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Abstract: This study retrieved novel abundant exact solutions for the (3+1)-dimensional B-type
Kadomtsev–Petviashvili equation using the improved generalized Riccati equation mapping technique.
The B-type Kadomtsev–Petviashvili equation is of high importance in modeling nonlinear wave
propagation in weakly dispersive media in fluid dynamics and plasmas. The derived solutions included
singular, bright, and bright-dark solitons, as well as hyperbolic, rational, exponential, and singular
periodic solutions. The validation of the derived solutions was confirmed by direct substitution
into the B-type Kadomtsev–Petviashvili equation under study. A detailed stability analysis was
performed utilizing the linear stability analysis concept. The obtained stability results indicated the
presence of neutral stability and the non-existence of modulation instability for any choice of the
system parameters. The wave dynamics of some derived exact solutions are illustrated by two-
dimensional, three-dimensional, and density plot graphics. Additionally, the results of stability analysis
are illustrated by two-dimensional and three-dimensional graphics.
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1. Introduction

Nonlinear evolution equations (NEEs) are a kind of nonlinear partial differential equations (NPDEs)
with time as one of the independent variables. NEEs are considered as crucial models in the analysis
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of physical phenomena and in studying dynamical behavior in labs [1–3]. A well-known NEE is the
KdV equation, which was introduced in 1895 by the scientists Korteweg and de Vries, initially used to
model surface waves, in shallow water, having long wavelength and small amplitude [4–6]. Different
forms of the KdV equation are now used to model water wave propagation and plasma waves in fluid
mechanics [7–9]. The well-known Kadomtsev–Petviashvili equation (KPE) is another NEE, which
extended the KdV equation to two-dimensions, introduced by Kadomtsev and Petviashvili in 1970 to
model shallow water surface waves with small amplitude under weak disturbances [10]. The KPE-
hierarchy is defined as the modified or extended forms of the KPE [11], and has been used in many
fields such as plasma physics [12,13], quantum mechanics [14,15], neural networks [16,17], nonlinear
optics, and fluid dynamics [18–20].

The KPE hierarchy is divided into sub-hierarchies. For example, in [21], a sub-hierarchy called “A-
type KPE” was defined, associated with the A-type infinite dimensional Lie algebra. In [22,23], a sub-
hierarchy called “B-type KPE” was defined, related to the B-type infinite dimensional Lie algebra [24].
The following (2+1)-dimensional B-type Kadomtsev–Petviashvili equation (BKPE) was first discussed
in [22]:

∂u
∂t
− 5

(
∂3u
∂y ∂x2 +

∫
∂2u
∂y2 dx

)
+
∂5u
∂x5 + 15

(
∂u
∂x

∂2u
∂x2 + u

∂3u
∂x3 − u

∂u
∂y
−
∂u
∂x

∫
∂u
∂y

dx
)

+45 u2 ∂u
∂x
= 0,

(1.1)

which has been extensively applied in quasi media [25–27] and fluid mechanics [28–30] to model
weakly dispersive wave propagation. For years, researchers have been focusing on the following (3+1)-
dimensional BKPE [31] to model weakly dispersive wave propagation in fluid dynamics:
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∂u
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(1.2)

Different exact solutions for Eq (1.2) have been obtained, such as periodic solutions by applying a
combination of Hirota bilinear method and Riemann theta functions in [32]. In [33], breather
solutions were found by combining Hirota bilinear and complexification methods, while rogue and
lump solutions were obtained in [34] using Hirota method and many more [1,35,36]. In [37], Wazwaz
suggested the following new extended (3+1)-dimensional B-type Kadomtsev-Petviashvili equation:
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(1.3)

which, by the substitution

u =
∂q
∂x
, (1.4)
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is transformed to

9
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(1.5)

where α, β, and γ are arbitrary constants. The function q(x, y, z, t) measures the wave’s amplitude; t,
and x, y, z, are the temporal and spatial dimensions, respectively.

1.1. Comparison of this work with previous work in literature

Wazwaz [37] showed that Eq (1.5) is Painlevé integrable and explored multiple soliton, lump, and
breather solutions using Hirota’s and ansatz methods. According to our knowledge, only two works
discussed Eq (1.3) since its first appearance. The first [38] investigated Eq (1.5) using the generalized
Kudryashov method and the unified method. The second [39] investigated Eq (1.5) using the Hirota
bilinear method.

In this study, the improved generalized Riccati equation mapping (IGREM) technique [40] is
applied to derive abundant novel exact solutions for Eq (1.3). The first novelty of this study is the
application of new technique, the IGREM technique, to Eq (1.5) for the first time. The IGREM
technique has great potential in the analytical solution of different types of NLPDEs. Its advantages
include easy application, direct calculations, and abundant forms of exact solutions that can be
generated by symbolic computation [41]. These advantages encouraged the application of the IGREM
technique to a wide range of NPDEs, as shown in the literature, such as the (3+1)-dimensional
Jimbo–Miwa equation [42], the (3+1)-dimensional Kadomtsev–Petviashvili–Sawada–Kotera–Ramani
equation [43], and many other NPDEs [44, 45].

The second novelty is the retrieval of abundant novel exact solutions for Eq (1.3), such as singular,
bright, and bright-dark solitons, as well as hyperbolic, rational, exponential, and singular periodic
solutions for the first time in the literature, (see Table 1). Some of the obtained solutions, in this work
and previous works in the literature, are complex-valued, which have great importance in
complex-valued physical problems such as quantum mechanics, optical fibers, and fluid dynamics
where solutions are of complex type. In optical fiber communications, complex-valued solutions
sharpen models of pulse propagation under dispersion and nonlinearity, thus optimizing high-speed
data transmission. Complex-valued wave solutions are important in shallow water because they
provide a powerful analysis of the wave dynamics, particularly regarding energy dissipation, phase
shifts, and wave scattering. They are essential for understanding nonlinear phenomena and modeling
complex coastal phenomena such as rogue waves [46, 47].

The third novelty is the visual illustration of derived solutions of Eq (1.3) with 2D, 3D, and density
plots for the first time in the literature, (see Table 1). This work presents a detailed stability analysis
for Eq (1.5), whose the graphical illustration is visualized by 2D and 3D plots for the first time in the
literature, which makes up the fourth novelty. The details of the verification of obtained solutions, by
direct substitution into the original equation and turning it into identity, are also presented.

Table 1 presents a comparison between this work and previous work related to Eq (1.3). The
application of only the IGREM technique to Eq (1.5) retrieved many more different forms of exact
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solutions than those obtained by two or more methods in any previous works.

Table 1. Comparison of the outputs of this work and previous works available in the literature

Article
Ref.
No.

Applied
techniques

Derived exact solutions q(x, y, z, t) for
the transformed equation in Eq (1.5),
and u(x, y, z, t) for the investigated
BKPE in Eq (1.3)

Analytic
expressions
of
u(x, y, z, t)

Graphics
of
u(x, y, z, t)

[37]

Hirota’s
method and
ansatz
method

Only for q(x, y, z, t): Multiple soliton
solutions, lump solutions, breather wave
solutions, kink solutions (by tanh
method), periodic solution (by tan
method), real and complex solutions as a
ratio of trigonometric functions, ratio of
hyperbolic functions, and ratio of
exponential functions

Not
available

Not
available

[38]

Unified
method and
generalized
Kudryashov
method

Only for q(x, y, z, t): Ratio of
trigonometric functions, ratio of
hyperbolic functions

Not
available

Not
available

[39]

Hirota
bilinear
method and
ansatz
method

Only for q(x, y, z, t): Resonant X and
Y-type solitons and hybrid solutions,
lump-periodic solution and lump-stripe
soliton solution

Not
available

Not
available

In this
work

Improved
generalized
Riccati
equation
mapping
method

q(x, y, z, t) is obtained; then, reversing
the transformation,

(
u = ∂q

∂x

)
, u(x, y, z, t)

is found. For u(x, y, z, t): Bright soliton,
bright-dark soliton, singular soliton,
hyperbolic functions, ratio of hyperbolic
functions, rational solutions, exponential
solutions, singular periodic solutions,
real and complex ratio of trigonometric
functions

Available Available

This study is organized as follows: Section 2 presents the detailed procedure of the IGREM
technique. Section 3 explains in detail the application of the IGREM technique to Eq (1.5) and the
retrieved solutions of Eq (1.3). Section 4 details the steps and outputs of the stability analysis. Section
5 includes the visual illustrations of both the selected derived solutions with 2D, 3D, and density
plots, and the stability analysis results in 2D and 3D plots. Section 6 presents the study findings.
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2. IGREM technique framework

The detailed procedure of the IGREM technique [40,43] for retrieving analytic solutions to NPDEs
is explained as follows:

Assume the general NPDE:

S (h, hx, hy, hz, ht, hxx, hyy, hzz, htt, ...) = 0, (2.1)

where h(x, y, z, t) is the analytic solution for Eq (2.1).
1) Applying the wave transformation

h(x, y, z, t) = K(µ), µ = ρ1t + ρ2x + ρ3y + ρ4z, (2.2)

to Eq (2.1) transforms it to:
S (K, K′, K′′, K′′′, ...) = 0, (2.3)

where S is a function in K, K′ =
dK
d µ

, K′′ =
d2K
d µ2 , ... etc.

2) The solution to Eq (2.3) takes the following general form:

K(µ) =
A∑

j=0

τ jΩ
j(µ), τA , 0, (2.4)

where Ω(µ) satisfies:
Ω
′

(µ) = ϑ0 + ϑ1Ω(µ) + ϑ2Ω
2(µ), (2.5)

where A is an integer, τ j ( j = 0, 1, ..., A), ϑ0, ϑ1, and ϑ2 are parameters to be determined.
3) A is determined by the balance between the nonlinearity and the dispersion in Eq (2.3).
4) Equation (2.3) is reduced to a polynomial in Ω(µ) after the substitution of Eqs (2.4) and (2.5) in it.
5) All the coefficients of the generated polynomial in Ω(µ) must vanish. This gives a system of
equations in τ j ( j = 0, 1, ..., A), ϑ0, ϑ1, ϑ2, ρ1, ρ2, ρ3, and ρ4.
6) The generated system of equations is solved by proper software, such as Maple or Mathematica.
7) The following are the analytic solutions for Eq (2.5) with the arbitrary constants ξ, b1, and b2:

I) For ψ = ϑ2
1 − 4ϑ0 ϑ2 > 0, ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, b1 , 0, and b2 , 0, hyperbolic solutions are:

Ω1(µ) = −

√
ψ tanh

( √
ψ(µ+ξ)

2

)
2ϑ2

−
ϑ1

2ϑ2
, (2.6)

Ω2(µ) = −

√
ψ coth

( √
ψ(µ+ξ)

2

)
2ϑ2

−
ϑ1

2ϑ2
, (2.7)

Ω±3 (µ) = −

√
ψ

(
tanh

(√
ψ (µ + ξ)

)
± i sech

(√
ψ (µ + ξ)

))
2ϑ2

−
ϑ1

2ϑ2
, (2.8)

Ω4(µ) = −

√
ψ

(
tanh

( √
ψ(µ+ξ)

4

)
+ coth

( √
ψ(µ+ξ)

4

))
4ϑ2

−
ϑ1

2ϑ2
, (2.9)
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Ω±5 (µ) =
±

√
ψ

(
b2

1 + b2
2

)
−
√
ψ b1 cosh

(√
ψ (µ + ξ)

)
2ϑ2

(
b1 sinh

(√
ψ (µ + ξ)

)
+ b2

) −
ϑ1

2ϑ2
, (2.10)

Ω±6 (µ) =
2ϑ0 cosh

(√
ψ (µ + ξ)

)
√
ψ sinh

(√
ψ (µ + ξ)

)
− ϑ1 cosh

(√
ψ (µ + ξ)

)
± i
√
ψ
, (2.11)

Ω±7 (µ) =
2ϑ0 sinh

(√
ψ (µ + ξ)

)
√
ψ cosh

(√
ψ (µ + ξ)

)
− ϑ1 sinh

(√
ψ (µ + ξ)

)
±
√
ψ
. (2.12)

II) Trigonometric solutions for ψ = ϑ2
1 − 4ϑ0 ϑ2 < 0, ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, and b2

1 − b2
2 > 0:

Ω8(µ) =

√
−ψ tan

( √
−ψ(µ+ξ)

2

)
2ϑ2

−
ϑ1

2ϑ2
, (2.13)

Ω9(µ) = −

√
−ψ cot

( √
−ψ(µ+ξ)

2

)
2ϑ2

−
ϑ1

2ϑ2
, (2.14)

Ω±10(µ) =

√
−ψ

(
tan

(√
−ψ (µ + ξ)

)
± sec

(√
−ψ (µ + ξ)

))
2ϑ2

−
ϑ1

2ϑ2
, (2.15)

Ω11(µ) =

√
−ψ

(
tan

( √
−ψ(µ+ξ)

4

)
− cot

( √
−ψ(µ+ξ)

4

))
4ϑ2

−
ϑ1

2ϑ2
, (2.16)

Ω±12(µ) =
±

√
−ψ

(
b2

1 − b2
2

)
−
√
−ψ b1 cos

(√
−ψ (µ + ξ)

)
2ϑ2

(
b1 sin

(√
−ψ (µ + ξ)

)
+ b2

) −
ϑ1

2ϑ2
, (2.17)

Ω±13(µ) =
−2ϑ0 cos

(√
−ψ (µ + ξ)

)
√
−ψ sin

(√
−ψ (µ + ξ)

)
+ ϑ1 cos

(√
−ψ (µ + ξ)

)
±
√
−ψ

, (2.18)

Ω±14(µ) =
−2ϑ0 sin

(√
−ψ (µ + ξ)

)
ϑ1 sin

(√
−ψ (µ + ξ)

)
−
√
−ψ cos

(√
−ψ (µ + ξ)

)
±
√
−ψ

. (2.19)

III) Exponential solutions:
(1) For ϑ0 = λϑ1, and ϑ2 = 0:

Ω15(µ) = eϑ1 (µ+ ξ) − λ. (2.20)

(2) For ϑ0 = 0, ϑ1 , 0, and ϑ2 , 0:

Ω16(µ) = −
ϑ1 ν

ϑ2

(
e−ϑ1 (µ+ ξ) + ν

) , (2.21)

Ω17(µ) = −
ϑ1 eϑ1 (µ+ ξ)

ϑ2

(
eϑ1 (µ+ ξ) + ν

) . (2.22)
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IV) Rational solutions:
(1) For ϑ0 = ϑ1 = 0, and ϑ2 , 0:

Ω±18(µ) = ±
1

ϑ2 (µ + ξ)
. (2.23)

(2) For ϑ0 , 0, ϑ1 , 0, and ϑ2 =
ϑ2

1
4ϑ0

:

Ω19(µ) = −
2ϑ0 (ϑ1 (µ + ξ) + 2)

ϑ2
1 (µ + ξ)

. (2.24)

8) Different forms of Ω(µ) are inserted into Eq (2.4) and then into Eq (2.2) to generate the analytic
solutions of Eq (2.1).
9) The IGREM technique’s Bäcklund transformation:

The IGREM technique’s Bäcklund transformation of Eq (2.5) is:

Ω(µ) =
−ϑ0 D1 + ϑ2 D2Ωn(µ)

ϑ1 D1 + ϑ2 (D2 + D1Ωn(µ))
, (2.25)

where Ωn, n = 1, 2, 3, ..., 19 as listed in Eqs (2.6)–(2.24), with D1 and D2 as arbitrary constants.
Equation (2.25) provides an abundant number of additional analytic solutions for Eq (2.1).

3. Application of the IGREM technique

3.1. Strategy

The IGREM technique, introduced in Section 2, is applied to the (3+1)-dimensional B-type
Kadomtsev–Petviashvili equation in Eq (1.5).
1) Let the exact solution for Eq (1.5) be

q(x, y, z, t) = K(µ), µ = ρ1t + ρ2x + ρ3y + ρ4z. (3.1)

The substitution of Eq (3.1) into Eq (1.5) reduces it to

ρ6
2K(6)(µ) − 5ρ3ρ

3
2K(4)(µ) − 5ρ2

3K′′(µ) + ρ2 (βρ3 + γρ4) K′′(µ) + 9ρ1ρ2K′′(µ)
+ρ2

2K′′(µ) (α − 30ρ3K′(µ)) + 45ρ4
2K′ 2(µ)K′′(µ) + 15ρ5

2

(
K(4)(µ)K′(µ) + K(3)(µ)K′′(µ)

)
= 0.

(3.2)

2) Assume K(µ) as

K(µ) =
A∑

j=0

τ jΩ(µ), τA , 0. (3.3)

3) The balancing of the dispersion and the nonlinear terms in Eq (3.2) gives A = 1. Hence,

K(µ) = τ0 + τ1Ω(µ), τ1 , 0. (3.4)
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4) Equations (3.4) and (2.5) are inserted into Eq (3.2) to generate a polynomial in Ω(µ).
5) All the coefficients of the generated polynomial in Ω(µ) are set to zero, producing the following
system of equations:

Ω0 coe f f : τ1ϑ0ϑ1(ρ2
2 (α − 30ρ3τ1ϑ0) + ρ2 (βρ3 + γρ4) + 9ρ1ρ2 − 5ρ2

3 + 30ρ5
2τ1ϑ0

(
ϑ2

1 + 5ϑ0ϑ2

)
+45ρ4

2τ
2
1ϑ

2
0 + ρ

6
2

(
ϑ4

1 + 52ϑ0ϑ2ϑ
2
1 + 136ϑ2

0ϑ
2
2

)
− 5ρ3ρ

3
2

(
ϑ2

1 + 8ϑ0ϑ2

)
= 0,

Ω1coe f f : τ1(2ϑ0ϑ2(ρ2
2 (α − 30ρ3τ1ϑ0) + ρ2 (βρ3 + γρ4) + 9ρ1ρ2 − 5ρ2

3 + 150ρ5
2τ1ϑ

2
0ϑ2

+45ρ4
2τ

2
1ϑ

2
0 + 136ρ6

2ϑ
2
0ϑ

2
2 − 40ρ3ρ

3
2ϑ0ϑ2) + ϑ2

1(ρ2
2 (α − 60ρ3τ1ϑ0) + ρ2 (βρ3 + γρ4)

+9ρ1ρ2 − 5ρ2
3 + 630ρ5

2τ1ϑ
2
0ϑ2 + 135ρ4

2τ
2
1ϑ

2
0 + 720ρ6

2ϑ
2
0ϑ

2
2 − 110ρ3ρ

3
2ϑ0ϑ2)

+ϑ4
1

(
6ρ5

2ϑ0 (10τ1 + 19ρ2ϑ2) − 5ρ3
2ρ3

)
+ ρ6

2ϑ
6
1) = 0,

Ω2coe f f : 3τ1ϑ1(ϑ2(ρ2
2 (α − 60ρ3τ1ϑ0) + ρ2 (βρ3 + γρ4) + 9ρ1ρ2 − 5ρ2

3 + 290ρ5
2τ1ϑ0ϑ

2
1

+135ρ4
2τ

2
1ϑ

2
0 + 21ρ6

2ϑ
4
1 − 25ρ3ρ

3
2ϑ

2
1) + 2ρ3

2ϑ0ϑ
2
2

(
−50ρ3 + 285ρ2

2τ1ϑ0 + 196ρ3
2ϑ

2
1

)
+5ρ2

2τ1ϑ
2
1

(
−2ρ3 + 9ρ2

2τ1ϑ0 + 2ρ3
2ϑ

2
1

)
+ 616ρ6

2ϑ
2
0ϑ

3
2) = 0,

Ω3coe f f : τ1(2ϑ2
2(αρ2

2 + ρ2 (βρ3 + γρ4) + 9ρ1ρ2 − 5ρ2
3 + 7ρ6

2

(
43ϑ4

1 + 256ϑ0ϑ2ϑ
2
1 + 88ϑ2

0ϑ
2
2

)
−25ρ3ρ

3
2

(
5ϑ2

1 + 4ϑ0ϑ2

)
) + 45ρ4

2τ
2
1

(
ϑ4

1 + 12ϑ0ϑ2ϑ
2
1 + 6ϑ2

0ϑ
2
2

)
+30ρ2

2τ1ϑ2

(
ρ3

2

(
13ϑ4

1 + 96ϑ0ϑ2ϑ
2
1 + 38ϑ2

0ϑ
2
2

)
− 4ρ3

(
ϑ2

1 + ϑ0ϑ2

))
) = 0,

Ω4coe f f : 75ρ2
2τ1ϑ1ϑ2 (τ1 + 2ρ2ϑ2)

(
ρ2

2ϑ
2
1 (3τ1 + 14ρ2ϑ2) + ϑ2

(
ρ2

2ϑ0 (9τ1 + 28ρ2ϑ2) − 2ρ3

))
= 0,

Ω5coe f f : 15ρ2
2τ1ϑ

2
2 (τ1 + 2ρ2ϑ2)

(
ρ2

2ϑ
2
1 (27τ1 + 112ρ2ϑ2) + 2ϑ2

(
ρ2

2ϑ0 (9τ1 + 28ρ2ϑ2) − 2ρ3

))
= 0,

Ω6coe f f : 315ρ4
2τ1ϑ1ϑ

3
2 (τ1 + 2ρ2ϑ2) (τ1 + 4ρ2ϑ2) = 0,

Ω7coe f f : 90ρ4
2τ1ϑ

4
2 (τ1 + 2ρ2ϑ2) (τ1 + 4ρ2ϑ2) = 0.

(3.5)

3.2. Solving the system of equations in Eq (3.5)

6) Mathematica software version 14 was used to solve the system of equations in Eq (3.5), under the
following conditions: ϑ2 , 0, ρ1 , 0, ρ2 , 0, ρ3 , 0, and ρ4 , 0.

The imposed conditions are not arbitrary but arise naturally from the mathematical formulation of
the IGREM method and the physical interpretation of the obtained wave solutions. Specifically:
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• The condition ϑ2 , 0 is an essential requirement of the auxiliary Riccati equation used in the
IGREM technique. If ϑ2 = 0, the Riccati equation degenerates into a simpler form, and the
corresponding solution families derived in the present work no longer exist.
• The condition ρ1 , 0 preserves the dependence of the traveling-wave variable on the temporal

dimension.
• The condition ρ2 , 0 ensures that the traveling-wave variable depends on the spatial coordinate

x. Since the transformation u = qx is employed, setting ρ2 = 0 would yield the trivial solution
u = 0 and eliminate wave propagation in the principal direction.
• The condition ρ3 , 0 guarantees genuine three-dimensional wave propagation by preserving the

dependence of the traveling-wave variable on the y− direction. When ρ3 = 0, the solution reduces
to a lower-dimensional special case, which is outside the scope of the present study.
• The condition ρ4 , 0 guarantees genuine three-dimensional wave propagation by preserving the

dependence of the traveling-wave variable on the z− direction. When ρ4 = 0, the solution reduces
to a lower-dimensional special case, which is outside the scope of the present study.
• The discriminant ψ = ϑ2

1 − 4ϑ0ϑ2 determines the functional form of the obtained solutions.
Specifically, ψ > 0 produces hyperbolic-function solutions, including bright, singular, and
bright-dark solitons, whereas ψ < 0 generates trigonometric (singular-periodic) solutions. The
limiting case ψ = 0 leads to rational solutions and is treated separately.

Two results were achieved by Mathematica software as follows:

3.2.1. Result 1

τ1 = −4 ρ2 ϑ2,

ρ1 =
1
9

(
−αρ2 − βρ

3
2

(
ϑ2

1 − 4ϑ0ϑ2

)
− γ ρ4 + 9ρ5

2

(
ϑ2

1 − 4ϑ0ϑ2

)
2
)
,

ρ3 = ρ
3
2

(
ϑ2

1 − 4ϑ0ϑ2

)
.

(3.6)

The free parameters in this result are α, β, γ, ϑ0, ϑ1, ϑ2, ρ2, and ρ4.

• Solution verification:
The solution is verified by direct substitution as follows:
(1) The parameters from Eq (3.6) are inserted into Eqs (3.4) and (3.1), which yields

q(x, y, z, t) = K(µ) = τ0 − 4 ρ2 ϑ2Ω(µ), µ = ρ1 t + ρ2 x + ρ3 y + ρ4 z. (3.7)

(2) The solution in Eq (3.7) and the parameters in Eq (3.6) are inserted into Eq (1.5), which
reduces to

−4ρ7
2 ϑ2 [Ω(6)(µ) − 5Ω(4)(µ)

(
ϑ2

1 − 4ϑ2
(
ϑ0 − 3Ω′(µ)

))
+4Ω′′(µ)

(
2ϑ2ϑ

2
1 (15Ω′(µ) − 4ϑ0) + ϑ2

(
4ϑ2

(
45Ω′(µ)2 − 30ϑ0Ω

′(µ) + 4ϑ2
0

)
− 15Ω(3)(µ)) + ϑ4

1

)]
= 0.

(3.8)

(3) Using Eq (2.5), Ω′(µ),Ω′′(µ), ...,Ω(6)(µ) are found and substituted in Eq (3.8), which yields
an identity using Mathematica software as all Ω(µ)’s coefficients vanishes. Hence, q(x, y, z, t) in
Eq (3.7) is the exact solution for Eq (1.5).
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• The exact solution of the extended (3+1)-dimensional B-type Kadomtsev–Petviashvili
equation in Eq (1.3):
The exact solution u(x, y, z, t) of Eq (1.3) is found by the application of the transformation in Eq
(1.4) to Eq (3.7) as follows:

u(x, y, z, t) =
∂q(x, y, z, t)

∂x
= −4 ρ2

2 ϑ2Ω
′

(µ), (3.9)

which, with the aid of Eq (2.5), reduces to

u(x, y, z, t) = −4 ρ2
2 ϑ2

(
ϑ0 + ϑ1Ω(µ) + ϑ2Ω

2(µ)
)
, µ = ρ1 t + ρ2 x + ρ3 y + ρ4 z. (3.10)

7) The insertion of different forms of Ω(µ) from Eqs (2.6)–(2.24) into Eq (3.10) generates the
following different forms of the derived analytic solutions for the extended (3+1)-dimensional B-type
Kadomtsev–Petviashvili equation in Eq (1.3):

i) For ψ = ϑ2
1 − 4ϑ0ϑ2 > 0,ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, b1 , 0, and b2 , 0, bright, singular, bright-dark

solitons, and hyperbolic solutions. The singular solutions are valid on intervals excluding the singular
points where the denominator of the solution vanishes:

u1.1,1(x, y, z, t) = ρ2
2 ψ sech2

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.11)

u1.1,2(x, y, z, t) = −ρ2
2 ψ csch2

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.12)

u±1.1,3(x, y, z, t) = 2 ρ2
2 ψ sech2

( √
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
∓ 2 i ρ2

2 ψ tanh
( √

ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)
)

sech
( √

ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)
)
,

(3.13)

u1.1,4(x, y, z, t) = ρ2
2 ψ −

ρ2
2 ψ

4

∗

(
tanh

(
1
4

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ coth

(
1
4

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2,

(3.14)

u±1.1,5(x, y, z, t) =
2b1ρ

2
2ψ(

b1 sinh
(√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b2

)
2

∗{b2 sinh
( √

ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)
)

±

√
b2

1 + b2
2 cosh

( √
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− b1},

(3.15)

u+1.1,6(x, y, z, t) =

−
4 ρ2

2 ψϑ0 ϑ2(√
ψ cosh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 sinh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.16)
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u−1.1,6(x, y, z, t) =

4 ρ2
2 ψϑ0 ϑ2(√

ψ sinh
(

1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 cosh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
.

(3.17)

ii) Singular periodic solutions for ψ = ϑ2
1 − 4ϑ0 ϑ2 < 0,ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, and b2

1 − b2
2 > 0.

The singular-periodic solutions are defined over periodic intervals with isolated singularities:

u1.2,1(x, y, z, t) = ρ2
2 ψ sec2

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.18)

u1.2,2(x, y, z, t) = ρ2
2 ψ csc2

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.19)

u±1.2,3(x, y, z, t) =
2ρ2

2ψ

1 ∓ sin
(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

) , (3.20)

u1.2,4(x, y, z, t) = ψρ2
2 csc2

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.21)

u±1.2,5(x, y, z, t) =
2b1ρ

2
2ψ(

b1 sin
(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b2

)
2

∗{b2 sin
( √
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
∓

√
b2

1 − b2
2 cos

( √
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b1},

(3.22)

u±1.2,6(x, y, z, t) =

± 8 ρ2
2 ψϑ0 ϑ2

(
sin

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
± 1

)(√
−ψ

(
sin

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
± 1

)
+ ϑ1 cos

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.23)

u+1.2,7(x, y, z, t) =

4 ρ2
2 ψϑ0 ϑ2(√

−ψ sin
(

1
2

√
h (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ ϑ1 cos

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.24)

u−1.2,7(x, y, z, t) =

4 ρ2
2 ψϑ0 ϑ2(√

−ψ cos
(

1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 sin

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
.

(3.25)

iii) Exponential solutions:
For ϑ0 = 0, ϑ1 , 0, ϑ2 , 0, and v as an arbitrary constant:

u1.3,1(x, y, z, t) =
4ρ2

2vϑ2
1eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z)(

veϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z) + 1
)

2
, (3.26)
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u1.3,2(x, y, z, t) =
4ρ2

2vϑ2
1eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z)(

eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z) + v
)

2
. (3.27)

3.2.2. Result 2

τ1 = −2 ρ2 ϑ2,

ρ1 = −
1
9

(
αρ2 + βρ3 + γρ4 −

5ρ2
3

ρ2
+ ρ5

2

(
ϑ2

1 − 4ϑ0ϑ2

)
2 − 5ρ3ρ

2
2

(
ϑ2

1 − 4ϑ0ϑ2

))
.

(3.28)

The free parameters in this result are α, β, γ, ϑ0, ϑ1, ϑ2, ρ2, ρ3, and ρ4.

• Solution verification:
The solution is verified by direct substitution as follows:
(1) The parameters from Eq (3.28) are inserted into Eq (3.4) and (3.1), which yields

q(x, y, z, t) = K(µ) = τ0 − 2 ρ2 ϑ2Ω(µ), µ = ρ1 t + ρ2 x + ρ3 y + ρ4 z. (3.29)

(2) The solution in Eq (3.29) and the parameters in Eq (3.28) are inserted into Eq (1.5), which
reduces to

2 ρ4
2 ϑ2 [−ρ3

2Ω
(6)(µ) + 5ρ3Ω

(4)(µ) + ρ3
2ϑ

4
1Ω
′′(µ) − ϑ2

1

(
5ρ3 + 8ρ3

2ϑ0ϑ2

)
Ω′′(µ) + 16ρ3

2ϑ
2
0ϑ

2
2Ω
′′(µ)

+20ρ3ϑ0ϑ2Ω
′′(µ) + 30ρ3

2ϑ2Ω
(4)(µ)Ω′(µ) + 30ρ3

2ϑ2Ω
(3)(µ)Ω′′(µ) − 180ρ3

2ϑ
2
2Ω
′(µ)2Ω′′(µ)

−60ρ3ϑ2Ω
′(µ)Ω′′(µ)] = 0.

(3.30)
(3) Using Eq (2.5), Ω′(µ),Ω′′(µ), ...,Ω(6)(µ) are found and substituted in Eq (3.30), which yields
an identity using Mathematica software as all Ω(µ)’s coefficients vanishes. Hence, q(x, y, z, t) in
Eq (3.29) is the exact solution for Eq (1.5).

• The exact solution of the extended (3+1)-dimensional B-type Kadomtsev–Petviashvili
equation in Eq (1.3):
The exact solution u(x, y, z, t) of Eq (1.3) is found by the application of the transformation in Eq
(1.4) to Eq (3.29) as follows:

u(x, y, z, t) =
∂q(x, y, z, t)

∂x
= −2 ρ2

2 ϑ2Ω
′

(µ), (3.31)

which, with the aid of Eq (2.5), reduces to

u(x, y, z, t) = −2 ρ2
2 ϑ2

(
ϑ0 + ϑ1Ω(µ) + ϑ2Ω

2(µ)
)
, µ = ρ1 t + ρ2 x + ρ3 y + ρ4 z. (3.32)

8) The insertion of different forms of Ω(µ) from Eqs (2.6)–(2.24) into Eq (3.32) generates the
following different forms of the derived analytic solutions for the extended (3+1)-dimensional B-type
Kadomtsev—Petviashvili equation in Eq (1.3):

i) For ψ = ϑ2
1−4ϑ0 ϑ2 > 0,ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, b1 , 0, and b2 , 0, bright, singular, bright-dark

solitons, and hyperbolic solutions. The singular solutions are valid on intervals excluding the singular
points where the denominator of the solution vanishes:

u2.1,1(x, y, z, t) =
1
2
ρ2

2 ψ sech2
(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.33)
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u2.1,2(x, y, z, t) = −
1
2
ρ2

2 ψ csch2
(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.34)

u±2.1,3(x, y, z, t) = ρ2
2 ψ sech2

( √
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
∓ i ρ2

2 ψ tanh
(√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
sech

(√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
,

(3.35)

u2.1,4(x, y, z, t) = −
1
2
ρ2

2 ψ csch2
(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.36)

u±2.1,5(x, y, z, t) =
b1 ρ

2
2 ψ(

b1 sinh
(√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b2

)
2

∗{b2 sinh
( √

ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)
)

±

√
b2

1 + b2
2 cosh

( √
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− b1},

(3.37)

u+2.1,6(x, y, z, t) =

−
2 ρ2

2 ψϑ0 ϑ2(√
ψ cosh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 sinh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.38)

u−2.1,6(x, y, z, t) =

2 ρ2
2 ψϑ0 ϑ2(√

ψ sinh
(

1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 cosh

(
1
2

√
ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
.

(3.39)

ii) Singular periodic solutions for ψ = ϑ2
1 − 4ϑ0 ϑ2 < 0,ϑ0 ϑ2 , 0, or ϑ1 ϑ2 , 0, and b2

1 − b2
2 > 0.

The singular-periodic solutions are defined over periodic intervals with isolated singularities:

u2.2,1(x, y, z, t) =
1
2
ρ2

2 ψ sec2
(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.40)

u2.2,2(x, y, z, t) =
1
2
ρ2

2 ψ csc2
(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.41)

u±2.2,3(x, y, z, t) =
ρ2

2 ψ

1 ∓ sin
(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

) , (3.42)

u2.2,4(x, y, z, t) =
1
2
ρ2

2 ψ csc2
(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
, (3.43)
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u±2.2,5(x, y, z, t) =
b1ρ

2
2ψ(

b1 sin
(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b2

)
2

∗{b2 sin
( √
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
∓

√
b2

1 − b2
2 cos

( √
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ b1},

(3.44)

u±2.2,6(x, y, z, t) =

± 4 ρ2
2 ψϑ0 ϑ2

(
sin

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
± 1

)(√
−ψ

(
sin

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
± 1

)
+ ϑ1 cos

(√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.45)

u+2.2,7(x, y, z, t) =

2 ρ2
2 ψϑ0 ϑ2(√

−ψ sin
(

1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
+ ϑ1 cos

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
,

(3.46)

u−2.2,7(x, y, z, t) =

2 ρ2
2 ψϑ0 ϑ2(√

−ψ cos
(

1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

)
− ϑ1 sin

(
1
2

√
−ψ (ξ + ρ1t + ρ2x + ρ3y + ρ4z)

))
2
.

(3.47)

iii) Exponential solutions:
For ϑ0 = 0, ϑ1 , 0, ϑ2 , 0, and v as an arbitrary constant:

u2.3,1(x, y, z, t) =
2 ρ2

2 vϑ2
1eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z)(

veϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z) + 1
)

2
, (3.48)

u2.3,2(x, y, z, t) =
2 ρ2

2 vϑ2
1eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z)(

eϑ1(ξ+ρ1t+ρ2 x+ρ3y+ρ4z) + v
)

2
. (3.49)

iv) Rational solutions:

For (ϑ0 = 0, ϑ1 = 0, and ϑ2 , 0) or
(
ϑ0 , 0, ϑ1 , 0, and ϑ2 =

ϑ2
1

4ϑ0

)
:

u2.4,1(x, y, z, t) = −
2ρ2

2

(ξ + ρ1t + ρ2x + ρ3y + ρ4z) 2 . (3.50)

9) Bäcklund’s formula in Eq (2.25) provides more different forms of solutions. Table 2 presents a
classification summary of independent solution families derived in this work.
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Table 2. Classification summary of independent solution families derived in this work.

Solution
family

Representative
equations

Generating
condition

Characteristic features
Independent
family

Bright soliton (3.11), (3.33) ψ > 0
Maximum positive centered
amplitude intensity

Yes

Singular
soliton

(3.12), (3.34) ψ > 0
Centered infinite amplitude
intensity

Yes

Bright-dark
soliton

(3.13), (3.35) ψ > 0
Combined bright and dark
characteristics

Yes

Singular
periodic
solution

(3.18)–(3.25),
(3.40)–(3.47)

ψ < 0
Periodic oscillatory nature
with isolated singularities

Yes

Exponential
solution

(3.26), (3.27),
(3.48), (3.49)

ψ = ϑ2
1

Rapid initial growth (or
decay) in wave’s amplitude

Yes

Rational
solution

(3.50) ψ = 0
Sudden huge change in the
wave’s amplitude

Yes

4. Stability analysis

In the following section of the study, the stability analysis for Eq (1.5) is investigated by linear
stability analysis. This investigation begins with the assumption of the steady-state solution of Eq
(1.5); then, a disturbance influences the steady-state solution, and finally, the dispersive relation is
derived [48–50].

4.1. Steps of the linear stability analysis

1) If Eq (1.5) has the steady-state solution

q =
√
B, (4.1)

where
√
B is a real constant amplitude known as the normalized power. The steady-state solution in

Eq (4.1) must satisfy Eq (1.5).
2) If the solution in Eq (4.1) is influenced by a very small disturbance, the steady-state solution

under disturbance can be formulated as

q(x, y, z, t) = R(x, y, z, t) +
√
B, (4.2)

where R(x, y, z, t) is the disturbance’s amplitude, and | R(x, y, z, t) |<<
√
B.

3) The substitution of the disturbed steady-state solution in Eq (4.2) into Eq (1.5), followed by a
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linearization with respect to R(x, y, z, t), yields

∂6R(x, y, z, t)
∂x6 − 5

∂4R(x, y, z, t)
∂y ∂x3 + α

∂2R(x, y, z, t)
∂x2 − 5

∂2R(x, y, z, t)
∂y2 + β

∂2R(x, y, z, t)
∂y ∂x

+ γ
∂2R(x, y, z, t)

∂z ∂x
+ 9

∂2R(x, y, z, t)
∂t ∂x

= 0.

(4.3)

4) Let the solution of Eq (4.3) be of the form

R(x, y, z, t) = r1 ei(L1 x+L2 y+L3 z−ω t) + r2 e−i(L1 x+L2 y+L3 z−ω t), (4.4)

where L1, L2, and L3 are the disturbance’s wave numbers in x, y, and z directions, respectively. ω is
the disturbance’s frequency, and r1, r2 are constants.

5) The substitution of R(x, y, z, t) from Eq (4.4) into Eq (4.3), followed by separating the
coefficients of e−i(L1 x+L2 y+L3 z−ω t), and ei(L1 x+L2 y+L3 z−ω t), yields

r1U1 + r2U2 = 0,
r1U3 + r2U4 = 0,

(4.5)

which is formulated in the matrix form [
U1 U2

U3 U4

] [
r1

r2

]
=

[
0
0

]
. (4.6)

where U1 = U4 = αL2
1 + L1 (βL2 + γL3 − 9ω) + L6

1 + 5L2L3
1 − 5L2

2, and U2 = U3 = 0.

6) The system of equations in Eq (4.6) has a nontrivial solution if the determinant

∣∣∣∣∣∣U1 U2

U3 U4

∣∣∣∣∣∣ = 0,

which gives the following dispersion relation:

ω(L1, L2, L3) =
1
9

(
αL1 + βL2 + γL3 + L5

1 + 5L2L2
1 −

5L2
2

L1

)
. (4.7)

7) The stability of the disturbed solution in Eq (4.2) depends on the disturbance’s frequency
ω(L1, L2, L3) as follows:

• When ω(L1, L2, L3) is purely real, the exponent (iω) in Eq (4.4) is imaginary, and hence, the
disturbance is only oscilating without amplitude change. This is known as neutral stability [51].
• When ω(L1, L2, L3) is purely imaginary, the exponent (iω) in Eq (4.4) is real, and hence, the

amplitude of the disturbed solution changes exponentially. This is known as purely exponential
dynamics [52].
• When ω(L1, L2, L3) has non-zero real and imaginary parts, the real part affects the oscillatory

behavior of the solution, while, the imaginary part affects the amplitude dynamics [52].
• The dispersion relation in Eq (4.7) shows that the disturbance’s frequency ω(L1, L2, L3) is purely

real for all real-valued parameters L1, L2, L3, α, β, and γ provided that L1 , 0. This indicates
that the disturbed solution in Eq (4.2) is neutrally stable.
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4.2. Stability analysis conclusion

For real-valued parameters L1, L2, L3, α, β, and γ under the condition that L1 , 0, the disturbed
solution in Eq (4.2) demonstrates only oscillatory disturbances, indicating that Eq (1.5), and hence the
(3+1)-dimensional B-type Kadomtsev–Petviashvili equation in Eq (1.3), provides stable wave
propagation without modulation instability for any choice of the parameters.

5. Results and figures

The implementation of the IGREM technique on the extended (3+1)-dimensional B-type
Kadomtsev–Petviashvili equation in Eq (1.3) retrieved abundant types of solutions. Subsection 5.1
presents the graphical illustration of selected retrieved solutions. In Subsection 5.2, the graphical
illustration of the results of stability analysis is presented.

(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 0.4 (e) Density plot at t = 0.8

Figure 1. The wave form of bright soliton u1.1,1(x, y, z, t) in Eq (3.11) with ϑ0 = 0.5, ϑ1 =

2, ϑ2 = −0.6, α = 0.9, β = 0.7, γ = 0.6, ξ = 0, ρ2 = 0.7, and ρ4 = 0.6. (a) 3D wave form of
u1.1,1(x, y, 0.5, t), which propagates in the negative x-axis direction. (b) Propagation of the
wave form u1.1,1(x, 0.2, 0.5, t) as time increases; three shots are presented at t = 0, 0.4, and
0.8. (c)–(e) Corresponding density plots of (a), showing the wave spatiotemporal evolution
with time.
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5.1. Visual illustrations of some derived solutions

The derived solutions of Eq (1.3) included singular, bright-dark, and bright solitons, as well as
rational, singular periodic, hyperbolic, and exponential solutions. The singular solutions are valid
on intervals excluding the singular points where the denominator of the solution vanishes, while the
singular-periodic solutions are defined over periodic intervals with isolated singularities. The dynamics
of selected retrieved solutions are visually illustrated in Figures 1–6 by 2D, 3D, and density graphs.

Bright soliton u1.1,1(x, y, z, t) in Eq (3.11) is graphically illustrated by 2D, 3D, and density graphs
in Figure 1. Bright solitons are characterized by a centered peak of maximum intensity. These solitons
are crucial in optical communication systems because they can propagate over long distances without
distortion, supporting high-speed data transmission efficiency. The 2D and 3D plots illustrate the stable
propagation of bright solitons, emphasizing their role in maintaining signal integrity and enabling high-
performance optical communication networks [43].

Singular soliton |u1.1,2(x, y, z, t)| in Eq (3.12) is graphically illustrated by 2D, 3D, and density
graphs in Figure 2. Singular solitons feature a centered infinite amplitude and are valuable for
studying extreme wave phenomena, aiding in the development of realistic models [43].

(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 10 (e) Density plot at t = 30

Figure 2. The wave form of singular soliton |u1.1,2(x, y, z, t)| in Eq (3.12) with ϑ0 = 2, ϑ1 =

3, ϑ2 = 1, α = 0.7, β = 0.8, γ = 0.6, ξ = −4, ρ2 = 0.8, and ρ4 = 0.9. (a) 3D wave form of
|u1.1,2(x, y, 0.6, t)|, which propagates in the negative x-axis direction. (b) Propagation of the
wave form |u1.1,2(x, 0.3, 0.6, t)| as time increases; three shots are presented at t = 0, 10, and
30. (c)–(e) Corresponding density plots of (a), showing the wave spatiotemporal evolution
with time.
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Bright-dark soliton Im[u−1.1,3(x, y, z, t)] in Eq (3.13) is graphically illustrated by 2D, 3D, and density
graphs in Figure 3. The main characteristic of the combo bright-dark soliton is the presence of a wave
packet that combines both the dark and bright solitons. The bright soliton presents a peak of the
wave amplitude intensity, while the dark soliton presents a dip of the wave amplitude intensity, both
coexisting within the same wave. The stability of this soliton is evident as they remain stable over long
distances [53].

(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 0.2 (e) Density plot at t = 0.4

Figure 3. The wave form of bright-dark soliton Im[u−1.1,3(x, y, z, t)] in Eq (3.13) with ϑ0 =

0.5, ϑ1 = 3, ϑ2 = 1, α = 0.9, β = 0.7, γ = 0.6, ξ = 0, ρ2 = 0.7, and ρ4 = 0.6. (a)
3D wave form of Im[u−1.1,3(x, y, 0.5, t)], which propagates in the negative x-axis direction.
(b) Propagation of the wave form Im[u−1.1,3(x, 0.1, 0.5, t)] as time increases; three shots are
presented at t = 0, 0.2, and 0.4. (c)–(e) Corresponding density plots of (a), showing the
wave spatiotemporal evolution with time.

The singular periodic solution |u1.2,1(x, y, z, t)| in Eq (3.18) is graphically illustrated by 2D, 3D,
and density graphs in Figure 4. Singular periodic solutions have significant applications in advanced
signal processing techniques. The graphical representations demonstrate the oscillatory nature of
these solutions, which can be exploited for pulse shaping, wavelength conversion, and other signal
processing applications in optical communication systems [43].

The exponential solution |u2.3,1(x, y, z, t)| in Eq (3.48) is graphically illustrated by 2D, 3D, and
density graphs in Figure 5. The main characteristic of the exponential solution is the rapid initial growth
(or decay) in the wave amplitude at a rate proportional to the wave’s current size. This solution plays
an important role in studying systems with turbulence [49]. The exponential growth in ocean waves
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is driven by wind forcing and nonlinear interactions. The study of exponential growth is essential to
understand how wind generates and builds waves from an initially calm water surface [43, 54, 55].

Rational solution |u2.4,1(x, y, z, t)| in Eq (3.50) is graphically illustrated by 2D, 3D, and density
graphs in Figure 6. The main characteristic of the rational solution is the sudden huge change in the
wave’s amplitude. It is used to model the unexpected nonlinear wave phenomena in ocean known as
rogue waves [56]. The graphical illustration of the rational solution shows its potential applications in
the modeling of interactions of complex waves and in the optimization of signal transmission [43, 56].

(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 5 (e) Density plot at t = 10

Figure 4. The wave form of singular periodic solution |u1.2,1(x, y, z, t)| in Eq (3.18) with ϑ0 =

1, ϑ1 = 0.9, ϑ2 = 1, α = 0.6, β = 0.8, γ = 0.9, ξ = 0, ρ2 = 0.8, and ρ4 = 0.7. (a) 3D wave
form of |u1.2,1(x, y, 0.6, t)|, which propagates in the positive x-axis direction. (b) Propagation
of the wave form |u1.2,1(x, 0.3, 0.6, t)| as time increases; three shots are presented at t =
0, 5, and 10. (c)–(e) Corresponding density plots of (a), showing the wave spatiotemporal
evolution with time.
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(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 5 (e) Density plot at t = 10

Figure 5. The wave form of exponential solution |u2.3,1(x, y, z, t)| in Eq (3.48) with v =
−3, ϑ0 = 0, ϑ1 = 0.5, ϑ2 = 0.8, α = 0.9, β = 0.7, γ = 0.6, ξ = −6, ρ2 = 0.7, ρ3 = 0.8,
and ρ4 = 0.6. (a) 3D wave form of |u2.3,1(x, y, 1, t)|, which propagates in the negative x-axis
direction. (b) Propagation of the wave form |u2.3,1(x, 0.6, 1, t)| as time increases; three shots
are presented at t = 0, 5, and 10. (c)–(e) Corresponding density plots of (a), showing the
wave spatiotemporal evolution with time.
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(a) 3D (b) 2D

(c) Density plot at t = 0 (d) Density plot at t = 4 (e) Density plot at t = 10

Figure 6. The wave form of rational solution |u2.4,1(x, y, z, t)| in Eq (3.50) with ϑ0 = 1, ϑ1 =

3, α = 0.9, β = 0.7, γ = 0.6, ξ = −2, ρ2 = 0.8, ρ3 = 0.9, and ρ4 = 0.6. (a) 3D wave form of
|u2.4,1(x, y, 0.7, t)|, which propagates in the negative x-axis direction. (b) Propagation of the
wave form |u2.4,1(x, 0.4, 0.7, t)| as time increases; three shots are presented at t = 0, 4, and
10. (c)–(e) Corresponding density plots of (a), showing the wave spatiotemporal evolution
with time.

5.2. Visual illustration of stability analysis

• The 3-dimensional plot in Figure 7 (a) shows the variation of the frequency of disturbance
ω(L1, L2, L3) derived in Eq (4.7) against the wave numbers L1 and L2 for a constant value of the
wave number L3. The 2-dimensional plot in Figure 7 (b) shows the variation of the frequency of
disturbance ω(L1, L2, L3) against the disturbance wave number L2 for three different values of
the disturbance wave number L1 = {−1, 0.5, 1}. Figure 7 (c) shows the variation of the frequency
of disturbance ω(L1, L2, L3) against the wave number L1 for three different values of the
disturbance wave number L2 = {−1, 0.5, 1}.
• The 3-dimensional plot in Figure 8 (a) shows the variation of the frequency of disturbance
ω(L1, L2, L3) derived in Eq (4.7) against the wave numbers L1 and L3 for a constant value of the
wave number L2. The 2-dimensional plot in Figure 8 (b) shows the variation of the frequency of
disturbance ω(L1, L2, L3) against the disturbance wave number L3 for three different values of
the disturbance wave number L1 = {−1, 0.5, 1}. Figure 8 (c) shows the variation of the frequency
of disturbance ω(L1, L2, L3) against the wave number L1 for three different values of the
disturbance wave number L3 = {−1, 0.5, 1}.
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• The 3-dimensional plot in Figure 9 (a) shows the variation of the frequency of disturbance
ω(L1, L2, L3) derived in Eq (4.7) against the wave numbers L2 and L3 for a constant value of the
wave number L1. The 2-dimensional plot in Figure 9 (b) shows the variation of the frequency of
disturbance ω(L1, L2, L3) against the disturbance wave number L3 for three different values of
the disturbance wave number L2 = {−1, 0.5, 1}. Figure 9 (c) shows the variation of the frequency
of disturbance ω(L1, L2, L3) against the wave number L2 for three different values of the
disturbance wave number L3 = {−1, 0.5, 1}.
The conclusion from Figures 7–9 is that the disturbance frequency is stable unless near L1 = 0,
which is an asymptotic line. The frequency ω changes linearly w.r.t. L3 and quadratically w.r.t.
L2.

(a) (b) (c)

Figure 7. Profile of the disturbance frequency ω(L1, L2, L3) in Eq (4.7) for α = 0.8, β =
0.6, γ = 0.9, and L3 = 0.9. (a) 3D graph of ω(L1, L2, 0.9) versus L1, L2. (b) 2D graph of
ω(L1, L2, 0.9) versus L2 for L1 = {−1, 0.5, 1}. (c) 2D graph of ω(L1, L2, 0.9) versus L1 for
L1 = {−1, 0.5, 1}.

(a) (b) (c)

Figure 8. Profile of the disturbance frequency ω(L1, L2, L3) in Eq (4.7) for α = 0.8, β =
0.6, γ = 0.9, and L2 = 0.8. (a) 3D graph of ω(L1, 0.8, L3) versus L1, L3. (b) 2D graph of
ω(L1, 0.8, L3) versus L3 for L1 = {−1, 0.5, 1}. (c) 2D graph of ω(L1, 0.8, L3) versus L1 for
L3 = {−1, 0.5, 1}.
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(a) (b) (c)

Figure 9. Profile of the disturbance frequency ω(L1, L2, L3) in Eq (4.7) for α = 0.8, β =
0.6, γ = 0.9, and L1 = 0.7. (a) 3D graph of ω(0.7, L2, L3) versus L2, L3. (b) 2D graph of
ω(0.7, L2, L3) versus L3 for L2 = {−1, 0.5, 1}. (c) 2D graph of ω(0.7, L2, L3) versus L2 for
L3 = {−1, 0.5, 1}.

• The 2-dimensional plots in Figure 10 (a), (b), and (c) show the effect of the variation of
parameters α, β, and γ, respectively, on the frequency of disturbance ω(L1, 0.8, 0.9).
• The 2-dimensional plots in Figure 11 (a), (b), and (c) show the effect of the variation of

parameters α, β, and γ, respectively, on the frequency of disturbance ω(0.7, L2, 0.9).
• The 2-dimensional plots in Figure 12 (a), (b), and (c) show the effect of the variation of

parameters α, β, and γ, respectively, on the frequency of disturbance ω(0.7, 0.8, L3).
The conclusion from Figures 10–12 is that the relation between the disturbance’s frequency ω and
α is a direct relation for L1 > 0 but is an inverse relation for L1 < 0. Also, the relation between
the disturbance’s frequency ω and β is a direct relation for L2 > 0 but is an inverse relation for
L2 < 0. And, the relation between the disturbance’s frequency ω and γ is a direct relation for
L3 > 0 but is an inverse relation for L3 < 0.

(a) (b) (c)

Figure 10. The effect of variation of the coefficients α, β, and γ in Eq (1.3) on the disturbance
frequency ω(L1, 0.8, 0.9) in Eq (4.7) versus the wave number in x−direction L1. (a) For
α = {−1, 0.5, 2}, β = 0.6, and γ = 0.9. (b) For β = {−1, 0.5, 2}, α = 0.8, and γ = 0.9. (c)
For γ = {−1, 0.5, 2}, α = 0.8, and β = 0.6.
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(a) (b) (c)

Figure 11. The effect of variation of the coefficients α, β, and γ in Eq (1.3) on the disturbance
frequency ω(0.7, L2, 0.9) in Eq (4.7) versus the wave number in y−direction L2. (a) For
α = {−1, 0.5, 2}, β = 0.6, and γ = 0.9. (b) For β = {−1, 0.5, 2}, α = 0.8, and γ = 0.9. (c)
For γ = {−1, 0.5, 2}, α = 0.8, and β = 0.6.

(a) (b) (c)

Figure 12. The effect of variation of the coefficients α, β, and γ in Eq (1.3) on the disturbance
frequency ω(0.7, 0.8, L3) in Eq (4.7) versus the wave number in z−direction L3. (a) For
α = {−1, 0.5, 2}, β = 0.6, and γ = 0.9. (b) For β = {−1, 0.5, 2}, α = 0.8, and γ = 0.9. (c)
For γ = {−1, 0.5, 2}, α = 0.8, and β = 0.6.

6. Conclusions

This study retrieved novel abundant exact solutions for the extended (3+1)-dimensional B-type
Kadomtsev–Petviashvili equation (BKPE) in Eq (1.3) using the IGREM technique. The BKPE is of
high importance in modeling nonlinear wave propagation in weakly dispersive media in fluid dynamics
and plasmas. The IGREM technique succeeded to derive analytic solutions, such as singular, bright,
and bright-dark solitons, as well as rational, singular periodic, exponential, and hyperbolic solutions.
The verification steps of the solutions obtained in this study are presented in detail. In this work, the
stability analysis for the equation under study was investigated using linear stability analysis, which
proved that Eq (1.3) is neutrally stable with no existence of modulation instability for any choice of the
system parameters. This is because the disturbance’s frequency turned to be purely real-valued, which
prohibited the exponential growth of any disturbances. 2D, 3D, and density plots were used for visual
illustration of the dynamical behavior of some retrieved exact solutions of Eq (1.3) for the first time
in the literature. Also, the 2D and 3D plots of the stability analysis were presented in this study for
the first time in the literature. It is worth mentioning that throughout this work, the IGREM technique
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succeeded to achieve exact solutions, while both the ϕ6, and the Sardar sub-equation methods failed
to obtain any solution to the equation under study, as their constraints could not be satisfied. The
limitations of the IGREM technique were the heavy symbolic computations and the inability to obtain
solutions in terms of important functions such as Jacobi elliptic functions. In future work, it can be
combined with other available techniques in the literature to overcome these limitations, while keeping
its advantages to solve other complex structured NPDEs. Also, this work can be extended to fractional-
order NPDEs.
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