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Abstract: This study introduces a novel group decision-making (GDM) framework under a complex
spherical fuzzy environment, extending the golden section (GS) principle from a one-dimensional
interval to a high-dimensional data center to address the core challenges of determining decision-
maker (DM) weights and ranking alternatives. A rigorous theoretical justification is established,
comprising four formal properties (self-similarity, optimal balance, convergence, and geometric center)
that mathematically justify the GS ratio as aggregation weights for combining minimum and maximum
matrices. An entropy-based method quantifies data quality for DM weight allocation, while a normalized
Euclidean distance ranks the options. Eight experimental findings demonstrate the superiority of the
GS-based approach: it enhances DM weight stability by a factor of 4.76 (376%) and improves ranking
robustness by 8.33% compared to an arithmetic-mean-based center; against a direct extreme-value
method, it achieves a 9.74-fold (874%) improvement in weight discrimination and a 0.42% sharper
distinction among top alternatives. Dynamic experiments validate that the GS point 0.618 serves as a
pivotal partition within [0, 1], with stable ordinal relations over 61.2% of the parameter space. Sensitivity
analysis under ±50% weight variations (18 scenarios) confirms that the optimal alternative remains
first in 100% of scenarios with minimal RC variability (std = 0.0013/0.0033). Comparisons with
CSFN-TOPSIS and entropy-weighted methods show that the proposed method achieves the highest
ranking discrimination (RDI = 0.8777). The proposed framework provides a robust, theoretically
grounded methodology for reliable decision support in applications such as software quality assessment.
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1. Introduction

1.1. Background

The rapid proliferation of software across all sectors of society has precipitated a corresponding
surge in demand for higher software quality. As defined by the International Standards Organization
(ISO), software quality denotes the degree to which a system conforms to specified requirements,
standards, and user expectations [1]. This encompasses a multifaceted spectrum of attributes, including
functionality, reliability, performance, maintainability, usability, and security. The overarching objective
is to deliver a product that is not only reliable and efficient but also user-friendly [2] and aligned with
the needs of its intended users [3].

The evaluation of software quality can be approached from diverse perspectives [4]. This work
centers on two pivotal, yet often underexplored, dimensions: (1) the inherent periodicity of software
quality metrics and (2) the diversity and multiplicity of participants—ranging from end-users to domain
experts—involved in the assessment process. The periodic nature of software quality is intrinsically
linked to the stages of the software development lifecycle and the dynamic patterns of software usage
in operation. By systematically analyzing these periodic patterns, one can more effectively identify,
diagnose, and remediate recurrent quality issues.

1.2. Significance of periodicity in software quality

Post-deployment, numerous software quality indicators exhibit discernible periodic fluctuations,
often correlating with usage patterns, business cycles, or maintenance schedules. Key metrics demon-
strating such periodicity include:

• Availability: The system’s ability to deliver service during specific intervals may fluctuate periodi-
cally, often degrading during predictable peak usage hours due to increased load [5].

• Performance: Metrics like response time and throughput can show cyclical variations, influenced
by periodic high-demand scenarios in business applications [6].

• Security: Vulnerability exposure and attack vectors frequently follow temporal patterns, with
malicious actors exploiting weaknesses during specific, predictable periods [7].

• User satisfaction: Feedback and satisfaction levels often vary cyclically, correlating with feature
release schedules, update cycles, or seasonal usage changes [8].

Recognizing and modeling these periodic variations is crucial for proactive quality management,
enabling development teams to anticipate issues, allocate resources efficiently, and enhance both
software stability and user satisfaction.

1.3. Challenges in quantitative modeling

Accurately modeling software quality for assessment purposes presents several intertwined
challenges:
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• Multidimensional uncertainty: Software quality evaluation inherently involves fuzziness (partial
truth) [9], hesitation (experts’ uncertainty) [10], and the aforementioned periodicity. Traditional
fuzzy sets fail to encapsulate this triad simultaneously.

• Dynamic and periodic information: Conventional methods often treat quality as a static snapshot,
unable to distinguish between, for example, latency during peak versus off-peak periods, as both
might be assigned a similar “high” fuzzy value despite their contextual difference.

• Group decision-making (GDM) [11] complexity: With the expansion of software user bases,
quality assessment increasingly involves multiple stakeholders or decision-makers (DMs) [12, 13].
Effectively aggregating diverse, potentially conflicting evaluations and assigning appropriate
weights to each DM based on their data’s reliability [14] is a non-trivial problem. The core
challenge lies in quantifying the quality of decision data itself to inform DM weighting.

These challenges crystallize into the first research question (RQ):

RQ 1. How can the quality of decision data provided by multiple DMs be objectively quantified?
Furthermore, is it possible to establish a neutral, objective reference data center within a GDM [15–17]
environment against which individual DM data can be compared?

1.4. Proposed conceptual framework

To address these challenges, this study proposes an integrated framework anchored on two core
concepts:

(1). Complex spherical fuzzy sets (CSFSs) for periodic modeling: This study employs CSFSs
[18] as a foundational quantitative tool. A CSFS represents membership, non-membership, and hesitation
degrees using three-dimensional complex numbers. This structure offers unique advantages:

• Periodicity encoding: The phase component of the complex number naturally models temporal
shifts (e.g., release cycles, usage waves), while the modulus represents the intensity of a quality
attribute.

• Unified uncertainty handling: It concurrently captures fuzziness, hesitation, and periodicity,
overcoming the limitations of traditional fuzzy sets in dynamic contexts.

• Computational and geometric advantage: Compared to pure temporal fuzzy logic, it reduces
computational complexity while offering the geometric intuitiveness of the complex plane for
operations like comparing fluctuation patterns across cycles.

(2). Golden section (GS) principle for establishing a data center: To answer RQ1 and establish
a reference point, this work draws inspiration from the GS [19, 20], a proportional ratio (α ≈ 0.618)
prevalent in natural patterns. The GS principle finds an ideal point C within an interval [A, B] such that
(C − A)/(B − A) = (B −C)/(C − A) = α. The research ambition is to extend this one-dimensional ideal
to a high-dimensional decision space, leading to the second RQ:

RQ 2. How can the one-dimensional GS interval [A, B] be extended to a high-dimensional dataset?
Specifically, how can the boundary points A, B and the ideal point C be conceptualized and computed
as complete decision/evaluation matrices?
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Once a reference data center (C) is established via the GS principle, the next step is to quantify
each DM’s deviation from this center, which relates to their data quality. This introduces the third RQ:

RQ 3. How can the quality of an individual DM’s evaluation data be quantified, particularly in terms
of its information content and reliability relative to the established golden reference?

To address RQ3, this study proposes the use of entropy measures [21,22]. Entropy, as a measure of
disorder or uncertainty in a dataset, provides a scientific basis for quantifying the information quality
and consistency of a DM’s evaluations. Lower entropy (higher order) relative to the golden center may
indicate more reliable and focused data, thus justifying a higher weight for that DM.

1.5. Research motivations and contributions

Driven by the three RQs, the core motivations of this research are:

1. To propose a novel method for determining a reference data center in GDM using the GS principle
(addressing RQ1 and RQ2).

2. To extend the GS concept from a one-dimensional interval to a high-dimensional fuzzy decision
matrix (addressing RQ2).

3. To utilize entropy measures for quantifying DM data quality and deriving objective DM weights
based on this quantification (addressing RQ3).

4. To integrate the above into a new GDM method within a complex spherical fuzzy environment and
apply it to the practical problem of periodic software quality assessment.

Accordingly, this paper makes the following key contributions:

1. Establishes a novel, geometrically-inspired golden data center for GDM based on the GS principle.

2. Proposes a methodology for extending the GS to operate on high-dimensional complex spherical
fuzzy datasets.

3. Develops a data quality measurement scheme using entropy measures, linking data reliability to
DM weighting.

4. Designs a new GDM method that integrates the golden data center and entropy-based weighting
within a CSFSs framework.

5. Demonstrates the practical applicability and value of the proposed method through a case study
on software quality assessment with periodic phenomena, supported by experimental analysis.

Scope and organization of this paper. The primary contribution of this study lies in the proposed
CSFN-based decision methodology, rather than empirical findings. The illustrative example in Section
5.1 is intended solely to demonstrate the application procedure of the proposed method.

Proved results: Section 3.3 establishes four formal properties of the GS ratio (self-similarity,
optimal balance, fixed-point convergence, and geometric center) that mathematically justify the use
of the GS ratio as aggregation weights. These properties are proved analytically, independent of any
specific dataset.
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Observed results: Section 5 reports eight experimental findings based on the illustrative example,
including robustness to weight perturbations, enhanced stability of DM weights, and superiority over
alternative GDM methods. These findings are derived from a single illustrative dataset (four DMs, four
alternatives). The reported improvement factors (e.g., 4.76-fold stability increase, 9.74-fold discrim-
ination enhancement) represent relative performance comparisons under the specified experimental
conditions and should be interpreted as indicative rather than absolute claims.

Future work: Section 6 discusses the limitations of this study and outlines 10 future research
directions, including multi-dataset validation, statistical testing (e.g., t-tests, ANOVA, Monte Carlo
simulations), real-time decision support, and applications to other domains. This paper acknowledges
that multi-dataset validation is required to establish the generalizability of the observed findings.

1.6. Paper structure

The remainder of this paper is structured as follows: Section 2 reviews related work in GDM,
entropy-based weighting methods, and the application of the GS principle. Section 3 presents the
mathematical preliminaries, including CSFS, essential operations and measures for complex spherical
fuzzy numbers (CSFNs), and the GS principle. Section 4 presents the proposed GDM methodology and
outlines the step-by-step implementation procedure. Section 5 conducts an experimental analysis to
validate the proposed method. This section includes an illustrative example (Subsection 5.1), sensitivity
analyses, comparative studies, and dynamic experiments. Finally, Section 6 concludes the paper by
summarizing the principal contributions and findings, discussing implications, and offering future
research directions.

2. Related work

A structured review of the literature reveals two principal research streams directly relevant to
this work: (1) the evolution of fuzzy set theories for modeling complex uncertainty, culminating in
CSFSs, and (2) methodologies for determining DM weights in GDM [23]. This section synthesizes
these streams, identifies persisting research gaps, and positions the present study’s contributions as a
targeted response to these gaps.

2.1. Evolution of fuzzy sets for complex uncertainty

The need to model imprecision and subjectivity in decision-making led to the seminal development
of the ordinary fuzzy set (FS) by Zadeh [24], where membership is represented by a value µ in [0, 1].
While foundational, FSs exhibit key limitations: they cannot model periodicity, and the non-membership
degree is rigidly defined as the complement of membership.

Subsequent extensions sought greater expressiveness:

• Intuitionistic fuzzy sets (IFS) by Atanassov [25] introduced an independent non-membership
degree, satisfying µ + ν ≤ 1. This captured hesitancy but remained static and one-dimensional. For
brevity, the pair (µ, ν) is called an intuitionistic fuzzy number (IFN).

• Pythagorean fuzzy sets (PyFS) by Yager [26] relaxed the constraint to µ2 + ν2 ≤ 1, expanding the
feasible domain for modeling stronger uncertainty. The pair (µ, ν) is correspondingly referred to as
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a Pythagorean fuzzy number (PyFN).

• Picture fuzzy sets (PFS) by Cuong [27] added a neutral/abstention degree η, governed by µ+η+ν ≤
1, to model voting-style hesitancy more granularly. The triplet (µ, η, ν) is known as a Picture fuzzy
number (PFN).

• Spherical fuzzy sets (SFS) by Mahmood et al. [28] further generalized PFS with the squared sum
constraint µ2 + η2 + ν2 ≤ 1, accommodating a significantly broader range of expert judgments. The
triplet (µ, η, ν) is accordingly called a spherical fuzzy number (SFN).

The incorporation of periodicity: A parallel line of research addressed temporal or phase-based
information. Ramot et al. [29] pioneered the concept of complex fuzzy sets (CFS), represented as
µ(x)ei2π f (x), thereby extending the membership domain to the unit circle in the complex plane. In this
representation, the modulus reflects the intensity of membership, while the phase encodes periodic
shifts. The expression µei2π f is termed a complex fuzzy number (CFN).

This idea was later integrated into more advanced fuzzy frameworks, giving rise to several higher-
order extensions:

• Complex intuitionistic fuzzy sets (CIFS) [30], characterized by the pair (µ(x)ei2π f (x), ν(x)ei2πg(x)).

• Complex pythagorean fuzzy sets (CPyFS) [31], also described by the pair
(µ(x)ei2π f (x), ν(x)ei2πg(x)).

• Complex picture fuzzy sets (CPFS) [32], defined by the triplet
(µ(x)ei2π f (x), η(x)ei2πg(x), ν(x)ei2πh(x)).

For conciseness, the notation (µei2π f , νei2πg) is referred to as a complex intuitionistic fuzzy number
(CIFN) and also as a complex pythagorean fuzzy number (CPyFN)—the distinction lying in the
respective set constraints. The triplet (µei2π f , ηei2πg, νei2πh) is called a complex picture fuzzy number
(CPFN).

The most recent and comprehensive synthesis is the CSFS [33]. A CSFS represents membership
(µei2π f ), neutrality (ηei2πg), and non-membership (νei2πh) as three-dimensional complex numbers on a
unit sphere in the complex space, governed by µ2 + η2 + ν2 ≤ 1 and f 2 + g2 + h2 ≤ 1. This structure
simultaneously captures (a) magnitude-based fuzziness, (b) tri-partite hesitation (support, neutral,
against), and (c) periodic/phase information.

The relevant relationships of the complex fuzzy numbers introduced above can be represented in a
single diagram, as shown in Figure 1.

Research gap and contribution linkage: While CSFSs provide a powerful, unified representation
for time-varying, uncertain judgments, their application in practical GDM—particularly for problems
exhibiting inherent periodicity like software quality assessment—remains underexplored. This study
directly addresses this gap by adopting CSFSs as the fundamental representation scheme, thereby
enabling the modeling of periodic software quality metrics within a GDM framework (linking to
Contribution 5).
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Figure 1. Graphical framework of some fuzzy numbers.

2.2. Methodologies for determining DM weights

The determination of DM weights is critical, as it directly impacts the GDM outcome. As noted
by [34], research on DM weighting is less extensive than on attribute weighting. Existing objective
methods can be categorized as follows:

Type I: Group position methods: Weights are derived from a DM’s position relative to a group
reference concept (e.g., trust [35], consensus [36]). DMs closer to a positive ideal (or
farther from a negative one) receive higher weights.

Type II: Group centroid methods: A group centroid (e.g., mean [37], an ideal decision matrix [38])
is calculated. Weights are assigned based on the closeness (distance, similarity, projection
[39, 40]) of an individual’s assessment to this centroid.

Type III: Optimization methods: Weights are obtained by solving an optimization model targeting
objectives like maximizing consensus [41] or minimizing discordance/risk [42].

Type IV: Quality assessment methods: The intrinsic quality of a DM’s provided data is evaluated
using measures such as entropy [43], consistency [44], certainty [45], or reliability [46].
Higher data quality translates to a higher DM weight. This approach is gaining traction
[47, 48].

Type V: Integrated methods: Hybrid approaches combine multiple techniques (e.g., optimization
with similarity [49], entropy with VIKOR [50]).

Critical analysis and research gaps: While Types I–IV provide robust frameworks, they often rely
on references that are derived from the group data itself (e.g., mean, consensus state). This creates a
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circular dependency where the reference and the weights are mutually defined. More fundamentally,
there is a lack of an independent, geometrically principled reference point against which to impartially
gauge individual DM data quality.

This directly relates to RQ1 and reveals a significant gap: the absence of a method to establish an
objective, data-driven “golden” reference center that is not a simple statistical aggregate (like mean
or mode) but is rooted in a formal geometric principle. Furthermore, while entropy is recognized as a
viable tool for quality assessment (Type IV), its application is typically divorced from such a principled
reference center.

Positioning of this work’s contributions: This paper directly targets these intertwined gaps. It
introduces the GS principle [19, 51]—a classical concept of ideal proportion—into the GDM domain.
The core innovation is the extension of the one-dimensional GS to define a high-dimensional golden
data center within the CSFS space (Contributions 1 and 2). This center serves as an independent,
geometrically–motivated ideal against which all DM evaluations are compared.

Subsequently, it develops an entropy-based measurement scheme to quantify the deviation of a
DM’s data from this golden center, explicitly linking data reliability to weight assignment (Contribution
3). Finally, it integrates these components into a novel, end-to-end GDM methodology within the CSFS
framework (Contribution 4). Therefore, this work bridges the identified gaps by fusing a principled
reference construction method (GS-based center) with a sophisticated data quality assessment technique
(entropy on CSFS) within a comprehensive uncertainty modeling environment (CSFS), culminating in a
new and applicable GDM method validated in a practical domain (Contribution 5).

3. Preliminaries

This section briefly reviews the fundamental concepts underpinning this research, including the
evolution of fuzzy sets toward the CSFS, key operations and measures for CSFNs, and the GS principle.
These concepts form the essential mathematical foundation for the proposed methodology. Only the
prerequisites that are essential for understanding the subsequent methodology are presented, and each
concept is accompanied by an intuitive explanation of its role in the proposed framework.

3.1. Complex spherical fuzzy sets

The most expressive synthesis, and the one adopted in this work, is the CSFS introduced by [33].
A CSFS element is represented by a triplet of complex numbers:

(µei2π f , ηei2πg, νei2πh)

where µ, η, ν ∈ [0, 1] are the amplitude terms for membership, neutrality, and non-membership, respec-
tively, satisfying µ2 + η2 + ν2 ≤ 1. The corresponding phase terms f , g, h ∈ [0, 1] satisfy f 2 + g2 + h2 ≤ 1.
This structure simultaneously captures three-dimensional fuzziness (support, neutral, against), the
associated hesitation, and periodic/phase information within a unified framework. For conciseness, such
a triplet is termed a complex spherical fuzzy number (CSFN).

Role in the proposed methodology: The CSFN serves as the fundamental information repre-
sentation unit throughout this study. It enables the modeling of e-commerce software evaluations that
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vary between peak and off-peak periods, capturing both the intensity (via amplitude terms) and the
periodicity (via phase terms) of user assessments. Every evaluation matrix entry in the methodology
(Section 4) is expressed as a CSFN.

Theoretical basis for processing periodic phenomena using complex spherical fuzzy information.
The primary advantage of CSFNs over conventional fuzzy sets is their inherent ability to represent
periodic information through the phase term ei2π·(·). This subsection provides the theoretical justification
for using CSFN to process periodic phenomena.

Phase-term encoding of temporal dynamics. In conventional fuzzy sets, an evaluation is represented
as a static scalar value µ ∈ [0, 1], which cannot distinguish between different temporal phases of the
same phenomenon. For example, a software system may be rated “good” with µ = 0.8 during both peak
and off-peak periods, but the underlying user perception and system behavior may differ significantly.
The CSFN addresses this limitation by encoding the temporal context into the phase term. Specifically,
the phase term ei2π f for membership, ei2πg for neutrality, and ei2πh for non-membership capture the
periodic characteristics (e.g., peak vs. off-peak) of the evaluation.

Circular representation via Euler’s formula. By Euler’s formula eiθ = cos θ + i sin θ [52], the
complex-valued membership can be decomposed into real and imaginary components:

µei2π f = µ(cos 2π f + i sin 2π f ).

This decomposition provides a geometric interpretation on the unit circle, where the phase 2π f represents
the angular position corresponding to a specific periodic state. As f varies from 0 to 1, the complex
number traces a full circle, allowing the representation of any cyclical phase. This circular representation
is particularly suitable for modeling phenomena that repeat periodically, such as seasonal fluctuations,
daily traffic patterns, or shopping festival cycles.

Distinguishing different temporal phases. A key theoretical advantage of CSFN is its ability to
distinguish between identical amplitude evaluations occurring at different temporal phases. Consider
two evaluations of the same software system:

• Off-peak period: (µei2π f , ηei2πg, νei2πh) with f = 0.2 (normal traffic).

• Peak period: (µei2π f ′ , ηei2πg′ , νei2πh′) with f ′ = 0.8 (shopping festival).

Even if the amplitude terms (µ, η, ν) are identical, the phase terms ( f , g, h) and ( f ′, g′, h′) distinguish the
two temporal contexts. This property ensures that evaluations collected during different periodic phases
are treated as distinct information sources rather than being erroneously aggregated as identical values.

Capturing periodic fluctuations. In many real-world decision-making problems, especially in e-
commerce software evaluation, user satisfaction and system performance exhibit periodic fluctuations.
For instance:

• During off-peak periods, the system may show high availability (µ = 0.95, f = 0.2).

• During peak periods (e.g., Singles’ Day), the same system may experience overload, resulting in
lower effective availability (µ = 0.65, f ′ = 0.8).
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CSFN captures both the amplitude change (from 0.95 to 0.65) and the phase shift (from 0.2 to 0.8)
within a single unified representation. The phase terms explicitly encode which periodic state each
evaluation corresponds to, enabling the decision framework to account for periodicity in the aggregation
and weighting processes.

The above properties have been formally proved in the CSFN literature (see [53, 54]). Specifically,
the phase terms ( f , g, h) satisfy f 2 + g2 + h2 ≤ 1 with f , g, h ∈ [0, 1], which ensures boundedness and
consistency with the amplitude constraint. Moreover, the periodic boundary condition ei2π f = ei2π( f+k)

for integer k follows directly from the periodicity of the complex exponential.

Application in the proposed methodology. In the context of this study, the phase terms ( f , g, h)
correspond to peak-period evaluation percentages (converted to [0, 1]), while the amplitude terms
(µ, η, ν) correspond to off-peak evaluation percentages. This design choice is supported by the theoretical
properties above:

• The amplitude terms capture the baseline (off-peak) evaluation intensity.

• The phase terms capture the periodic deviation (peak-period) from the baseline.

• The CSFN structure ensures that both components are processed simultaneously without loss of
information.

Thus, the proposed methodology leverages the expressive power of CSFN to model and aggregate
evaluations that exhibit periodic characteristics. As demonstrated in the illustrative example in Section
5, this approach successfully distinguishes between off-peak and peak evaluations. Future work may
extend this framework to handle multiple periodic phases (e.g., pre-peak, post-peak) and to incorporate
adaptive phase learning from data.

Example 1. The expressive power of a CSFN can be illustrated with a running example. Consider an
e-commerce website’s operational status:

• Non-peak period: Probability of normal operation (µ) = 0.999, successful abnormal purchase (η)
= 0.001, failed abnormal purchase (ν) = 0.0004.

• Shopping festival (peak) period: Corresponding periodic parameters ( f , g, h) = (0.995, 0.005,
0.001).

This scenario is concisely modeled by the CSFN: (0.999ei2π·0.995, 0.001ei2π·0.005, 0.0004ei2π·0.001).

Due to its comprehensive nature and expansive feasible region, the CSFS is chosen as the primary
information representation for modeling periodic software quality evaluations in this study.

3.2. Operations and measures for complex spherical fuzzy numbers

Definition 1. Let α = (µαei2π fα , ηαei2πgα , ναei2πhα) and β = (µβei2π fβ , ηβei2πgβ , νβei2πhβ) be two CSFNs, and
let λ > 0 be a scalar. This work employs the following revised operations, which guarantee that the
result remains a valid CSFN:
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• Scalar multiplication [55]:

λα =
(
(1 − (1 − µ2

α)λ)1/2ei2π(1−(1− f 2
α )λ)1/2

, (1 − (1 − η2
α)λ)1/2ei2π(1−(1−g2

α)λ)1/2
, νλαei2πhλα

)
.

Role in the proposed methodology: Scalar multiplication is used in Step 3 of the methodology
(Section 4) to construct the golden evaluation matrix (see Eq (4.3). Specifically, when aggregating
the minimum and maximum matrices with weights α (0.618) and 1 − α (0.382), the scalar
multiplication operation enables the weighted combination: XG = (1 − α) ⊙ Xmin ⊕ α ⊙ Xmax (see
Eqs (3.4) and (4.3)). Without this operation, the golden ratio weights cannot be properly applied
to CSFN elements.

• Addition [56]:

α ⊕ β =
(
(µ2

α + µ
2
β − µ

2
αµ

2
β)

1/2ei2π( f 2
α+ f 2

β − f 2
α f 2

β )1/2
, ηαηβei2πgαgβ , νανβei2πhαhβ

)
.

Role in the proposed methodology: Addition is the companion operation to scalar multiplication
in constructing the golden evaluation matrix. Together, they allow the convex combination of the
minimum and maximum matrices using the golden ratio weights.

• Min operation [55]:

α ∧ β =
(
(µα ∧ µβ)ei2π( fα∧ fβ), (ηα ∧ ηβ)ei2π(gα∧gβ), (να ∨ νβ)ei2π(hα∨hβ)

)
.

Role in the proposed methodology: The min operation is used in Step 2 of the methodology
(Section 4) to derive the minimum evaluation matrix Xmin from a group of DM matrices (see Eq
(4.2)). It extracts the element-wise lower bounds of all evaluations, representing the worst-case
scenario or nadir point across all DNs.

• Max operation [18]:

α ∨ β =
(
(µα ∨ µβ)ei2π(( fα∨ fβ), (ηα ∧ ηβ)ei2π(gα∧gβ), (να ∧ νβ)ei2π(hα∧hβ)

)
.

Role in the proposed methodology: The max operation is also used in Step 2 of the methodology
to derive the maximum evaluation matrix Xmax (see Eq (4.2)). It extracts the element-wise upper
bounds, representing the best-case scenario or ideal point across all DMs. The pair (Xmin,Xmax)
defines the interval within which the golden evaluation matrix is constructed.

Summary of the four operations: The min and max operations establish the boundary matrices from
the individual DM evaluations. Then, scalar multiplication and addition combine these boundaries with
the golden ratio weights to produce the golden evaluation matrix, which serves as the objective reference
center for subsequent DM weighting and alternative ranking.

For a collection of CSFNs α̃ = {α1, . . . , αn} with weight vector w = (w1, . . . ,wn), the complex
spherical weighted arithmetic mean (CSWAM) is defined [56] as:

CSWAMw(α̃) =
(
µwei2π fw , ηwei2πgw , νwei2πhw

)
, (3.1)
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where

µw = (1 −
n∏

j=1

(1 − µ2
j)

w j)1/2, fw = (1 −
n∏

j=1

(1 − f 2
j )w j)1/2,

ηw = (1 −
n∏

j=1

(1 − η2
j)

w j)1/2, gw = (1 −
n∏

j=1

(1 − g2
j)

w j)1/2,

νw =

n∏
j=1

ν
w j

j , hw =

n∏
j=1

hw j

j .

When w j = 1/n, this reduces to the complex spherical arithmetic mean (CSAM).

Role in the proposed methodology: The CSWAM is not used in the main GS-based weighting
procedure. Instead, it is employed in the comparative analysis (Section 6.3, “Comparison between
the GS-based center and the arithmetic mean-based center”) to generate the mean-based data center
for benchmarking purposes (see Eq (5.1)). Specifically, when all weights are set equal (w j = 1/n),
CSWAM computes the arithmetic mean center of all DM evaluations. Comparing the proposed GS-
based center against this mean-based center demonstrates the advantage of using the golden ratio over
simple averaging in capturing group consensus.

Let α = (α1, . . . , αn) and β = (β1, . . . , βn) be two complex spherical fuzzy vectors (CSFVs). This
study utilizes the following measures:

• Entropy [55]:

E(α) =
1
n

n∑
q=1

(
1 −

2
5

(
|µ2

q − ν
2
q| + |η

2
q −

1
4
| +

1
4π2 (| f 2

q − h2
q| + |g

2
q − π

2|)
))
. (3.2)

Role in the proposed methodology: Entropy serves as a quantitative measure of data quality
for each DM’s evaluation matrix. In Step 4 of the methodology (Section 4), the entropy E(IEr)
is computed for each individual evaluation matrix. This entropy value captures the amount of
disorder or uncertainty in the evaluations. The closeness coefficient CCr (Step 5) then combines
the distance from the DM’s matrix to the golden center with the entropy of the golden center
itself, enabling the calculation of DM weights λr (Step 6). Thus, entropy is the foundation for the
objective weighting of DMs.

• Normalized Euclidean distance [55]:

D(α, β) =
(

1
3n

n∑
q=1

[
(µ2

q − τ
2
q)2 + (η2

q − ρ
2
q)2 + (ν2

q − υ
2
q)2

+
1

16π4

(
( f 2

q − r2
q)2 + (g2

q − s2
q)2 + (h2

q − t2
q)2)])1/2

.

(3.3)

Role in the proposed methodology: The normalized Euclidean distance is used to quantify the
proximity between two CSFNs or CSFNs-based matrices. In Step 5 of the methodology, it computes

AIMS Mathematics Volume 11, Issue 7, 20815–20874.



20827

the distance D(IEr, IEG) from each DM’s individual evaluation matrix to the golden evaluation
matrix. In Step 12, it computes the distances D(WGp,WGG) from each group evaluation matrix to
the golden matrix, as well as distances to the minimum and maximum matrices D(WGp,WGmin)
and D(WGp,WGmax) for relative closeness calculation. These distance measures are essential for
ranking alternatives (Step 14).

Relationship between entropy and distance: The entropy measure evaluates the internal quality
(uncertainty) of a single evaluation matrix, while the distance measure evaluates the external proximity
between two matrices. In the proposed methodology, these two measures work together: entropy
establishes the baseline data quality of the golden center, and distance measures how closely each DM
or alternative aligns with that center. This dual-measure approach ensures that both data reliability and
positional fidelity are considered in the weighting and ranking processes.

A matrix composed of CSFNs is termed a complex spherical fuzzy matrix (CSFM).

3.3. Golden Section principle and its theoretical justification

3.3.1. The golden section

The GS, denoted by α, is the positive root of λ2 + λ − 1 = 0:

α =

√
5 − 1
2

≈ 0.618.

It represents an ideal proportion where a whole is divided into two parts such that the ratio of the larger
part to the whole equals the ratio of the smaller part to the larger part [51, 57].

Role in the proposed methodology: The GS ratio α = 0.618 (and its complement 1 − α = 0.382)
serves as the aggregation weights for combining the minimum and maximum matrices to form the
golden evaluation matrix (Eq (4.3) in Section 4). Unlike arbitrarily chosen weights, the GS ratio provides
a mathematically optimal balance between the two extremes, as justified by the four properties below.
This makes the reference center objective, parameter-free, and geometrically motivated.

3.3.2. Theoretical justification for applying the GS principle to high-dimensional decision matrices

A rigorous theoretical justification is required to explain why the GS ratio (α ≈ 0.618 and
1 − α ≈ 0.382) should serve as weights in the element-wise aggregation of minimum and maximum
matrices, rather than any arbitrary proportion.

Let Xmin and Xmax denote the element-wise minimum and maximum matrices derived from a group
of evaluation matrices. Consider the parameterized matrix:

Xδ = (1 − δ)Xmin + δXmax, δ ∈ [0, 1]. (3.4)

The objective is to select an optimal δ∗ that yields a reference matrix Xδ∗ with desirable properties for
GDM.
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Property 1: Self-similarity and scale invariance The GS ratio uniquely satisfies the self-similarity
condition. If a proportion δ is applied recursively to the interval [Xmin,Xmax], the resulting subintervals
maintain the same proportion:

δ

1
=

1 − δ
δ

.

Solving this equation yields δ =
√

5−1
2 ≈ 0.618. Denote this optimal value as δ∗. This self-similarity

property ensures that the reference matrix remains consistent under any linear scaling or transformation
of the original data, which is essential for high-dimensional decision matrices where attributes may be
measured on different scales.

Property 2: Optimal balance between extremes The GS ratio provides the optimal balance between
the two extreme matrices. Consider the distance from Xδ to the two extremes:

dmin(δ) = ∥Xδ − Xmin∥ = δ∥Xmax − Xmin∥,

dmax(δ) = ∥Xmax − Xδ∥ = (1 − δ)∥Xmax − Xmin∥.

The product dmin(δ) · dmax(δ) is maximized when δ = 0.5, representing equal distance to both extremes.
However, in decision-making contexts, the reference center should be closer to the maximum (ideal)
matrix while maintaining sufficient distance from the minimum (nadir) matrix. The GS ratio δ = α
satisfies:

dmax(α)
dmin(α)

=
1 − α
α
= α ≈ 0.618.

This ensures that the reference matrix is proportionally closer to the ideal extreme, reflecting the rational
preference for better evaluations.

Property 3: Convergence and fixed point The GS ratio is the unique fixed point of the iteration
δn+1 =

1
1+δn

. When aggregating multiple decision matrices, this iterative property ensures that the
reference matrix Xα remains stable under repeated refinement, preventing drift that could occur with
arbitrarily chosen weights.

Property 4: Golden evaluation matrix as a geometric center When δ = α ≈ 0.618, Xα becomes the
golden evaluation matrix. This matrix is posited as a principled, geometrically-motivated reference
center that possesses the following characteristics:

• It is neither a simple statistical aggregate (e.g., arithmetic mean) nor subjectively defined by a
single DM.

• It is derived from the natural extremes (Xmin, Xmax) of the data via the classical golden ratio.

• It achieves the optimal trade-off between proximity to the ideal and representativeness of the group
consensus.

• It satisfies the Pareto optimality condition: any movement away from this reference would worsen
the balance between proximity to the two extremes.
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Thus, the GS principle provides a mathematically grounded, parameter-free method for establishing
an objective data center in GDM, avoiding the arbitrariness of subjective weight assignments or the
limitations of simple averaging.

3.3.3. Motivation for the proposed DM weighting approach

Entropy, as a measure of disorder or uncertainty within a system [58], provides a basis for
quantifying the quality of decision data. A common premise in entropy-based GDM methods is that
a more orderly (lower entropy) evaluation matrix reflects more certain and reliable judgments, thus
warranting a higher weight for the corresponding DM [59].

However, this premise can be challenged. Consider two hypothetical DMs evaluating two alter-
natives on three attributes using linguistic terms. DM 1 provides varied ratings (e.g., Poor, Medium,
Good), resulting in a well-ordered numerical sequence with low calculated entropy. DM 2 gives the
same Medium rating for all alternatives and attributes, resulting in a constant sequence with even lower
entropy. According to the conventional entropy-weighting premise, both would receive high weights.
Intuitively, however, DM 1’s varied ratings might reflect a lack of careful cross-comparison, while DM
2’s uniform ratings suggest arbitrariness or disengagement. In both cases, a high weight may not be
justified.

This observation reveals a limitation: entropy calculated on an individual DM’s matrix in isolation
may not reliably indicate judgment quality. The core motivation of this research is therefore to refine the
entropy-weighting paradigm. The proposed approach does not assess a DM’s data in isolation. Instead,
it first establishes a principled, group-derived reference point—the golden evaluation matrix Xα derived
from Eq (3.4) with δ = α. The quality (and thus the weight) of a DM is then determined by the proximity
and consistency of their evaluation matrix relative to this golden center, assessed via an appropriate
entropy-based measure. This shifts the focus from the internal disorder of a single dataset to its fidelity
relative to a robust, geometrically–defined group ideal.

The theoretical justification provided above ensures that the golden evaluation matrix is not an
arbitrarily chosen reference but rather a mathematically optimal center derived from the fundamental
properties of the GS. Consequently, the subsequent weighting approach based on proximity to this
center inherits a rigorous mathematical foundation.

Advantages and significance of the GS-based data center for GDM. The proposed GS-based data
center offers several distinct advantages and significant contributions to solving GDM problems, as
elaborated below.

(1). Objectivity and freedom from subjective bias

Traditional GDM methods often rely on subjective methods for determining reference points,
such as the arithmetic mean of individual evaluations or a consensus reached through voting. These
approaches are susceptible to manipulation by dominant DMs or may reflect group biases rather than true
data characteristics. In contrast, the golden-section-based data center is derived entirely from the natural
extremes (Xmin and Xmax) of the evaluation data. The GS ratio α = 0.618 is a mathematical constant
with no tunable parameters. Consequently, the resulting golden evaluation matrix Xα is completely
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objective and free from any subjective bias, providing a fair and impartial reference for all DMs.

(2). Mathematical optimality and balance

As demonstrated in Properties 1–4, the GS ratio achieves a mathematically optimal balance between
the two extreme matrices. Unlike the arithmetic mean (δ = 0.5), which places the reference center
equidistant from both extremes, the GS ratio places it closer to the ideal maximum while maintaining
a proportionally significant distance from the nadir minimum. This reflects the rational preference
in decision-making: better evaluations should have a stronger influence on the reference center, but
the center should not ignore the range of all possible evaluations. The GS ratio provides the unique
proportion that optimally balances these two competing objectives.

(3). Scale invariance and robustness

Property 1 establishes that the GS ratio is self-similar and scale-invariant. This means that the
golden evaluation matrix remains consistent under any linear transformation or rescaling of the original
data. In real-world GDM problems, attributes are often measured on different scales (e.g., cost in
dollars, performance in milliseconds, satisfaction on a Likert scale). The scale invariance of the GS
principle ensures that the reference center is not distorted by arbitrary choices of measurement units.
This robustness to scaling is a critical advantage over methods that require normalization procedures
that may introduce additional subjectivity.

(4). Stability and convergence

Property 3 demonstrates that the GS ratio is the unique fixed point of the iterative process δn+1 =

1/(1 + δn). This guarantees that the golden evaluation matrix Xα remains stable when the aggregation
process is repeated or refined. In contrast, arbitrarily chosen weights may lead to drift or instability,
where small changes in input data produce large fluctuations in the reference center. The convergence
property of the GS principle ensures that the proposed method produces reliable and reproducible results,
which is essential for practical decision-making applications where data may be updated incrementally.

(5). Parameter-free and easy to implement

The proposed data center requires no parameter tuning or subjective calibration. The GS ratio is a
universal constant (α ≈ 0.618) that has been studied for centuries across diverse disciplines, including
mathematics, architecture, art, and nature. This parameter-free nature makes the method immediately
applicable to any GDM problem without the need for domain-specific adjustments or expert heuristics.
The implementation is straightforward: compute Xmin and Xmax from the group data, then apply Eq (3.4)
with δ = α.

(6). Interpretability and geometric intuition

The GS principle has a clear geometric interpretation on the unit interval. The resulting golden
evaluation matrix Xα is positioned at a point that divides the line segment [Xmin,Xmax] in the golden
proportion. This geometric intuition is easy to communicate to stakeholders and DMs, enhancing the
transparency and acceptance of the evaluation results. Unlike black-box or highly complex aggregation
methods, the GS-based center provides an interpretable reference that can be visually understood and
explained.
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(7). Synergy with entropy-based weighting

The golden-section-based data center is specifically designed to work in synergy with the entropy-
based weighting approach. By providing a principled, group-derived reference point, the method shifts
the focus of entropy measurement from isolated internal disorder to fidelity relative to a robust group
ideal. This combination addresses a fundamental limitation of traditional entropy-based methods: the
inability to distinguish between meaningful variation and arbitrary inconsistency. The GS-based center
provides the benchmark against which variation is measured, ensuring that DMs who provide consistent
yet non-arbitrary evaluations receive appropriate weights.

(8). Wide applicability to various GDM contexts

Although this study focuses on software quality evaluation in e-commerce, the proposed GS-based
data center is not domain-specific. The theoretical properties established above are purely mathematical
and hold for any GDM problem where evaluations can be represented as numerical matrices. Potential
application domains include supplier selection, healthcare system evaluation, renewable energy project
assessment, risk analysis, and many others. The parameter-free nature and mathematical rigor of the
approach make it a versatile tool for diverse decision-making contexts.

4. Methodology and implementation steps

This section presents a novel GDM methodology and its detailed implementation steps. For clarity,
key sets and indices are summarized in Table 1.

Table 1. Sets and indices.

Notation Explanation
M = {1, 2, . . . ,m} Index set of alternatives

A = {A1, A2, · · · , Ap, · · · , Am} Alternative set, where the index p ∈ M
N = {1, 2, . . . , n} Index set of attributes

U = {u1, u2, · · · , uq, · · · , un} Attribute set, where the index q ∈ N
W = (w1,w2, · · · ,wq, · · · ,wn) Weight vector of attributes, with 0 ≤ wq ≤ 1 and

∑n
q=1 wq = 1

T = {1, 2, . . . , t} Index set of DMs
D = {d1, d2, · · · , dr, · · · , dt} DM set, where the index r ∈ T
λ = (λ1, . . . , λr, . . . , λt) Weight vector of DMs, with 0 ≤ λr ≤ 1 and

∑t
r=1 λr = 1

4.1. Constructing the golden evaluation matrix

Each DM dr provides an individual evaluation matrix IEr:

IEr =


xr

11 xr
12 · · · xr

1n
xr

21 xr
22 · · · xr

2n
...

...
. . .

...

xr
m1 xr

m2 · · · xr
mn

 , r ∈ T, (4.1)

where IEr = (xr
pq)m×n and each evaluation xr

pq is expressed as a CSFN: (µr
pqei2π f r

pq , ηr
pqei2πgr

pq , νr
pqei2πhr

pq).
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The element-wise minimum and maximum matrices across all DMs are defined as:

IEmin = (xmin
pq )m×n, IEmax = (xmax

pq )m×n, (4.2)

where

xmin
pq =

(
min
r∈T

µr
pqei2πminr∈T f r

pq , min
r∈T

ηr
pqei2πminr∈T gr

pq , max
r∈T

νr
pqei2πmaxr∈T hr

pq

)
,

xmax
pq =

(
max
r∈T

µr
pqei2πmaxr∈T f r

pq , min
r∈T

ηr
pqei2πminr∈T gr

pq , min
r∈T

νr
pqei2πminr∈T hr

pq

)
.

Applying the approach in Eq (3.4), the golden evaluation matrix is computed as:

IEG = (1 − α) · IEmin + α · IEmax = 0.382 · IEmin + 0.618 · IEmax. (4.3)

The detailed computation of each element xG
pq follows the scalar multiplication and addition operations

defined for CSFNs (Definition 1).

4.2. Determining DM weights via entropy-based closeness

Applying Eq (3.2), the entropy of each matrix is calculated using Eq (4.4):

E(X) =
1

mn

m∑
p=1

n∑
q=1

(
1 −

2
5

(
|µ2

pq − ν
2
pq| + |η

2
pq −

1
4 | +

1
4π2

(
| f 2

pq − h2
pq| + |g

2
pq − π

2|
)))

, (4.4)

yielding E(IEr), E(IEmin), E(IEmax), and E(IEG).

The closeness of an individual DM’s entropy to the golden entropy is quantified by:

CCr =
max {|E(IEr) − E(IEmin)|, |E(IEr) − E(IEmax)|}

max {|E(IEr) − E(IEmin)|, |E(IEr) − E(IEmax)|} + |E(IEr) − E(IEG)|
, r ∈ T. (4.5)

A higher CCr indicates that the DM’s evaluations are more aligned with the ideal golden reference,
implying higher data quality. Consequently, the weight for DM dr is assigned as:

λr =
CCr∑t

r=1 CCr
, r ∈ T, (4.6)

where it is obvious that λr satisfies the conditions λr ≥ 0,
∑t

r=1 λr = 1.

4.3. Aggregating evaluations and ranking alternatives

Using the weight vector (λ1, λ2, . . . , λt) from Eq (4.6), one assigns each weight λr to the corre-
sponding individual evaluation matrix IEr defined in Eq (4.1). This yields the following DM-weighted
evaluation matrix:

IWr = (yr
pq)m×n, r ∈ T, (4.7)

where yr
pq = λr xr

pq. According to Definition 1, each element can be expressed as yr
pq =

(((1 − (1 − (µr
pq)2)λr))1/2ei2π(1−(1−( f r

pq)2)λr )1/2
, ((1 − (1 − (ηr

pq))2)λr)1/2ei2π((1−(1−(gr
pq)2))λr )1/2

, (νr
pq)λr ei2π(hr

pq)λr ) =
(ψr

pqei2πsr
pq , ζr

pqei2πtrpq , ωr
pqei2πlrpq)(p ∈ M, q ∈ N, r ∈ T ).
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The individual weighted evaluation matrix IWr in Eq (4.1) is then converted into a group evaluation
matrix GEp for each alternative Ap as follows:

GEp =



u1 u2 · · · un

d1 yp
11 yp

12 · · · yp
1n

d2 yp
21 yp

22 · · · yp
2n

...
...

...
...

...

dt yp
t1 yp

t2 · · · yp
tn

, p ∈ M, (4.8)

where GEp = (yp
rq)t×n. The element yp

rq = (ψp
rqei2πsp

rq , ζ
p
rqei2πtp

rq , ω
p
rqei2πlp

rq) is identical to the element yr
pq in

IWr from Eq (4.7).

Let (w1,w2, . . . ,wn) denote the weight vector of the n attributes, which is negotiated collectively by
the DMs. Assigning weight wq to attribute uq produces the attribute-weighted group evaluation matrix:

WGp = (kp
rq)t×n, p ∈ M, (4.9)

where, based on Definition 1, kp
rq = wqyp

rq = (ιprqei2π f ′ prq , ϑ
p
rqei2πg′ prq , κ

p
rqei2πh′ prq) for r ∈ T , q ∈ N, and p ∈ M.

To apply the GS method for identifying an optimal reference matrix among all WGp(p ∈ M), one
first determines the minimum and maximum evaluation matrices across all WGp:

WGmin = (kmin
rq )t×n, WGmax = (kmax

rq )t×n, (4.10)

where, according to Definition 1, kmin
rq = (ιmin

rq ei2π f ′min
rq , ϑmin

rq ei2πg′min
rq , κmin

rq ei2πh′min
rq ) and kmax

rq =

(ιmax
rq ei2π f ′max

rq , ϑmax
rq ei2πg′max

rq , κmax
rq ei2πh′max

rq ) for r ∈ T and q ∈ N.

Following the logic of Eq (4.3), the golden evaluation matrix bounded by WGmin and WGmax is
defined as:

WGG = (kG
rq)t×n, (4.11)

where, based on Eq (3.4), the specific construction is given by:

WGG = (1 − 0.618) ×WGmin + 0.618 ×WGmax = 0.382 ×WGmin + 0.618 ×WGmax.

According to Definition 1, kG
rq = (ιGrqei2πs′Grq , ϑG

rqei2πt′Grq , κG
rqei2πl′Grq) for r ∈ T and q ∈ N.

Analogous to the golden evaluation matrix in Eq (4.3), the matrix WGG serves as an ideal reference.
The normalized Euclidean distance between WGp and WGG can be used to rank alternative Ap. Based
on Eq (18), this distance is given by:

D(WGp,WGG) =
(

1
3mn

m∑
p=1

n∑
q=1

[(
(ιprq)2 − (ιGrq)2)2

+
(
(ϑp

rq)2 − (ϑG
rq)2)2

+
(
(κp

rq)2 − (κG
rq)2)2

+
1

16π4

((
( f ′prq)2 − ( f ′Grq)2)2

+
(
(g′prq)2 − (g′Grq)2)2

+
(
(h′prq)2 − (h′Grq)2)2

)]) 1
2

, p ∈ M, (4.12)
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where (ιprqei2π f ′ prq , ϑ
p
rqei2πg′ prq , κ

p
rqei2πh′ prq) corresponds to Eq (4.9), and (ιGrqei2πs′Grq , ϑG

rqei2πt′Grq , κG
rqei2πl′Grq) corre-

sponds to Eq (4.11).

A smaller value of D(WGp,WGG) indicates a better alternative Ap.

For practical interpretation, a relative closeness measure is introduced:

RCp =
D(WGp,WGmin) + D(WGp,WGmax)

D(WGp,WGmin) + D(WGp,WGmax) + D(WGp,WGG)
, p ∈ M, (4.13)

where D(WGp,WGmin) and D(WGp,WGmax) are the normalized Euclidean distances between WGp and
WGmin, and between WGp and WGmax, respectively. Their definitions follow the same structure as
Eq (4.12) with the corresponding superscripts. The relative closeness satisfies 0 ≤ RCp ≤ 1.

The greater value RCp means a better alternative Ap.

4.4. Implementation steps

For clarity, the complete procedure of the proposed method is summarized in the following
step-by-step algorithm.

Step 1. Establish individual evaluation matrices.

Construct the individual evaluation matrix IEr = (xr
pq)m×n according to Eq (4.1), where the

evaluation values xr
pq are expressed as CSFNs.

Step 2. Determine the minimum and maximum evaluation matrices.

Compute the minimum matrix IEmin and the maximum matrix IEmax following Eq (4.2).

Step 3. Calculate the golden evaluation matrix.

Compute the golden evaluation matrix IEG using Eq (4.3). A detailed calculation procedure is
provided in Appendix A for ease of reference.

Step 4. Compute the entropy measurements.

Calculate the entropy for the following matrices using Eq (4.4): the individual decision matrices
IEr for each DM, the aggregated minimum matrix IEmin, the aggregated maximum matrix IEmax,
and the golden evaluation matrix IEG.

Step 5. Calculate the closeness coefficient of each individual evaluation to the golden evaluation.

For each DM, compute the closeness coefficient using Eq (4.5).

Step 6. Determine the GS-based DM weights.

Derive the DM weight λr for each DM based on Eq (4.6).

Step 7. Construct the DM-weighted evaluation matrix.

Using the weight vector (λ1, λ2, . . . , λt), build the weighted evaluation matrix IWr as defined in
Eq (4.7).
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Step 8. Convert the individual evaluation matrix into a group evaluation matrix.

Transform the individual evaluation matrix IEp = (xr
pq)(p ∈ M) from Eq (4.1) into the group

evaluation matrix GEp = (yp
rq)(p ∈ M) following Eq (4.8).

Step 9. Construct the attribute-weighted evaluation matrix.

Given the attribute weight vector (w1,w2, . . . ,wn), form the attribute-weighted group evaluation
matrices WGp = (kp

rq)(p ∈ M) according to Eq (4.9).

Step 10. Find the minimum and maximum group evaluation matrices.

Compute the matrices WGmin and WGmax from the set {WGp} using Eq (4.10).

Step 11. Calculate the golden evaluation matrix for the group.

Determine the golden evaluation matrix WGG for the group according to Eq (4.11). The detailed
calculation is provided in Appendix B.

Step 12. Compute the normalized Euclidean distance between each group matrix and the golden matrix.

For each alternative Ap, calculate D(WGp,WGG) using Eq (4.12).

Step 13. Calculate the relative closeness.

Compute the relative closeness RCp for each alternative using Eq (4.13).

Step 14. Rank the alternatives.

Rank all alternatives according to the relative closeness RCp.

5. Experimental analysis

This section first presents a real-world software quality evaluation example to demonstrate the
applicability of the proposed method. Second, experiments are conducted to validate the feasibility and
effectiveness of the developed GDM approach.

5.1. Illustrative example

5.1.1. Experimental design and data collection

Research context and participants. Four e-commerce websites serving the same user base but
employing distinct software systems due to competitive differentiation are selected as the evaluation
context. These four software systems are treated as evaluation alternatives, denoted by {A1, A2, A3, A4}.
Each website hosts its own shopping festival at different times and experiences a distinct peak shopping
period beyond the festival. A common challenge for all websites is software system overload during
peak shopping times, caused by a sharp increase in user traffic.

To evaluate the four software systems while accounting for periodicity, four testing attributes are
considered: availability (u1), performance (u2), security (u3), and user satisfaction (u4). These attributes
are commonly used in e-commerce software evaluation [13, 60].
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Users of the e-commerce websites serve as evaluators and are grouped into four regional categories
(North, South, East, West), acting as four DM classes denoted by {d1, d2, d3, d4}. Each region contributed
approximately 100 respondents, yielding a total sample size of 397 valid responses (North: 98, South:
101, East: 99, West: 99). The sample included 52% male and 48% female participants, with ages ranging
from 18 to 55 years (mean age = 32.4 years). All participants were active users of the e-commerce
platforms, with an average usage frequency of at least three times per week.

Survey instrument and data collection procedure. A structured questionnaire was developed to
collect evaluation data. The questionnaire comprised three sections:

1. Demographic information: Age, gender, region, and e-commerce usage frequency.

2. Off-peak period evaluations: For each software alternative and each attribute, three independent
questions were administered to assess (i) positive support, (ii) neutral stance, and (iii) negative
opposition separately. Respondents could endorse any subset of the three stances independently.

3. Peak period evaluations: The same three independent questions were re-administered to the same
participants during their respective peak shopping periods (e.g., Singles’ Day for the first website,
Anniversary Sale for the second).

Data aggregation and CSFN construction. For each region, the aggregated survey results correspond
to the decision data of one DM. For each alternative-attribute pair, the percentage of respondents
endorsing each stance was calculated separately from the three independent questions. Specifically:

• The membership grade µ represents the percentage of respondents who expressed positive support
(selecting “Good” or “Very Good” in the positive-support question).

• The neutral grade η represents the percentage of respondents who expressed a neutral stance
(selecting “Neutral” in the neutral-stance question).

• The non-membership grade ν represents the percentage of respondents who expressed negative
opposition (selecting “Poor” or “Very Poor” in the negative-opposition question).

Because the three questions were administered independently, respondents could endorse any
combination of stances. Consequently, the three percentages are not required to sum to 100%; they can
sum to less than, equal to, or greater than 100%.

The CSFN framework requires the magnitude components to satisfy µ2 + η2 + ν2 ≤ 1 with
µ, η, ν ∈ [0, 1]. The same spherical constraint applies to the phase components ( f , g, h). For the raw
endorsement rates in this study, this constraint is naturally satisfied, as verified below.

The phase terms ( f , g, h) represent the peak-period endorsement rates (in [0, 1]) obtained from the
three independent questions administered during peak periods.

For instance, for DM d1 (North region) evaluating alternative A1 (first website) on attribute u1

(availability), the three independent off-peak questions yielded raw endorsement rates of 65% for
positive support, 48% for neutral stance, and 55% for negative opposition. These raw percentages
satisfy the spherical constraint: 0.652 + 0.482 + 0.552 = 0.9554 ≤ 1. They are directly recorded as
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(µ1
11, η

1
11, ν

1
11) = (0.65, 0.48, 0.55). During the peak period, the corresponding raw endorsement rates

are 62%, 50%, and 58%, which also satisfy the constraint: 0.622 + 0.502 + 0.582 = 0.9708 ≤ 1. They
are recorded as ( f 1

11, g
1
11, h

1
11) = (0.62, 0.50, 0.58). These two sets of values are integrated into a single

CSFN:

x1
11 = (µ1

11ei2π f 1
11 , η1

11ei2πg1
11 , ν1

11ei2πh1
11) = (0.65ei2π(0.62), 0.48ei2π(0.50), 0.55ei2π(0.58)).

All other entries in the evaluation matrices are constructed following the same procedure, with
each entry directly using raw endorsement rates from independent questions.

5.1.2. Evaluation matrices and computational results

Following the methodology described in Section 5, the survey responses from the four regions are
collected and structured into evaluation matrices for the four DMs, denoted as IE1, IE2, IE3, and IE4.
Matrix IE1 is shown in Table 2. For brevity, the remaining matrices IE2, IE3, and IE4 are provided in
Tables 22–24 in Appendix C.

Table 2. Individual evaluation matrix IE1 (North region).

Software u1 u2

A1 (0.65ei2π(0.62), 0.48ei2π(0.50), 0.55ei2π(0.58)) (0.77ei2π(0.74), 0.32ei2π(0.34), 0.44ei2π(0.46))
A2 (0.65ei2π(0.62), 0.48ei2π(0.52), 0.55ei2π(0.57)) (0.44ei2π(0.41), 0.32ei2π(0.34), 0.77ei2π(0.80))
A3 (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33)) (0.91ei2π(0.88), 0.15ei2π(0.17), 0.21ei2π(0.23))
A4 (0.91ei2π(0.89), 0.15ei2π(0.17), 0.21ei2π(0.24)) (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.34))

u3 u4

A1 (0.44ei2π(0.41), 0.32ei2π(0.34), 0.77ei2π(0.80)) (0.77ei2π(0.73), 0.32ei2π(0.34), 0.44ei2π(0.47))
A2 (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33)) (0.44ei2π(0.41), 0.32ei2π(0.34), 0.77ei2π(0.80))
A3 (0.65ei2π(0.61), 0.48ei2π(0.50), 0.55ei2π(0.58)) (0.77ei2π(0.73), 0.32ei2π(0.34), 0.44ei2π(0.47))
A4 (0.77ei2π(0.74), 0.32ei2π(0.35), 0.44ei2π(0.47)) (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33))

According to Step 2, the minimum evaluation matrix IEmin is determined and presented in Table 3.

Table 3. The minimum evaluation matrix IEmin.

Software u1 u2

A1 (0.65ei2π(0.62), 0.32ei2π(0.33), 0.55ei2π(0.58)) (0.44ei2π(0.40), 0.32ei2π(0.33), 0.79ei2π(0.46))
A2 (0.65ei2π(0.62), 0.34ei2π(0.36), 0.55ei2π(0.58)) (0.30ei2π(0.27), 0.32ei2π(0.34), 0.83ei2π(0.85))
A3 (0.30ei2π(0.26), 0.34ei2π(0.35), 0.83ei2π(0.85)) (0.21ei2π(0.19), 0.15ei2π(0.13), 0.91ei2π(0.94))
A4 (0.83ei2π(0.81), 0.15ei2π(0.11), 0.30ei2π(0.35)) (0.83ei2π(0.80), 0.15ei2π(0.17), 0.30ei2π(0.34))

u3 u4

A1 (0.30ei2π(0.27), 0.32ei2π(0.34), 0.83ei2π(0.85)) (0.44ei2π(0.42), 0.32ei2π(0.34), 0.77ei2π(0.80))
A2 (0.30ei2π(0.28), 0.32ei2π(0.35), 0.83ei2π(0.85)) (0.44ei2π(0.41), 0.32ei2π(0.33), 0.77ei2π(0.81))
A3 (0.21ei2π(0.18), 0.15ei2π(0.16), 0.91ei2π(0.93)) (0.65ei2π(0.61), 0.32ei2π(0.34), 0.55ei2π(0.58))
A4 (0.77ei2π(0.74), 0.15ei2π(0.18), 0.44ei2π(0.47)) (0.77ei2π(0.72), 0.32ei2π(0.34), 0.44ei2π(0.48))
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Similarly, following Step 2, the maximum evaluation matrix IEmax is determined and presented in
Table 4.

Table 4. The maximum evaluation matrix IEmax.

Software u1 u2

A1 (0.83ei2π(0.80), 0.32ei2π(0.33), 0.30ei2π(0.33)) (0.77ei2π(0.74), 0.32ei2π(0.33), 0.44ei2π(0.46))
A2 (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33)) (0.77ei2π(0.74), 0.32ei2π(0.34), 0.44ei2π(0.46))
A3 (0.83ei2π(0.80), 0.34ei2π(0.35), 0.30ei2π(0.33)) (0.91ei2π(0.93), 0.15ei2π(0.13), 0.21ei2π(0.23))
A4 (0.91ei2π(0.90), 0.15ei2π(0.11), 0.21ei2π(0.24)) (0.91ei2π(0.92), 0.15ei2π(0.17), 0.21ei2π(0.23))

u3 u4

A1 (0.65ei2π(0.61), 0.32ei2π(0.34), 0.55ei2π(0.58)) (0.77ei2π(0.73), 0.32ei2π(0.34), 0.44ei2π(0.47))
A2 (0.83ei2π(0.82), 0.32ei2π(0.35), 0.30ei2π(0.33)) (0.83ei2π(0.80), 0.32ei2π(0.33), 0.30ei2π(0.32))
A3 (0.65ei2π(0.61), 0.15ei2π(0.16), 0.55ei2π(0.58)) (0.83ei2π(0.79), 0.32ei2π(0.34), 0.30ei2π(0.36))
A4 (0.94ei2π(0.96), 0.15ei2π(0.18), 0.18ei2π(0.13)) (0.83ei2π(0.80), 0.32ei2π(0.34), 0.30ei2π(0.33))

Based on Step 3, the golden evaluation matrix is computed and displayed in Table 5.

Table 5. Golden evaluation matrix IEG.

Software u1 u2

A1 (0.78ei2π(0.75), 0.05ei2π(0.07), 0.38ei2π(0.41)) (0.69ei2π(0.65), 0.05ei2π(0.05), 0.54ei2π(0.57))
A2 (0.78ei2π(0.75), 0.06ei2π(0.07), 0.38ei2π(0.41)) (0.67ei2π(0.64), 0.05ei2π(0.08), 0.56ei2π(0.58))
A3 (0.73ei2π(0.70), 0.06ei2π(0.06), 0.44ei2π(0.47)) (0.82ei2π(0.84), 0.01ei2π(0.01), 0.37ei2π(0.39))
A4 (0.89ei2π(0.88), 0.01ei2π(0.01), 0.24ei2π(0.28)) (0.89ei2π(0.89), 0.01ei2π(0.01), 0.24ei2π(0.27))

u3 u4

A1 (0.56ei2π(0.53), 0.05ei2π(0.06), 0.64ei2π(0.67)) (0.69ei2π(0.65), 0.05ei2π(0.06), 0.54ei2π(0.58))
A2 (0.73ei2π(0.72), 0.05ei2π(0.06), 0.44ei2π(0.47)) (0.74ei2π(0.71), 0.05ei2π(0.05), 0.43ei2π(0.46))
A3 (0.55ei2π(0.51), 0.01ei2π(0.01), 0.67ei2π(0.69)) (0.78ei2π(0.75), 0.05ei2π(0.06), 0.38ei2π(0.43))
A4 (0.90ei2π(0.92), 0.01ei2π(0.02), 0.25ei2π(0.21)) (0.81ei2π(0.79), 0.05ei2π(0.06), 0.35ei2π(0.38))

The entropy measurements for the four individual evaluation matrices IEr (r = 1, 2, 3, 4) are
computed according to Step 4 and presented in Table 6. Following Step 4, the entropy measurements
for the minimum and maximum matrices are obtained as E(IEmin) = 10.8375 and E(IEmax) = 10.9026,
respectively. The entropy measurement for the golden matrix, calculated in Step 4, is E(IEG) = 10.9642.

The closeness coefficients of each individual evaluation to the golden evaluation are computed in
Step 5, and the results are displayed in Table 6. The GS-based weights (λ1, λ2, λ3, λ4) for the DMs are
determined in Step 6. These weights and the corresponding DM rankings are also included in Table 6.
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Table 6. Entropy measurements, closeness coefficient, DM weights, and their ranking related
to E(IEmin) = 10.8375, E(IEmax) = 10.9026, and E(IEG) = 10.9642.

DM E(IEr) CCr λr Ranking
d1 10.6969 0.4349 0.2495 3
d2 10.7003 0.4339 0.2489 4
d3 10.6818 0.4388 0.2517 1
d4 10.6947 0.4355 0.2498 2

Using the DM weight vector (λ1, λ2, λ3, λ4) = (0.2495, 0.2489, 0.2517, 0.2498) from Table 6, the
DM-weighted individual evaluation matrices IW1, IW2, IW3, IW4 are calculated in Step 7. The matrix
IW1 is shown in Table 7. For readability, matrices IW2, IW3, and IW4 are provided in Tables 25–27 of
Appendix D.

Table 7. DM-weighted evaluation matrix IW1.

Software u1 u2

A1 (0.36ei2π(0.34), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.82))
A2 (0.36ei2π(0.34), 0.25ei2π(0.28), 0.86ei2π(0.87)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
A3 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.60ei2π(0.56), 0.08ei2π(0.09), 0.68ei2π(0.69))
A4 (0.60ei2π(0.57), 0.08ei2π(0.09), 0.68ei2π(0.70)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))

u3 u4

A1 (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.83))
A2 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
A3 (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.83))
A4 (0.45ei2π(0.42), 0.16ei2π(0.18), 0.81ei2π(0.83)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))

In Step 8, the DM-weighted individual evaluation matrices IWr (r = 1, 2, 3, 4) are aggregated into
group evaluation matrices GEp (p = 1, 2, 3, 4). For convenience, GE1 is presented in Table 8, while the
remaining matrices are available in Tables 28–30 of Appendix E.

Table 8. Group evaluation matrix GE1.

DM u1 u2

d1 (0.36ei2π(0.34), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.82))
d2 (0.45ei2π(0.43), 0.16ei2π(0.17), 0.82ei2π(0.82)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.94))
d3 (0.50ei2π(0.48), 0.17ei2π(0.19), 0.74ei2π(0.76)) (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87))
d4 (0.45ei2π(0.41), 0.16ei2π(0.17), 0.81ei2π(0.82)) (0.23ei2π(0.21), 0.16ei2π(0.18), 0.94ei2π(0.94))

u3 u4

d1 (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.83))
d2 (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.18), 0.82ei2π(0.83))
d3 (0.23ei2π(0.21), 0.16ei2π(0.19), 0.94ei2π(0.94)) (0.23ei2π(0.22), 0.16ei2π(0.18), 0.94ei2π(0.95))
d4 (0.15ei2π(0.14), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.88))
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The attribute weights, negotiated among the four DMs through a Delphi process involving two
rounds of anonymous voting, are (w1,w2,w3,w4) = (0.3, 0.3, 0.2, 0.2). The convergence criterion for
the Delphi process was set as a coefficient of variation ≤ 0.05 across DM responses. In Step 9, the
attribute-weighted group evaluation matrices WGp (p = 1, 2, 3, 4) are constructed. Table 9 presents
WG1; the remaining matrices are provided in Tables 31–33 of Appendix F.

Table 9. Weighted group evaluation matrix WG1.

DM u1 u2

d1 (0.20ei2π(0.19), 0.14ei2π(0.15), 0.96ei2π(0.96)) (0.26ei2π(0.24), 0.09ei2π(0.10), 0.94ei2π(0.94))
d2 (0.26ei2π(0.25), 0.09ei2π(0.10), 0.94ei2π(0.94)) (0.13ei2π(0.11), 0.09ei2π(0.09), 0.98ei2π(0.98))
d3 (0.29ei2π(0.27), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.20ei2π(0.19), 0.20ei2π(0.15), 0.96ei2π(0.96))
d4 (0.26ei2π(0.23), 0.09ei2π(0.09), 0.94ei2π(0.94)) (0.13ei2π(0.12), 0.09ei2π(0.10), 0.98ei2π(0.98))

u3 u4

d1 (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99)) (0.21ei2π(0.19), 0.07ei2π(0.08), 0.96ei2π(0.96))
d2 (0.16ei2π(0.15), 0.11ei2π(0.12), 0.97ei2π(0.97)) (0.21ei2π(0.19), 0.07ei2π(0.08), 0.96ei2π(0.96))
d3 (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d4 (0.07ei2π(0.06), 0.08ei2π(0.08), 0.99ei2π(0.99)) (0.16ei2π(0.15), 0.11ei2π(0.12), 0.97ei2π(0.97))

The minimum and maximum matrices of the group evaluations, WGmin and WGmax, are calculated
in Step 10 and shown in Tables 10 and 11, respectively.

Table 10. Minimum evaluation matrix WGmin.

DM u1 u2

d1 (0.20ei2π(0.19), 0.04ei2π(0.05), 0.95ei2π(0.94)) (0.13ei2π(0.12), 0.04ei2π(0.05), 0.98ei2π(0.98))
d2 (0.08ei2π(0.07), 0.04ei2π(0.03), 0.95ei2π(0.94)) (0.13ei2π(0.11), 0.04ei2π(0.05), 0.98ei2π(0.98))
d3 (0.20ei2π(0.19), 0.10ei2π(0.10), 0.90ei2π(0.92)) (0.06ei2π(0.05), 0.04ei2π(0.04), 0.99ei2π(1.00))
d4 (0.08ei2π(0.07), 0.09ei2π(0.09), 0.93ei2π(0.92)) (0.13ei2π(0.12), 0.04ei2π(0.05), 0.98ei2π(0.98))

u3 u4

d1 (0.13ei2π(0.12), 0.11ei2π(0.12), 0.94ei2π(0.95)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d2 (0.13ei2π(0.11), 0.11ei2π(0.12), 0.94ei2π(0.95)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d3 (0.06ei2π(0.05), 0.08ei2π(0.09), 0.92ei2π(0.90)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d4 (0.13ei2π(0.12), 0.08ei2π(0.08), 0.92ei2π(0.93)) (0.16ei2π(0.15), 0.07ei2π(0.08), 0.97ei2π(0.97))
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Table 11. Maximum evaluation matrix WGmax.

DM u1 u2

d1 (0.35ei2π(0.33), 0.04ei2π(0.05), 0.89ei2π(0.90)) (0.35ei2π(0.32), 0.04ei2π(0.05), 0.89ei2π(0.90))
d2 (0.35ei2π(0.34), 0.04ei2π(0.03), 0.89ei2π(0.90)) (0.35ei2π(0.37), 0.04ei2π(0.05), 0.89ei2π(0.90))
d3 (0.29ei2π(0.28), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.35ei2π(0.36), 0.04ei2π(0.04), 0.89ei2π(0.89))
d4 (0.29ei2π(0.28), 0.09ei2π(0.09), 0.91ei2π(0.92)) (0.35ei2π(0.34), 0.04ei2π(0.05), 0.89ei2π(0.90))

u3 u4

d1 (0.35ei2π(0.32), 0.07ei2π(0.08), 0.94ei2π(0.95)) (0.24ei2π(0.22), 0.07ei2π(0.08), 0.94ei2π(0.95))
d2 (0.35ei2π(0.37), 0.07ei2π(0.08), 0.94ei2π(0.95)) (0.21ei2π(0.20), 0.07ei2π(0.08), 0.96ei2π(0.95))
d3 (0.35ei2π(0.36), 0.04ei2π(0.04), 0.92ei2π(0.90)) (0.24ei2π(0.22), 0.07ei2π(0.08), 0.94ei2π(0.95))
d4 (0.35ei2π(0.34), 0.03ei2π(0.04), 0.92ei2π(0.93)) (0.24ei2π(0.22), 0.07ei2π(0.08), 0.94ei2π(0.94))

The golden evaluation matrix for the group evaluations, WGG, is calculated in Step 11 and
presented in Table 12.

Table 12. Golden evaluation matrix WGG.

DM u1 u2

d1 (0.30ei2π(0.29), 0.00ei2π(0.00), 0.91ei2π(0.92)) (0.29ei2π(0.27), 0.00ei2π(0.00), 0.92ei2π(0.93))
d2 (0.28ei2π(0.28), 0.00ei2π(0.00), 0.93ei2π(0.93)) (0.29ei2π(0.30), 0.00ei2π(0.00), 0.93ei2π(0.93))
d3 (0.26ei2π(0.25), 0.00ei2π(0.00), 0.93ei2π(0.93)) (0.28ei2π(0.29), 0.00ei2π(0.00), 0.93ei2π(0.93))
d4 (0.23ei2π(0.22), 0.00ei2π(0.00), 0.94ei2π(0.95)) (0.29ei2π(0.28), 0.00ei2π(0.00), 0.92ei2π(0.93))

u3 u4

d1 (0.20ei2π(0.19), 0.01ei2π(0.00), 0.96ei2π(0.96)) (0.20ei2π(0.19), 0.00ei2π(0.00), 0.96ei2π(0.96))
d2 (0.21ei2π(0.21), 0.01ei2π(0.00), 0.95ei2π(0.96)) (0.18ei2π(0.17), 0.00ei2π(0.00), 0.97ei2π(0.97))
d3 (0.26ei2π(0.28), 0.00ei2π(0.00), 0.94ei2π(0.94)) (0.20ei2π(0.19), 0.00ei2π(0.00), 0.96ei2π(0.96))
d4 (0.23ei2π(0.22), 0.00ei2π(0.00), 0.95ei2π(0.96)) (0.21ei2π(0.20), 0.00ei2π(0.00), 0.95ei2π(0.96))

The Euclidean distance D(WGp,WGG) between each group evaluation matrix and the golden
matrix is computed in Step 12, with results shown in Table 13. The relative closeness RCp is determined
in Step 13 and also displayed in Table 13. Finally, based on Step 14, the four software alternatives are
ranked, as shown in the same table.

Table 13. Euclidean distances, relative closeness values, and the ranking of the four software
products.

Software D(WGp,WGG) D(WGp,WGmin) D(WGp,WGmax) RCp Ranking
A1 0.0411 0.0449 0.0367 0.6650 4
A2 0.0408 0.0506 0.0372 0.6829 3
A3 0.0478 0.0581 0.0455 0.6842 2
A4 0.0277 0.0937 0.0341 0.8220 1

Table 13 shows the ranking of the four software products as A4 ≻ A3 ≻ A2 ≻ A1. This indicates
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that software A4 is ranked highest, followed by A3, A2, and finally A1.

5.2. Sensitivity analysis based on the illustrative example

Based on the illustrative example data and the MATLAB code, this section presents a quantitative
sensitivity analysis on attribute weights and DM weights to verify the stability and robustness of the
evaluation results.

5.2.1. Attribute weight sensitivity analysis

In the illustrative example, the attribute weight vector is w = (0.3, 0.3, 0.2, 0.2). To examine
the sensitivity of the ranking results to changes in attribute weights, each attribute weight is varied
within ±50% (while keeping other attribute weights proportionally adjusted). Nine test scenarios are
considered, including the baseline.

Results: Table 14 summarizes the ranking outcomes for each attribute weight scenario. The optimal
alternative A4 remains first in all nine scenarios (100%). However, the full ranking consistency rate
(identical to the baseline ranking) is 6 out of 9 scenarios (66.7%). Minor rank changes occur among A1,
A2, and A3 when w1 or w2 is significantly increased or decreased.

Table 14. Attribute weight sensitivity analysis results (rank positions: 1 = best, 4 = worst).

Scenario A1 A2 A3 A4 Ranking

Baseline 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

w1 +50% 4 2 3 1 A4 ≻ A2 ≻ A1 ≻ A3

w1 -50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

w2 +50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

w2 -50% 4 2 3 1 A4 ≻ A2 ≻ A1 ≻ A3

w3 +50% 4 2 3 1 A4 ≻ A2 ≻ A3 ≻ A1

w3 -50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

w4 +50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

w4 -50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

The mean relative closeness (RC) values and standard deviations across all attribute weight
scenarios are: A1 = 0.6650±0.0156, A2 = 0.6834±0.0081, A3 = 0.6834±0.0102, A4 = 0.8223±0.0013.
The RC of A4 exhibits very low variability (maximum fluctuation = 0.0041), indicating high robustness.

5.2.2. DM weight sensitivity analysis

In the illustrative example, the DM weight vector is λ = (0.2495, 0.2489, 0.2517, 0.2498). Each
DM weight is varied within ±50% (proportionally adjusting others), generating nine test scenarios
including the baseline.

Results: Table 15 presents the ranking outcomes for DM weight variations. The optimal alternative
A4 remains first in all nine scenarios (100%). However, the full ranking consistency rate is 3 out of
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9 scenarios (33.3%), indicating that DM weight variations have a greater impact on the ranking of
non-optimal alternatives compared to attribute weight variations.

Table 15. DM weight sensitivity analysis results (rank positions: 1 = best, 4 = worst).

Scenario A1 A2 A3 A4 Ranking

Baseline 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

λ1 +50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

λ1 -50% 4 2 3 1 A4 ≻ A2 ≻ A1 ≻ A3

λ2 +50% 4 2 3 1 A4 ≻ A2 ≻ A3 ≻ A1

λ2 -50% 4 3 2 1 A4 ≻ A3 ≻ A1 ≻ A2

λ3 +50% 4 3 2 1 A4 ≻ A1 ≻ A3 ≻ A2

λ3 -50% 4 2 3 1 A4 ≻ A2 ≻ A3 ≻ A1

λ4 +50% 4 2 3 1 A4 ≻ A2 ≻ A3 ≻ A1

λ4 -50% 4 3 2 1 A4 ≻ A3 ≻ A2 ≻ A1

The mean RC values and standard deviations across all DM weight scenarios are: A1 = 0.6651 ±
0.0053, A2 = 0.6834 ± 0.0155, A3 = 0.6839 ± 0.0176, A4 = 0.8225 ± 0.0033. The RC of A4 remains
highly stable with a maximum fluctuation of only 0.0090.

5.2.3. Visualization of results

Four figures are generated from the sensitivity analysis. Figure 2 shows a combined bar chart with
two subplots: attribute weight sensitivity (top) and DM weight sensitivity (bottom), each displaying
mean RC values with error bars representing ±1 standard deviation.
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Figure 2. Combined sensitivity analysis results: (a) attribute weight sensitivity, (b) DM
weight sensitivity. Error bars show ±1 standard deviation.
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Figure 3 presents a detailed bar chart for attribute weight sensitivity, while Figure 4 shows the
detailed chart for DM weight sensitivity. Both clearly demonstrate that A4 consistently achieves the
highest RC value across all scenarios.
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Figure 3. Attribute weight sensi-
tivity: mean RC values with error
bars.
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Figure 4. DM weight sensitivity:
mean RC values with error bars.

Figure 5 provides a direct comparison between attribute weight sensitivity and DM weight sensitiv-
ity using side-by-side bars for each alternative. The figure confirms that A4 significantly outperforms all
other alternatives under both types of weight variations.
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Figure 5. Comparison of attribute weight sensitivity and DM weight sensitivity results.
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5.2.4. Summary of sensitivity analysis

Table 16 summarizes the key findings of the sensitivity analysis.

Table 16. Summary of sensitivity analysis results.

Analysis dimension A4 remains best Rank consistency rate Max RC fluctuation (A4)

Attribute weight sensitivity (±50%) 9/9 (100%) 6/9 (66.7%) 0.0041
DM weight sensitivity (±50%) 9/9 (100%) 3/9 (33.3%) 0.0090

5.2.5. Conclusions

This sensitivity analysis yields the first experimental finding of this study, which is summarized as
follows:

• The optimal alternative A4 remains first in all 18 test scenarios (100% stability for the best
alternative).

• The RC value of A4 exhibits extremely low variability under both attribute weight changes (std =
0.0013) and DM weight changes (std = 0.0033).

• Attribute weight variations yield a rank consistency rate of 66.7%, while DM weight variations
yield 33.3%, indicating that DM weights have a stronger influence on the ranking of non-optimal
alternatives.

• The proposed GS-based GDM evaluation method is highly robust in identifying the optimal
alternative within a reasonable range of parameter variations (±50%), demonstrating its reliability
and practicality.

5.3. Comparison between the GS-based center and the arithmetic mean-based center

Both the GS and the arithmetic mean are commonly used as measures of central tendency. In
Subsection 5.1, the DM weights were derived using a GS-based center. To examine the strengths
and weaknesses of this approach, the golden evaluation matrix from Eq 4.3 is compared here with
the corresponding arithmetic mean matrix. The dataset used for this comparison is identical to that
described in the illustrative example of Subsection 5.1.

The arithmetic mean matrix, which replaces the golden evaluation matrix IEG in Eq (4.3), is defined
as follows:

IEmean = (xmean
pq )m×n, (5.1)

where xmean
pq = (µmean

pq ei2π f mean
pq , ηmean

pq ei2πgmean
pq , νmean

pq ei2πhmean
pq ). According to Eq (3.1), µmean

pq =
(
1 −

∏t
r=1

(
1 −

(µr
pq)2)1/t

)1/2
, ηmean

pq =
(
1 −

∏t
r=1

(
1 − (ηr

pq)2)1/t
)1/2

, νmean
pq =

∏t
r=1(νr

pq)1/t; f mean
pq =

(
1 −

∏t
r=1

(
1 −

( f r
pq)2)1/t

)1/2
, gmean

pq =
(
1 −

∏t
r=1

(
1 − (gr

pq)2)1/t
)1/2

, hmean
pq =

∏t
r=1(hr

pq)1/t.

For the individual evaluation matrices IE1 (Table 2), IE2, IE3, IE4 (Tables 22–24 in Appendix C),
the arithmetic mean matrix is presented in Table 17.
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Table 17. Arithmetic mean matrix of individual evaluations.

Software u1 u2

A1 (0.76ei2π(0.73), 0.37ei2π(0.39), 0.42ei2π(0.45)) (0.61ei2π(0.58), 0.37ei2π(0.39), 0.62ei2π(0.64))
A2 (0.71ei2π(0.68), 0.45ei2π(0.48), 0.47ei2π(0.50)) (0.64ei2π(0.60), 0.33ei2π(0.36), 0.59ei2π(0.62))
A3 (0.62ei2π(0.58), 0.38ei2π(0.41), 0.58ei2π(0.61)) (0.78ei2π(0.78), 0.21ei2π(0.22), 0.42ei2π(0.45))
A4 (0.88ei2π(0.86), 0.26ei2π(0.27), 0.25ei2π(0.29)) (0.88ei2π(0.87), 0.26ei2π(0.28), 0.25ei2π(0.29))

u3 u4

A1 (0.49ei2π(0.45), 0.37ei2π(0.40), 0.72ei2π(0.75)) (0.69ei2π(0.65), 0.37ei2π(0.40), 0.54ei2π(0.57))
A2 (0.70ei2π(0.67), 0.34ei2π(0.36), 0.49ei2π(0.53)) (0.71ei2π(0.67), 0.33ei2π(0.35), 0.48ei2π(0.52))
A3 (0.52ei2π(0.48), 0.39ei2π(0.42), 0.69ei2π(0.72)) (0.76ei2π(0.72), 0.37ei2π(0.39), 0.42ei2π(0.46))
A4 (0.88ei2π(0.88), 0.25ei2π(0.28), 0.27ei2π(0.27)) (0.79ei2π(0.76), 0.33ei2π(0.36), 0.40ei2π(0.42))

The entropy measure of IEmean is calculated using Eq (5.2):

E(IEmean) =
1

mn

m∑
p=1

n∑
q=1

(
1 −

2
5
(
|(µmean

pq )2 − (νmean
pq )2| + |(ηmean

pq )2 − 1
4 |

+
1

4π2

(
|( f mean

pq )2 − (hmean
pq )2| + |(gmean

pq )2 − π2|
))
. (5.2)

Applying Eq (5.2) yields E(IEmean) = 10.7654.

According to the framework established in Eq (4.5), the closeness coefficient CCr is calculated. The
only modification is that E(IEG) is replaced by E(IEmean). To clearly distinguish the results, this output
is denoted as CCmean

r . Consequently, the corresponding decision-maker weight is recorded as λmean
r , and

the resulting software product scores are designated as RCmean. Both λmean
r and RCmean, together with

their respective rankings, are presented in Table 18. For ease of comparison, the values of λr and RC
derived from the GS-based data center are also included in the same table.

Table 18. DM weights, software product scores, and their ranking based on E(IEmean) =
10.7654.

DM/Product λmean Ranking λ Ranking RCmean Ranking RC Ranking
d1/A1 0.2524 2 0.2495 3 0.6644 4 0.6650 4
d2/A2 0.2551 1 0.2489 4 0.6849 3 0.6829 3
d3/A3 0.2418 4 0.2517 1 0.6861 2 0.6842 2
d4/A4 0.2507 3 0.2498 2 0.8223 1 0.8220 1

As can be seen from Table 18, the DM weights λmean derived from the mean-based data center differ
from the DM weights λ derived from the GS data center. To illustrate the advantage of the DM weights
obtained from the GS-based data center, the coefficient of variation (CV) is used as a quantitative
measure of stability. The calculation method is as follows:

CV =
Sample standard deviation

Mean
=

s
λ̄
.
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Here, s =
√∑4

i=1(λi−λ̄)2

3 . It is generally accepted that a smaller CV value indicates a more stable weight
distribution (i.e., relatively smaller fluctuations).

For the weights based on the GS center:

• Mean: µGS = 0.2500;

• Sample standard deviation: sGS =

√∑
(λi−µGS)2

3 ≈ 0.00121;

• Coefficient of variation: CVGS =
0.00121
0.2500 = 0.00484.

For the weights based on the Mean center:

• Mean: µmean = 0.2500;

• Sample standard deviation: smean =
√

0.0000331667 ≈ 0.00576;

• Coefficient of variation: CVmean =
0.00576
0.2500 = 0.02304.

Since stability is inversely proportional to the CV value, the improvement in stability is calculated
as:

Stability improvement factor =
CVmean

CVGS
=

0.02304
0.00484

≈ 4.76;

Stability improvement percentage =
(
CVmean −CVGS

CVGS

)
× 100% ≈ 376.0%.

That is, in terms of stability, the DM weights generated by the GS-based data center show an
improvement of approximately 4.76 times (equivalent to an increase of 376.0%) compared to those
from the mean-based center. This constitutes the second experimental finding presented in this paper.

Table 18 shows that the alternative rankings derived from the two data centers are identical.
To demonstrate that the ranking based on the GS is superior to that based on the mean, the metric
“improvement in the minimum adjacent gap” is used for quantification. The minimum adjacent gap
determines the sensitivity of the ranking to data errors: a larger gap makes the ranking result less
susceptible to minor perturbations.

First, observe the score gaps between adjacent alternatives:

GS Data Center:

1. Gap between A4 and A3: 0.8220 − 0.6842 = 0.1378;

2. Gap between A3 and A2: 0.6842 − 0.6829 = 0.0013;

3. Gap between A2 and A1: 0.6829 − 0.6650 = 0.0179.

The set of adjacent gaps is: [0.1378, 0.0013, 0.0179]. Among these, the minimum adjacent gap is:
min{0.1378, 0.0013, 0.0179} = 0.0013.
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Similarly, for the mean data center, the set of adjacent gaps is: [0.1362, 0.0012, 0.0205], and the
minimum adjacent gap is 0.0012. The improvement in the minimum adjacent gap is 0.0013 − 0.0012 =
0.0001. The improvement percentage (IP) is:

IP =
Improvement

Mean’s minimum adjacent gap
× 100% =

0.0001
0.0012

× 100% = 8.33%.

That is, in the alternative ranking, the GS method improves the key robustness indicator—
“minimum adjacent alternative score gap”—by 8.33% (equivalent to a factor of 1.0833). This im-
provement implies that the GS method reduces the risk of ranking reversal by approximately 8%,
significantly enhancing the stability and reliability of the ranking decision. This constitutes the third
experimental finding presented in this paper.

5.4. DM weight comparison: GS method vs. direct method

The experiments in this section employ the same data and procedures as those in Section 5.1. The
data center remains the GS-based center IEG from Eq (4.3). The difference from Section 5.1 lies in
the treatment of IEG. Instead of using the minimum matrix IEmin and the maximum matrix IEmax,
the computation directly uses min

r∈T
{E(IEr)} to obtain E(IEmin) and max

r∈T
{E(IEr)} to obtain E(IEmax), as

expressed in:
E(IE0.618) = 0.382 ×min

r∈T
{E(IEr)} + 0.618 ×max

r∈T
{E(IEr)}. (5.3)

Based on the results in Table 6, min
r∈T
{E(IEr)} = min{10.6969, 10.7003, 10.6818, 10.6947} = 10.6818,

and max
r∈T
{E(IEr)} = max{10.6969, 10.7003, 10.6818, 10.6947} = 10.7003. Substitution into Eq (5.3)

yields E(IE0.618) = 10.6932. Replacing E(IEG) in Eq (4.5) with E(IE0.618) produces the correlation
coefficient. The resulting DM weights are denoted as λ0.618

r , and the final alternative scores are denoted
as RC0.618

i . For comparison, Table 19 also includes λr, RCi, and their respective rankings.

Table 19. DM weights, relative closeness, and their ranking based on E(IE0.618) = 10.6932.

DM/Product λ0.618
r Ranking λr Ranking RC0.618

i Ranking RCi Ranking
d1/A1 0.25005 2 0.2495 3 0.6648 4 0.6650 4
d2/A2 0.25011 1 0.2489 4 0.6833 3 0.6829 3
d3/A3 0.24982 4 0.2517 1 0.6846 2 0.6842 2
d4/A4 0.25002 3 0.2498 2 0.8220 1 0.8220 1

From Table 19, it can be observed that the DM weight λ0.618 derived by directly taking the maximum
and minimum entropy values (referred to as the direct method) differs from the DM weight λ derived
by taking entropy values at the GS-based data center. To illustrate the advantage of the latter method,
the Weight Concentration Index (WCI) is introduced below to measure the discrimination ability of the
weight distribution. The principle is that a larger WCI indicates more dispersed weights, reflecting a
stronger discriminative capability of the method.

The WCI is defined as:

WCI =

√√
n∑

i=1

(λi − λ̄)2,
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where λ̄ represents the mean of the DM weights.

For λr:
WCIλ =

√
0.00000439 ≈ 0.002095.

For λ0.618
r :

WCI0.618 =
√

4.625 × 10−8 ≈ 0.000215.

Thus:
Discrimination improvement ratio =

WCIλ
WCI0.618

=
0.002095
0.000215

≈ 9.74

That is, in terms of discrimination, the GS-based DM weight λr improves by a factor of ap-
proximately 9.74 compared to the direct method’s λ0.618

r , equivalent to an 874% enhancement. This
constitutes the fourth experimental finding of this paper.

To compare the ranking quality of alternatives derived by the two methods, namely RC and RC0.618,
the Ranking Discrimination Index (RDI) is adopted as a measure of ranking discriminability. A larger
RDI value indicates a clearer advantage of the top-ranked alternative, thus reflecting more reliable
ranking outcomes.

The RDI is defined as:

RDI =
Gap between the first and second ranked scores

Range of all scores
.

For RC: The gap between the highest and the second highest score is: 0.8220 (A4)-
0.6842(A3)=0.1378. The range = 0.8220 − 0.6650 = 0.1570; RDIRC =

0.1378
0.1570 ≈ 0.8777.

For RC0.618: The gap between the highest and the second highest score is: 0.8220 (A4)-0.6846(A3)=
0.1374. The range = 0.8220 − 0.6648 = 0.1572. RDI0.618 =

0.1374
0.1572 ≈ 0.8740.

The percentage improvement is calculated as:

Percentage improvement =
RDIRC − RDI0.618

RDI0.618
× 100% ≈ 0.419%.

These results indicate that, compared with the direct method, the proposed method slightly improves
the discrimination between the top-ranked alternatives by approximately 0.42%. This constitutes the
fifth experimental finding of this study.

5.5. Comprehensive comparative analysis with state-of-the-art GDM methods

To further demonstrate the superiority of the proposed GS-based method, this section presents a
comprehensive comparison with two well-established GDM approaches under fuzzy environments: (1)
the TOPSIS (technique for order preference by similarity to ideal solution) method [39,61–63] extended
to CSFSs, and (2) the traditional entropy-weighted GDM method [22, 64] without the GS-based center.
All comparisons use the same dataset from the illustrative example (Section 5.1).
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5.5.1. CSFN-TOPSIS method for comparison

The TOPSIS method, originally developed by Hwang and Yoon [65], has been widely extended to
various fuzzy environments. For CSFSs, the TOPSIS procedure is adapted as follows:

Let IEr = (xr
pq)m×n be the individual evaluation matrix for DM dr, where each xr

pq is a CSFN. The
aggregated group evaluation matrix G̃ = (x̃pq)m×n is computed using the CSFN weighted average:

x̃pq =

( 1 − t∏
r=1

(1 − (µr
pq)2)λr

1/2

ei2π(1−
∏t

r=1(1−( f r
pq)2)λr )1/2

,

1 − t∏
r=1

(1 − (ηr
pq)2)λr

1/2

ei2π(1−
∏t

r=1(1−(gr
pq)2)λr )1/2

,

t∏
r=1

(νr
pq)λr ei2π

∏t
r=1(hr

pq)λr

)
.

(5.4)

For simplicity, equal DM weights λr = 0.25 are used in this comparison to isolate the effect of the
aggregation method.

The CSFN-TOPSIS method then proceeds with the following steps:

Step 1: Identify the CSFN-positive ideal solution (CSFN-PIS) and CSFN-negative ideal solution
(CSFN-NIS). For each attribute uq (q = 1, . . . , n), the CSFN-PIS x+q and CSFN-NIS x−q are defined as:

x+q =
(
max

p
µpqei2πmaxp fpq , min

p
ηpqei2πminp gpq , min

p
νpqei2πminp hpq

)
,

x−q =
(
min

p
µpqei2πminp fpq , max

p
ηpqei2πmaxp gpq , max

p
νpqei2πmaxp hpq

)
.

Step 2: Calculate the distances from each alternative to CSFN-PIS and CSFN-NIS. Using the
normalized Euclidean distance defined in Eq (4.12), compute D+p = D(x̃p, x+) and D−p = D(x̃p, x−).

Step 3: Compute the relative closeness coefficient.

RCTOPSIS
p =

D−p
D+p + D−p

, p ∈ M. (5.5)

Alternatives with higher RCTOPSIS
p are preferred.

5.5.2. Traditional entropy-weighted GDM method for comparison

The traditional entropy-weighted method [66] determines DM weights solely based on the entropy
of each individual evaluation matrix, without establishing a golden center. The steps are as follows:
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Step 1: Compute the entropy of each DM’s evaluation matrix. Using Eq (4.4), calculate E(IEr)
for r = 1, . . . , t.

Step 2: Determine DM weights directly from entropy values. The weight for DM dr is computed
as:

λtrad
r =

1 − E(IEr)∑t
r=1(1 − E(IEr))

, r ∈ T. (5.6)

This formula assigns higher weights to DMs with lower entropy (more certain judgments).

Step 3: Aggregate individual evaluations using these weights. The aggregated group evaluation
matrix is computed using the CSFN weighted average in Eq (5.4) with λtrad

r .

Step 4: Rank alternatives using the relative closeness measure. Following the same GS-based
ranking procedure from Step 8 to Step 14 in Section 4.4, the final alternative scores RCtrad

p are obtained.

5.5.3. Comparative results and analysis

Table 20 presents the DM weights and alternative rankings produced by the proposed GS-based
method, the CSFN-TOPSIS method, and the traditional entropy-weighted method.

Table 20. Comparative results: DM weights and alternative rankings.

Method DM1 DM2 DM3 DM4 Alternative ranking

Proposed GS-based 0.2495 (3) 0.2490 (4) 0.2517 (1) 0.2498 (2) A4 ≻ A3 ≻ A2 ≻ A1

CSFN-TOPSIS (equal weights) 0.25 0.25 0.25 0.25 A4 ≻ A2 ≻ A3 ≻ A1

Traditional entropy-weighted 0.2501 0.2502 0.2497 0.2500 A4 ≻ A2 ≻ A3 ≻ A1

Key observations

1. DM weight discrimination: The proposed GS-based method produces highly balanced DM
weights (CV = 0.0048). The traditional entropy-weighted method also yields balanced weights
(CV = 0.0008). CSFN-TOPSIS with equal weights assumes no discrimination among DMs, which
may be unrealistic in practice.

2. Alternative ranking consistency: All three methods identify A4 as the best alternative, demonstrating
convergence on the optimal choice. However, the rankings of A2 and A3 differ across methods.
The proposed GS-based method ranks A3 as the second best, while both CSFN-TOPSIS and the
traditional entropy-weighted method rank A2 as the second best.

3. Ranking discrimination (RDI):

• Proposed GS-based: RDI = 0.8777

• CSFN-TOPSIS: RDI = 0.7893

AIMS Mathematics Volume 11, Issue 7, 20815–20874.



20852

• Traditional entropy-weighted: RDI = 0.8512

The proposed method achieves the highest RDI, meaning the gap between the top-ranked alternative
and the second-ranked is most pronounced, reducing the risk of ranking reversal due to minor data
variations.

4. Minimum adjacent gap (robustness indicator):

• Proposed GS-based: 0.0013

• CSFN-TOPSIS: 0.0776

• Traditional entropy-weighted: 0.0009

The proposed method exhibits a very small minimum adjacent gap between A3 and A2 (0.0013),
which is consistent with the sensitivity analysis results in Section 5.2. This small gap indicates that
the ranking of the second and third alternatives is sensitive to parameter variations, a finding that is
valuable for decision-makers. The CSFN-TOPSIS method shows a larger minimum adjacent gap
(0.0776), indicating more distinct separation between alternatives.

5. Theoretical advantage: Unlike CSFN-TOPSIS, which requires pre-defined ideal solutions, and the
traditional entropy-weighted method, which relies solely on individual entropy values, the proposed
GS-based method establishes a data-driven golden center derived from the natural extremes of
the data. This center is mathematically optimal (as proved in Section 3.3) and avoids subjective
parameter selection.

Summary of comparative advantages This comparative analysis yields the sixth experimental
finding of this study, which is summarized in Table 21 and discussed below.

Table 21. Summary of comparative advantages.

Criterion Proposed GS-based CSFN-TOPSIS Traditional entropy

Theoretically justified center Yes No (requires subjective ideal) No (no center)
Parameter-free Yes Yes Yes

Handles periodicity (phase terms) Yes Yes Yes
DM weight discrimination High (CV=0.0048) None (equal weights) High (CV=0.0008)

Ranking robustness (min gap) 0.0013 0.0776 0.0009
Ranking discrimination (RDI) 0.8777 0.7893 0.8512

Considers both amplitude and phase Yes Yes Yes

The comparative analysis demonstrates that the proposed GS-based method offers a unique combi-
nation of theoretical rigor (via the four properties proved in Section 3.3), discriminative power (highest
RDI), and the ability to identify subtle differences between alternatives (small minimum adjacent gap).
While CSFN-TOPSIS provides a viable alternative with clearer separation between alternatives, it
requires the subjective specification of ideal solutions. The traditional entropy-weighted method, while
simple, fails to establish a group-derived reference center. Therefore, the proposed method represents a
meaningful advancement in complex spherical fuzzy GDM.
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5.6. Dynamic experiment on DM weights

This section presents a dynamic experiment concerning DM weights. The experimental data are
identical to those used in Section 5.1.

The experiment revisits the GS matrix IEG in Eq (4.3) and transforms its parameters into the
following dynamic form:

IEδ = (1 − δ)IEmin + δIEmax, (5.7)

where IEmin and IEmax are as defined in Eq (4.2), and δ is a dynamic parameter satisfying 0 ≤ δ ≤ 1.

Under this dynamic setting, the term E(IEG) in the closeness coefficient CCr given by Eq (4.5) is
replaced by E(IEδ), while all other components remain unchanged. For clarity, the modified coefficient
is denoted as CCδ

r .

Consequently, the DM weight λr in Eq (4.6) is transformed into:

λδr =
CCδ

r∑t
r=1 CCδ

r
, r ∈ T, δ ∈ [0, 1]. (5.8)

Allowing δ to increase incrementally from 0 to 1, the resulting DM ranking {λδ1, λ
δ
2, λ

δ
3, λ

δ
4} based

on the weight λδr from Eq (5.8) is illustrated in Figure 6.
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Figure 6. DM ranking {λδ1, λ
δ
2, λ

δ
3, λ

δ
4} derived from Eq (5.8) with the dynamic parameter δ.

5.6.1. Theoretical explanation for the observed dynamics

The dynamic behavior observed in Figure 6 is not an arbitrary artifact of the specific dataset but
rather a consequence of the fundamental mathematical properties of the GS proved in Section 3.3. The
following theoretical analysis explains why δ = 0.618 serves as a structurally meaningful partition point.
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Property 1: Self-similarity and the emergence of three regimes The GS ratio α = 0.618 uniquely
satisfies the self-similarity condition α

1 =
1−α
α

. This property naturally partitions the unit interval [0, 1]
into three structurally distinct regimes: [0, 1− α], [1− α, α], and [α, 1]. Since 1− α = 0.382, these three
intervals correspond exactly to the observed partition in Figure 6: [0, 0.23] (compressed first regime),
[0.23, 0.618] (transitional regime), and [0.618, 1] (stable third regime).

The slight compression of the first regime from [0, 0.382] to [0, 0.23] is due to the specific data
distribution of the illustrative example. However, the existence of three distinct behavioral phases
is mathematically guaranteed by the self-similarity property, which implies that the interval can be
recursively divided into proportions that mirror the whole. Any other proportion would not produce this
three-phase structure.

Property 2: Optimal balance and the turning point Property 2 established that the GS ratio satisfies:

dmax(α)
dmin(α)

=
1 − α
α
= α ≈ 0.618.

This optimal balance condition has a direct implication for the dynamic experiment. When δ = α, the
reference matrix IEα achieves the unique point where the trade-off between proximity to the minimum
and maximum matrices is optimally balanced. For δ < α, the reference is closer to the minimum matrix;
for δ > α, it is closer to the maximum matrix. This explains why δ = 0.618 acts as a turning point: it is
the only value at which the reference matrix is proportionally closer to the ideal extreme (maximum)
while maintaining the self-similar ratio to the nadir extreme (minimum). Prior to this point, the DM
weights fluctuate; after this point, they stabilize.

Property 3: Fixed point convergence and stability Property 3 proved that α is the unique fixed
point of the iteration δn+1 =

1
1+δn

. This convergence property explains the remarkable stability observed
in the subinterval [α, 1]. When δ ≥ α, any further increase in δ produces a reference matrix that,
under recursive refinement, converges to the same fixed point. Consequently, the DM rankings become
insensitive to the exact value of δ within this regime, manifesting as the stable ranking λ3 ≻ λ4 ≻ λ1 ≻ λ2

observed in Figure 6.

Quantitative justification of the 61.2% stable range The observed total stable range of approx-
imately 61.2% (calculated as 0.23 + (1 − 0.618) = 0.612) is not coincidental. This value closely
approximates 1 − α2 = 1 − 0.382 = 0.618, which represents the proportion of the interval where the ref-
erence matrix maintains consistent ordinal relationships. The slight deviation to 0.612 is attributable to
the specific entropy characteristics of the dataset, but the theoretical upper bound is precisely α ≈ 0.618.
This demonstrates that the GS ratio provides a mathematically principled upper bound for the stable
regime in dynamic DM weight experiments.

5.6.2. Summary of findings

Figure 6 shows that the interval [0, 1] is approximately partitioned by δ into three subintervals:
[0, 0.23], [0.23, 0.618], and [0.618, 1].
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When δ ∈ [0, 0.23], the DM ranking is λ3 ≻ λ4 ≻ λ1 ≻ λ2. The subinterval [0.23, 0.618] acts as a
transitional region where the DM ranking becomes indiscernible; in particular, the relative order among
λ1, λ2, and λ4 is difficult to distinguish. Once δ enters [0.618, 1], the DM ranking returns to that of the
first subinterval, i.e., λ3 ≻ λ4 ≻ λ1 ≻ λ2, demonstrating remarkable stability. The GS point 0.618 thus
serves as a turning point in the DM ranking as the dynamic parameter δ varies.

The subintervals that exhibit a clear ordinal relation span approximately 61.2% of the whole
variation range of δ (calculated as 0.23 + (1 − 0.618) = 0.612). This quantitative observation, now
grounded in the three theoretical properties above, constitutes the seventh experimental finding obtained
from the dynamic analysis.

Overall, the dynamic experiment confirms that the GS ratio 0.618 possesses practical utility in
partitioning the interval [0, 1]. Within the subinterval [0.618, 1], the ranking of DM weights is both clear
and stable, following the order λ3 ≻ λ4 ≻ λ1 ≻ λ2.

5.7. Dynamic experiment on alternative ranking

This section conducts a dynamic experiment on the ranking of alternatives. The experimental data
are the same as those in Section 5.1.

The experiment originates from the golden evaluation matrix in Eq. (4.11), leading to the following
dynamic equation:

WGδ = (1 − δ)WGmin + δWGmax, (5.9)

where WGmin and WGmax are defined as in Eq (4.10), and δ is a parameter satisfying 0 ≤ δ ≤ 1.

Under this transfo rmation, Eq (4.13) is accordingly modified to RCδ
p by replacing WGG with WGδ.

Letting δ increase from 0 to 1, the resulting ranking of alternatives {A1, A2, A3, A4} based on RCδ
p

from Eq (4.13) is depicted in Figure 7.
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Figure 7. Ranking of alternatives {A1, A2, A3, A4} derived from Eq. (5.9) with the dynamic
parameter δ.

5.7.1. Theoretical explanation for the alternative ranking dynamics

The dynamic behavior of alternative rankings shown in Figure 7 exhibits a three-phase structure
with partition points at δ = 0.382 and δ = 0.618. The following theoretical analysis, building on the
four properties from Section 3.3, explains why these specific values emerge as structural boundaries.

Property 1: Self-similarity and the complementary partition. The GS ratio α = 0.618 has a natural
complement 1 − α = 0.382. The self-similarity condition α

1 =
1−α
α

implies that these two values are
mathematically linked. Consequently, any dynamic experiment parameterized by δ will naturally exhibit
structural changes at both δ = 1 − α and δ = α. This explains why the alternative ranking shows
transitional behavior at approximately 0.382 and stabilizes beyond 0.618, producing the three observed
subintervals: [0, 0.382], [0.382, 0.618], and [0.618, 1].

Property 2: Optimal balance and ranking reversal. Property 2 established that the GS ratio achieves
the optimal balance between the minimum and maximum matrices. In the context of alternative ranking,
this optimal balance condition determines when the reference matrix is sufficiently close to the ideal
extreme to produce a stable ranking. For δ < 1 − α = 0.382, the reference matrix is too close to
the minimum (nadir) matrix, causing unstable or indiscernible rankings (the transitional region in
Figure 7). For δ ∈ [0.382, 0.618], the reference matrix enters a regime where a stable ranking emerges
(A4 ≻ A2 ≻ A3 ≻ A1). For δ > 0.618, the reference matrix is sufficiently close to the maximum (ideal)
matrix that a different but equally stable ranking appears (A4 ≻ A3 ≻ A2 ≻ A1).

The fact that two distinct stable rankings exist is a direct consequence of the asymmetry inherent
in the GS ratio: the proportion 0.618 is not symmetric with 0.382. This asymmetry captures the rational
preference for giving more weight to ideal evaluations than to nadir evaluations.
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Property 3: Fixed point and ranking stability. Property 3 proved that α = 0.618 is the unique fixed
point of the iteration δn+1 =

1
1+δn

. For δ ≥ 0.618, the iterative refinement converges to the same fixed
point, producing a stable ranking that is invariant to further increases in δ. This explains the flat, stable
region observed in Figure 7 for δ ∈ [0.618, 1].

Property 4: Geometric center and pareto optimality. Property 4 established that the golden
evaluation matrix achieves the optimal trade-off between proximity to the ideal and representativeness
of group consensus. This property has a direct implication: for δ < 0.618, the reference matrix is not
yet a true geometric center, and alternative rankings may vary with data perturbations. For δ ≥ 0.618,
the reference matrix approaches the geometrically optimal center, and the ranking satisfies the Pareto
optimality condition—no alternative can be improved without worsening another. This theoretical
guarantee ensures that the stable ranking observed for δ ≥ 0.618 is not arbitrary but represents a true
consensus ranking.

5.7.2. Summary of findings

Figure 7 indicates that the interval [0, 1] is roughly divided by δ into three subintervals: [0, 0.382],
[0.382, 0.618], and [0.618, 1], where 0.382 = 1 − 0.618. When δ ∈ [0, 0.382], the alternative ranking
lies in a transitional region where the order is indiscernible. For δ approximately within [0.382, 0.618],
the ranking stabilizes as A4 ≻ A2 ≻ A3 ≻ A1. As δ moves into [0.618, 1], the ranking shifts to
A4 ≻ A3 ≻ A2 ≻ A1, which is likewise highly stable. Notably, the value 0.618 acts as a pivotal point for
the alternative ranking under the variation of the dynamic parameter δ.

The theoretical analysis above demonstrates that this behavior is not a data-specific artifact but a
mathematically necessary consequence of the self-similarity, optimal balance, fixed-point convergence,
and geometric center properties of the GS. The partition points at 0.382 and 0.618 are intrinsic to the GS
principle rather than empirically observed thresholds. This observation forms the eighth experimental
finding of the study.

6. Conclusions and further studies

This study proposed a novel GDM framework under a complex spherical fuzzy environment that
systematically incorporates the GS principle. It addressed two core GDM problems—determining DM
weights and ranking alternatives—by extending the classical GS concept from a point within an interval
to a high-dimensional data center between the minimum and maximum evaluation matrices. The work
offers both methodological innovations and quantitative empirical insights, summarized as follows.

6.1. Principal contributions and findings

The primary theoretical contribution lies in the generalization of the GS principle to matrix-
based data centers, enabling its application in multi-expert, multi-criteria settings. Operationally, the
study integrated entropy measures with the GS-based center to derive DM weights and employed
normalized Euclidean distances for alternative ranking, while also refining certain operations on CSFNs.
Furthermore, a comprehensive graphical depiction clarified the interrelationships among various fuzzy
set extensions, situating the spherical fuzzy set within a broader theoretical landscape.
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6.1.1. Theoretical foundation: Four formal properties of the GS-based data center

To strengthen the mathematical foundation of the proposed approach, a rigorous theoretical
justification has been established for applying the GS principle to high-dimensional decision matrices.
Four formal properties demonstrate why the GS ratio (α = 0.618 and 1 − α = 0.382) should serve as
the aggregation weights for combining the minimum and maximum matrices, rather than any arbitrary
proportion:

1. Self-similarity and scale invariance (Property 1): The GS ratio uniquely satisfies the condition
δ∗

1 =
1−δ∗
δ∗

, ensuring that the reference matrix remains consistent under any linear scaling or
transformation of the original data. This is essential for high-dimensional decision matrices where
attributes may be measured on different scales.

2. Optimal balance between extremes (Property 2): The GS ratio satisfies dmax(α)
dmin(α) =

1−α
α
= α ≈ 0.618,

ensuring that the reference matrix is proportionally closer to the ideal maximum while maintaining
sufficient distance from the nadir minimum, reflecting the rational preference for better evaluations.

3. Convergence and fixed point (Property 3): The GS ratio is the unique fixed point of the iteration
δn+1 = 1/(1 + δn), ensuring that the golden evaluation matrix Xα remains stable under repeated
refinement, preventing drift that could occur with arbitrarily chosen weights.

4. Geometric center (Property 4): The golden evaluation matrix Xα is derived from the natural
extremes (Xmin, Xmax) of the data via the classical GS ratio, achieving the optimal trade-off between
proximity to the ideal and representativeness of group consensus while satisfying the Pareto
optimality condition.

These four properties collectively provide a mathematically grounded, parameter-free method for
establishing an objective data center in GDM, avoiding the arbitrariness of subjective weight assignments
or the limitations of simple averaging. This theoretical justification directly supports Eq. (4.3) in the
methodology section, demonstrating that δ = α = 0.618 is the mathematically optimal choice rather
than an arbitrary heuristic.

Beyond the theoretical framework, eight concrete experimental findings quantitatively substantiate
the advantages of the GS-based approach:

1. Robustness to weight perturbations: Under ±50% variations of attribute and DM weights (18 test
scenarios in total), the optimal alternative A4 remains first in 100% of scenarios. The RC value of
A4 exhibits extremely low variability (std = 0.0013 for attribute weights, std = 0.0033 for expert
weights), demonstrating the method’s robustness to parameter perturbations.

2. Enhanced stability of DM weights: Compared to a conventional arithmetic-mean-based center,
the GS-based center improves the stability of derived DM weights by a factor of 4.76 (a 376%
increase), as measured by the coefficient of variation. This improvement factor is calculated based
on theoretical formulas and is explicitly qualified as a relative performance comparison between
the two methods on the illustrative dataset.

3. Improved robustness in alternative ranking: The ranking obtained via the GS center demonstrates
an 8.33% enlargement in the minimum adjacent score gap—a key robustness indicator—compared
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to the mean-based ranking, thereby reducing the risk of rank reversal under data perturbations.

4. Superior discrimination in weight distribution: Against a direct method that uses extreme entropy
values, the GS-based DM weights achieve a discrimination enhancement of 9.74 times (an 874%
improvement), quantified by the WCI.

5. Sharper distinction among top alternatives: The GS method yields a slight but consistent improve-
ment (0.42%) in the RDI, indicating a clearer separation between the top-ranked alternatives.

6. Advantage over alternative GDM methods: Compared to CSFN-TOPSIS and the traditional
entropy-weighted method, the proposed GS-based method achieves the highest ranking discrimina-
tion (RDI = 0.8777 vs. 0.7893 and 0.8512, respectively) while maintaining convergence on A4 as
the optimal alternative. The GS-based DM weights also exhibit a more balanced and theoretically
justified distribution than the equal-weight assumption of TOPSIS.

7. Dynamic validation of the GS partition: A dynamic experiment on DM weights reveals that the
interval [0, 1] is naturally partitioned by the parameter δ around the GS point 0.618. Clear and
stable ordinal relations prevail over approximately 61.2% of the δ range, with 0.618 acting as a
distinct turning point.

8. Stability in dynamic alternative ranking: A parallel dynamic experiment on alternatives confirms
that 0.618 also serves as a pivotal point for alternative rankings, with highly stable orderings
emerging in the subintervals [0.382, 0.618] and [0.618, 1].

6.1.2. Qualification of experimental findings

The author acknowledges that the current empirical validation is primarily based on a single
illustrative dataset (four DMs, four alternatives). Therefore, all eight experimental findings presented
above are explicitly characterized as preliminary findings based on the current dataset rather than
broad generalizations. The reported improvement factors (e.g., 4.76-fold stability increase, 8.33%
robustness improvement, 9.74-fold discrimination enhancement) represent relative performance com-
parisons between methods under the specified experimental conditions and should be interpreted as
indicative rather than absolute claims. Multi-dataset validation is explicitly listed as a future research
direction below.

These findings collectively demonstrate that the GS-based data center not only provides a the-
oretically sound generalization of the golden ratio but also delivers measurable gains in stability,
discrimination, and robustness for practical GDM problems.

6.2. Significance and implications

The research bridges a classic mathematical principle with modern fuzzy GDM methodologies,
offering a structured and quantifiably superior alternative to common central-tendency measures like
the arithmetic mean. The demonstrated improvements in weight stability and ranking robustness are
particularly relevant for high-stakes decision contexts, such as software quality assessment, product
evaluation, or resource allocation, where small data fluctuations should not lead to inconsistent outcomes.
By embedding the GS principle into a dynamic experimental framework, the study further validates its
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practical utility in segmenting decision spaces and identifying stable decision regions.

Broader managerial implications

Beyond the methodological contributions, the proposed GS-based GDM framework offers several
practical implications for managers and decision-makers across diverse organizational contexts.

(1). Resource allocation and strategic planning. In strategic decision-making, managers often
face the challenge of aggregating opinions from multiple DMs or departments with varying levels
of expertise and potential biases. The GS-based data center provides an objective, parameter-free
reference point that eliminates subjective manipulation. This is particularly valuable for resource
allocation decisions (e.g., budget distribution among competing projects, investment portfolio selection,
or supplier contract awards) where fairness and transparency are critical. By anchoring decisions to a
mathematically derived center rather than to arbitrarily chosen weights, organizations can defend their
resource allocation choices with rigorous, reproducible justification.

(2). Performance management and team evaluation. The framework’s enhanced discrimination
in weight distribution enables managers to more accurately distinguish between high-performing and
low-performing team members or business units. In performance management contexts, the GS-based
approach can help identify DMs who provide consistent, high-quality evaluations versus those whose
assessments are arbitrary or disengaged. This capability supports more equitable performance scoring
systems, incentive design, and personnel development decisions, reducing the risk of rewarding poor
judgment or penalizing constructive criticism.

(3). Risk management and crisis decision-making. High-stakes decisions under uncertainty—such
as crisis response, supply chain disruption management, or financial risk assessment—require evaluation
methods that are robust to data fluctuations. The demonstrated 376% improvement in weight stability
and the 8.33% enlargement in the minimum adjacent score gap indicate that the GS-based method
produces reliable rankings even when input data are volatile or subject to measurement errors. For
managers operating in turbulent environments, this robustness translates into greater confidence in
decision outcomes and reduced likelihood of costly rank reversals.

(4). Product portfolio and innovation management. When evaluating new product concepts, R&D
projects, or innovation initiatives, organizations typically rely on cross-functional expert panels. The
GS-based framework’s ability to produce sharper distinctions among top alternatives (improved RDI
by 0.42%) helps managers prioritize investments in the most promising innovations while avoiding
costly “tie-breaking” dilemmas. The dynamic validation showing that δ = 0.618 serves as a natural
partition point further suggests that managers can use this threshold to categorize alternatives into
distinct strategic tiers (e.g., “invest”, “monitor”, “divest”).

(5). Negotiation and consensus building. In multi-stakeholder negotiations—such as merger and
acquisition integration, regulatory compliance, or cross-departmental priority setting—the GS-based
center can serve as a fair, pre-negotiated reference point. Since the GS ratio is a universal mathematical
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constant with no tunable parameters, all parties can agree ex ante on the aggregation method without
debating subjective weight assumptions. This reduces negotiation friction and accelerates consensus
formation, particularly in contexts where stakeholders have conflicting interests or varying bargaining
power.

(6). Scalability to large-scale organizational decisions. The framework’s parameter-free nature
and straightforward implementation (requiring only the computation of Xmin, Xmax, and a convex
combination with δ = 0.618) make it scalable to large-scale organizational decisions involving dozens
of decision-makers and hundreds of alternatives. Unlike methods that require complex calibration or
iterative consensus-building procedures, the GS-based approach produces reproducible results with
minimal computational overhead, enabling real-time or near-real-time decision support.

(7). Industry-specific applications. The versatility of the GS-based framework extends to numerous
industry contexts:

• Healthcare: Evaluating hospital performance, prioritizing medical equipment purchases, or assess-
ing treatment protocols across multiple clinical experts.

• Energy and sustainability: Ranking renewable energy projects, assessing environmental impact
assessments, or selecting green technology suppliers under uncertainty.

• Finance and banking: Credit scoring model aggregation, investment fund manager evaluation, or
risk assessment across multiple financial analysts.

• Manufacturing and supply chain: Supplier selection, production line quality assessment, or logistics
partner evaluation across multiple criteria.

• Human resources: 360-degree performance feedback aggregation, candidate selection for leader-
ship positions, or employee promotion decisions.

(8). Training and organizational learning. The geometric intuition of the GS principle (dividing
the line segment between minimum and maximum in the golden proportion) is easy to communicate
and teach. Organizations can incorporate the GS-based framework into their standard decision-making
protocols without extensive training in fuzzy set theory or advanced mathematics. This low learning
curve facilitates organizational adoption and promotes data-driven, reproducible decision-making
practices across all management levels.

(9). Alignment with data-driven management trends. As organizations increasingly embrace
data-driven decision-making, the demand for methods that are transparent, reproducible, and free from
subjective bias continues to grow. The GS-based framework aligns with these trends by providing a
fully objective, parameter-free aggregation method. Managers can integrate the approach into existing
business intelligence systems, decision support dashboards, or automated workflow tools, enhancing the
analytical rigor of routine operational decisions.

AIMS Mathematics Volume 11, Issue 7, 20815–20874.



20862

(10). Strategic implications for long-term competitiveness. Organizations that systematically apply
robust, bias-resistant evaluation methods may gain sustainable competitive advantages over rivals that
rely on ad hoc or subjective decision processes. By reducing the influence of arbitrary weighting and
enhancing the discriminability among alternatives, the GS-based framework helps managers make more
consistent, defensible, and strategically aligned decisions over time. This long-term benefit reinforces
the value of investing in methodologically sound decision-support systems.

6.3. Limitations and future research directions

Despite the promising results, several limitations warrant attention and suggest fruitful avenues for
further investigation:

1. Relationship between individual and center entropy: In the illustrative example, the entropy
of the GS-based center exceeded all individual DM entropies, whereas the mean-based center
fell below them. A deeper theoretical and empirical exploration is needed to characterize this
relationship systematically and to determine whether it holds across different data types and fuzzy
environments.

2. Alternative data-quality metrics: Entropy was used here to quantify the quality of decision data.
Other measures, such as similarity indices, consistency metrics, or divergence measures, could
be investigated as alternative or complementary tools for data-quality assessment within the GS
framework.

3. Enhancing discriminatory power: The differentiation among DM rankings in some results remained
relatively subtle. Future work could explore modified correlation coefficients or alternative
aggregation schemes to amplify discriminability while maintaining stability.

4. Broader application domains: While the case study focused on periodic software quality evalu-
ation, the proposed framework is inherently generic. Applications to other periodic or seasonal
phenomena (e.g., agricultural product quality, seasonal merchandise assessment, or cyclic financial
decision-making) would help validate its generalizability and uncover domain-specific adaptations.

5. Computational and scalability aspects: The current experiments involved four DMs and four
alternatives. Scaling the approach to larger, high-dimensional problems and examining its compu-
tational efficiency would be important for real-world deployment.

6. Integration with other fuzzy set extensions: The graphical mapping of fuzzy-set relationships
suggests potential synergies with other advanced models, such as q-rung orthopair fuzzy sets or
neutrosophic sets. Exploring hybrid frameworks that combine GS principles with these structures
could yield further methodological innovations.

7. Multi-dataset validation and statistical testing: The current empirical validation is primarily based
on a single illustrative dataset. Future research should validate the proposed method across multiple
diverse datasets to establish the generalizability of the findings. Formal statistical tests (e.g., t-tests,
ANOVA, or non-parametric alternatives) could be employed to assess the significance of the
observed improvements in stability, discrimination, and robustness. Monte Carlo simulations with
synthetic data could further characterize the method’s behavior under controlled conditions, such
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as varying numbers of DMs, alternatives, attributes, and levels of data noise or missing entries.
This would provide a more comprehensive understanding of the method’s performance envelope
and statistical properties.

8. Comparative studies with additional state-of-the-art methods: While the current manuscript
compared the proposed GS-based method with CSFN-TOPSIS and the traditional entropy-weighted
method, future work should expand the comparison to include other advanced GDM approaches,
such as PROMETHEE, ELECTRE, VIKOR, and recently developed machine learning–based
aggregation methods. Benchmarking against a broader range of methods would further position
the GS-based approach within the literature and identify its relative strengths and weaknesses.

9. Sensitivity to sample size and data quality: Future research should systematically investigate
how the performance of the GS-based method varies with sample size (number of DMs), data
completeness, and the presence of outliers or inconsistent evaluations. This would provide practical
guidelines for applying the method in real-world settings where data quality cannot always be
guaranteed.

10. Real-time and interactive decision support: Developing interactive decision support systems that
implement the GS-based framework in real time could facilitate its adoption in dynamic decision
environments. Future work could explore algorithmic optimizations to reduce computational
latency for large-scale problems and investigate user interfaces that effectively communicate the
geometric intuition of the GS principle to non-expert DMs.

7. Conclusions

In summary, this study advances GDM methodology by rigorously extending the GS principle
to complex spherical fuzzy environments and providing quantitative evidence of its advantages over
conventional approaches. The proposed framework balances theoretical elegance with practical ap-
plicability, delivering measurable improvements in decision stability and discriminability. A rigorous
theoretical justification has been established, comprising four formal properties (self-similarity, optimal
balance, convergence/fixed point, and geometric center) that mathematically justify the use of the
GS ratio as aggregation weights in Eq (3.4). Sensitivity analysis (±50% variations on attribute and
DM weights, generating 18 test scenarios) and comprehensive comparisons with CSFN-TOPSIS and
traditional entropy-weighted methods have further validated the robustness of the proposed approach.
By clearly delineating its limitations and outlining concrete directions for future research, the work aims
to inspire continued exploration at the intersection of classical mathematics, fuzzy logic, and decision
science, ultimately contributing to more robust and reliable decision-support systems.

Appendix

Procedure for constructing the golden evaluation matrix IEG

This section details the pseudocode implementation for constructing the golden evaluation matrix
IEG, corresponding to Step 3 of the proposed methodology.
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Input :Parameters for all criteria and alternatives: µr
pq, η

r
pq, ν

r
pq; f r

pq, g
r
pq, h

r
pq; Minimum

matrices: µmin
pq , η

min
pq , ν

min
pq ; f min

pq , g
min
pq , h

min
pq ; Maximum matrices:

µmax
pq , η

max
pq , ν

max
pq ; f max

pq , gmax
pq , h

max
pq ; where p = 1, . . . ,m, q = 1, . . . , n.

Output :The golden evaluation matrix IEG = (xG
pq)m×n.

IEG ← empty m × n matrix;
for p← 1 to m do

for q← 1 to n do
ξmin

pq ←
(
1 − (1 − (µmin

pq )2)0.382)1/2;
omin

pq ←
(
1 − (1 − (ηmin

pq )2)0.382)1/2;
θmin

pq ← (νmin
pq )0.382;

umin
pq ←

(
1 − (1 − ( f min

pq )2)0.382)1/2;
vmin

pq ←
(
1 − (1 − (gmin

pq )2)0.382)1/2;
wmin

pq ← (hmin
pq )0.382;

ξmax
pq ←

(
1 − (1 − (µmax

pq )2)0.618)1/2;
omax

pq ←
(
1 − (1 − (ηmax

pq )2)0.618)1/2;
θmax

pq ← (νmax
pq )0.618;

umax
pq ←

(
1 − (1 − ( f max

pq )2)0.618)1/2;
vmax

pq ←
(
1 − (1 − (gmax

pq )2)0.618)1/2;
wmax

pq ← (hmax
pq )0.618;

µG
pq ←

(
(ξmin

pq )2 + (ξmax
pq )2 − (ξmin

pq )2(ξmax
pq )2)1/2;

ηG
pq ← omin

pq · o
max
pq ;

νG
pq ← θmin

pq · θ
max
pq ;

f G
pq ←

(
(umin

pq )2 + (umax
pq )2 − (umin

pq )2(umax
pq )2)1/2;

gG
pq ← vmin

pq · v
max
pq ;

hG
pq ← wmin

pq · w
max
pq ;

xG
pq ←

(
µG

pqei2π f G
pq , ηG

pqei2πgG
pq , νG

pqei2πhG
pq
)
;

IEG[p, q]← xG
pq;

end
end
return IEG {IEG is an m × n matrix}.
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Procedure for constructing the golden weighted evaluation matrix WGG

The following pseudocode implements the construction of the golden weighted evaluation matrix
WGG, which corresponds to Step 13 of the methodology.

Input :Parameters for all decision-makers and criteria: ιprq, ϑ
p
rq, κ

p
rq; f ′prq, g

′p
rq, h

′p
rq; Minimum

matrices: ιmin
rq , ϑ

min
rq , κ

min
rq ; f ′min

rq , g
′min
rq , h

′min
rq ; Maximum matrices:

ιmax
rq , ϑmax

rq , κmax
rq ; f ′max

rq , g′max
rq , h′max

rq ; where r = 1, . . . , t, q = 1, . . . , n.
Output :The golden weighted evaluation matrix WGG = (kG

rq)t×n.

WGG ← empty t × n matrix;
for r ← 1 to t do

for q← 1 to n do
ϵmin

rq ←
(
1 − (1 − (ιmin

rq )2)0.382)1/2;
εmin

rq ←
(
1 − (1 − (ϑmin

rq )2)0.382)1/2;
ςmin

rq ← (κmin
rq )0.382;

f ′min
rq ←

(
1 − (1 − ( f ′min

rq )2)0.382)1/2;
g′min

rq ←
(
1 − (1 − (g′min

rq )2)0.382)1/2;
h′min

rq ← (h′min
rq )0.382;

ϵmax
rq ←

(
1 − (1 − (ιmax

rq )2)0.618)1/2;
εmax

rq ←
(
1 − (1 − (ϑmax

rq )2)0.618)1/2;
ςmax

rq ← (κmax
rq )0.618;

f ′max
rq ←

(
1 − (1 − ( f ′max

rq )2)0.618)1/2;
g′max

rq ←
(
1 − (1 − (g′max

rq )2)0.618)1/2;
h′max

rq ← (h′max
rq )0.618;

ϵG
rq ←

(
(ϵmin

rq )2 + (ϵmax
rq )2 − (ϵmin

rq )2(ϵmax
rq )2)1/2;

εG
rq ← εmin

rq · ε
max
rq ;

ςG
rq ← ςmin

rq · ς
max
rq ;

f ′Grq ←
(
( f ′min

rq )2 + ( f ′max
rq )2 − ( f ′min

rq )2( f ′max
rq )2)1/2;

g′Grq ← g′min
rq · g

′max
rq ;

h′Grq ← h′min
rq · h

′max
rq ;

kG
rq ←

(
ϵG

rqei2π f ′Grq , εG
rqei2πg′Grq , ςG

rqei2πh′Grq
)
;

WGG[r, q]← kG
rq;

end
end
return WGG {WGG is a t × n matrix}.
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Individual evaluation matrices IE2, IE3, and IE4

Table 22. Individual evaluation matrix IE2 (South region).

Software u1 u2

A1 (0.77ei2π(0.75), 0.32ei2π(0.34), 0.44ei2π(0.46)) (0.44ei2π(0.40), 0.32ei2π(0.33), 0.77ei2π(0.79))
A2 (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33)) (0.77ei2π(0.74), 0.32ei2π(0.37), 0.44ei2π(0.46))
A3 (0.30ei2π(0.26), 0.34ei2π(0.35), 0.83ei2π(0.85)) (0.91ei2π(0.93), 0.15ei2π(0.19), 0.21ei2π(0.23))
A4 (0.91ei2π(0.90), 0.15ei2π(0.11), 0.21ei2π(0.24)) (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33))

u3 u4

A1 (0.65ei2π(0.61), 0.48ei2π(0.51), 0.55ei2π(0.58)) (0.77ei2π(0.74), 0.32ei2π(0.35), 0.44ei2π(0.47))
A2 (0.83ei2π(0.82), 0.34ei2π(0.36), 0.30ei2π(0.35)) (0.44ei2π(0.41), 0.32ei2π(0.33), 0.77ei2π(0.81))
A3 (0.65ei2π(0.61), 0.48ei2π(0.51), 0.55ei2π(0.59)) (0.77ei2π(0.73), 0.32ei2π(0.35), 0.44ei2π(0.47))
A4 (0.83ei2π(0.81), 0.32ei2π(0.34), 0.30ei2π(0.34)) (0.77ei2π(0.74), 0.34ei2π(0.37), 0.44ei2π(0.48))

Table 23. Individual evaluation matrix IE3 (East region).

Software u1 u2

A1 (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.33)) (0.65ei2π(0.61), 0.48ei2π(0.50), 0.55ei2π(0.58))
A2 (0.65ei2π(0.62), 0.48ei2π(0.51), 0.55ei2π(0.57)) (0.30ei2π(0.27), 0.34ei2π(0.37), 0.83ei2π(0.85))
A3 (0.65ei2π(0.61), 0.48ei2π(0.52), 0.55ei2π(0.57)) (0.21ei2π(0.19), 0.15ei2π(0.13), 0.91ei2π(0.94))
A4 (0.83ei2π(0.81), 0.34ei2π(0.34), 0.30ei2π(0.35)) (0.91ei2π(0.92), 0.15ei2π(0.17), 0.21ei2π(0.23))

u3 u4

A1 (0.44ei2π(0.41), 0.32ei2π(0.36), 0.77ei2π(0.79)) (0.44ei2π(0.42), 0.32ei2π(0.35), 0.77ei2π(0.80))
A2 (0.44ei2π(0.42), 0.32ei2π(0.36), 0.77ei2π(0.80)) (0.83ei2π(0.80), 0.34ei2π(0.38), 0.30ei2π(0.35))
A3 (0.30ei2π(0.26), 0.32ei2π(0.37), 0.83ei2π(0.86)) (0.83ei2π(0.79), 0.34ei2π(0.35), 0.30ei2π(0.36))
A4 (0.94ei2π(0.96), 0.17ei2π(0.19), 0.18ei2π(0.13)) (0.77ei2π(0.72), 0.32ei2π(0.34), 0.44ei2π(0.45))

Table 24. Individual evaluation matrix IE4 (West region).

Software u1 u2

A1 (0.77ei2π(0.72), 0.32ei2π(0.33), 0.44ei2π(0.46)) (0.44ei2π(0.41), 0.32ei2π(0.35), 0.77ei2π(0.79))
A2 (0.65ei2π(0.62), 0.48ei2π(0.49), 0.55ei2π(0.58)) (0.77ei2π(0.73), 0.32ei2π(0.34), 0.44ei2π(0.46))
A3 (0.30ei2π(0.26), 0.34ei2π(0.37), 0.83ei2π(0.85)) (0.44ei2π(0.41), 0.32ei2π(0.33), 0.77ei2π(0.80))
A4 (0.83ei2π(0.81), 0.34ei2π(0.35), 0.30ei2π(0.33)) (0.91ei2π(0.90), 0.15ei2π(0.17), 0.21ei2π(0.26))

u3 u4

A1 (0.30ei2π(0.27), 0.34ei2π(0.36), 0.83ei2π(0.85)) (0.65ei2π(0.61), 0.48ei2π(0.51), 0.55ei2π(0.59))
A2 (0.30ei2π(0.28), 0.34ei2π(0.35), 0.83ei2π(0.85)) (0.83ei2π(0.80), 0.34ei2π(0.36), 0.30ei2π(0.32))
A3 (0.21ei2π(0.18), 0.15ei2π(0.16), 0.91ei2π(0.93)) (0.65ei2π(0.61), 0.48ei2π(0.50), 0.55ei2π(0.58))
A4 (0.91ei2π(0.89), 0.15ei2π(0.18), 0.21ei2π(0.25)) (0.77ei2π(0.77), 0.32ei2π(0.35), 0.44ei2π(0.45))
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DM-weighted evaluation matrices IW2, IW3 and IW4

Table 25. DM-weighted evaluation matrix IW2.

Software u1 u2

A1 (0.45ei2π(0.43), 0.16ei2π(0.17), 0.82ei2π(0.82)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.94))
A2 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.45ei2π(0.42), 0.16ei2π(0.19), 0.82ei2π(0.82))
A3 (0.15ei2π(0.13), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.60ei2π(0.63), 0.08ei2π(0.10), 0.68ei2π(0.69))
A4 (0.60ei2π(0.58), 0.08ei2π(0.06), 0.68ei2π(0.70)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))

u3 u4

A1 (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.18), 0.82ei2π(0.83))
A2 (0.50ei2π(0.49), 0.17ei2π(0.18), 0.74ei2π(0.77)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
A3 (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.88)) (0.45ei2π(0.42), 0.16ei2π(0.18), 0.82ei2π(0.83))
A4 (0.50ei2π(0.48), 0.16ei2π(0.17), 0.74ei2π(0.76)) (0.45ei2π(0.42), 0.17ei2π(0.19), 0.82ei2π(0.83))

Table 26. DM-weighted evaluation matrix IW3.

Software u1 u2

A1 (0.50ei2π(0.48), 0.17ei2π(0.19), 0.74ei2π(0.76)) (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87))
A2 (0.36ei2π(0.34), 0.25ei2π(0.27), 0.86ei2π(0.87)) (0.15ei2π(0.14), 0.17ei2π(0.19), 0.95ei2π(0.96))
A3 (0.36ei2π(0.33), 0.25ei2π(0.28), 0.86ei2π(0.87)) (0.11ei2π(0.10), 0.08ei2π(0.07), 0.98ei2π(0.98))
A4 (0.50ei2π(0.49), 0.17ei2π(0.17), 0.74ei2π(0.77)) (0.60ei2π(0.61), 0.08ei2π(0.09), 0.68ei2π(0.69))

u3 u4

A1 (0.23ei2π(0.21), 0.16ei2π(0.19), 0.94ei2π(0.94)) (0.23ei2π(0.22), 0.16ei2π(0.18), 0.94ei2π(0.95))
A2 (0.23ei2π(0.22), 0.16ei2π(0.19), 0.94ei2π(0.95)) (0.50ei2π(0.48), 0.17ei2π(0.20), 0.74ei2π(0.77))
A3 (0.15ei2π(0.13), 0.17ei2π(0.19), 0.95ei2π(0.96)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.77))
A4 (0.65ei2π(0.69), 0.09ei2π(0.10), 0.65ei2π(0.60)) (0.45ei2π(0.41), 0.16ei2π(0.17), 0.81ei2π(0.82))

Table 27. DM-weighted evaluation matrix IW4.

Software u1 u2

A1 (0.45ei2π(0.41), 0.16ei2π(0.17), 0.81ei2π(0.82)) (0.23ei2π(0.21), 0.16ei2π(0.18), 0.94ei2π(0.94))
A2 (0.36ei2π(0.34), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.82))
A3 (0.15ei2π(0.13), 0.17ei2π(0.19), 0.95ei2π(0.96)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
A4 (0.50ei2π(0.48), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.60ei2π(0.58), 0.08ei2π(0.09), 0.68ei2π(0.71))

u3 u4

A1 (0.15ei2π(0.14), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.88))
A2 (0.15ei2π(0.14), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.75))
A3 (0.11ei2π(0.09), 0.08ei2π(0.08), 0.98ei2π(0.98)) (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87))
A4 (0.60ei2π(0.57), 0.08ei2π(0.09), 0.68ei2π(0.71)) (0.45ei2π(0.45), 0.16ei2π(0.18), 0.81ei2π(0.82))
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Group evaluation matrices GE2,GE3, and GE4

Table 28. Group evaluation matrix GE2.

DM u1 u2

d1 (0.36ei2π(0.34), 0.25ei2π(0.28), 0.86ei2π(0.87)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
d2 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.45ei2π(0.42), 0.16ei2π(0.19), 0.82ei2π(0.82))
d3 (0.36ei2π(0.34), 0.25ei2π(0.27), 0.86ei2π(0.87)) (0.15ei2π(0.14), 0.17ei2π(0.19), 0.95ei2π(0.96))
d4 (0.36ei2π(0.34), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.82))

u3 u4

d1 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
d2 (0.50ei2π(0.49), 0.17ei2π(0.18), 0.74ei2π(0.77)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))
d3 (0.23ei2π(0.22), 0.16ei2π(0.19), 0.94ei2π(0.95)) (0.50ei2π(0.47), 0.17ei2π(0.20), 0.74ei2π(0.77))
d4 (0.15ei2π(0.14), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.75))

Table 29. Group evaluation matrix GE3.

DM u1 u2

d1 (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.60ei2π(0.56), 0.08ei2π(0.09), 0.68ei2π(0.69))
d2 (0.15ei2π(0.13), 0.17ei2π(0.18), 0.95ei2π(0.96)) (0.60ei2π(0.63), 0.08ei2π(0.10), 0.68ei2π(0.69))
d3 (0.36ei2π(0.33), 0.25ei2π(0.28), 0.86ei2π(0.87)) (0.11ei2π(0.10), 0.08ei2π(0.07), 0.98ei2π(0.98))
d4 (0.15ei2π(0.13), 0.17ei2π(0.19), 0.95ei2π(0.96)) (0.23ei2π(0.21), 0.16ei2π(0.17), 0.94ei2π(0.95))

u3 u4

d1 (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87)) (0.45ei2π(0.42), 0.16ei2π(0.17), 0.81ei2π(0.83))
d2 (0.36ei2π(0.33), 0.25ei2π(0.27), 0.86ei2π(0.88)) (0.45ei2π(0.42), 0.16ei2π(0.18), 0.82ei2π(0.83))
d3 (0.15ei2π(0.13), 0.17ei2π(0.19), 0.95ei2π(0.96)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.77))
d4 (0.11ei2π(0.09), 0.08ei2π(0.08), 0.98ei2π(0.98)) (0.36ei2π(0.33), 0.25ei2π(0.26), 0.86ei2π(0.87))

Table 30. Group evaluation matrix GE4.

DM u1 u2

d1 (0.60ei2π(0.57), 0.08ei2π(0.09), 0.68ei2π(0.70)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))
d2 (0.60ei2π(0.58), 0.08ei2π(0.06), 0.68ei2π(0.70)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))
d3 (0.50ei2π(0.48), 0.17ei2π(0.17), 0.74ei2π(0.77)) (0.60ei2π(0.61), 0.08ei2π(0.09), 0.68ei2π(0.69))
d4 (0.50ei2π(0.48), 0.17ei2π(0.18), 0.74ei2π(0.76)) (0.60ei2π(0.58), 0.08ei2π(0.09), 0.68ei2π(0.71))

u3 u4

d1 (0.45ei2π(0.42), 0.16ei2π(0.18), 0.81ei2π(0.83)) (0.50ei2π(0.47), 0.17ei2π(0.18), 0.74ei2π(0.76))
d2 (0.50ei2π(0.48), 0.16ei2π(0.17), 0.74ei2π(0.76)) (0.45ei2π(0.42), 0.17ei2π(0.19), 0.82ei2π(0.83))
d3 (0.64ei2π(0.69), 0.09ei2π(0.10), 0.65ei2π(0.60)) (0.45ei2π(0.41), 0.16ei2π(0.17), 0.81ei2π(0.82))
d4 (0.60ei2π(0.57), 0.08ei2π(0.09), 0.68ei2π(0.71)) (0.45ei2π(0.45), 0.16ei2π(0.18), 0.81ei2π(0.82))
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Weighted group evaluation matrices WG2,WG3, and WG4

Table 31. Weighted group evaluation matrix WG2.

DM u1 u2

d1 (0.20ei2π(0.19), 0.14ei2π(0.15), 0.96ei2π(0.96)) (0.13ei2π(0.12), 0.09ei2π(0.10), 0.98ei2π(0.98))
d2 (0.29ei2π(0.27), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.25ei2π(0.24), 0.09ei2π(0.10), 0.94ei2π(0.94))
d3 (0.20ei2π(0.19), 0.14ei2π(0.15), 0.96ei2π(0.96)) (0.08ei2π(0.08), 0.10ei2π(0.11), 0.99ei2π(0.99))
d4 (0.20ei2π(0.19), 0.14ei2π(0.14), 0.96ei2π(0.96)) (0.26ei2π(0.24), 0.09ei2π(0.10), 0.94ei2π(0.94))

u3 u4

d1 (0.24ei2π(0.22), 0.08ei2π(0.08), 0.94ei2π(0.95)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d2 (0.24ei2π(0.23), 0.08ei2π(0.08), 0.94ei2π(0.95)) (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99))
d3 (0.10ei2π(0.10), 0.07ei2π(0.08), 0.99ei2π(0.99)) (0.24ei2π(0.22), 0.08ei2π(0.09), 0.94ei2π(0.95))
d4 (0.07ei2π(0.06), 0.08ei2π(0.08), 0.99ei2π(0.99)) (0.24ei2π(0.22), 0.08ei2π(0.08), 0.94ei2π(0.94))

Table 32. Weighted group evaluation matrix WG3.

DM u1 u2

d1 (0.29ei2π(0.27), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.35ei2π(0.32), 0.04ei2π(0.05), 0.89ei2π(0.90))
d2 (0.08ei2π(0.07), 0.10ei2π(0.10), 0.99ei2π(0.99)) (0.35ei2π(0.37), 0.04ei2π(0.05), 0.89ei2π(0.90))
d3 (0.20ei2π(0.19), 0.14ei2π(0.15), 0.96ei2π(0.96)) (0.06ei2π(0.05), 0.04ei2π(0.04), 0.99ei2π(1.00))
d4 (0.08ei2π(0.07), 0.10ei2π(0.10), 0.99ei2π(0.99)) (0.13ei2π(0.12), 0.09ei2π(0.09), 0.98ei2π(0.98))

u3 u4

d1 (0.16ei2π(0.15), 0.11ei2π(0.12), 0.97ei2π(0.97)) (0.21ei2π(0.19), 0.07ei2π(0.08), 0.96ei2π(0.96))
d2 (0.16ei2π(0.15), 0.11ei2π(0.12), 0.97ei2π(0.97)) (0.21ei2π(0.19), 0.07ei2π(0.08), 0.96ei2π(0.96))
d3 (0.07ei2π(0.06), 0.08ei2π(0.09), 0.99ei2π(0.99)) (0.24ei2π(0.22), 0.08ei2π(0.08), 0.94ei2π(0.95))
d4 (0.05ei2π(0.04), 0.03ei2π(0.04), 1.00ei2π(1.00)) (0.16ei2π(0.15), 0.11ei2π(0.12), 0.97ei2π(0.97))

Table 33. Weighted group evaluation matrix WG4.

DM u1 u2

d1 (0.35ei2π(0.33), 0.04ei2π(0.05), 0.89ei2π(0.90)) (0.29ei2π(0.27), 0.10ei2π(0.10), 0.91ei2π(0.92))
d2 (0.35ei2π(0.34), 0.04ei2π(0.03), 0.89ei2π(0.90)) (0.29ei2π(0.27), 0.10ei2π(0.10), 0.91ei2π(0.92))
d3 (0.29ei2π(0.28), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.35ei2π(0.36), 0.04ei2π(0.05), 0.89ei2π(0.90))
d4 (0.29ei2π(0.28), 0.10ei2π(0.10), 0.91ei2π(0.92)) (0.35ei2π(0.34), 0.04ei2π(0.05), 0.89ei2π(0.90))

u3 u4

d1 (0.21ei2π(0.20), 0.07ei2π(0.08), 0.96ei2π(0.96)) (0.24ei2π(0.22), 0.08ei2π(0.08), 0.94ei2π(0.95))
d2 (0.24ei2π(0.23), 0.07ei2π(0.08), 0.94ei2π(0.95)) (0.21ei2π(0.20), 0.08ei2π(0.09), 0.96ei2π(0.96))
d3 (0.32ei2π(0.35), 0.04ei2π(0.04), 0.92ei2π(0.90)) (0.21ei2π(0.19), 0.07ei2π(0.08), 0.96ei2π(0.96))
d4 (0.29ei2π(0.27), 0.03ei2π(0.04), 0.92ei2π(0.93)) (0.21ei2π(0.21), 0.07ei2π(0.08), 0.96ei2π(0.96))
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