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1. Introduction

Bernoulli polynomials are important research objects in the fields of mathematical analysis, number
theory, and combinatorics. With the deepening of research on Bernoulli polynomials, mathematicians
have derived a series of generalized Bernoulli polynomials by extending their definition forms and
scopes of application [1-3]. In [4-6], the Apostol-Bernoulli polynomials generalize the classical
Bernoulli polynomials by introducing parameters.

The Fibonacci sequence is a classic linear recurrence sequence, with its mathematical definition as
follows: Initial values Fy = 0, F'; = 1; for any positive integer n > 2, it satisfies

Fo=F, 1+ F,».

The first 10 terms of the Fibonacci sequence are in turn: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, ... [7-9].
This sequence has been widely applied in various fields.

It is known that the golden ratio @ = %5 and its conjugate 8 = I_T\FS (also sometimes referred to as
the silver ratio) satisfy lim % = «a. The Fibonomial coefficients (or golden binomial coefficients) are

n—oo

defined as follows (see [10-12]): For 1 <k < n, let

n\ _ F,!
k|, FlF,
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where F,! := F,F,_, - - - F,F, with the convention F,! = 1. Additionally, it is stipulated that (g) =1
F

and (Z) = 0 for k > n. Further characteristics of these coeflicients can be found in reference [10].
F
Correspondingly, the F-analogue of (x + y)}. is expressed as (see [13,14])

(x + y)};: = Z (Z) (—1)(§)xkyn—k’
0 F

k=

where (x + )% := 1, and we denote (x + y)r := (x + y)}.
The F-analogues of the usual exponential functions are given as (see [9, 10, 15])

n

(Se]
-5
eF_ F‘,

n=0 = °
= N
El = Z;(_l)(Z)ﬁ'
It can be verified that eE} = 5" and efe)l = e, where the operation(x + y)" is defined by
(see [12,16,17])
no_ o (n —k K
(x+py)' = Z(k)Fxn y.
k=0
Furthermore, the golden F-derivative operator is introduced (see [10, 15, 16]):
. (ax) — f(Bx)
Dl f() = LB
x(a - p)

which is a linear operator. From the definition, the following properties can be directly derived:
Di[x"] = F,x"™,
Di[e}] = tey,
DL[EF] = tEZ7".

In recent years, a number of identities and matrix representations for special polynomials have
been given [12, 17, 18]. For example, in [12] the identities and matrix representation of generalized
Bernoulli—Fibonacci polynomials R\ (x; F) of order m are explored, which are defined as

m m 2 m ad n
Z K4 B Z - oy o 2 2r
z _ = YR P2, | < :
(2) (e;—l) (2e;—2) ‘r Z:; R A A ™y

where the parameters m € N, n € Ny, and Rﬁ,’”)(F ) = Rﬁlm)(O; F) are generalized Bernoulli-Fibonacci

numbers defined by
2 m x© n
Z Z 2n
= » R"™(F)=— < :
(24-2) Z:; O e
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In [17], the Apostol-type Bernoulli-Fibonacci polynomials Bif}({ ; A) of order @ and the Apostol-type

(@)
w,F

d \' w_ N4
() - e

Euler-Fibonacci polynomials E, *.({; 4) of order « are investigated, which are defined by

and

2\ (e d”
( g 1) ¢ = ;E;,}(g; Dy
respectively. [19] investigated the properties of three-dimensional g-Hermite-Appell polynomials,
while [20] systematically established the matrix representations and related theories for U-Bernoulli,
U-Euler, and U-Genocchi polynomials.

Earlier work looked at Apostol-type polynomials tied to the Fibonacci sequence. Since Fibonacci
and Lucas sequences are closely related, we decided to push this idea further. We introduce two
new families linked to the Lucas sequence: The Apostol Bernoulli-Lucas polynomials and the
Apostol Euler-Lucas polynomials. Along with properties that are similar to those in [17] (like
explicit formulas and difference equations), we also give some new results, including Theorem 2.5,
Theorem 3.5, Theorem 4.1, and Theorem 4.2. So this work offers a natural way to extend Apostol-type
polynomials to the Lucas setting. Its explicit representations and difference equations facilitate the
derivation of unprecedented combinatorial identities, such as convolution sums, inversion formulas,
matrix erpresentations, and Lucas-style combinatorial summations, and it will establish novel research
subjects for the interdisciplinary investigation bridging special functions and combinatorial number
theory.

The necessary preliminaries for the present work are given in the following.

The Lucas suquence {L,},>¢ is defined by

Lyyo =Ly + Ly,
with Ly = 2, L; = 1. Next we provide the Lucas coefficients. The L-factorial is given by
Ln‘ :LnLn—l---Lls LO!:Z.

The Lucas coeflicients n > k > 1 are defined as

n\ _ L,!
k|, L L,y

) = % and (Z) = 0 for n < k . The Lucas coeflicients satisfy
L L

) ~1.%4),
(6= G6=5),
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It can be further obtained that

We now present a definition that lies at the core of this work; every subsequent reasoning rests on
it.
n
n n k. n—k
(x®Yy) :Z(k)xy . (1.1)
k=0 L

The L-exponential function ¢/ is defined as

- izy (12)

n=0 ~"°

Based on (1.1) and (1.2) above, it follows that

ej e =e”. (1.3)

Let o = ”T\FS and 8 = %5 We denote by A the linear space of analytic functions defined on
C \ {0}, whose power series expansions

[ee)

f@ =) ax, g= i by
n=0

n=0

are absolutely convergent at points x, @x, and Sx. For any h € A, the operator D] : A — A is defined

as
Di[h(x)] = M_
Thus, we have . .
pjtv = LB @ gt im0,
= x"
Dile'l = > Lyo——,
L Z:;J (n+1)!

D} [ef*] = kel*.
Also, the operator D, is a linear operator.
Leta = ”‘f B = \F , and we define

fh(t)dL(t)—xZ( 1)%(6+1 )fm, (1.4)
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b b
f h(t)d, (1) = f h(n)d,(1) - f h(1)d,(2). (1.5)
a 0 0

These two definitions are of vital importance to the proofs of Theorems 2.5 and 3.5 presented in this
work. We now furnish two valuable identities in the following.

” . IBn IBn
fo i) xZ( 1)( ) -
" "B
_xm 12( (a,n+l) (Y”+1

ﬁm+1 n

a,m+l Z( a,m+1)

n=0
_xm+1 1
_a,m+l 1 %
xm+1
Lm+1’
n k
! ¢ N n N (w[:*'x) B’
edi() =x Y (1" Y’ 1
0 Lk' a™t
n=0 k=0
_ixkﬂ 1 Z"’:(_ﬁkﬂ)"
- | Akt k+1
o Lt g\ @
ixk” 1 1
- | o ktl =
k=0 Lk @ 1 §k+l
=1 it
et L
L2

2. The Apostol Bernoulli-Lucas polynomials

This chapter conducts an investigation into the properties of the Apostol Bernoulli-Lucas
polynomials, drawing upon prior notions including Lucas coefficients and other associated definitions.

Let the convergence radius R be given by R = inf {lzl >0: ey = 1}, where we adopt the convention
that R = oo if the set is empty. The Apostol Bernoulli-Lucas polynomials are given by

L ZBnLu Vi <R @.1)

where B, ; (1) = B, 1(0; 1) are Apostol Bernoulli-Lucas numbers, which are generated by

~ Z B, Lw (2l < R). (2.2)

€L~
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The first four Apostol Bernoulli-Lucas numbers B, ; (1) are

By (D) =0, B (V)= By (1) = B3 () =

1-2 C(A=2)2 (1—=2)3

The first four Apostol Bernoulli-Lucas polynomials B, ;(x; 1) are

6x 124
1-2 (A=-27

1
Bor(x; ) =0, Birx;d)= T—2 By(x; ) =
8x2(/1 — 2)2 —48xA(1 —2) + 8A(51+2)
(1-2)3 .

Theorem 2.1. Let {B,, ;. (x; 1)},50 be the Apostol Bernoulli-Lucas polynomials. Then,

B3 (x;4) =

- n
Bui(x; ) = ) (k) B ()X,
k=0 L

Proof. From expansions (1.2), (2.1), and (2.2),

74

Bn,L(X; /l) =
; L, 2de; -1

By comparing the coefficients of Lz—n!, the conclusion holds.
Theorem 2.2. Let {B,, ;. (x; 1)},50 be the Apostol Bernoulli-Lucas polynomials. Thus,

AB, (x®1;0) = B, (x; 1) = L,x"" (n>1).

Proof. Using expansions (1.3), we have

o Zn /’.Ze(xel)z _ Zexz
AB,;(x® 1; 1) — B, 1(x; 4 L L
Z(; o T Ry v
:zezz(/lei - 1)
Ae; =1
— Z Lnxn—l <
g L,!

From this, it can be concluded that the above formula holds.
Theorem 2.3. Let {B, ;(x; 1)},50 be the Apostol Bernoulli-Lucas polynomials. This yields

k

n n B
B,i(x®y; 1) = Z( ) By 1 (x; )y" g
k=0 L

124 16451+ 2)
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Proof. Using expansions (1.3) , we have

0 n (x®y)z
z ze;
B, (x®y; A =
Z; HE O = =1
= ey e’
A -1t
() Zn (o) nZn
—HZ:;B”L(x,ﬂ)Ln,;y T
n k n—k
F AR
= Bi(x; )—
y k.L( )L'y L

n 7"
By o (x; D)y —.
0 (k)L Ln '

Thus, it follows that the above equation holds.

Theorem 2.4. Let {B, ;. (x; 1)},50 be the Apostol Bernoulli-Lucas polynomials. Then,
DZ[Bn,L(X; D] = Lan—l,L(X; A (n=1).

Proof. Using expansions (2.1), we have

) ) e i ze%
Dy (Z B, 1(x; /UF] =Dy (/lez L_ )
n=0 n: L

1

Z XZ
= Ze
V4 L
Ae; — 1

Zn+1

- Z; Bu(s D

[ Zn
=D LaBr a5 D

n=1

Thus, we obtain the following

Dy[B,1(x; D] = LyByoy p(x; ) (n 2 1).

Theorem 2.5. Let {B,, ;. (x; 1)},50 be the Apostol Bernoulli-Lucas polynomials. Then,

b
B, b; 1) - B, A
f B, (t; )d, (1) = r1.1( )L L@ ).
“ n+1

Proof. Using expansions (1.4) and (1.5), we have
b
f B,,.1(t; Dd(1)

b a
= f B, (1 )dy (1) — f B,,1(t; Ddy (1)
0 0

AIMS Mathematics
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(Bmgf”MmZﬂpmqﬂﬂmw

k=0 k=0

n b k+1 n an k+1
(ﬂkm> —Z(ﬁm»

k=0 L

n k+1 n k+1
Zl n+1 B (/l)bn—k+l _ 1 S n+1 B (/l)an—k+l
n ol er+l =0 k L ol

1

[Bn+1,L(b; /l) - Bn+1,L(a; /l)] .

h

n+1

3. The Apostol Euler-Lucas polynomials

In this chapter, we investigate the Apostol Euler-Lucas polynomials and derive some of their
interesting properties.

Let the convergence radius R be given by R = inf{lzl >0: ey = —1}, where we adopt the
convention that R = oo if the set is empty. The Apostol Euler-Lucas polynomials are given by

XZ
2e;

Ae; +1

o0 Zn
=D Enilei )7 (4 <R), (3.1)
n=0 ne

where E, ; (1) = E, 1(0; 1) are Apostol Euler-Lucas numbers, which are generated by

[ee)

2 n
= > En7 (e <R). (3.2)

Z
Ae; + 1 pry

The first four Apostol Euler-Lucas numbers E,, ; (1) are

Eo () = %, Ey () = REEDE Ey (D) = %,
pucy - L1
The first four Apostol Euler-Lucas polynomials E,, ; (x; A) are
Eor(x; ) = %, Ey () = /14+.x2 - a :_12)2,
Eyy(x: 1) = 4x* 24x 4251 -2)

112 A+22  Ax2p

4x3 ~ 32x2 . 32454 = 2)x . 42(-3322 +281—-4)

A+2 (1+2)? (A1+2)3 (A+2)*

Theorem 3.1. Let {E, 1 (x; 1)},50 be the sequence of the Apostol Euler-Lucas polynomials. Then, the
following is satisfied:

Es(x;4) =

n

En,L(-X; /l) = Z (Z) Ek,L(/l)x"_k.
L

k=0

AIMS Mathematics Volume 11, Issue 7, 20802-20814.
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Proof. Using expansions (3.1) and (3.2), we have

> 7" Zef
E, s AD)— =
Z; 268 )7 Ae + 1

Equating coefficients of LZ—"!, the conclusion holds.

Theorem 3.2. Let {E, 1 (x; 1)},50 be the sequence of the Apostol Euler-Lucas polynomials. Then,
/lEn,L(x e+ En,L(x; A) = 2x".

Proof. Using expansions (1.3), we have

o (x®1)z Xz 00

7" 2/16L + 2eL 7"
E AE, L)+ E, (x4 == =2¢F = 52" .
n=0 [ 7L(x ) ,L(x )] Ln' /lei + 1 eL n=0 g Ln!

Thus, it follows that the above equation holds.
Theorem 3.3. Let {E, ;. (x; 1)},50 be the sequence of the Apostol Euler-Lucas polynomials. Then, the
following holds true
. _ Y n . n—k
E,.(x®y, 1) = Z (k)LEk,L(X, Dy

k=0
Proof. Using expansions (1.3), we have

oo Zn ze(xeay)z
E, (x®y; )~ =—=
Z Oy D = e T
n=0
(o) Zn (o) . Zn
= Z E, 1 (x; /1); Z)’ 71
n=0 " n=0 ne
o k n—k
k2
ZZ Ek,L(X;/l)Fy kL ,
n=0 k=0 ke n—k:
© n n - Z
=> (k) En(x )y
n=0 k=0 L e
Equating coefficients of LZ—"!, the conclusion holds.
Theorem 3.4. Let {E, ;(x; 1)},>0 be the sequence of the Apostol Euler-Lucas polynomials. Then, we
have

Di[Eyi(x; D] = LyEyoy 1 (x; ) (n 2 1).
Proof. Using expansions (3.1),

X N . Zn X Zeiz
DL (Z En,L(x’ A)F] :DL (/lez + 1)
n=0 n: L
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( 26{1 )
=z
/1€ZL +1

[ee)

Zn+]
= E,1(x;4)
9 L '
n=0 n:
(o) Zn
=D L (s 0

S
1l
—_

Thus, it follows that the above equation holds.
Theorem 3.5. Let {E, ;(x; 1)},50 be the sequence of the Apostol Euler-Lucas polynomials. Then, we

have
En+1,L(b; A) = En+1,L(a; A)

Ln+1

b
f Ens(ts )i (t) =

Proof. Using expansions (1.4) and (1.5), we have
b b a
f E, 1(t; Dd (1) = f E, (8 D)d (1) — f E,, (8 )dL()
a 0 0

b & n n n
) Fratrd _f ( ) Eq (D" *d
L ;(k)L kL (DT (1) ; kZ:(; L , () (D)

bn—k+1 _ an—k+1

n
S
=0 L n—k+1
n+1

1 Sn+1 ] n+1 ]
=7 Z( . )LEk,L(a)b —L—Z( . )LEk,Ma

n+l 420 n+l 320

1

=7 [Epi1.L(b;A) = Eyiy L(a; D]
n+1

4. The relationship between the Apostol Bernoulli-Lucas polynomials and the Apostol
Euler-Lucas polynomials

In the following, we will give the relationship between the Apostol Bernoulli-Lucas polynomials
B, 1(x; 1) and the Apostol Euler-Lucas polynomials E,, ; (x; A).
Theorem 4.1. Suppose that n denotes a nonnegative integer. The equality below holds

L, = (n
Boi(xid) = S Eyi(ni) + ) ( k) Ej1(x; DBy i 1(A).
k=0 L

Proof. Using expansions (2.1) and (3.1), we have

(o] Zn Zezz
Bn,L(-X; /1)_ =
nzz(; L, e; -1

7z 2ef 2
= - I+ —
2e; +1 Aej — 1

AIMS Mathematics Volume 11, Issue 7, 20802-20814.
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n o n n

L,

Theorem 4.2. Let B, (1), E, (1) be Apostol Bernoulli-Lucas numbers and Apostol Euler-Lucas
numbers, respectively, then we have

Z (Z)LEk,L(x; DB, () = Z (Z)LEk’L(/l)Bn—k,L(x; A).

k=0 k=0

Proof. On the one hand,

Z E, i (x; A)

Z Epu(x; A)L ,ZB,,L(@
> (") Ep1(6: DB, () LZ’ ,
n=0 k=0 n

On the other hand,

n=0

(9]

RpILE

n=0

(o)

2B

i B,.1(x; /1)%

n=0 n:

(”) Ep (xS

Z z"
5

8

n

n Z
( k)LEk,L(/l)Bn—k,L(X; A) 7

n-

5. Conclusions

This paper constructs two novel polynomial families related to Lucas sequences, namely, Apostol
Bernoulli-Lucas polynomials and Apostol Euler-Lucas polynomials. We systematically derive their
basic properties as well as several original theorems extending existing Fibonacci-related Apostol-
type polynomial results. Future research can explore more generalized extensions of the proposed
polynomials.
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