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Abstract: Based on an arc length-preserving projection, this paper investigates two-direction scaling
functions on generalized elliptic helical curves. The spatial trace of the parametrization is distinguished
from its parametrized carrier, so repeated spatial points caused by periodicity or self-intersection
remain distinct when their parameter values differ. Under the stated parameter restrictions, the speed
has a positive uniform lower bound; consequently, on the global carrier with parameter interval
I = R, the oriented arc length coordinate is a homeomorphism onto R. This yields a nonempty
global setting in which the real line two-direction multiresolution structure can be transferred to
the curve without boundary truncation. Through the induced unitary identification between L*(R)
and the carrier space, the two-direction refinement equations and the scaling and wavelet coeflicient
sequences are transported in a consistent arc length formulation. Riesz basis and orthogonality
properties are preserved whenever the corresponding real line families possess them. The mask matrix
spectral condition is treated separately from cascade convergence, L>-stability, continuity, the Riesz
basis property, and orthogonality, and a necessary Hermitian paraunitary mask condition is derived
for orthogonal two-direction scaling functions. Under the corresponding real line approximation
assumptions, approximation order estimates are likewise transported to the carrier. For numerical
verification, a bounded injective spatial segment is considered independently, and the arc length map
is approximated by an explicit Euler scheme. Finally, two algebraically checked symbolic mask
examples, together with the numerical projection experiment, illustrate the discretization procedure
and the relevant algebraic mask conditions.
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1. Introduction

Wavelet theory provides an effective framework for dealing with nonstationary data because it can
describe local time domain features and analyze signals at multiple scales [1]. Due to these advantages,
wavelet analysis has been used in a wide range of areas, such as signal processing [1], wavelet analysis
on smooth surfaces [2], biometric recognition [3], and financial data analysis [4—6].

Group-theoretic and representation-theoretic methods have been used to construct spatiotemporal
continuous wavelet transforms for signal and motion analysis [7, 8]. Another useful approach is
to transfer wavelet constructions between Euclidean domains and manifolds or parametrized curves
through suitable geometric projections and inverse projections [9—14].

Related work and contribution

Earlier curve-based wavelet studies include applications to regression trend curves in financial data
models and theoretical constructions for signals indexed by smooth or helical curves [5, 6, 13, 14].
These works motivate the mathematical question considered here: how a real line two-direction
refinement structure changes when the independent variable is replaced by arc length along a
parametrized space curve. Trajectories, filamentary data, and other curve-supported signals are
possible future settings, but they are not tested in this article. Accordingly, no application-specific
accuracy, reconstruction, or performance claim is made here; the contribution is limited to the curve
coordinate theory and the numerical verification of the arc length discretization.

In recent years, the theory of wavelet analysis on curves has been further developed. Zhou
systematically studied wavelet transforms on generalized helical curves, constructed locally continuous
wavelets by means of tangential projection, derived the corresponding reconstruction formula, and
further implemented discrete wavelet lifting using an arc length-preserving projection [13]. These
studies provide theoretical support for wavelet analysis on generalized helical space curves and
motivate further investigation of multiscale methods for signals distributed along such curves,
including the curve-based construction developed in this paper.

As modulated extensions of the circular transverse trajectory in Eq (2.1), the generalized elliptic
helical curves considered here provide a useful geometric setting for investigating functions and
multiscale constructions on parametrized space curves. However, current research is still in the
transitional stage from the general theory of helical curves to the special case of generalized elliptic
helical curves. In particular, Yang and Li [15] introduced and systematically studied two-direction
refinable functions and two-direction wavelets, including their properties and construction procedures.
Nevertheless, the transfer of real line two-direction wavelet structures to generalized elliptic helical
curves has not yet been fully developed. This motivates the present work.

The central idea of this paper is to use an arc length-preserving projection as a bridge between
the real line and generalized elliptic helical curves. Through this projection, two-direction scaling
functions and wavelets originally defined on the real line can be transferred to the curve setting without
changing the essential multiresolution structure. In this way, the real line two-direction refinement
relations induce corresponding curve-based refinement equations on generalized elliptic helical curves.
This provides a systematic method for constructing two-direction scaling functions directly associated
with generalized elliptic helical curves.

AIMS Mathematics Volume 11, Issue 7, 20773-20801.



20775

Related developments in non-Euclidean multiscale analysis include diffusion wavelets on manifolds
and graphs [16], spectral graph wavelets [17], graph signal processing [18], scattering transforms [19,
20], graph convolutional methods [21-23], and geometric deep learning frameworks [24]. These works
show the importance of localized multiscale representations adapted to geometric data. However, they
do not address the transfer of two-direction refinement equations to generalized elliptic helical curves
by means of an arc length-preserving projection. Compared with existing wavelet constructions on
smooth curves and generalized helical curves, the present work focuses specifically on the curve-
based formulation of two-direction refinement structures, including coefficient correspondence; a
clear separation of the spectral, convergence, stability, and orthogonality assumptions; Hermitian
orthogonality criteria; and approximation order properties.

The relation to earlier literature is as follows. References [13, 14] established one-direction
curve wavelet constructions using a length coordinate, whereas [15] developed two-direction refinable
functions on the real line. The arc length map and the induced Hilbert space isometry used below
are therefore inherited tools, not new projection results. The contribution claimed in this paper is the
compatibility analysis obtained after these two ingredients are combined: The two-direction refinement
equations, coefficient correspondence, spectral condition, necessary Hermitian orthogonality test, and
approximation estimate are written in one consistent arc length notation for the generalized elliptic
helical setting. No claim is made that the underlying length-preserving projection or the one-direction
transport principle originate here.

In this paper, the Euler discretization method for arc length-preserving projection is employed to
investigate two-direction scaling functions on generalized elliptic helical curves. The projection not
only establishes the connection between functions on the real line and functions on the curve but
also allows the refinement coefficients; the distinction among spectral, convergence, stability, and
orthogonality assumptions; Hermitian orthogonality conditions; and approximation order properties
of real line two-direction wavelets to be reformulated in the curve-based setting.

The main contributions are summarized below. First, an arc length-preserving projection model
for generalized elliptic helical curves is combined with two-direction refinement relations, which
allows two-direction scaling functions to be transferred from the real line to generalized elliptic
helical curves. Second, using this projection, a two-direction multiresolution structure and the
associated two-direction refinement relations are developed on generalized elliptic helical curves.
Third, the relationship between the real line refinement coefficients and their curve-based counterparts
is established. Finally, necessary Hermitian orthogonality conditions; a clear separation of the spectral,
convergence, stability, and orthogonality assumptions; approximation-order transport results; and
explicit symbolic mask examples are provided for curve-based two-direction scaling functions.

The organization is summarized below. Section 2 introduces the spatial trace and parametrized
carrier of a generalized elliptic helical curve, proves the global arc length coordinate property on the
carrier, presents its Euler approximation, and recalls the required real line two-direction preliminaries.
Section 3 formulates the curve-based multiresolution and refinement relations on the global carrier.
Section 4 treats solvability, Hermitian orthogonality, a necessary Hermitian matrix mask condition,
and approximation order. Section 5 reports the reproducible Euler test on a bounded injective spatial
segment and gives two checked symbolic examples.
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2. Preliminaries

This section presents generalized elliptic helical curves together with their discretized arc length-
preserving projections followed by a brief review of the basic theory for two-direction wavelet analysis.

2.1. Generalized elliptic helical curves and their discrete arc length-preserving projections

Previous studies have investigated trajectories generated by superposed circular motions. Consider
a particle that undergoes circular motion about a fixed axis while simultaneously undergoing a second
circular modulation. The resulting trajectory is a periodic modulated space curve rather than the
standard circular helix with a linear axial coordinate. We use the following circular transverse case
only as a precursor to the generalized elliptic helical model:

A1) = ((a + vo cos(Q0)) cos(?), (a + vy cos(Q1)) sin(z), vy sin(Qr)) . 2.1

Here, the condition |vy| < a is imposed; a and v, represent the corresponding radii of the two rotations,
and ) denotes the rotation rate.

Replacing the equal transverse base radii in (2.1) by two generally unequal values a and b gives the
generalized elliptic helical trajectory used below.

Definition 2.1 (Generalized elliptic helical curve; cf. [13,25]). Let I € R be an interval, and fix a
reference parameter ¢, € I. The curve under study is the regular parametrized curve y : I — R? given
by

v(t) = ((a + v cos(€2r)) cos t, (b + vy cos(L2t)) sint, vy sin(€27)) . (2.2)
Here, a > 0, b > 0, |vg| < min{a, b}, and Q # 0. Because the third coordinate in (2.2) is periodic
rather than monotone, the curve is not the standard elliptic helix on a vertical elliptic cylinder. It is
a modulated generalized elliptic helical curve. The inequalities keep both transverse radii positive.
Differentiation gives

v'(t) = (= voQ sin(Qr) cos t — (a + vy cos(Q2t)) sin ¢,

— voQsin(Q¢) sint + (b + vo cos(2)) cos ¢,
Vo€ cos(Q21)).
Under the stated parameter restrictions, the parametrization is uniformly regular. Let
eg(t) = (—sint, cost,0).
A direct calculation gives
eo(t) - ¥ () = (a + vo cos(Qr)) sin® t + (b + vy cos(Qr)) cos’ ¢ > minfa, b} — |vg| > 0.

Hence,
Iy (Ol = co := min{a, b} — |vy| > 0, tel. (2.3)

The spatial trace is denoted by I' = y(I) € R3. It need not be globally injective: If Q = my/ng € Q
in lowest terms, then y(z + 27ny) = y(¢). To treat periodicity and self-intersections without making the
arc length coordinate multivalued, we use the parametrized carrier

C=C,:={®)=(t,y0):tel} cIxR. (2.4)
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The map ¢ : I — C is a homeomorphism with its inverse given by projection onto the first coordinate,
so distinct parameter values remain distinct in C. Let 7 : C — T be the spatial projection defined by
n((t)) = y(). If J C I, and |, is a topological embedding (in particular, if J is compact, and y/|; is
injective), then with C; = «(J), the restriction 7r; := nl¢, : C; — y(J) is a homeomorphism. Thus, C;
can be identified with the embedded branch y(J); Section 5 verifies these conditions for the compact
numerical segment.

Throughout the paper, the carrier C is equipped with the measure defined in the parameter chart by

duc(u(®) = Iy 0l dt. (2.5)

This is the spatial arc length line element carried with multiplicity along the parametrization; it is
not the Euclidean graph length element of C c I x R?, which would be /1 + ||y’(¥)||> dt. On every
subinterval J satisfying the embedding condition above, mr; pushes pucl|c, forward to the ordinary arc
length measure on the embedded spatial branch y(J). At a spatial self-intersection, the parameter labels
keep the distinct branches separate, and each passage through the intersection is counted with its own
arc length multiplicity. Accordingly, L?(C) means L*(C, duc) throughout.

Define the oriented arc length coordinate

s(?) = f Iy’ (w)|| du, X=s()CcR (2.6)

Because s'(t) = ||y’ (1)|| > co > 0, the map s : I — X is a strictly increasing homeomorphism and has
a continuous inverse ¢ = #(s). The arc length-preserving projection on the parametrized carrier and its
inverse are therefore

p:C—X, p(@)) = s(1) (2.7)

and
pliX->C, p1(s) = u(1(s)). (2.8)

They are mutually inverse homeomorphisms. If I = [Ty, T;], and t. = Ty, then X = [0, {c], where
tc = s(Ty). If I =R, then (2.3) implies

|s(t)| > colt — t.| in the corresponding direction,

80 s(t) — +o0 as t — oo, and hence,
p(C)=X=R. (2.9)

Thus, the global setting used in Sections 3 and 4 is nonempty for the present curve model: It is the
parametrized carrier with / = R, not the generally self-intersecting spatial trace viewed as an unlabelled
subset of R*. On subintervals satisfying the embedding condition above, the restricted carrier and
spatial branch are canonically identified. A bounded injective branch is used in Section 5 only to test
the numerical arc length map; no unrestricted real line multiresolution assertion is inferred from a finite
zero extension. Based on the construction of arc length-preserving projections [6,13], the Euler scheme
below computes the discrete parameter map sy and the corresponding sampled carrier projection py.
The Euler discretization scheme is obtained from the Cauchy formulation below:

dy
E - f(t’ y(f)),
y(to) = yo.
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Let the interval [T, T';] be partitioned as
To=ty<h<---<t,=Ty,
which divides the interval into n subintervals with step sizes At;, where
At =t —tq, i=1,2,...,n.

For computational convenience, a uniform step size is adopted, namely

T,-T
At,’:At: ! 0.
n

A key step is to approximate the derivative by using a finite difference quotient. When the step size At
is sufficiently small, the following approximation holds:

dy N y(@; + Ar) — y(;)
dt |, At '

The iterative formula of the explicit Euler method is obtained as follows:

Y(tie1) = y(t) + f(8, y(8:))At.

According to Taylor’s formula, the Euler discretization scheme is a first-order method. By direct
calculation, we obtain

dL = [(vQ)” + (@ + vo cos(Q))” sin’ £
) 12 (2.10)
+ (b + vy cos(Q1))? cos? t + 2vyQ(a — b) sin(Q¢) sin £ cos t] dt.

Under this scheme, the bounded time domain [T, 7] is partitioned as
To=ty<ty<---<t,=Tj.
For the subinterval [7;_1, t;], the left-endpoint Euler approximation of the arc length increment is
ALP = Li— Ly = |y (o)l A
= | (09 + (a + v cos(Qti1))* sin’ 1y
s o 2.11)
+ (b + vy cos(2t;_1))" cos” 1,

. . 172
+ 2voQ(a — b) sin(Qt;_;) sin t;_; cos ti—l] At; At =t —t_.

This is a first-order approximation to the exact increment ft _til Iy’ (u)||du rather than an exact
equivalence with the differential identity. To distinguish the discrete parameter map from the
continuous curve projection p : C — X, define the discrete parameter-to-arc length map sy by

svi ot Li= Lo +|(v0Q)” + (a + v cos(Qfip))” sin’ 1y
+ (b + vy cos(Qt;_))? cos® 1, (2.12)

1/2
+ 200Qa - b) sin(Qt;_y) sin iy costiy | (f = tiy).
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Here, sy(fy) = Ly = 0, corresponding to the initial spatial point (xg, Yo, 20) = y(tp). At the grid values
L;, let ty = s3' denote the discrete inverse parameter map, which approximates the continuous inverse
parameter function # = #(s) in Eq (2.8):

tv: Lt =t + [(V0Q)2 + ((1 + Vv COS(()Z‘,'_l))2 SiI'l2 ti1
+ (b + v cos(Qt;-1)) cos® ;- (2.13)
. . -1/2
+ 2VOQ(LZ - b) Sll’l(Qt,'_l) Sinf;_; coSs ti—l] (Ll - Lz’—l) .

v(t;) = ((a + vo cos(Q;)) cos(t;), (b + vy cos(£2t;)) sin(t;), vo sin(Qt;)) . (2.14)

Here, L, corresponds to f,, from which the point (x(#y), y(ty), z(ty)) is determined.
Accordingly, on the sampled carrier points, the discrete projection and its inverse are

pnv()) =L,  py' (L) = tn(L)) = u«t)). (2.15)

The corresponding sampled spatial point is 7r(p]‘v1 (L;)) = y(t;). Thus, sy and ty act on the parameter
and arc length grids, whereas py and p;' act between sampled carrier points and sampled arc length
coordinates, consistently with the continuous maps in Eqgs (2.7) and (2.8).

The Hilbert space identification used in the remainder of the paper is a change-of-variables
consequence of the arc length coordinate and follows the length coordinate constructions in [6, 13, 14].
It is recalled here in notation adapted to the present model, and no novelty is claimed for this isometry.
For f € L*(C), define ~ B

WU)s) = fui(s))), seX.

Because ds = ||y’ (¢)||dt = duc in the parameter chart,

fc IFEPduc(é) = f, |F@)Plly Olldrt = fx (U F)(s)ds.

Hence, U : L*(C,duc) — L*(X) is unitary; as stated above, we abbreviate L*(C,duc) to L*(C).
Moreover, (U™'F)(&) = F(p(¢)). Polarization gives for f,g € L*(C),

<f:§>L2(C) = (Uf, U§>L2(X>, (2.16)
and equivalently for F, G € L*(X),
(F,G)p2x) = (U'F, U 'G) 2 ¢ (2.17)

Only when X = R is this an identification with the full real line space. Throughout the sequel, €
denotes the parameter, & = «(f) € C a point of the parametrized carrier, 7(¢) = y(¢) € T its spatial
location, s = p(¢) € X the arc length coordinate, x € R a real line spatial variable, Q the fixed
geometric rotation rate parameter, and w € R the Fourier frequency dual to s.

The following transport observation is an immediate consequence of unitarity; related one-direction
formulations appear in [2,10, 11,13, 14].

Lemma 2.1. Let J be countable, and let (Fi)ie; € L*(X). Set Fk = U™'F} = Fyo p. Then, orthonormal
basis, Riesz basis, and frame properties are preserved, including the same Riesz or frame bounds. In
the global case X = R, this transports the corresponding real line family to L*(C).
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2.2. Overview of two-direction scaling functions

Yang and Li [15] studied two-direction multiresolution analysis, introduced orthogonal scaling
functions and wavelet systems in the two-direction setting, developed related construction procedures,
and examined approximation order and regularity. Before presenting the main construction, the basic
concept underlying a two-direction multiresolution structure is recalled.

Definition 2.2. Consider a family (V) ez consisting of closed subspaces in L*(R). The closed subspace
V; is defined by

V; = clossm, <2§¢(2fx — k). 28— 20x) kL € z> . (2.18)

We say that ¢(x) generates the multiresolution structure (V;) jez in L*(R) if the closed subspaces defined
by Equation (2.18) satisfy the following conditions:

i ---cVycVycVic:--;
(ii) clospae (Ujez Vj) = LA®):
(ii1) jez V; = {0}
(iv) f(x) eV; & f(2x) € Vi,
(v) A suitable ¢ can be selected so that

{p(x=k),do(l —x) : k,l € Z}

forms a Riesz basis for V.

When this Riesz basis is orthonormal, (V;);ez is called an orthogonal two-direction multiresolution
analysis, and ¢ is called an orthogonal two-direction scaling function.

The following wavelet discussion concerns this orthogonal special case. At level j € Z, W; is
specified by
Vim=Ve W,

This component corresponds to wavelet level j. When a suitable ¢ can be chosen so that
{25¢(2fx C R, 2 (-2 kol € Z}
constitutes a complete orthogonal system spanning W; for each j € Z, then
{2'z’¢(2fx — B, 25l - 2x) 1 kI €EZ, e z}

also constitutes a complete orthogonal system spanning

PHw;=r®.

JEZ

Accordingly, ¢ serves as the two-direction scaling function, and ¢ serves as the associated wavelet
function.

AIMS Mathematics Volume 11, Issue 7, 20773-20801.



20781

Let ¢(x) be an orthogonal scaling function in the two-direction setting with dilation factor 2, and let
¥ denote the wavelet associated with ¢. The following orthogonality conditions hold:

(P(x), p(x = k) = S0k, (P(x), p(k — x)) = 0
(P(x), Y(x = k)) = 0,(p(x), Y(k —x)) = 0
W), Y(x = k)) = o, (Y(x), Yk — x)) =

For dilation factor 2, the two-direction scaling generator and its associated wavelet obey the two-scale
refinement relations below:

6(x) = > pioQ2x—k)+ > pro(l—2x),

' l (2.19)
() = ) aidQ@x—k)+ Y qr(l—2x).

k l

Throughout the Fourier-domain calculations in this paper, every mask that occurs in a two-scale
symbol is assumed to belong to £!(Z); all explicit masks in Sections 4 and 5 are finitely supported.
Consequently, every symbol series converges absolutely and uniformly on R and defines a continuous
2n-periodic function. The corresponding refinement series converge absolutely in L?, so the L? Fourier
transform can be passed through the mask sums by continuity. Applying the Fourier transform to

Eq (2.19) gives
s = (2)52)+#(2)45)

o= o548 < (5)5-5)

Define the symbols as follows:
w 1 + _M (W 1 __iwk
Y1zt it
( ) 2221 2 2];4”"6

Here, P*(w/2) and P (w/2) denote the positive- and negative-direction two-scale symbols of ¢,

respectively, and
_iwk (W 1 _ _iwk
0 (3)=3 R o(5)=3 Nar™
keZ

Here, O"(w/2) and Q (w/2) represent the positive- and negative-direction two-scale symbols of .
In the notation above, the complex-valued orthogonality criteria in [15] are most clearly written in
Hermitian matrix form. Define

(2.20)

Py | T @ P_(w)l’
P (-w) P(-w)
Q- | €@ Q‘(w)l.
0°(-w) 0'(-w)

Assume that the corresponding two-direction refinement equations admit L2-stable generators and
that their integer-translate/reflected families are stable in the associated scale spaces. If ¢(x) is an
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orthogonal two-direction scaling function, and ¥(x) is its associated orthogonal two-direction wavelet,
then for almost every w € R,

Pw)P(w) +Pw +m)P(w+n) =1,
Pw)Q(w)" + P(w + m)Q(w + 1) = 0y, (2.21)
QwAW) + Qw + MQ(w + n)* = I,.

Here, * denotes conjugate transpose. The negatlve frequency entries are the same ones that arise from
the Fourier recursions for ¢(w) d)( w), L//(w) and t,b( w). Thus, Eq (2.21) is a necessary Hermitian
mask condition. Its converse is not inferred from L? stability and the Riesz property alone; a sufficient
conclusion requires additional independently verified hypotheses, such as uniqueness of the normalized
Hermitian Gramian fixed point in an applicable matrix mask theorem.

3. Two-direction scaling functions on generalized elliptic helical curves

Throughout Sections 3 and 4, C = C, denotes the global parametrized carrier with I = R. By (2.3)-
(2.9), p : C — R s an arc length-preserving homeomorphism. Hence, the unitary map U transports
the complete real line two-direction multiresolution structure to L?(C) without boundary truncation.
According to Egs (2.16) and (2.17), a two-direction multiresolution analysis on L?>(C) can be defined
as follows.

Definition 3.1. Suppose that the subspace family (v;) ez has the properties listed below:

1. The subspaces are nested; namely, each v; is contained in the next one for every j € Z;
2. The intersection of all subspaces in the family is trivial, and their union is dense in L*(C);
3. For every j € Z, the scale relation is

fCev, = Difevj,
where the unitary dyadic dilation is explicitly defined by

(D2f)E) =2'2(fC o p)(2p&),  E€C.

4. For a suitable real line scaling generator ¢, set ¢¢ = U™'¢p = ¢ o p. Then, the family

{¢Ok,¢§; k,l€Z)

constitutes a Riesz basis for vy, and the induced subspaces {v;} generate a two-direction
multiresolution structure in L>(C), where

65" = 28027 p(&) - k),
657 =281~ 2pe)). €€

C, C,— .
Vi= CIOSLZ(C) <¢j,k+’¢j,l . k,l € Z> .

AIMS Mathematics Volume 11, Issue 7, 20773-20801.
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When the Riesz basis at scale zero is orthonormal, the structure is called an orthogonal two-direction
multiresolution analysis on C.

For every integer index j, define w; as the subspace that completes v; to an orthogonal
decomposition of v;,;. Equivalently, v;,; admits an orthogonal decomposition into v; and w;; hence,
any vector in v, has unique components in these two subspaces. The component w; is regarded as the
wavelet-level subspace associated with the generalized elliptic helical curve. In the orthogonal special
case, when an admissible wavelet i is chosen, its curve-induced counterpart ¥ = o p is required
to satisfy the following condition: At each integer scale, the collection {;{/i}j, wif ck,le Z} forms a
complete orthogonal basis of w;. Consequently, the wavelet family

{l/lf}:,l//i;_ Ck e Z}

constitutes a complete orthogonal system in

P w; =rxo0).

JEZ

Thus, ¢€ serves as the two-direction scaling function associated with the generalized elliptic helical
curve, whereas /¢ serves as its corresponding two-direction wavelet. Under the standing hypothesis
X =R, let f€ € L*(C), and set Fy = f€ o p~! € L*(R). The curve operators are the unitary pull-backs
of the classical real line operators.

(1) Translation operator:
(Thf)é) = Fp(p(é) —b), beR.

(2) Reflected translation operator:

(RyfE)E) = F(b - p(£), beR.

(3) Dilation operator:
(Duf)E) = a'?Fy(ap(é)), a>0.

The factor a'/> makes D, unitary on L>(C); the operators T, and R, are also unitary when X = R.
If X is a proper interval, define X] = {s € X : s-be X}, Xf ={se X :b-s5 € X}and X =
{s € X : as € X}. The same formulas then define only local operators on p‘l(XbT ), p‘l(X,’f) and
p~ 1 (XP), respectively. A zero extension may be used for numerical evaluation, but it is not used to claim
a complete global multiresolution analysis (MRA) on a finite segment. Based on the two-direction
multiresolution analysis and Eq (2.19), ¢¢ obeys the refinement relation below in the two-direction
setting:

65 =D pt (¢ o p )@ p& =)+ Y pi (650 pT) (-2 p&)), 3.1)

kezZ leZ

where { pkc’+} and { plc’_} are the positive- and negative-direction two-scale coefficient sequences of the
curve-based scaling generator ¢ on the generalized elliptic helical curve. The associated curve wavelet
Y satisfies the refinement relation below in the two-direction setting:

W@ = a7 (0 p™) 2 p&) =)+ D a7 (¢ 0 ) (1= 2 p(®), (3.2)

kezZ lezZ
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where { "} and {ql ~} denote the positive- and negative-direction refinement sequences associated
with the two direction wavelet ¢/ on the generalized elliptic helical curve. Let ¢ = ¢€ o p~! be the real
line function obtained through the arc length-preserving map p. The function ¢ is assumed to obey
Eq (2.19):
() = ) pi¢2x=k)+ ) pro(l - 2x).
3 1

Here, {p;} and {p; } are the positive- and negative-direction two-scale coefﬁcient sequences of the two-
direction scaling generator ¢, respectively. Their relationship with { ) and { Pz "} is stated below.

Lemma 3.1. Let p : C — R be the global arc length-preserving projection, where C = C, denotes
the global parametrized carrier of the generalized elliptic helical curve. Suppose that, through p, a
curve-based two-direction scaling generator ¢¢ € L*(C) is obtained from a function ¢ € L>(R) as

¢ =op.

Assume that ¢ obeys the refinement Eq (2.19), whereas ¢¢ obeys the curve-based refinement Eq (3.1).
Assume further that the scale-one two-direction scaling family

{¢ﬁ,j, ¢f;; k1 eZ)

is a Riesz basis (orthogonal in the orthogonal case) of the scale space v,. Assume in addition that the
real line and curve coefficient pairs belong to t*(Z) x *(Z) and that both refinement expansions are
interpreted as unconditionally convergent series in the L* norm. Then, the corresponding refinement
coefficients coincide, namely,

pot=pf,  poT =D

Proof. Because the projection p preserves arc length, it induces an isometric correspondence between
functions on the real line and functions on the curve C. In particular, we have

¢C =pop or equivalently, p=¢ op!

Starting from the refinement equation of ¢ on R,

6(x) = ) pioQx -+ > po(l—2x),
k 1

and substituting x = p(£¢), we obtain

H(PE) = D pie@p© — )+ ) prol —2p(&)).
k 1

Using ¢¢(¢) = ¢(p(€)) and ¢ = ¢€ o p~!, this becomes
6°(6) = Z pi (60 p) @p&) — k) + Z pr (€0 p7') U= 2p(©)).

On the other hand, by Eq (3.1),

C(f)—Zp Cop™)2p© - k>+Zp, 6% o p™') (1= 2p(&).
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By the stated £? assumptions and unconditional L?> convergence, both displayed expressions are
legitimate expansions of the same element ¢ € v, in the scale-one two-direction scaling family.
The un-normalized functions in the refinement equations differ from ¢>1C,:' and ¢1C,’1_ only by the
common nonzero factor 27'/2, so they also form a Riesz basis of v;. The uniqueness of the £*> Riesz
basis expansion therefore permits coefficient comparison. Hence, comparison of the two refinement
equations yields

ot =pi, P =p;.

The proof is therefore complete. O

Lemma 3.2. Let p : C — R be the global arc length-preserving projection, where C = C, denotes
the global parametrized carrier of the generalized elliptic helical curve. Suppose that, through p, ¢¢
on C is obtained from an orthogonal two-direction scaling generator ¢ € L*(R), and ¢ is obtained
from the associated orthogonal two-direction wavelet generator € L*(R). Assume that the scale-one
two-direction scaling family
{77 ¢ ki leZ)

is a Riesz basis (orthogonal in the orthogonal case) of the scale space v,. Assume in addition that the
real line and curve wavelet coefficient pairs belong to *(Z) x t*(Z) and that both wavelet refinement
expansions converge unconditionally in the L* norm. Then, the wavelet refinement coefficients are
invariant under this projection:

@t=q, ¢ =gq.

Proof. Here, {q;} and {g;} are the coeflicient sequences in Eq (2.19), whereas { "} and {ql ~} are the

corresponding coefficient sequences in Eq (3.2). The argument follows the same idea as Lemma 3.1.
Starting from the real line wavelet refinement equation and substituting x = p(¢), the induced curve
wavelet satisfies

w@—qu op™')2p(é) - k)+2qz o p!) (= 2p(&)).

By the stated £? assumptions and unconditional L? convergence, both this expression and Eq (3.2) are
legitimate expansions of the same element ¢ € v, in the scale-one two-direction scaling family The
un-normalized functions appearing in the two refinement equations differ from gb and qbl , only by
the common nonzero factor 27'/?; hence, they also form a Riesz basis of v;. The umqueness of the ?
Riesz basis expansion therefore permits coeflicient comparison. Thus, comparing this expression with
Eq (3.2) yields

O

Under the standing hypothesis X = R, a curve function f€ € L?(C) is represented by F;(s) =
fE(p~i(s) € LAR). If Fy € L'(R) N L*(R), its Fourier transform on the curve is defined through the
arc length coordinate by

fC(w) = Fjw) = f Fis)e™ds, weR (3.3)
R
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For a general F; € L*(R), ]/‘E is defined by the unique Plancherel extension of this transform;
consequently, the Fourier identities below are understood in the L? sense and hence, almost everywhere.
Here, € € C is a point of the parametrized carrier, s = p(£) is its arc length coordinate, and w is the
real frequency variable. Thus, no carrier point or spatial point is used as a spectral variable. Under
the standing ¢!-mask assumption, the curve refinement series converges absolutely in L*(C), and its
Fourier transform may be evaluated term by term in the L? sense. Applying this definition to Eq (3.1)
and writing F(w) = ¢€ o p~'(w) gives

F(w) = P& (%)F(%) + PO (%)F(—%) (3.4)
where 1 1
g e e
keZ keZ
Replacing w by —w gives
Few = P (3)F(=5)+ P (-5) F(3) 0

By combining relations (3.4) and (3.6), one obtains

= (§) )] )

F(w) ~ 37
F(-w)| |pc- (%) pos(_2 _\ ’
col e (5) e ()
Define the Fourier-side vector and mask matrix by
F(w) PSP ()
F = = . .
@=|, (_w)], Mo = | e L e (_n)] (38)

Then, Eq (3.7) is F(w) = Mc(w/2)F(w/2). Tterating this identity only a finite number of times gives

for every integer J > 1,
J
w w
F(w) = {1—1[ MC(E)] F(5). (3.9)
]:

where the ordered product means ]_[f=1 Aj = AjA;---A,;. For a normalized refinable solution whose
Fourier representative is continuous at the origin with F(0) = 1, the terminal vector in (3.9) satisfies

F(57) =

This convergence of the terminal vector alone does not justify replacing the finite product by an infinite
product. The matrix limit

F(0)

F(0) (J = ).

J
Pe(w) = lim ]]_1[ Mc(3) (3.10)
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must be established separately in the mode of convergence required by the cascade theorem. Only
when this limit exists and passage to the limit in (3.9) is justified may one conclude that

F(0)
F(0)

Here, w € R is the real frequency variable dual to the arc length coordinate s = p(§); it is neither
a carrier point nor a spatial point. The next statement separates the properties that were previously
conflated: The spectral test, existence of a refinable solution, L? stability, continuity, and orthogonality.

F(w) = Pc(w)

Theorem 3.1. Let p : C — R be the global arc length coordinate, let U be the unitary map above, and
assume that (p,f’+)kez, (p,f’_)kez € (Z). Let Mc be the resulting continuous 2n-periodic mask matrix
defined in Eq (3.8). The following assertions are logically distinct.

1. The mask matrix spectral condition used in this paper is the statement that Mc(0) has a simple
eigenvalue 1 and that all its other eigenvalues have modulus strictly smaller than 1. It is distinct
from Condition E imposed on the transition operator in the L*-stability criterion of [15]. In this
paper, the zero-frequency condition is treated only as an algebraic property of Mc(0) and is
not used by itself to assert the existence or uniqueness of a compactly supported distributional
solution. Any such existence statement must instead be obtained from an applicable refinement
equation theorem after all of that theorem’s mask, normalization, and compatibility hypotheses
have been verified. The zero-frequency condition also does not imply L* cascade convergence, L?
stability, continuity, the Riesz basis property, or orthogonality.

2. Suppose, independently, that the associated real line matrix cascade converges in L*(R) to a
refinable function ¢ and that {¢(- — k), p(k — -) : k € Z} is a Riesz basis for its scale space with
bounds A, B. Then, ¢¢ = U™'¢ = ¢ o p satisfies the curve refinement equation, the transported
cascade converges in L*>(C), and the corresponding curve family has the same Riesz bounds A, B.

3. If the real line solution ¢ is continuous, then ¢ = ¢ o p is continuous because p : C — R is a
homeomorphism. Conversely, continuity may be transported from the curve to the line through the
continuous inverse p~'. Neither statement is a consequence of the mask matrix spectral condition
alone.

4. Orthogonality is not implied by the mask matrix spectral condition or by Riesz stability.
An orthogonal generator necessarily satisfies the Hermitian paraunitary mask identity in
Theorem 4.1; the reverse implication requires additional sufficiency hypotheses and is not
asserted here.

Thus, the mask matrix spectral condition is used only as a zero-frequency algebraic test. Before the L?
transport conclusion in item 2 can be invoked, the existence of the relevant real line refinable solution,
cascade convergence, L* stability, and the Riesz basis property must all be verified separately.

Proof. Ttem 1 first records the definition of the mask matrix spectral condition for the matrix Mc(0).
It also makes explicit that this zero-frequency algebraic condition is not, by itself, an existence or
uniqueness theorem for a compactly supported distributional solution. Such a conclusion requires
a separate applicable refinement equation theorem with all of its hypotheses verified. The spectral
condition likewise does not provide the additional L? conclusions in items 2—4. For item 2, let (¢,),s0
denote the real line cascade approximants, and set ¢¢ = U~'¢,. Because U is unitary,

c C
||¢n —¢ ||L2(C) = |l¢p, — ¢||L2(R) — 0.

AIMS Mathematics Volume 11, Issue 7, 20773-20801.



20788

Applying U™ to the real line refinement equation gives the curve refinement equation because U~ f =
f o p, and the refinement coefficients are unchanged under this transport. Moreover, for every finitely
supported pair of coefficient sequences (a;) and (by), unitarity gives

D s+ ) bl Dk + > bk - )
k k

k k

LX) L2(R)
Therefore, the real line Riesz inequalities transfer verbatim, with the same bounds A and B.

For item 3, the continuity of ¢ = ¢ o p follows from the continuity of ¢ and the homeomorphism
p. Conversely, ¢ = ¢¢ o p~! is continuous whenever ¢€ is continuous. Finally, the mask matrix
spectral condition concerns only the spectrum of Mc(0), whereas orthogonality necessarily entails
the independent all-frequency Hermitian identity stated in Theorem 4.1. Hence, neither the mask
matrix spectral condition, the Riesz inequalities, nor the mask identity by itself is used here to infer

orthogonality. O

The coefficient alternatives below characterize only the mask matrix spectral condition as a matrix
spectral property. They are not presented as an existence or uniqueness theorem for a compactly
supported distributional solution. Moreover, the normalization F(0) = 1 selects only the second of the
two algebraic alternatives below. Neither alternative by itself establishes the existence of a refinable
solution, L? cascade convergence, continuity, L? Riesz stability, or orthogonality.

Theorem 3.2. Let p : C — R be the global arc length coordinate, and let ¢ € L*(C) satisfy the
two-direction refinement relation (3.1). Assume (p,f’+)kez, (pg’_)kez € tY(Z) so that all coefficient sums
below converge absolutely. The following alternatives for the coefficient sequences { p,f’+} and { pg’_}
are equivalent to the mask matrix spectral condition for Mc(0):

Z(pt-p) =2, S(pt+ A7) =2,

S <2 7| Bt

If a Fourier representative F of a refinable solution is continuous at the origin and normalized by
F(0) = 1, then only the second alternative is compatible with the refinement equation; equivalently,
the eigenvalue 1 must correspond to the symmetric vector [1, 117, The first alternative is only the other
algebraic way in which Mc(0) can satisfy the mask matrix spectral condition and is incompatible with
this normalization.

<?2 < 2.

Proof. By the definitions of the two-scale symbols at the origin, we have

1 C,+ 1 —
[PC*(O) o) ] | 2&PF 2P
Pe) PerO) | T 1o o 1o e
Zg‘zpk 2k§z k

Therefore, its eigenvalues are (1/2) 3, (p,f’+ - p,f’_) and (1/2) 3, (p,f’+ + p,f’_). Using the two explicit
eigenvalues, the mask matrix spectral condition is equivalent to

%(p,f’+ -p7) =2, %(pf’+ +p07) =2,

A R [
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For the normalization used in the subsequent Fourier analysis, evaluate the refinement recursion at
w = 0. Because F(0) = 1, one has
1 1
| =FO = Mc(0)F(0) = Mc(0) e

Consequently,
PO Oy + PSTO) = 1, Y (T +piT) =2,
k

Thus, only the second alternative is compatible with F(0) = 1; in the first alternative, the eigenvalue 1
is attached to the antisymmetric vector [1, —1]". O

In Theorem 3.2, the matrix

PSH(0) P (0)
PS(0) PSH(0)

satisfies the mask matrix spectral condition precisely when one of the two displayed alternatives holds.
For a Fourier representative continuous at the origin and normalized by F(0) = 1, only the second
alternative is admissible. These algebraic alternatives do not establish the existence or uniqueness of a
compactly supported distributional solution. If an external existence theorem is invoked, all of its mask,
normalization, and compatibility hypotheses must be checked independently. The alternatives also do
not establish L? cascade convergence, continuity, or L? and Riesz stability. Orthogonality must satisfy
the necessary Hermitian condition in Theorem 4.1, and any converse conclusion requires additional
independently verified sufficiency hypotheses.

4. Orthogonality and high approximation order of two-direction scaling functions on
generalized elliptic helical curves

Definition 4.1. Let p : C — R be the global arc length-preserving projection, where C = C, denotes
the global parametrized carrier of the generalized elliptic helical curve. Assume that ¢¢ = ¢ o p for
some ¢ € L*(R). Suppose further that the following conditions hold:

<¢C, Tk¢C>L2(C) = 60
4.1)

=0, keZ.
12(C)

(6. Rug)
Then, ¢€ is referred to as an orthogonal scaling function in the two-direction setting on the generalized
elliptic helical curve.

Theorem 4.1. Fix the global arc length-preserving projection p : C — R, where C = C, denotes the
global parametrized carrier of the generalized elliptic helical curve. Assume the independent existence
and Riesz stability hypotheses in item 2 of Theorem 3.1: The corresponding refinement equation admits
a normalized L*-stable solution ¢ with ||¢€|| 2y = 1, whose two-direction integer-translate/reflected
family is a Riesz basis of its closed scale space. Assume also that its positive- and negative-direction
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masks belong to €'(Z). Let P* and PS~ be the resulting continuous positive- and negative-direction
two-scale symbols of ¢€, and define

Mo =| 270 P ] . (4.2)
P= (=) P (=1)
If ¢€ is orthogonal, then for almost every n € R,
McmMc@m)” + Mc(n + )M+ 7)" = . (4.3)
Here, * denotes the conjugate transpose. Equivalently,
PSP + PSP + 1P+ mP + 1P+ m) = 1,
PEH(PC= (=) + P~ (P (=) (4.4)

+ P“*(n + m)PC~(-n + ) + PS~ (5 + m)PCH(—n + 1) = 0.

The second diagonal identity in (4.3) follows from the first one after replacing n by —n. For real
mask coefficients, PS*(-n) = PCS*(n), and the displayed cross relation reduces to the corresponding
real coefficient formula. These relations are necessary under the stated assumptions. No converse is
claimed without an additional independently verified matrix mask sufficiency hypothesis, such as the
uniqueness of the normalized Hermitian Gramian fixed point.

Proof. The Fourier recursion derived in Section 3 is

B2y = My, B() = [ Fm ]

F(-n)

where ® = (¢, ¢(—-))" in the real line arc length coordinate. Thus, the lower row necessarily
contains the symbols evaluated at —7. By the arc length isometry, orthogonality on C is equivalent
to orthogonality of the integer translates of the two components of ®. Hence, the Hermitian Gramian

Gap) = ) D@ + 27k)®(y + 27k’

keZ

satisfies G(n7) = I, for almost every 5. Splitting the sum defining G(27) into even and odd indices and
using the 2r-periodicity of Mc gives the standard vector refinement identity

G2n) = McmGaMcm)" + Mc(m + mGm + m)Mc(n + n)".

Substituting G = I, yields (4.3). This is the Hermitian Gramian/perfect reconstruction calculation
underlying the orthogonality criterion in Section 5 of [15]. Expanding the (1, 1) and (1,2) entries
gives (4.4); the remaining entries are their conjugate and reflected counterparts. This proves the
necessary implication. The stated existence and Riesz stability assumptions do not, by themselves,
establish the reverse implication. O

Next, we record how an independently verified Hermitian mask identity is transported from the real
line to the generalized elliptic helical carrier.
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Proposition 4.1. Let P* and P~ be two-scale symbols generated by finitely supported masks and form
the structured matrix symbol

Pt P ()

M =
D=1y Pren)

Assume that

MDM@)* + M(p+ )M +n)* =1, fora.e. n.

Assume separately that the real line refinement equation generated by these masks has a normalized
L?-stable solution ¢ whose two-direction integer-translatefreflected family is a Riesz basis. If p :
C — R is the global arc length coordinate, and ¢¢ = ¢ o p, then the curve symbols satisfy the same
Hermitian identity. Hence, the transported mask passes the necessary mask test in Theorem 4.1. This
conclusion does not upgrade the Riesz family to an orthonormal one and does not infer orthogonality;
a converse requires a separate matrix mask sufficiency theorem with its additional hypotheses, such
as the uniqueness of the normalized Hermitian Gramian fixed point. The zero-frequency mask matrix
spectral condition may be checked independently, but it is not needed for the transport asserted in this
proposition and does not imply L? stability, the Riesz basis property, or orthogonality.

Proof. Lemma 3.1 shows that the arc length isometry leaves the positive- and negative-direction
coeflicient sequences unchanged. Therefore, the real line symbols and the corresponding curve
symbols are identical functions of the arc length frequency, and the displayed Hermitian identity
transfers verbatim. The final statements merely delimit this necessary algebraic test from the separate
existence, stability, and orthogonality questions. O

For o > 0, let H7(R) denote the Bessel-potential Sobolev space

H(R) = { felXR): f (1 + lwP)|f(w)]? dw < oo}.
R

In the approximation discussion below, saying that the Sobolev regularity index is at least r > 0 means
membership in H?(R) for every real 0 < o < r; no membership at the critical endpoint H"(R) is
asserted.

Lemma 4.1. Let M, L € N be positive integers. Let ¢ € L*(R) be a compactly supported two-direction
refinable generator with dilation factor 2. Assume that its two-direction translates and reflected
translates form a Riesz basis of V., that the associated spaces (V) jez form the real line multiresolution
structure used here, and that its finitely supported masks satisfy Eq (2.19). Define the positive- and
negative-direction symbols by

1 o (1+e )"
+ — _ + —ikw _ +
Prw) =5 ) pie % > )wa
keZ
. 1 R b e A
P(w)—EZpke =—5—] S
keZ
Here,
SHw) = Z sfe e, S (w) = s e, sp >0, s, >0.
keZ keZ
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If, in addition,
STO)+S(0) =1,

S=(n) # 0, M>L,
S*(n) # 0, L> M,
S*(m) + e S~ (1) £0, L=M,

then ¢ has approximation order n = min(L, M) in the polynomial reproduction sense of Definition 3
in [15]; namely, every polynomial of degree at most n — 1 can be represented by a linear combination
of the integer translates of ¢(x) and ¢(—x). Moreover,

1
¢ € H(R) for everyreal 0 <o <n— 7

No membership at the critical endpoint H'-'?(R) is claimed.

Proof. Theorem 11 in [15], specialized to the dilation factor m = 2 and interpreted through Definition 3
of that paper, gives a polynomial reproduction approximation order n = min(L, M) and regularity at
least n — 1/2. For the regularity statement used below, this yields the nonendpoint consequence

1
¢ € H”(R) foreveryreal 0 <o <n-— 5

and no membership at the critical endpoint is asserted. O

The approximation order in Lemma 4.1 is the polynomial reproduction notion used in [15]. It is
not identified here without an additional theorem, with a Sobolev best approximation estimate. To
obtain the latter, the required real line Jackson estimate is imposed explicitly in the following transport
theorem; in an application, it may be verified by an appropriate Strang—Fix theorem after all stability,
polynomial reproduction, and nondegeneracy assumptions of that theorem have been checked.

Theorem 4.2. Let p : C — R be the global arc length coordinate, and let U : L*>(C) — L*(R) be the
associated unitary map. For every real o > 0, define the arc length Bessel potential Sobolev space

HJ(C):=U"H'®R),  fNugc = UL N
For an integer n > 1, write Wg,p(C) = H(C) and Wi(R) := H"(R). For each j € Z, set
Vi=U'(V)={Gop:GeVy,
and define the real line and curve best approximation errors by

N CrpCy o s c c
Ej(F) = GIE‘EHF_G”LZ(R)’ Ej (f) = gélel‘ac”f -8 ||L2(C)-

The curve spaces are said to have Sobolev best approximation order n in arc length if there is a constant
K independent of f€ and j such that

ES(f9) < K2_j"||fc||wg,p(C)
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for every f€ € Wg”p(C) and all sufficiently large j.

Assume that the real line generator ¢ satisfies every stability, multiresolution, factorization, and
nonvanishing hypothesis of Lemma 4.1, and put n = min(L, M) and ¢ = ¢ o p. Assume, independently,
that the associated real line spaces satisfy the Jackson-type estimate

Ei(F) < Kz_jnHFHWQ(R) 4.5)

for every F € WJ(R) and all sufficiently large j, with a constant K independent of F and j. Then, for
every f€ € L*(C),
ES(f©) = E{US).

Consequently, for every f€ € Wg’p(C) and all sufficiently large j,
ES(f©) < K2_jn||fc||wgvp(0)- (4.6)

Thus, VJ.C has the same Sobolev best approximation order n as Vj, with the same constant K. Moreover,
the regularity conclusion of Lemma 4.1 is transported independently by unitarity:

1
¢ € H;(C) foreveryreal ) < o <n - 7

and no membership at the critical endpoint Hz_l/ 2(C) is asserted.

Proof. For every G € V;, set g = U™'G € V{. Conversely, every element of V{ has this form. By
unitarity,

||fC - gc||L2(C) = ||Ufc - G||L2(R)-
Taking the infimum over G € V; gives

ES(f) = ExXUSO).

If € € Wg,p(C ), then U f€ € W3(R), and by the definition of the transported Sobolev norm,
U fllwscey = 11w o
Applying the independently assumed real line estimate (4.5) to F = U f€ therefore yields
ES(f©) = E{U£C) < K2|U fllwaey = K277 llwg (-

which proves (4.6). This argument transports an already established real line best approximation

estimate; it does not derive that estimate from the mask factorization alone. Finally, because ¢C =

U~'¢, the Sobolev regularity assertion follows directly from the definition of H7(C) and Lemma 4.1.
O

Finite segment limitation. If p(C) = X is a proper bounded interval, the global equality above
is not asserted for the unrestricted real line spaces V;. A finite segment approximation theorem
requires boundary-adapted spaces or an explicitly specified extension operator. The bounded segment
in Section 5 is therefore used only for the numerical verification of the arc length discretization.
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5. Numerical experiment and symbolic mask examples

The numerical test first verifies the Euler approximation of the reference arc length map on a
bounded injective segment. The parameters are

a=2, b=1.2, vo = 0.3, Q=2, [ =10,7/2].
The parametrization vy is injective on this interval because its first coordinate
x(t) = (2+0.3cos2f)cost

satisfies
X' (t) = —0.6sin(2¢) cos t — (2 + 0.3 cos 2f) sint < 0, 0<t<nm/2.

The arc length map is computed with N = 2000 left-endpoint Euler steps. A composite trapezoidal
rule with 200, 000 subintervals is used as the reference. The resulting reference length is s(r/2) =
2.826077357655, and the maximum absolute arc length coordinate error at the Euler nodes is 1.11 X
10*. The grid refinement results in Table 1 show the expected first-order decay of this error.

Table 1. Grid refinement check for the left-endpoint Euler arc length approximation.

N max; |sy(t) — ser(f;))] Observed order

250 8.85870 x 10~* -
500 4.42940 x 1074 0.99998
1000 221470 x 107 1.00000
2000 1.10735 x 107 1.00000

The inverse projection is also checked numerically. At every Euler node, let
1 = Seep(sn (1) Eree = max|[ly(®) = y(&;)ll-

Piecewise linear interpolation of the dense reference inverse gives E.. = 1.11 x 10™*. This is the
reconstruction error of the curve map y o 57} o sy relative to y at the Euler nodes; the reference inverse
is used so that the forward Euler discretization error is not cancelled by reusing the same discrete
inverse.

Because the two symbolic mask examples below do not independently establish the existence of
an L>-stable scaling generator, no wavelet signal reconstruction error is reported. In this numerical
subsection, “reconstruction error” refers only to the geometric inverse projection error E.. defined
above.

For the two-direction mask in Example 5.2, define the real line structured symbol matrix explicitly
by
Pt P ()
P (=) P*(-n)
which is the matrix used in Proposition 4.1. On the grid n7,, = —7 + 271m /8192, m = 0, ...,8192, the
paraunitary mask identity residual is defined by

Rpy = max - IM@IM@)" + M1, + M, + 1) = L, , (5.1)

M) =

b
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where || - ||, is the spectral matrix norm. IEEE double-precision evaluation gives Rpy; = 1.67 x 10713,
which is at roundoff level. The eigenvalues of M(0) are 1 and 7/20 — V31/10 ~ —0.2067764363,
so the mask matrix spectral condition is also satisfied. The reproducibility parameters and numerical
error indicators are summarized in Table 2. The finite segment test shown in Figure 1 concerns only
the discretized arc length map on an embedded spatial branch.

Injective generalized elliptic helical segment

0.30
0.25
0.20 ~
pei
015N
0.10
0.05
0.00

0.0

05
s
X 77 20

Projection and inverse reconstruction errors

2.5

2.0

= 1.5

1.09

0.5

0.0

Arc length coordinate

—— reference (trapezoidal)
left Euler
00 02 04 06 08 10 12 14 16

t
Example 5.2 two-direction symbols

0.60 — |P(0)]
0.00010 1 |P=(m]
0.00008 0.551
g g
$ 0.00006 2 050
= C
z 2
8 0.00004 £
©
0.45 1
0.00002 1
—— arc length error
0.00000 4 inverse projection reconstruction error 0.40
0.0 02 0.4 06 08 1.0 12 1.4 16 -3 2 -1 0 1 2 3
t n
Figure 1. Reproducible numerical test on the injective segment / = [0,7/2]: the

generalized elliptic helical curve, the reference and Euler arc length coordinates, the arc
length and inverse projection errors, and the magnitudes of the two-direction symbols used
in Example 5.2.
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Table 2. Reproducibility parameters and numerical error indicators.

Quantity Value

Curve parameters a=2,b=12,vg=03,Q=2
Parameter interval [0, /2]

Euler steps N =2000

Reference trapezoidal subintervals 200000

Reference arc length 2.826077357655

Maximum arc length error 1.11x 1074

Frequency grid 8193 points on [—, 7]
Geometric inverse projection reconstruction error  1.11 x 107

Paraunitary mask identity residual (|| - ||) 1.67 x 1071

Eigenvalues of M(0) 1 and 27—0 - ‘{—‘? ~ —0.2067764363

The two symbolic refinement examples below are interpreted on the global parametrized carrier C,

with I = R, for which p(C,) = R by (2.9).

Example 5.1. Consider the following two-direction mask on the global parametrized carrier C = C,

of a generalized elliptic helical curve with / = R and p(C) = R. Choose M = L = 2, and

3 1
S*t(n) = =, S = —.
(m) ) (m) 1
Then, s; =3/4>0, s; =1/4>0,5%(0)+S7(0) =1, and

St +e S (n)=1%#0.

These calculations verify the factorization, non-negativity, normalization, and nonvanishing conditions

displayed in Lemma 4.1. The two symbols are

i\ 2
3(1+e™
PC,+ —— ,
(m 4( 2 )
S T ?
TEg\T 2 )

Because P*(n) = % Sk p,fe‘”‘", the refinement coefficients are

333 (111
(pS,pT,p§)=( ) (Po,pl,pz)=(—,— —)-

84’8 84’8

The coeflicient sums are 3 1
p;: = 3> p]; = =
and therefore,

=1<2.

PNIEDW S
k k
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Consequently, the alternative (IV) of Theorem 2 in [15] with dilation factor m = 2 applies: In the
normalization used there, the associated real line refinement equation has a unique compactly supported
distributional solution ¢. Moreover, the masks satisfy the non-negative factorization hypotheses of
Theorem 11 in [15]. Hence, this solution belongs to L*(R), has polynomial reproduction approximation
order 2 in the sense of Definition 3 of [15], and has Sobolev regularity at least 3/2; in the nonendpoint
convention adopted in this paper,

3
¢ € H*(R) for every real 0 < o < X

The curve function ¢¢ = ¢o p is therefore a well-defined compactly supported L?(C) refinable solution,
and coeflicient transport gives

3 3 3
&@=g&ofW@@HZW%JWM®—D+gfofW@@—m
(5.2)

1 1 1
+§wofw4ﬂ@+ﬂ&ofwrnm@+ywofwmdmw.

By unitarity, the L? property, polynomial reproduction in the arc length variable, and the nonendpoint
regularity conclusion transfer to the carrier; in particular,

3
¢“ € HJ(C)  foreveryreal 0 <o < >

If, in addition, the associated real line spaces satisfy the independent Jackson estimate (4.5) with
n = 2, then Theorem 4.2 transfers Sobolev best approximation order 2 to the curve spaces. The
existence and L? conclusions above do not by themselves imply the Riesz basis property, an orthogonal
multiresolution analysis, or orthogonality; those properties still require their respective independent
hypotheses.

Example 5.2. Example 5.1 of Keinert and Kwon [26] motivates the support locations and algebraic
form used here. The coeflicients below are a rescaled mask formulated specifically for the
normalization of the present paper; they are not claimed to be a term-by-term rewriting of the
coefficients in that source. In the present notation,

1 ~i
P(n) = EZP? .
keZ
No orthogonality, spectral, existence, stability, or approximation order property is inferred solely
from [26]; the algebraic properties claimed below are verified independently in the present
normalization. The nonzero coeflicients are

. 93-13431 341-11v31 | 11-11v31 ~13+3V31

+ _ —

P 20 2T T 300 Ps 320 ° P47 T30 53)
_ =31+ V31 217+23¥31 . 2347431 -1+ 31
Pe="30 > PsT 7 30 = PeT T3 0 P17 T30

Thus,

7
— —ikn
> i

k=4

| =

IR
Pay=5 p pie™. P =
k=1
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Direct expansion gives

MM + M@ + M@ + n)" = I,

with M defined in Proposition 4.1. Moreover,

27 V31 13 V31
MO =40 20 40" 20
13 V31 27 31

—_ + _
40 20 40 20
7 V31

has eigenvalues 1 and 2" 10 ~ —0.2067764363. Hence, the paraunitary mask identity and the
mask matrix spectral condition are both satisfied for this mask. Because the row sum eigenvalue

equals 1, this mask lies in the normalization-compatible second branch of Theorem 3.2. These exact
calculations verify the coefficients, exponent signs, Hermitian algebraic orthogonality condition, and
spectral condition in the normalization used here. These calculations do not establish the existence or
uniqueness of a compactly supported distributional solution, convergence of the infinite matrix product,
or the existence of an L2-stable scaling generator. Any distributional solvability conclusion must be
obtained from a separate applicable existence theorem after all of its hypotheses have been verified. If
anormalized L2-stable real line refinable generator with the required Riesz basis exists, Proposition 4.1
shows only that its mask passes the necessary Hermitian test. Orthogonality still requires an additional
independent sufficiency argument; if orthogonality is established separately, Theorem 3.1 transports the
generator and its Riesz structure to the curve, and unitarity transports the established orthogonality. No
approximation order claim is made for this example; the conditional order-2 illustration is Example 5.1.
If a corresponding curve scaling function ¢€ exists under the stated solvability and stability hypotheses,
its associated formal refinement relation on the carrier is

4 7
6°&) = > i@ o pHCP@ k) + Y pi(¢ o p )k - 2p(£), (54)
k=1 k=4

where the coefficients are exactly those in (5.3). This example provides a full algebraic check
of the signs, exponent indices, the mask matrix spectral condition, and the Hermitian paraunitary
mask identity. The mask matrix spectral condition alone does not establish the existence or
uniqueness of a compactly supported distributional solution. Such a conclusion requires a separate
applicable existence theorem with all hypotheses verified; the existence of an L>-stable scaling
generator remains conditional on the separate stability and convergence hypotheses stated above. Any
orthogonality conclusion additionally requires an independently verified sufficiency hypothesis or a
direct orthogonality proof.

6. Conclusions

In this paper, two-direction scaling functions on generalized elliptic helical curves were investigated
through an arc length-preserving projection. The spatial trace was distinguished from the parametrized
carrier. On the global carrier with I = R, the positive speed lower bound implies p(C) = R, even when

the spatial trace is periodic or self-intersecting; repeated spatial locations remain distinct because their

AIMS Mathematics Volume 11, Issue 7, 20773-20801.
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parameter labels are retained. The Euler method was tested separately on a bounded injective spatial
segment. The projection was then used to transport the two-direction multiresolution framework and
the corresponding refinement equations from the real line arc length coordinate to the carrier.

Furthermore, the relationship between the refinement coefficients on the real line and those on
generalized elliptic helical curves was analyzed. On this basis, the necessary Hermitian orthogonality
conditions and the approximation order properties were examined. A structured Hermitian matrix mask
screening condition was also formulated for an already existing normalized L*-stable two-direction
scaling generator satisfying the stated Riesz basis assumptions; no sufficiency conclusion was drawn
without an additional independent hypothesis. Finally, a reproducible Euler projection test on an
injective segment and two algebraically checked symbolic examples were provided.

The results show that the parameter restrictions a > 0, b > 0, |vy| < min{a, b} yield a positive
global speed lower bound. Therefore, the arc length coordinate maps the global parametrized carrier
over I = R homeomorphically onto R. On every subinterval on which vy is a topological embedding—
in particular, on every compact interval on which vy is injective—the corresponding carrier segment
1s homeomorphic to, and may be identified with, the embedded spatial branch; at a self-intersection,
the global carrier retains the branch label and avoids a multivalued inverse. In this precise sense, arc
length-preserving projection provides a rigorous way to transfer two-direction wavelet analysis from
the real line to generalized elliptic helical parametrized curves.

The numerical section validates only the discretized arc length map on one injective segment and
checks the stated mask identities. It does not test aircraft, satellite, biological, seismic, financial, or
other application data, and no empirical claim for those settings is made.
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