set of labels [p + 2q + p2 + 1, 2p + 2q + p2].

Now, for 1 ≤ i ≤ p, we have

(1) g+tn(ui) = f +tn(xi) + p(p2 + 1)/2 + p(p + 2q) + p(p + 2q + p2) +
p∑

k=1

f (xk)

= f +tn(xi) + k1.

(2) g+tn(vi) = f +tn(xi) + dG2(vi)(p + 2q + p2) + dG2(vi)(p + q)

+ p(p2 + 1)/2 + p(p + 2q) +
p∑

k=1

f (xk)

= f +tn(xi) + dG2(vi)(2p + 3q + p2) + k2.

Here, k1, k2 are constants. Similar to the proof of Theorem 5.1, the theorem holds. □

Remark 2.

(1) One can check that conditions (a) to (c) of Theorem 5.1 are equivalent to the following two
conditions:

(1a) f +tn(u) = f +tn(v) implies that dG(u) = dG(v) , p/2.

(1b) f +tn(u) , f +tn(v) implies that f +tn(u) − f +tn(v) < {2(p + q)[dG(v) − dG(u)], (p + q)(p − 2dG(v))}.
Particularly, if dG(u) = dG(v) = d, then we only need to ensure that f +tn(u) , f +tn(v) implies
f +tn(u) − f +tn(v) , (p + q)(p − 2d).

(2) Similarly, the conditions (a) to (c) of Theorem 5.2 are equivalent to the following two conditions:

(2a) f +tn(u) = f +tn(v) implies that dG(u) = dG(v) , p(p+2q+p2)
(2p+3q+p2) .

(2b) f +tn(u) , f +tn(v) implies that f +tn(u) − f +tn(v) < {(2p + 3q + p2)[dG(v) − dG(u)], dG(v)(2p + 3q +
p2) − p(p + 2q + p2)}.
Particularly, if dG(u) = dG(v) = d, then we only need to ensure that f +tn(u) , f +tn(v) implies
f +tn(u) − f +tn(v) , d(2p + 3q + p2) − p(p + 2q + p2).
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(3) Suppose f +tn(u) > f +tn(v) always implies d(u) ≥ d(v). Then condition (b) for both theorems always
holds.

Corollary 5.3. Suppose G is an r-regular graph of order p ≥ 3 and χltna(G) = t. If there is a local
total neighborhood antimagic t-coloring f of G such that for all vertices u and v (i) | f +tn(u) − f +tn(v)| ,
|

p(2r−p)(2+r)
2 | or (ii) | f +tn(u)− f +tn(v)| , |(2pr+ 3pr2

2 )− (p2+ p3)|, then χltna(G∨G) ≤ 2t with equality holding
if χ(G) = t.

Proof. Since 2q = pr, and by Theorems 5.1 and 5.2, we have the corollary. □

We now consider the common graphs in Section 4.

Corollary 5.4. For m, n ≥ 1, χltna(nC2m+1 ∨ nC2m+1) = 6.

Proof. The conditions of Corollary 5.3 for nC2m+1 becomes
(i) | f +tn(u) − f +tn(v)| , |2n(2m + 1)(n(2m + 1) − 4)|.
(ii) | f +tn(u) − f +tn(v)| , n(2m + 1)[n2(2m + 1)2 + n(2m + 1) − 10].

We use the labeling f for C2m+1 defined in Theorem 4.5 and its extension g for nC2m+1 as defined
in Theorem 3.1. It is known that g+tn(uk1,i) − g+tn(uk2, j) = n( f +tn(ui) − f +tn(u j)) for all vertices ui, u j and
1 ≤ k1, k2 ≤ n.

From the proof of Theorem 4.5 we have | f +tn(u1) − f +tn(u2i−1)| = 4m + 2, | f +tn(u1) − f +tn(u2 j)| = 2m + 1
and | f +tn(u2i−1)− f +tn(u2 j)| = 2m+ 1 for all i, j when m ≥ 2; and | f +tn(u)− f +tn(v)| ≤ 2 for distinct vertices u
and v when m = 1. Thus, the labeling g satisfies condition (i) of Corollary 5.3 when m , 2 and n > 1.

When (m, n) = (2, 1), the labeling g satisfies condition (ii) of Corollary 5.3.
Thus, by Corollary 5.3, we have the corollary. □

Corollary 5.5. For n ≥ 1 and m = 6, 8, 10, χltna(nCm ∨ nCm) = 4.

Proof. The conditions of Corollary 5.3 becomes
(i) | f +tn(u) − f +tn(v)| , 2mn(mn − 4).
(ii) | f +tn(u) − f +tn(v)| , |mn(m2n2 + mn − 10)|.
It is easy the check that the labelings defined in Theorem 4.8 and its extended labelings satisfy the
conditions of Corollary 5.3. Thus, the corollary holds. □

Corollary 5.6. For s ≥ 2, χltna(K1,1,s ∨ K1,1,s) = 6.

Proof. Note that K1,1,s � K1,s ∨ K1 and χltna(K1,1,s) = 3. Keep the notation defined in the proof of
Theorem 4.13. We let m = 1 and let u1 = z, u2 = w1 and v j = v1, j, 1 ≤ j ≤ s. Then d(u1) = d(u2) = s+1,
d(v j) = 2, f +tn(u1) = 3s2 + 6s+ 3, f +tn(u2) = 2s2 + 8s+ 5 and f +tn(v j) = 8s+ 7. In the following, we check
the conditions of Theorem 5.2.

Thus, f satisfies condition (a). Since f +tn(u) > f +tn(v) implies d(u) ≥ d(v) for all u, v ∈ V(K1,1,s). By
Remark 2, condition (b) holds.

Condition (c) becomes

f +tn(u) − f +tn(v) , d(v)(s2 + 12s + 11) − (s3 + 11s2 + 26s + 16)

=

2s2 − 3s − 5 if d(v) = s + 1;
−s3 − 9s2 − 2s + 6 if d(v) = 2.
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Now,

−( f +tn(u2) − f +tn(u1)) = f +tn(u1) − f +tn(u2) = s2 − 2s − 2 , 2s2 − 3s − 5,
f +tn(u2) − f +tn(v j) = 2s2 − 2 > 0 > −s3 − 9s2 − 2s + 6,
f +tn(u1) − f +tn(v j) = 3s2 − 2s − 4 > 0 > −s3 − 9s2 − 2s + 6,
f +tn(v j′) − f +tn(v j) = 0 , −s3 − 9s2 − 2s + 6, where 1 ≤ j , j′ ≤ s,

f +tn(v j) − f +tn(u1) = −3s2 + 2s + 4 ≤ −4 < 2s2 − 3s − 5,
f +tn(v j) − f +tn(u2) = −2s2 + 2 < 2s2 − 3s − 5.

Thus, f satisfies condition (c).
By Theorem 5.2, we have the corollary. □

Corollary 5.7. For n ≥ 2, χltna(W2n−1 ∨ W2n−1) = 8 and χltna(W2n ∨ W2n) = 6. Moreover, χltna((W3 −

e) ∨ (W3 − e)) = χltna((W5 − e) ∨ (W5 − e)) = 6, where e is a spoke of W2n−1 for n = 2, 3.

Proof. It is routine to check that the labeling f in the proof of Theorems 4.17, 4.18 or 4.19, satisfies
either Theorem 5.1 or Theorem 5.2. □

6. Conclusions and future work

In this paper, we introduced and explored the concept of the local total neighborhood antimagic
labeling of simple graphs G and the associated chromatic parameter χltna(G). We investigated the
existence of such labelings and determined the values of χltna(G) for various classes of graphs without
isolated vertices, including paths, cycles, complete graphs, and various forms of join graphs. Our
results highlight the graph operations and vertex connectivity in influencing the behavior of χltna(G).
This study contributes to the broader study of graph labelings and opens avenues for further
investigations on labeling techniques and coloring-related graph invariants. In a subsequent paper, we
will show that (i) for k ≥ 2, χltna(C2k × P2) = 2, χltna((C2k × P2) ∨ (C2k × P2)) = 4, (ii) for s, n ≥ 1,
χltna(C4n+2 ∨ O2s+1) = 3, and (iii) for r, s ≥ 1, χltna(rK2 ∨ O2s+1) = 3.

We now question and suggest some open problems that may serve as potential directions for further
investigation.

• Can general lower and upper bounds be determined for χltna(G) in terms of specific graph
parameters such as order, size, and degree?
• One could extend the concept of local total neighborhood antimagic labeling to random graphs,

and determine whether random graphs typically admit local total neighborhood antimagic
labelings.
• Can this concept be extended to directed graphs or even multigraphs [13, 14]? If so, how should

the induced coloring be appropriately defined to reflect the directional properties and structural
complexities of such graphs?
• Given the complexity of the problem, can efficient algorithms be developed in determining

whether a given graph admits a local total neighborhood labeling for specific classes of graphs?
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coloring of a graph, Graphs Combin., 33 (2017), 275–285. https://doi.org/10.1007/s00373-017-
1758-7

2. J. A. Bondy, U. S. R. Murty, Graph Theory with Applications. New York: MacMillan, 1976.

3. F. S. Chai, A. Das, C. Midha, Construction of magic rectangles of odd order, Australas. J. Combin.,
55 (2013), 131–144.

4. T. R. Hagedorn, Magic rectangles revisited, Discrete Math., 207 (1999), 65–72.
https://doi.org/10.1016/S0012-365X(99)00041-2

5. J. Haslegrave, Proof of a local antimagic conjecture, Discrete Math. Theor. Comput. Sci., 20 (2018),
18. https://doi.org/10.23638/DMTCS-20-1-18

6. G. C. Lau, H. K. Ng, W. C. Shiu, Affirmative solutions on local antimagic chromatic number,
Graphs Combin., 36 (2020), 1337–1354. https://doi.org/10.1007/s00373-020-02197-2

7. G. C. Lau, W. C. Shiu, On join product and local antimagic chromatic number of regular graphs,
Acta. Math. Hungar., 169 (2023), 108–133.

8. G. C. Lau, W. C. Shiu, On local antimagic chromatic number of lexicographic product graphs, Acta
Math. Hungar., 169 (2023), 158–170. https://doi.org/10.1007/s10474-023-01305-x

9. G. C. Lau, W. C. Shiu, H. K. Ng, On local antimagic chromatic number of cycle-related join graphs,
Discuss. Math. Graph Theory, 41 (2021), 133–152.

10. N. P. Shrimali, Y. M. Parmar, Total neighborhood magic labeling: A new variant of magic labeling,
Turk. J. Comput. Math. Educ., 12 (2021), 6693–6702.

11. N. P. Shrimali, Y. M. Parmar, M. A. Patel, Total neighborhood magic labeling for
complete graph, path and Cn ⊙ K1, Int. J. Sci. Res. Math. Stat. Sci., 11 (2024), 1–5.
https://doi.org/10.26438/ijsrmss/v11i3.15

AIMS Mathematics Volume 11, Issue 7, 20986–21011.

https://dx.doi.org/https://doi.org/10.1007/s00373-017-1758-7
https://dx.doi.org/https://doi.org/10.1007/s00373-017-1758-7
https://dx.doi.org/https://doi.org/10.1016/S0012-365X(99)00041-2
https://dx.doi.org/https://doi.org/10.23638/DMTCS-20-1-18
https://dx.doi.org/https://doi.org/10.1007/s00373-020-02197-2
https://dx.doi.org/https://doi.org/10.1007/s10474-023-01305-x
https://dx.doi.org/https://doi.org/10.26438/ijsrmss/v11i3.15


21011

12. S. Trivedi, N. P. Shrimali, (a, d)-total neighborhood-antimagic labeling, Adv. Maths: Sci. J., 9
(2020), 4673–4685.

13. K. S. Yow, G. E. Farr, K. J. Morgan, Tutte invariants for alternating dimaps, arXiv:1803.05539,
2018. https://doi.org/10.48550/arXiv.1803.05539

14. K. S. Yow, K. J. Morgan, G. E. Farr, Factorisation of greedoid polynomials of rooted digraphs,
Graphs Combin., 37 (2021), 2245–2264. https://doi.org/10.1007/s00373-021-02347-0

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 7, 20986–21011.

https://dx.doi.org/https://doi.org/10.48550/arXiv.1803.05539
https://dx.doi.org/https://doi.org/10.1007/s00373-021-02347-0
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminary results
	Copies of a graph
	Some common graphs
	Paths and cycles
	Complete graphs and complete bipartite graphs
	Stars join with a vertex
	Wheel graphs

	Self join graphs
	Conclusions and future work

