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Abstract: In this paper, we establish a new inequality relating the joint A-operator seminorm of an
s-tuple of operators T = (T1, . . . ,Ts), where each Tk admits an A-adjoint, to its joint A-Euclidean
operator seminorm. The obtained bound is expressed in terms of the A-numerical radius of suitable
operator products involving the components of the tuple and their A-adjoints. Here, A is a nonzero
positive operator on a complex Hilbert space H inducing a semi-Hilbertian structure, and s is a
positive integer. We further derive refined upper and lower bounds for the jointA-numerical radius of
T, denoted by ωA(T), thereby improving its classical equivalence with the jointA-operator seminorm.
In particular, the estimate 1

2
√

s∥T∥A ≤ ωA(T) ≤ ∥T∥A is sharpened by incorporating a term involving
the A-joint Crawford number of T2. Furthermore, we introduce a functional extension of the A-
joint numerical radius associated with a continuous nondecreasing function ϕ satisfying ϕ(0) = 0, and
establish several inequalities connecting this extension with the classicalA-joint numerical radius and
theA-operator seminorm. The main contribution of this work is the use of theA-adjoint framework in
the study of multivariable operators within semi-Hilbertian spaces. Our approach combines algebraic
operator methods with nonlinear functional techniques, leading to strict improvements of the classical
equivalence bounds through the incorporation of theA-joint Crawford number.
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1. Introduction and preliminaries

In recent years, the study of multivariable operators acting on Hilbert spaces has seen significant
growth. Much of this progress stems from foundational concepts in single-variable operator theory,
which continue to shape research in this area. Notably, early investigations into commuting tuples
and joint normaloidity have provided essential tools for current research [1, 2]. Building on these
foundations, recent contributions have focused on the spectral structure and algebraic properties of
operator tuples [3–5]. In multivariable operator theory, unitary invariants play a pivotal role in
classifying operator tuples [6]. Moreover, there has been a surge of interest in exploring these concepts
within the framework of semi-Hilbert spaces and related unitary invariants [7–9].

This paper is dedicated to establishing new inequalities concerning the generalized Euclidean
radius for tuples of operators on Hilbert spaces. The study of the Euclidean operator radius and
its generalizations has a rich history [10–12], with notable extensions to various settings [13]. In
particular, we investigate the impact of a semi-inner product structure generated by a positive operator
within a complex Hilbert space.

First, we recall some essential notation and concepts. Let H denote a complex Hilbert space
equipped with the inner product ⟨·, ·⟩ and the corresponding norm ∥ · ∥. The C∗-algebra of all bounded
linear operators on H is denoted by L(H ), with IH representing the identity operator. For any
operator T , its range is denoted by ran(T ), its null space by ker(T ), and its adjoint by T ⋆. An operator
is considered to be positive, written as T ≥ 0, if the inner product ⟨T ξ, ξ⟩ is non-negative for every
element ξ in H . When T is positive, its square root is denoted by

√
T .

Throughout this paper, operators are considered as elements of L(H ). We assume that A is a
non-zero positive operator, which induces a semi-inner product defined by ⟨ξ, ξ2⟩A = ⟨Aξ, ξ2⟩. This
structure forms a semi-Hilbert space, denoted (H , ∥ · ∥A), where the seminorm ∥ · ∥A is given by the
square root of the semi-inner product. Specifically, the unit sphere corresponding to this semi-inner
product is denoted by Σ1

A
, which consists of all elements with a seminorm equal to one.

If A = IH , then the unit sphere is denoted by Σ1, corresponding to the standard Hilbert space
structure. Note that (H , ∥ · ∥A) is generally neither a normed space nor a complete space. However,
it becomes a Hilbert space if and only if A is injective and its range is closed. For further details, we
refer the reader to [7].

Let N denote the set of positive integers. We define L(H )s as the Cartesian product of L(H )
taken s times, where s ∈ N. If T = (T1, . . . ,Ts) ∈ L(H )s, then T is called a commuting s-tuple if
[Ti,T j] = 0 for all i, j ∈ {1, . . . , s}. Here, [·, ·] represents the commutator of two operators, defined as
[T1,T2] := T1T2 − T2T1 for T1,T2 ∈ L(H ).

Let T = (T1, . . . ,Ts) ∈ L(H )s be an s-tuple of (not necessarily commuting) operators on the
semi-Hilbert space (H , ⟨·, ·⟩A). The following two quantities were introduced in [14]:

ωA(T) := sup
ξ∈Σ1

A

√√
s∑

r=1

∣∣∣⟨Trξ, ξ⟩A
∣∣∣2 and ∥T∥A := sup

ξ∈Σ1
A

√√
s∑

r=1

∥Trξ∥
2
A
,
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where Σ1
A
= {ξ ∈H : ∥ξ∥A = 1}.

Both ωA(T) and ∥T∥A may take infinite values, even when s = 1 (see [15]).
The special case s = 1 is of particular importance in the literature on operator inequalities in Hilbert

and semi-Hilbert spaces. In this setting, for a single operator T ∈ L(H ), the general definitions reduce
to the following well-knownA-numerical radius andA-operator norm:

ωA(T ) = sup
ξ∈Σ1

A

∣∣∣⟨T ξ, ξ⟩A∣∣∣ and ∥T ∥A = sup
ξ∈Σ1

A

∥T ξ∥A.

Several classical and recent inequalities relating these two quantities have been established in this
case. The foundational properties of the numerical range and classical inequalities can be found
in [16, 17]. Significant advancements and sharper bounds for the numerical radius of Hilbert space
operators have been extensively developed [18–20]. Further refinements, including convex treatments
and estimates for the products of operators, are discussed in [21–23]. Moreover, extensions addressing
weighted inequalities and specific operator matrices have been thoroughly investigated [24–26].
Additionally, classical inequalities of the Kato and Hermite-Hadamard type have been extended to
operator sequences [27,28] as well as [29,30]. For further results and historical context in semi-Hilbert
spaces, the reader is referred to [31–33] and the references therein.

To ensure that these quantities are finite, it is necessary to recall the concept ofA-adjoint operators,
which play a key role in this work. This notion is drawn from [34]. For any T ∈ L(H ), an operator
R ∈ L(H ) is called an A-adjoint of T if, for all ξ, ξ2 ∈ H , the condition ⟨T ξ, ξ2⟩A = ⟨ξ,Rξ2⟩A
holds or, equivalently, if AR = T ⋆A. Note that not every operator in L(H ) possesses an A-adjoint.
Furthermore, even when an A-adjoint operator exists, it may not be unique. This presents several
challenges when analyzing operators in semi-Hilbert spaces.

Let LA(H ) and L√A(H ) represent the sets of all operators that admit A-adjoints and
√
A-

adjoints, respectively. Applying Douglas’s theorem [35], we immediately observe the following
characterizations:

LA(H ) =
{
T ∈ L(H ) ; ran(T ⋆A) ⊆ ran(A)

}
and

L√A(H ) =
{
T ∈ L(H ) ; ∃ c > 0 such that ∥T ξ∥A ≤ c∥ξ∥A, ∀ξ ∈H

}
.

The operators in L√A(H ) are referred to as A-bounded operators. Furthermore, note that both
LA(H ) and L√A(H ) are subalgebras of L(H ), but they are generally neither closed nor dense in the
C∗-algebra L(H ). Additionally, the following strict inclusions hold:

LA(H ) ⊆ L√A(H ) ⊆ L(H )

(see [15]). Now, let us consider T = (T1, . . . ,Ts) ∈ L√A(H )s. It can be established that both ∥T∥A and
ωA(T) are finite in this context. Consequently, the functions ∥ · ∥A and ωA(·) define two seminorms on
L√A(H )s, which are referred to as the joint operatorA-seminorm and the jointA-numerical radius of
the operators, respectively. Note that ∥ · ∥A and ωA(·) are equivalent seminorms. More specifically, it
was demonstrated in [14] that the following inequalities hold for every T = (T1, . . . ,Ts) ∈ L√A(H )s:

1
2
√

s
∥T∥A ≤ ωA(T) ≤ ∥T∥A. (1.1)
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Note that for every T ∈ L√A(H ), we have

∥T ∥A = sup
ξ,η∈Σ1

A

∣∣∣⟨T ξ, η⟩A∣∣∣, (1.2)

as discussed in [14] and the references cited therein.
Applying Douglas’s theorem, we can select a specific operator T ♯A from among the operators that

admitA-adjoints. IfA† denotes the Moore-Penrose pseudoinverse ofA, then T ♯A is defined as T ♯A =
A†T ⋆A (see [36]). Although T ♯A shares some properties with the standard adjoint T ⋆, they are not
identical. For example, the equality (T ♯A)♯A = T does not hold in general. However, this equivalence
is true if and only if ran(T ) ⊆ ran(A). Utilizing the second equality in (1.2), it is straightforward to
show that ∥T ∥A = ∥T ♯A∥A for all T ∈ LA(H ).

Next, we summarize some fundamental properties of the operator T ♯A based on [34, 36, 37]. For
T1,T2 ∈ LA(H ) and µ, ν ∈ C, the linear combination µT1 + νT2 belongs to LA(H ) and satisfies
(µT1 + νT2)♯A = µT ♯A1 + νT

♯A
2 . Additionally, the product T1T2 is in LA(H ) with (T1T2)♯A = T ♯A2 T

♯A
1 .

Furthermore, for any T ∈ LA(H ), its powers T p ∈ LA(H ) and (T p)♯A = (T ♯A)p for all p ∈ N.
We also note that (T ♯A)♯A = Pran(A)TPran(A) and ((T ♯A)♯A)♯A = T ♯A , where Pran(A) represents the

orthogonal projection onto the closure of the range ofA, ran(A). Finally, we have the identity

∥T ♯AT∥A = ∥TT
♯A∥A = ∥T ∥

2
A, ∀T ∈ LA(H ). (1.3)

For additional details concerning the operator T ♯A , the reader may consult [34, 36, 37].
Let Bs denote the open unit ball in Cs with respect to the Euclidean norm, defined as

Bs :=

α = (α1, . . . , αs) ∈ Cs : ∥α∥2 :=

 s∑
r=1

|αr|
2


1
2

< 1

 .
In [8], the authors introduced two specific seminorms on L√A(H )s. For a tuple T = (T1, . . . ,Ts) ∈
L√A(H )s, they are defined as

ωe,A(T) = sup
α∈Bs

ωA
( s∑

r=1

αrTr

)
and ∥T∥e,A = sup

α∈Bs

∥∥∥∥ s∑
r=1

αrTr

∥∥∥∥
A
.

It is well established that ωA(T) = ωe,A(T) for every T ∈ L√A(H )s [8]. However, ∥T∥e,A is not
generally equal to ∥T∥A. The seminorm ∥ · ∥e,A on L√A(H )s is equivalent to the joint operator A-
seminorm and satisfies the following bounds:

1
√

s
∥T∥A ≤ ∥T∥e,A ≤ ∥T∥A (1.4)

for all T ∈ L√A(H )s [8, 14].
An s-tuple T = (T1, . . . ,Ts) ∈ LA(H )s is considered A-doubly commuting if [Ti,T j] = 0 for all

i, j and [T ♯Ai ,T j] = 0 for all i , j. If, in addition, each operator Ti is A-hyponormal, meaning that
[T ♯Ai ,Ti] ≥A 0 for all i, then it follows that ∥T∥A = ∥T∥e,A (see [8]).

Next, we review some important classes of operators within semi-Hilbert spaces. For an operator
T ∈ L(H ), we define the following properties: An operator T is calledA-self-adjoint ifAT = T ⋆A,
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which indicates that AT is a self-adjoint operator in the usual sense. We say that T is A-positive,
denoted T ≥A 0, if AT ≥ 0. It was shown in [15] that if T is A-self-adjoint, then T ∈ LA(H ) and
the following equality holds:

∥T ∥A = ωA(T ). (1.5)

An operator T ∈ LA(H ) is classified as A-normal if [T ♯A ,T ] = 0. Furthermore, T is termed A-
paranormal if the inequality ∥T ξ∥2

A
≤ ∥T 2ξ∥A is satisfied for all ξ ∈ Σ1

A
.

It is evident thatA-self-adjoint operators are a subset of LA(H ). Because H is a complex Hilbert
space, the condition T ≥A 0 ensures that T is A-self-adjoint. Generally, A-self-adjoint operators are
not always A-normal (see [15] or [38, Example 5.1]). If T is A-normal, it trivially follows that T is
A-hyponormal (since the condition [T ♯A ,T ] = 0 implies [T ♯A ,T ] ≥A 0). Conversely,A-hyponormal
operators do not necessarily have to beA-normal, even in finite-dimensional spaces (see [15]).

Let T be an A-self-adjoint operator. Note that the equality T ♯A = T might not hold in general
(see [34]). It is valid, however, if ran(T ) ⊆ ran(A) (see also [34]). Furthermore, if T ∈ L(H ) is an
A-self-adjoint operator, its adjoint T ♯A is also A-self-adjoint, and it satisfies (T ♯A)♯A = T ♯A . For a
discussion on the foundational properties of these operator classes, we direct the reader to [15] and the
references provided therein.

For a tuple T = (T1, . . . ,Ts) ∈ LA(H )s, it is clear that
∑s

r=1 T
♯A
r Tr ≥ 0, so according to (1.5), we

obtain the expression

∥T∥A =

√√∥∥∥∥∥∥∥
s∑

r=1

T
♯A
r Tr

∥∥∥∥∥∥∥
A

. (1.6)

For an in-depth analysis, please see [38].
The main objective of this work is to establish new inequalities for operator tuples acting on semi-

Hilbert spaces. Using the framework of A-adjoint operators, we derive estimates involving the A-
joint Crawford number and obtain refinements of known bounds relating the jointA-numerical radius
and the joint A-operator seminorm. These results provide additional information on the relationship
between operator seminorms and numerical radii in semi-Hilbert spaces.

The remainder of the paper is organized as follows.
In Section 2, motivated by the recent investigations in [39,40], we establish new inequalities relating

the jointA-operator seminorm ∥T∥A of an s-tuple T = (T1, . . . ,Ts) to its jointA-Euclidean seminorm
∥T∥e,A. These estimates are expressed in terms of theA-numerical radius of suitable operator products
involving the components Tk and their A-adjoints. We also derive refined bounds for the joint A-
numerical radius ωA(T), improving the classical inequality (1.1) through the incorporation of a term
involving the A-joint Crawford number of T2. Several of these results are new even in the classical
Hilbert space case whereA = IH .

In Section 3, inspired by [10], we introduce a functional extension of the jointA-numerical radius.
More precisely, for a continuous nondecreasing function ϕ : [0,∞) → [0,∞) satisfying ϕ(0) = 0, we
define a corresponding ϕ-version of ωA(T). We then establish general inequalities linking this quantity
with both the jointA-numerical radius and the jointA-operator seminorm.

Finally, Section 4 contains concluding remarks and several directions for future investigation.
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2. JointA-seminorm bounds

The inequalities established in this section are obtained by combining the properties of the A-
adjoint with the semi-inner product structure. The analysis of the cross-terms arising in the operator
expansions plays a central role in the proofs.

The following theorem establishes a general inequality linking the seminorm and numerical radius
for the sum of s operators, bounded in terms of standard vector norms.

Theorem 2.1. Let T1,T2, . . . ,Ts ∈ LA(H ) and let α = (α1, α2, . . . , αs) ∈ Cs. Then∥∥∥∥∥∥∥
s∑

r=1

αrTr

∥∥∥∥∥∥∥
2

A

≤ ∥α∥2∞

∥∥∥∥∥∥∥
s∑

r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ (∥α∥21 − ∥α∥
2
2) max

1≤ j,r≤s
ωA

(
T
♯A
j Tr

)
≤ ∥α∥22


∥∥∥∥∥∥∥

s∑
r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ (s − 1) max
1≤ j,r≤s

ωA
(
T
♯A
j Tr

) ,
where ∥α∥1, ∥α∥2, and ∥α∥∞ represent the ℓ1, ℓ2, and ℓ∞ norms of the scalar vector α, respectively.

Proof. Let T ∈ LA(H ). Applying (1.3) and the triangle inequality, we deduce∥∥∥∥∥∥∥
s∑

r=1

αrTr

∥∥∥∥∥∥∥
2

A

=

∥∥∥∥∥∥∥
 s∑

r=1

αrTr

♯A  s∑
r=1

αrTr


∥∥∥∥∥∥∥
A

= ωA


 s∑

r=1

αrTr

♯A  s∑
r=1

αrTr




= ωA

 s∑
r=1

|αr|
2T ♯Ar Tr +

∑
1≤ j,r≤s

α jαrT
♯A
j Tr


≤ ωA

 s∑
r=1

|αr|
2T ♯Ar Tr

 + ωA
 ∑

1≤ j,r≤s

α jαrT
♯A
j Tr

 .
Given that

s∑
r=1

|αr|
2T ♯Ar Tr ≥A 0, we can use (1.5) and the subadditivity of ωA(·) to obtain

∥∥∥∥∥∥∥
s∑

r=1

αrTr

∥∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥∥∥
s∑

r=1

|αr|
2T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ ωA

 ∑
1≤ j,r≤s

α jαrT
♯A
j Tr

 . (2.1)

This establishes an intermediate upper bound. Now, let ξ ∈ Σ1
A

. Because each operator T ♯Ar Tr is A-
positive, it follows that ⟨T ♯Ar Trξ, ξ⟩A = ∥Trξ∥

2
A
≥ 0. Utilizing the upper bound |αr|

2 ≤ ∥α∥2∞ for all
1 ≤ r ≤ s, we find that

〈  s∑
r=1

|αr|
2T ♯Ar Tr

 ξ, ξ〉A = s∑
r=1

|αr|
2⟨T ♯Ar Trξ, ξ⟩A ≤ ∥α∥

2
∞

s∑
r=1

⟨T ♯Ar Trξ, ξ⟩A = ∥α∥
2
∞

〈  s∑
r=1

T ♯Ar Tr

 ξ, ξ〉A.
AIMS Mathematics Volume 11, Issue 7, 20930–20955.
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Taking the supremum over all elements ξ ∈ Σ1
A

and using (1.5), we conclude that∥∥∥∥∥∥∥
s∑

r=1

|αr|
2T ♯Ar Tr

∥∥∥∥∥∥∥
A

≤ ∥α∥2∞

∥∥∥∥∥∥∥
s∑

r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

.

Applying the triangle inequality to theA-numerical radius yields

ωA

 ∑
1≤ j,r≤s

α jαrT
♯A
j Tr

 ≤ ∑
1≤ j,r≤s

|α j||αr|ωA
(
T
♯A
j Tr

)
≤

(
max

1≤ j,r≤s
ωA

(
T
♯A
j Tr

)) ∑
1≤ j,r≤s

|α j||αr|.

Since the sum can be evaluated as∑
1≤ j,r≤s

|α j||αr| =

 s∑
r=1

|αr|

2

−

s∑
r=1

|αr|
2 = ∥α∥21 − ∥α∥

2
2,

we arrive at the first inequality.
For the second inequality, utilizing the relationship ∥α∥∞ ≤ ∥α∥2 alongside the Cauchy-Schwarz

vector inequality ∥α∥1 ≤
√

s∥α∥2, we deduce that

∥α∥21 − ∥α∥
2
2 ≤ (s − 1)∥α∥22.

Substituting these relationships into the expression provides the desired result.

As a direct consequence of Theorem 2.1, we obtain the following bound relating ∥T∥A to its joint
A-Euclidean operator seminorm ∥T∥e,A.

Corollary 2.1. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. Then

∥T∥e,A ≤
√
∥T∥2A + (s − 1) max

1≤ j,r≤s
ωA

(
T
♯A
j Tr

)
.

Proof. Taking the supremum over all vectors α = (α1, α2, . . . , αs) ∈ Bs in Theorem 2.1, we deduce that

∥T∥e,A ≤

√√∥∥∥∥∥∥∥
s∑

r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ (s − 1) max
1≤ j,r≤s

ωA
(
T
♯A
j Tr

)
.

Applying Eq (1.6), we obtain the final result.

By setting αr = 1, we derive the following unweighted inequality directly from the intermediate
steps established in the preceding proof.

Corollary 2.2. Let T1,T2, . . . ,Ts ∈ LA(H ). Then∥∥∥∥∥∥∥
s∑

r=1

Tr

∥∥∥∥∥∥∥
A

≤

√√√∥∥∥∥∥∥∥
s∑

r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ ωA

 s∑
j=1

T
♯A
j

s∑
r=1

Tr −

s∑
r=1

T ♯Ar Tr

.
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Proof. Setting αr = 1 for all r = 1, . . . , s in Eq (2.1), we find that∥∥∥∥∥∥∥
s∑

r=1

Tr

∥∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥∥∥
s∑

r=1

T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ ωA

 ∑
1≤ j,r≤s

T
♯A
j Tr

 .
Since the cross-terms can be factored and rewritten as∑

1≤ j,r≤s

T
♯A
j Tr =

 s∑
j=1

T
♯A
j


 s∑

r=1

Tr

 − s∑
r=1

T ♯Ar Tr,

we immediately obtain the desired inequality.

Let T ∈ LA(H ). We define theA-real andA-imaginary parts of T as

ℜA(T ) =
T + T ♯A

2
and ℑA(T ) =

T − T ♯A

2i
.

Note that T = ℜA(T ) + iℑA(T ) and that both components,ℜA(T ) and ℑA(T ), areA-self-adjoint.
The next remark discusses a specific application of Corollary 2.2 to the case of two operators.

Remark 2.1. Let s = 2 in Corollary 2.2. We then obtain the inequality

∥T1 + T2∥
2
A ≤

∥∥∥∥T ♯A1 T1 + T
♯A
2 T2

∥∥∥∥
A
+ ωA

(
T
♯A
1 T2 + T

♯A
2 T1

)
. (2.2)

Applying Eq (2.2) to the adjoint operators T ♯A1 and T ♯A2 instead of T1 and T2, we find∥∥∥∥T ♯A1 + T
♯A
2

∥∥∥∥2

A
≤

∥∥∥∥(T ♯A1 )♯AT ♯A1 + (T ♯A2 )♯AT ♯A2

∥∥∥∥
A
+ 2

∥∥∥∥ℜA (
(T ♯A1 )♯AT ♯A2

)∥∥∥∥
A
.

Thus, we obtain the expression

∥T1 + T2∥
2
A ≤

∥∥∥∥T1T
♯A
1 + T2T

♯A
2

∥∥∥∥
A
+ 2

∥∥∥∥ℜA (
T1T

♯A
2

)∥∥∥∥
A
. (2.3)

By setting T1 = [ℜA(T )]♯A and T2 = −i[ℑA(T )]♯A in Eq (2.3), and utilizing the facts that T ♯A1 = T1

and T ♯A2 = −T2 (since bothℜA(T ) and ℑA(T ) areA-self-adjoint), we obtain∥∥∥T ♯A∥∥∥2

A
=

∥∥∥[ℜA(T )]♯A − i[ℑA(T )]♯A
∥∥∥2

A

≤

∥∥∥∥([ℜA(T )]♯A
)2
+

(
[ℑA(T )]♯A

)2∥∥∥∥
A
+ 2

∥∥∥∥ℜA (
[ℜA(T )]♯A(i[ℑA(T )]♯A)

)∥∥∥∥
A

=
∥∥∥∥([ℜA(T )]♯A

)2
+

(
[ℑA(T )]♯A

)2∥∥∥∥
A
+ 2

∥∥∥∥ℑA (
[ℜA(T )]♯A[ℑA(T )]♯A

)∥∥∥∥
A
.

Since it is known that ∥T ♯A∥2
A
= ∥T ∥2

A
and∥∥∥∥([ℜA(T )]♯A

)2
+

(
[ℑA(T )]♯A

)2∥∥∥∥
A
=

1
2

∥∥∥TT ♯A + T ♯AT ∥∥∥
A
,

we determine that

∥T ∥
2
A ≤

1
2

∥∥∥TT ♯A + T ♯AT ∥∥∥
A
+ 2

∥∥∥∥ℑA (
[ℜA(T )]♯A[ℑA(T )]♯A

)∥∥∥∥
A
.
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This simplifies to

∥T ∥
2
A ≤

1
2

∥∥∥TT ♯A + T ♯AT ∥∥∥
A
+ 2

∥∥∥∥ℑA(ℑA(T )ℜA(T )
)∥∥∥∥
A
.

This sequence of steps provides a correctly derived, reversed version of the bound

1
2

∥∥∥TT ♯A + T ♯AT ∥∥∥
A
≤ ∥T ∥2A.

In the next result, we derive a weighted expansion by preserving the arbitrary scalars from the
intermediate step of Theorem 2.1.

Corollary 2.3. Let T1,T2, . . . ,Ts ∈ LA(H ) and let α1, α2, . . . , αs ∈ C. Then∥∥∥∥∥∥∥
s∑

r=1

αrTr

∥∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥∥∥
s∑

r=1

|αr|
2T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ ωA

 s∑
j=1

α jT
♯A
j

s∑
r=1

αrTr −

s∑
r=1

|αr|
2T ♯Ar Tr

 .
Proof. From the proof of Theorem 2.1, we previously established that∥∥∥∥∥∥∥

s∑
r=1

αrTr

∥∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥∥∥
s∑

r=1

|αr|
2T ♯Ar Tr

∥∥∥∥∥∥∥
A

+ ωA

 ∑
1≤ j,r≤s

α jαrT
♯A
j Tr

 .
Because the sum of the cross-terms can be restructured as∑

1≤ j,r≤s

α jαrT
♯A
j Tr =

 s∑
j=1

α jT
♯A
j


 s∑

r=1

αrTr

 − s∑
r=1

|αr|
2T ♯Ar Tr,

we directly obtain the stated inequality.

To further refine our estimates, we introduce the concept of the A-joint Crawford number in the
following definition.

Definition 2.1. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. The A-joint Crawford number of T is defined
by

mA(T) = inf


 s∑

r=1

|⟨Trξ, ξ⟩A|
2


1
2

: ξ ∈ Σ1
A

 .
The following proposition outlines the fundamental properties of theA-joint Crawford number.

Proposition 2.1. Let T = (T1, . . . ,Ts) ∈ L√A(H )s. Then mA(T) = 0 if and only if a sequence
(ξn)n∈N ⊆ Σ

1
A

exists such that

lim
n→∞
⟨Trξn, ξn⟩A = 0 for all r = 1, . . . , s.

Equivalently, mA(T) = 0 if and only if 0s := (0, . . . , 0) ∈ WA(T), where

WA(T) =
{(
⟨T1ξ, ξ⟩A, . . . , ⟨Tsξ, ξ⟩A

)
: ξ ∈ Σ1

A

}
⊆ Cs

is the jointA-numerical range, and WA(T) denotes its closure.
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Proof. By the definition of the Crawford number, we have

mA(T) = inf
ξ∈Σ1

A

 s∑
r=1

∣∣∣⟨Trξ, ξ⟩A
∣∣∣2

1
2

.

Suppose that mA(T) = 0. According to the properties of the infimum, a sequence (ξn)n∈N ⊆ Σ
1
A

must
exist such that

lim
n→∞

s∑
r=1

∣∣∣⟨Trξn, ξn⟩A
∣∣∣2 = 0.

Given that each term in the summation is non-negative, this condition requires that

lim
n→∞

∣∣∣⟨Trξn, ξn⟩A
∣∣∣2 = 0 for each r = 1, . . . , s.

Consequently, we see that
lim
n→∞
⟨Trξn, ξn⟩A = 0

for all r = 1, . . . , s. The converse is straightforward and holds by simply reversing these steps.
For the second equivalence, we recall that a point λ = (λ1, . . . , λs) ∈ Cs is an element of the closure

of the jointA-numerical range, WA(T), if and only if a sequence (ξn)n∈N ⊆ Σ
1
A

exists such that

lim
n→∞
⟨Trξn, ξn⟩A = λr

for each r = 1, . . . , s. If we let λ = 0s = (0, . . . , 0), then the condition 0s ∈ WA(T) is exactly equivalent
to the existence of a sequence (ξn)n∈N ⊆ Σ

1
A

, where

lim
n→∞
⟨Trξn, ξn⟩A = 0

for all r = 1, . . . , s. This completes the proof.

In the following theorem, we refine the classical estimates by incorporating the A-joint Crawford
number into the equivalence bounds.

Theorem 2.2. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. Then

∥T∥2A + mA(T2) ≤ 2
√

sωA(T)∥T∥A≤ sωA(T)2 + ∥T∥2A,

where T2 = (T 2
1 ,T

2
2 , . . . ,T

2
s ).

Proof. Let us define ρr, υr ∈ R with ρr , 0 for each index r = 1, 2, . . . , s. We observe that

s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

e2iυr⟨T 2
r ξ, ξ⟩A

=

s∑
r=1

{1
2
⟨ρre2iυrT 2

r ξ + ρ
−1
r eiυrTrξ, ρreiυrTrξ + ρ

−1
r ξ⟩A

−
1
2
⟨ρre2iυrT 2

r ξ − ρ
−1
r eiυrTrξ, ρreiυrTrξ − ρ

−1
r ξ⟩A

}
.
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Consequently, we have∣∣∣∣ s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

e2iυr⟨T 2
r ξ, ξ⟩A

∣∣∣∣
≤

s∑
r=1

1
2

∣∣∣⟨ρre2iυrT 2
r ξ + ρ

−1
r eiυrTrξ, ρreiυrTrξ + ρ

−1
r ξ⟩A

∣∣∣
+

s∑
r=1

1
2

∣∣∣⟨ρre2iυrT 2
r ξ − ρ

−1
r eiυrTrξ, ρreiυrTrξ − ρ

−1
r ξ⟩A

∣∣∣
≤

s∑
r=1

1
2
ωA(Tr)∥ρreiυrTrξ + ρ

−1
r ξ∥

2
A
+

s∑
r=1

1
2
ωA(Tr)∥ρreiυrTrξ − ρ

−1
r ξ∥

2
A
.

Since the algebraic inequality |⟨Trξ, ξ⟩A| ≤

 s∑
r=1

|⟨Trξ, ξ⟩A|
2


1
2

holds for any vector ξ ∈H , it logically

follows that ωA(Tr) ≤ ωA(T). Therefore,∣∣∣∣ s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

e2iυr⟨T 2
r ξ, ξ⟩A

∣∣∣∣
≤

s∑
r=1

1
2
ωA(T)∥ρreiυrTrξ + ρ

−1
r ξ∥

2
A
+

s∑
r=1

1
2
ωA(T)∥ρreiυrTrξ − ρ

−1
r ξ∥

2
A

= ωA(T)
s∑

r=1

{
1
2
∥ρreiυrTrξ + ρ

−1
r ξ∥

2
A
+

1
2
∥ρreiυrTrξ − ρ

−1
r ξ∥

2
A

}
= ωA(T)

s∑
r=1

{
ρ2

r∥Trξ∥
2
A + ρ

−2
r ∥ξ∥

2
A

}
.

Assume that Trξ , 0 for all r = 1, 2, . . . , s. By carefully choosing υr such that e2iυr⟨T 2
r ξ, ξ⟩A =

|⟨T 2
r ξ, ξ⟩A| and setting ρr =

√
∥ξ∥A
∥Trξ∥A

for all r = 1, 2, . . . , s, we derive the inequality

s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

|⟨T 2
r ξ, ξ⟩A| ≤ 2ωA(T)

s∑
r=1

∥Trξ∥A∥ξ∥A.

Applying the Cauchy-Schwarz inequality, we find that

s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

|⟨T 2
r ξ, ξ⟩A| ≤ 2

√
sωA(T)

 s∑
r=1

∥Trξ∥
2
A


1
2

∥ξ∥A. (2.4)

It is important to note that this inequality remains valid even if Trξ = 0 for some or all values of
r ∈ {1, 2, . . . , s}. Taking the supremum over all ξ ∈ Σ1

A
in Eq (2.4), we deduce that

s∑
r=1

∥Trξ∥
2
A +

s∑
r=1

|⟨T 2
r ξ, ξ⟩A| ≤ 2

√
sωA(T)

 s∑
r=1

∥Trξ∥
2
A


1
2

≤ 2
√

sωA (T) ∥T∥A.
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Given that the ℓ1 norm provides an upper bound for the ℓ2 norm, we deduce that

s∑
r=1

|⟨T 2
r ξ, ξ⟩A| ≥

 s∑
r=1

|⟨T 2
r ξ, ξ⟩A|

2


1
2

≥ mA(T2).

Therefore, it follows that
s∑

r=1

∥Trξ∥
2
A + mA(T2) ≤ 2

√
sωA (T) ∥T∥A.

Taking the supremum over all vectors ξ ∈ Σ1
A

, we arrive at the bound

∥T∥2A + mA(T2) ≤ 2
√

sωA(T)∥T∥A.

The final inequality in the theorem statement follows directly from an application of the classical
arithmetic-geometric mean inequality. This completes the proof.

The proof relies on the introduction of the auxiliary parameters ρr and υr, which allow us to separate
the contributions of the operators and the vector ξ. This approach leads naturally to the appearance of
theA-joint Crawford number in the resulting estimate.

The quantity mA(T 2) measures the minimal joint numerical contribution of the operators on theA-
unit sphere. Its incorporation into Theorem 2.2 yields a refinement of the classical equivalence bounds
between the jointA-operator seminorm and the jointA-numerical radius.

The following remark explicitly details how Theorem 2.2 offers a distinct refinement of the classical
inequality (1.1).

Remark 2.2. Specifically, if we consider T = (T1,T2, . . . ,Ts) ∈ L√A(H )s under the condition that
∥T∥A , 0, we obtain the following sequence of bounds:

1
2
√

s
∥T∥A ≤

1
2
√

s

(
∥T∥A +

mA(T2)
∥T∥A

)
≤ ωA(T) =

√
ω2
A

(T)
∥T∥A

∥T∥A

≤
1
2

(
ω2
A

(T)
∥T∥A

+ ∥T∥A
)
≤ ∥T∥A.

The next result follows directly as an application of Theorem 2.2.

Corollary 2.4. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. Then

mA(T2) ≤ sωA(T)2.

The following corollary outlines the behavior of the Crawford number when a specific equality
condition is met.

Corollary 2.5. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s with ∥T∥A , 0. If 1
2
√

s∥T∥A = ωA(T), then
mA(T2) = 0.

The next result outlines a power inequality concerning the joint A-numerical radius for tuples of
operators.
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Theorem 2.3. If T = (T1,T2, . . . ,Ts) ∈ L√A(H )s, then

ωA(Tp) ≤
√

sωp
A

(T).

Proof. Let us consider an arbitrary vector ξ ∈ Σ1
A

. We observe that |⟨Trξ, ξ⟩|A ≤

 s∑
k=1

|⟨Tkξ, ξ⟩|
2
A


1
2

and,

as a direct consequence, ωA(Tr) ≤ ωA(T) for every index r = 1, . . . , s.
Initially, suppose that ωA(T) ≤ 1. This assumption implies that ωA(Tr) ≤ 1 for each r = 1, . . . , s.

Applying the well-established power inequality from [41, Proposition 3.10], it logically follows that
ωA(T p

r ) ≤ 1 for each r = 1, . . . , s. Therefore, we calculate

ωA(Tp) = sup
ξ∈Σ1

A

 s∑
r=1

|⟨T p
r ξ, ξ⟩A|

2


1
2

≤

 s∑
r=1

sup
ξ∈Σ1

A

|⟨T p
r ξ, ξ⟩A|

2


1
2

≤

 s∑
r=1

ω2
A(T p

r )


1
2

≤
√

s.

To address the general case where ωA(T) > 1, we define the scaled operators T ′r =
Tr
ωA(T) for

r = 1, . . . , s, and let the tuple be T′ = (T ′1 , . . . ,T
′
s ). It follows that ωA(T′) = 1, and applying the

previously established estimate yields ωA((T′)p) ≤
√

s. Since (T′)p = Tp

ω
p
A

(T) , we conclude that

ωA(Tp) ≤
√

sωp
A

(T).

As an immediate consequence of Theorem 2.3, we derive the following useful upper bound for the
operator norm.

Corollary 2.6. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. If ωA(T) ≤ 1, then

∥Tp∥A ≤ 2s.

Proof. Assume that ∥Tp∥A , 0. Combining the results of Theorem 2.2 with Theorem 2.3, we obtain

∥Tp∥A

2
√

s
≤

1
2
√

s

(
∥Tp∥A +

mA(T2p)
∥Tp∥A

)
≤ ωA(Tp) ≤

√
sωp
A

(T) ≤
√

s.

From Theorem 2.2, we also obtain the following result, which evaluates specific equality conditions
related to Corollary 2.6.

Corollary 2.7. Let T = (T1,T2, . . . ,Ts) ∈ L√A(H )s. If ωA(T) ≤ 1 and ∥Tp∥A = 2s, then mA(T2p) =
0, ωA(Tp) =

√
s and ωp

A
(T) = 1. In particular, if ωA(T) < 1, we conclude that ∥Tp∥A < 2s.

In the next theorem, we present a lower bound for the joint A-numerical radius by explicitly
utilizing the A-joint Crawford number. For a tuple T = (T1, . . . ,Ts) ∈ LA(H )s, we naturally
denote its A-real and A-imaginary parts by ℜA(T) = (ℜA(T1), . . . ,ℜA(Ts)) and ℑA(T) =
(ℑA(T1), . . . ,ℑA(Ts)), respectively.
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Theorem 2.4. Let T = (T1, . . . ,Ts) ∈ LA(H )s. Then the following inequality holds:

ωA(T)2 ≥ max
{
ωA(ℜA(T))2 + mA(ℑA(T))2, ωA(ℑA(T))2 + mA(ℜA(T))2

}
.

Proof. Select an arbitrary unit vector ξ ∈ Σ1
A

. For each index r ∈ {1, . . . , s}, the standard
Cartesian decomposition Tr = ℜA(Tr) + iℑA(Tr) implies that the inner product satisfies ⟨Trξ, ξ⟩A =

⟨ℜA(Tr)ξ, ξ⟩A + i⟨ℑA(Tr)ξ, ξ⟩A. Since both ℜA(Tr) and ℑA(Tr) are A-self-adjoint operators, the
individual terms ⟨ℜA(Tr)ξ, ξ⟩A and ⟨ℑA(Tr)ξ, ξ⟩A must evaluate to strictly real numbers. Computing
the absolute square yields

|⟨Trξ, ξ⟩A|
2 = ⟨ℜA(Tr)ξ, ξ⟩2A + ⟨ℑA(Tr)ξ, ξ⟩2A.

Summing this relation over all indices r = 1, . . . , s, we obtain the identity

s∑
r=1

|⟨Trξ, ξ⟩A|
2 =

s∑
r=1

⟨ℜA(Tr)ξ, ξ⟩2A +
s∑

r=1

⟨ℑA(Tr)ξ, ξ⟩2A.

Taking the supremum over all ξ ∈ Σ1
A

on both sides of the equation and utilizing the elementary analytic
property that sup( f + g) ≥ sup( f ) + inf(g), we deduce

ωA(T)2 = sup
ξ∈Σ1

A

 s∑
r=1

⟨ℜA(Tr)ξ, ξ⟩2A +
s∑

r=1

⟨ℑA(Tr)ξ, ξ⟩2A


≥ sup
ξ∈Σ1

A

 s∑
r=1

⟨ℜA(Tr)ξ, ξ⟩2A

 + inf
ξ∈Σ1

A

 s∑
r=1

⟨ℑA(Tr)ξ, ξ⟩2A


= ωA(ℜA(T))2 + mA(ℑA(T))2.

By applying a symmetric argument, we obtain the complementary bound

ωA(T)2 ≥ mA(ℜA(T))2 + ωA(ℑA(T))2.

Combining these two inequalities provides the desired maximum bound stated in the theorem.

The following theorem constitutes a vital step in examining how the quantity ωA behaves under the
operation of operator multiplication.

Theorem 2.5. Let T1 = (T1,1,T1,2, . . . ,T1,s) and T2 = (T2,1,T2,2, . . . ,T2,s) ∈ L√A(H )s. Then

ωA (T1T2) ≤ 4sωA (T1)ωA (T2) .

Proof. First, we establish the submultiplicativity property for the A-norm. Taking an arbitrary vector
ξ ∈ Σ1

A
, we observe that

s∑
r=1

∥T1,rT2,rξ∥
2
A ≤

s∑
r=1

∥T1,r∥
2
A∥T2,rξ∥

2
A ≤ ∥T1∥

2
A

s∑
r=1

∥T2,rξ∥
2
A,

where the final inequality is a consequence of the fact that ∥T1,r∥A ≤ ∥T1∥A for each index r ∈ {1, . . . , s}.
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Taking the square root of both sides of this expression, we obtain s∑
r=1

∥T1,rT2,rξ∥
2
A


1
2

≤ ∥T1∥A

 s∑
r=1

∥T2,rξ∥
2
A


1
2

.

Taking the supremum over all possible vectors ξ ∈ Σ1
A

, we deduce that

∥T1T2∥A ≤ ∥T1∥A∥T2∥A. (2.5)

Applying inequality (2.5) in conjunction with relation (1.1), we conclude that

ωA (T1T2) ≤ ∥T1T2∥A ≤ ∥T1∥A∥T2∥A

≤
(
2
√

sωA (T1)
) (

2
√

sωA (T2)
)

= 4sωA (T1)ωA (T2) .

This completes the proof.

The next result extends our analysis to the class of A-paranormal operators, providing bounds for
their powers.

Theorem 2.6. Let T = (T1, . . . ,Ts) ∈ L√A(H )s. If each operator Tr for (r = 1, 2, . . . , s) is an
A-paranormal operator (which implies that ∥Trξ∥

2
A
≤ ∥T 2

r ξ∥A for all vectors ξ ∈ Σ1
A

), then

s
1−p

2 ∥T∥p
A
≤ ∥Tp∥A ≤ ∥T∥

p
A
.

Proof. Let ξ ∈ Σ1
A

. For all integers p ∈ N, we will prove by mathematical induction that

∥Tr
pξ∥A ≥ ∥Trξ∥

p
A
. (2.6)

For the base case of p = 1, inequality (2.6) clearly holds in a trivial manner. Let p ∈ N be an arbitrary
positive integer and assume the inductive hypothesis that ∥Tr

pξ∥A ≥ ∥Trξ∥
p
A

holds for all vectors
ξ ∈ Σ1

A
. Assume that ∥Trξ∥A , 0. Under these conditions, we have

∥∥∥Tr
p+1ξ

∥∥∥
A
=

∥∥∥∥∥∥Tr
p
(
Trξ

∥Trξ∥A

)∥∥∥∥∥∥
A

∥Trξ∥A

≥

∥∥∥∥∥∥Tr

(
Trξ

∥Trξ∥A

)∥∥∥∥∥∥p

A

∥Trξ∥A

=
∥∥∥Tr

2ξ
∥∥∥p

A
∥Trξ∥

1−p
A

≥ ∥Trξ∥
p+1
A
.

We observe that if ∥Trξ∥A = 0, then it is clearly true that
∥∥∥Tr

p+1ξ
∥∥∥
A
≥ ∥Trξ∥

p+1
A
. Hence, the inequality

∥Tr
pξ∥A ≥ ∥Trξ∥

p
A

has been rigorously established by mathematical induction. Moreover, applying the
relation ∥Tr

pξ∥A ≥ ∥Trξ∥
p
A

, and taking into account that the polynomial function f (t) = tp is strictly
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convex on the interval [0,∞) for any p ≥ 1, we can legitimately apply Jensen’s inequality to the discrete
sum to obtain

∥Tp∥A = sup
ξ∈Σ1

A

√√
s∑

r=1

∥Tr
pξ∥2A

≥ sup
ξ∈Σ1

A

√√
s∑

r=1

∥Trξ∥
2p
A

≥ s
1−p

2 sup
ξ∈Σ1

A

√√ s∑
r=1

∥Trξ∥
2
A

p

= s
1−p

2 ∥T∥p
A
.

Additionally, applying the previously established result (2.5), we obtain the upper bound ∥Tp∥A ≤

∥T∥p
A
. This concludes the proof.

The following remark confirms the sharpness of the inequalities presented in Theorem 2.6.

Remark 2.3. Consider the specific case where Tr =
√

sIH for the indices r = 1, 2, . . . , s. In this
scenario, the first inequality stated in Theorem 2.6 simplifies to a strict equality. Similarly, if we let
T = (IH , 0, . . . , 0), then the second inequality in Theorem 2.6 also resolves to an equality. Thus, the
inequalities provided in Theorem 2.6 are indeed sharp.

3. Generalization of theA-joint numerical radius

In this section, we introduce a natural generalization of theA-joint numerical radius. Our approach
is motivated by the observation that the classical quantity

ωA(T) := sup
ξ∈Σ1

A

√√
s∑

r=1

|⟨Trξ, ξ⟩A|2

can be interpreted as the Euclidean norm of the vector(
|⟨T1ξ, ξ⟩A|, . . . , |⟨Tsξ, ξ⟩A|

)
∈ Rs,

maximized over all ξ ∈ Σ1
A

. In other words, ωA(T) measures the joint numerical behavior of T =
(T1, . . . ,Ts) through the ℓ2-structure of Rs.

The functional extension introduced in this section allows us to study the influence of the convexity
and concavity properties of ϕ on the joint A-numerical radius. The resulting inequalities provide new
relations between the jointA-numerical radius and the jointA-operator seminorm.

This interpretation naturally suggests replacing the Euclidean norm by a more general aggregation
procedure generated by a suitable function. Motivated by this idea, we introduce the following
generalized notion.

We formally introduce this generalized concept in the following definition.
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Definition 3.1. Let T = (T1, . . . ,Ts) ∈ L√A(H )s and let ϕ : [0,∞) → [0,∞) be a continuous,
non-decreasing function satisfying ϕ(0) = 0. The (A, ϕ)-joint numerical radius of T is defined by

ωA,ϕ(T) = sup
ξ∈Σ1

A

ϕ−1

 s∑
r=1

ϕ
(
|⟨Trξ, ξ⟩A|

) .
In particular, if ϕ(t) = t2, then ωA,ϕ reduces to ωA , while for ϕ(t) = tq with q ≥ 1, we obtain the

(A, q)-joint numerical radius of T, which can be explicitly stated as

ωA,q(T) = sup
ξ∈Σ1

A

q

√√
s∑

r=1

|⟨Trξ, ξ⟩A|
q.

The next result provides a standard auxiliary lemma concerning the superadditivity of convex
functions.

Lemma 3.1. Let ϕ : [0,∞) → [0,∞) be a convex function with ϕ(0) = 0. Then ϕ is superadditive on
[0,∞), that is,

ϕ

 s∑
r=1

ar

 ≥ s∑
r=1

ϕ(ar),

for all ar ≥ 0, where r = 1, . . . , s. If ϕ is concave, then the inequality is reversed.

In the next result, we establish an upper bound relating ωA,ϕ to the standardA-numerical radius.

Theorem 3.1. Let T = (T1, . . . ,Ts) ∈ L√A(H )s, and let ϕ : [0,∞) → [0,∞) be a continuous, strictly
increasing, and convex function satisfying ϕ(0) = 0. Then

ω
A,ϕ(T) ≤

s∑
r=1

ωA(Tr). (3.1)

Proof. Since ϕ is a continuous, strictly increasing, and convex function on [0,∞) with ϕ(0) = 0, its
inverse function ϕ−1 is increasing and concave on its domain. Applying the subadditivity principle for
concave functions (as detailed in Lemma 3.1), we obtain

ϕ−1

 s∑
r=1

br

 ≤ s∑
r=1

ϕ−1(br),

for any valid set of values where br ≥ 0 and r = 1, . . . , s.
Moreover, since ϕ is convex and satisfies ϕ(0) = 0, it is superadditive. Thus, for any arbitrary

sequence of non-negative numbers a1, . . . , as, we state that

s∑
r=1

ϕ(ar) ≤ ϕ

 s∑
r=1

ar

 .
Applying the increasing function ϕ−1 to both sides of the inequality, we obtain

ϕ−1

 s∑
r=1

ϕ(ar)

 ≤ s∑
r=1

ar.
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Let ξ ∈ Σ1
A

and define the variables

ar = |⟨Trξ, ξ⟩|A , r = 1, . . . , s.

This specific substitution leads to the inequality

ϕ−1

 s∑
r=1

ϕ
(
|⟨Trξ, ξ⟩|A

) ≤ s∑
r=1

|⟨Trξ, ξ⟩|A.

Taking the supremum over all unit vectors ξ ∈ Σ1
A

, we deduce the final inequality

ω
A,ϕ(T) ≤

s∑
r=1

ωA(Tr).

This completes the proof.

Building upon the foundation established by the previous bound, the next theorem derives a strictly
stronger inequality by leveraging the monotonicity of the inverse function.

Theorem 3.2. Let T = (T1, . . . ,Ts) ∈ L√A(H )s, and let ϕ : [0,∞) → [0,∞) be a continuous, strictly
increasing and convex function satisfying ϕ(0) = 0. Then

ωA,ϕ(T) ≤ ϕ−1

 s∑
r=1

ϕ(ωA(Tr))

 ≤ s∑
r=1

ωA(Tr).

Proof. Assume that we have a vector ξ ∈ Σ1
A

. Given the precise definition of the A-numerical radius,
we are guaranteed that the following relation holds:∣∣∣⟨Trξ, ξ⟩

∣∣∣
A
≤ ωA(Tr), r = 1, . . . , s.

Since the function ϕ is strictly increasing across the interval [0,∞), it follows that the inequality is
preserved when the function is applied to both sides

ϕ
(∣∣∣⟨Trξ, ξ⟩

∣∣∣
A

)
≤ ϕ(ωA(Tr)) , r = 1, . . . , s.

Summing these terms over the index r, we obtain the following aggregate inequality:

s∑
r=1

ϕ
(∣∣∣⟨Trξ, ξ⟩

∣∣∣
A

)
≤

s∑
r=1

ϕ(ωA(Tr)) .

Subsequent application of the increasing inverse function ϕ−1 allows us to deduce that

ϕ−1

 s∑
r=1

ϕ
(∣∣∣⟨Trξ, ξ⟩

∣∣∣
A

) ≤ ϕ−1

 s∑
r=1

ϕ(ωA(Tr))

 .
Calculating the supremum over all unit vectors ξ ∈ Σ1

A
, we securely verify the first part of the inequality

ωA,ϕ(T) ≤ ϕ−1

 s∑
r=1

ϕ(ωA(Tr))

 .
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To establish the second half of the inequality, we recall that because ϕ is a convex and increasing
function, its inverse ϕ−1 is concave and increasing, rendering it inherently subadditive (a property we
thoroughly established in Theorem 3.1). Consequently, we find that

ϕ−1

 s∑
r=1

ϕ(ωA(Tr))

 ≤ s∑
r=1

ϕ−1(ϕ(ωA(Tr))) =
s∑

r=1

ωA(Tr).

Combining the inequalities detailed above brings the proof to a close, effectively demonstrating that
this new estimate provides a strict improvement over the previously stated boundary (3.1).

The following theorem demonstrates that the primary inequality found in (1.1) can be significantly
improved for a carefully selected class of concave functions. It is important to note that this refinement
is mathematically valid exclusively under the explicit assumption that the function ϕ is concave.

Theorem 3.3. Let T = (T1, . . . ,Ts) ∈ L√A(H )s and let ϕ : [0,∞) → [0,∞) be a continuous, strictly
increasing, and concave function such that ϕ(0) = 0. Then

1
2

∥∥∥∥∥∥∥
s∑

r=1

Tr

∥∥∥∥∥∥∥
A

≤ ωA

 s∑
r=1

Tr

 ≤ ωA,ϕ(T).

Proof. Let us define a vector ξ ∈ Σ1
A

. Since the function ϕ is defined as concave and strictly increasing
with ϕ(0) = 0, its inverse function ϕ−1 will naturally be increasing and convex on its domain while
preserving the property ϕ−1(0) = 0. Utilizing the results of Lemma 3.1, the convexity of ϕ−1 directly
implies its superadditivity; therefore, we state that

ϕ−1

 s∑
r=1

ϕ
(
|⟨Trξ, ξ⟩A|

) ≥ s∑
r=1

ϕ−1(ϕ(|⟨Trξ, ξ⟩A|
))
.

Given that the composition ϕ−1 ◦ ϕ acts precisely as the identity function over the interval [0,∞), we
deduce the relation

ϕ−1

 s∑
r=1

ϕ
(
|⟨Trξ, ξ⟩A|

) ≥ s∑
r=1

|⟨Trξ, ξ⟩A|.

Applying the standard triangle inequality, we also deduce that

s∑
r=1

|⟨Trξ, ξ⟩A| ≥

∣∣∣∣∣∣∣
s∑

r=1

⟨Trξ, ξ⟩A

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣〈

 s∑
r=1

Tr

 ξ, ξ〉A
∣∣∣∣∣∣∣ .

As a logical result of these preceding steps, we find that

ωA,ϕ(T) ≥

∣∣∣∣∣∣∣〈
 s∑

r=1

Tr

 ξ, ξ〉A
∣∣∣∣∣∣∣ .

Taking the supremum over all possible vectors ξ ∈ Σ1
A

, we conclude that

ωA,ϕ(T) ≥ ωA

 s∑
r=1

Tr

 .
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The inequality presented on the left-hand side is derived directly from the classic operator estimate

1
2
∥T∥A ≤ ωA(T ), T ∈ L√A(H ),

which we apply to the sum operator T =
s∑

r=1

Tr. This final step successfully brings the proof to its

conclusion.

The next remark rigorously demonstrates that the second inequality detailed in Theorem 3.3 may
entirely fail to hold if the function ϕ is assumed to be convex rather than concave.

Remark 3.1. Let us define the space H = C2 and establish the specific operator

A =

(
2 0
0 1

)
, IH .

TheA-inner product is defined by ⟨x, y⟩A = ⟨Ax, y⟩, and the associated unit sphere is

Σ1
A =

{
ξ = (x1, x2) ∈ C2 : 2|x1|

2 + |x2|
2 = 1

}
.

Let us introduce the operators

T1 =

(
1 0
0 0

)
, T2 =

(
1 0
0 0

)
.

Their sum is easily calculated as

T1 + T2 =

(
2 0
0 0

)
.

For any vector ξ = (x1, x2) ∈ Σ1
A

, we observe that the inner product evaluates to

⟨(T1 + T2)ξ, ξ⟩A = ⟨A(2x1, 0), (x1, x2)⟩ = 4|x1|
2.

Given the constraint defining the sphere, 2|x1|
2 + |x2|

2 = 1, it necessarily follows that the maximum
possible value for |x1|

2 is |x1|
2 ≤ 1

2 , and this precise maximum is reached exactly when |x1|
2 = 1

2 .
Therefore, the numerical radius is given by

ωA(T1 + T2) = 2.

Let us now choose the convex function ϕ(t) = t2. With this choice, the extended formulation becomes

ωA(T) = ωA,ϕ(T) = sup
ξ∈Σ1

A

√
|⟨T1ξ, ξ⟩A|2 + |⟨T2ξ, ξ⟩A|2.

We have the specific evaluations

⟨Trξ, ξ⟩A = 2|x1|
2, r = 1, 2,
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and on the basis of this, we compute the supremum as

ωA,ϕ(T) = sup
ξ∈Σ1

A

2
√

2 |x1|
2 =
√

2.

Consequently, we have shown that

ωA(T1 + T2) = 2 and ωA,ϕ(T) =
√

2,

which demonstrates the strict inequality

ωA(T1 + T2) > ωA,ϕ(T).

This counterexample proves that the generalized inequality

ωA

 s∑
r=1

Tr

 ≤ ωA,ϕ(T)

does not hold in the general case when the generating function ϕ exhibits convexity.

Despite the additional flexibility provided by these functional extensions, it is important to recognize
an essential structural limitation of the approach. As shown by the previous counterexample, the
effectiveness of the obtained bounds may fail when the generating function ϕ is convex. This
observation indicates that the stability and subadditivity properties of the generalized numerical radius
depend strongly on the convexity behavior of the function ϕ.

The subsequent proposition provides highly useful lower estimates for the functional ωA,ϕ(·).

Proposition 3.1. Let T = (T1, . . . ,Ts) ∈ L√A(H )s and let ϕ : [0,∞) → [0,∞) be an increasing and
convex function. Then

ωA,ϕ (T) ≥ sup
|λr |≤1
ωA

 s∑
r=1

λr

s
Tr

 ≥ 1
2

sup
|λr |≤1

∥∥∥∥∥∥∥
s∑

r=1

λr

s
Tr

∥∥∥∥∥∥∥
A

. (3.2)

Proof. Define arbitrary complex scalars λ1, . . . , λs ∈ C subject to the constraint |λr| ≤ 1, and select
a vector ξ ∈ Σ1

A
. Since the chosen function ϕ is both convex and increasing, while fulfilling the

requirement that ϕ(0) = 0, a direct application of Jensen’s inequality provides the initial bound

ϕ−1

 s∑
r=1

ϕ
(
|⟨Trξ, ξ⟩A|

) ≥ 1
s

s∑
r=1

|⟨Trξ, ξ⟩A|.

Applying the triangle inequality, we logically deduce that

1
s

s∑
r=1

|⟨Trξ, ξ⟩A| ≥

∣∣∣∣∣∣∣
s∑

r=1

〈λr

s
Trξ, ξ

〉
A

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣〈

s∑
r=1

λr

s
Trξ, ξ

〉
A

∣∣∣∣∣∣∣ .
Taking the supremum over all available unit vectors ξ ∈ Σ1

A
, we systematically obtain the following

relation:

ωA,ϕ(T) ≥ ωA

 s∑
r=1

λr

s
Tr

 .
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Given that this inequality holds true for every possible valid combination of the parameters (λ1, . . . , λs)
where |λr| ≤ 1, we conclude that

ωA,ϕ(T) ≥ sup
|λr |≤1
ωA

 s∑
r=1

λr

s
Tr

 .
The final and remaining estimate presented in the theorem follows directly from a well-known
application of the classical inequality which asserts that ωA(S ) ≥ 1

2∥S ∥A.
As a direct and logical consequence of the results established in Proposition 3.1, we present the

following comprehensive collection of lower bounds for the functional ωA,ϕ(T).

Corollary 3.1. Let T = (T1, . . . ,Ts) ∈ L√A(H )s and let ϕ : [0,∞) → [0,∞) be an increasing convex
function. Then

ωA,ϕ(T) ≥
1
s

max
1≤r≤s
ωA(Tr) ≥

1
2s

max
1≤r≤s
∥Tr∥A.

Moreover,

ωA,ϕ(T) ≥
1
s

max
εr=±1
ωA

 s∑
r=1

εrTr

 ≥ 1
2s

max
εr=±1

∥∥∥∥∥∥∥
s∑

r=1

εrTr

∥∥∥∥∥∥∥
A

.

Proof. From the proof structures utilized in Proposition 3.1, we inherently know that

ωA,ϕ(T) ≥ sup
|λr |≤1
ωA

 s∑
r=1

λr

s
Tr

 .
If we purposefully select the values λi = 1 and subsequently set λr = 0 for all indices r , i, we are

left with the simplified relation

ωA,ϕ(T) ≥
1
s
ωA(Ti), 1 ≤ i ≤ s.

Taking the maximum over all 1 ≤ i ≤ s, we readily construct the first required estimate in the sequence.
The corresponding norm bound naturally follows from the application of the classical inequality that
states ωA(S ) ≥ 1

2∥S ∥A.
On the other hand, setting λr = εr with the explicit condition that εr ∈ {±1}, we determine that

ωA,ϕ(T) ≥
1
s
ωA

 s∑
r=1

εrTr

 .
Calculating the maximum over every conceivable configuration of signs εr ∈ {±1} yields the second
collection of proposed inequalities. The final corresponding norm estimate is generated once again
through the reliance on the foundational relationship between ωA(·) and ∥ · ∥A. This fully completes
the logical progression required for the proof.

4. Conclusions

In this work, we established new estimates for the jointA-numerical radius and related seminorms
of the s-tuples of operators acting on semi-Hilbertian spaces. Our results provide sharper bounds and
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highlight deeper relationships among the A-numerical radius, the A-operator seminorm, and the A-
Euclidean seminorm. In several situations, the obtained inequalities also improve previously known
results in the classical Hilbert space setting.

We further introduced a functional perspective through the notion of the (A, ϕ)-joint numerical
radius. This framework shows that suitable nonlinear transformations may lead to stronger and more
flexible inequalities. In particular, the concavity of ϕ plays a central role in deriving refined estimates,
while the presented counterexamples illustrate the limitations that arise when ϕ is convex.

Beyond the derivation of new inequalities, our results also provide several structural insights into
multivariable operators on semi-inner product spaces. First, they show that the gap between the A-
Euclidean seminorm and the jointA-numerical radius is precisely controlled by theA-joint Crawford
number, which naturally appears as a correction term measuring the joint numerical dispersion of the
system. Second, the functional extension introduced in this work demonstrates that the concavity of
the generating function is essential for preserving the subadditivity properties underlying numerical
radius inequalities. Finally, although the A-adjoint framework offers a powerful algebraic tool for
handling the degenerate geometry of semi-Hilbertian spaces, the analysis also reveals that particular
care is required when extending these results through nonlinear functional constructions.

Therefore, the sequence of results established in this paper provides a rigorous theoretical
framework connecting the algebraic structure of multivariable operators with the analytic and
geometric properties of semi-inner product spaces.

The ideas developed here open several directions for future research. One important limitation of
the present approach is the requirement that the operators involved admit anA-adjoint. This condition
restricts the applicability of the obtained bounds to the algebra LA(H ), rather than the full operator
space L(H ).

A natural continuation of this work is to investigate the structural and geometric properties of the
(A, ϕ)-joint numerical radius for wider classes of functions ϕ or to develop alternative approaches that
avoid the A-adjoint assumption altogether. It would also be interesting to determine optimal choices
of ϕ leading to the sharpest possible estimates, as well as to explore applications to other operator
inequalities and related concepts in semi-Hilbertian spaces. We hope that this functional framework
will encourage further developments in the study of numerical radii and operator theory.
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