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Abstract: Dengue fever is a rapidly spreading vector-borne disease, posing severe health challenges
worldwide due to its complex transmission dynamics between humans and mosquitoes. Traditional
mathematical models often fail to capture memory effects and environmental influences that
significantly affect disease progression. To address this, we formulated a fractional-order dengue
transmission model incorporating environmental factors using the Caputo derivative. This approach
allows the system dynamics to account for hereditary effects and delayed responses, providing a
more realistic representation of dengue outbreaks. We analyzed the model’s stability, bifurcation,
and sensitivity, and conducted numerical simulations to examine how varying the fractional order and
key epidemiological parameters impacts the disease dynamics. Our findings show that lower fractional
orders slow the epidemic’s progression, while higher orders approach classical integer-order behavior.
The mosquito biting rate emerged as the most influential factor affecting the basic reproduction
(R0), whereas disease-induced human mortality had minimal impact. These results highlight critical
parameters for controlling dengue’s transmission and demonstrate that fractional-order models offer
enhanced predictive power and insight compared with traditional models, supporting more effective
public health interventions.
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1. Introduction

Dengue fever has become a major worldwide vector-borne disease and is rapidly becoming a threat
to global public health [1]. Dengue is mainly transmitted through bites from infected female Aedes
aegypti mosquitoes and has recently become the most common mosquito-borne diseases in the globe.
The World Health Organization (WHO) reports that dengue has now become endemic in over 100
countries in Asia, Africa, North and South America, and the Western Pacific region with an estimated
390 million people are affected by the disease each year [2]. More than a million people are clinically
infected [3]. Since no vaccines and no specific antiviral treatments have yet been developed, most
prevention and control strategies focus on the control of mosquito populations. Many factors are
responsible for the increasing number of dengue cases and the increasing range of locations where
it occurs. Rapid urbanization and population growth, inadequate waste management, and changes in
climate and rainfall patterns have created favorable breeding conditions for Aedes aegypti [4]. The
combination of increased water storage, increased rain, and an increase in the temperature of mosquito
breeding sites (the above mentioned conditions) creates a more favorable environment for Aedes
mosquitoes [5]. In addition to this, human mobility and international travel contribute significantly
to disease spread. The continued occurrence of two or more serotypes in a region increases the
probability that the next infection will be severe. All of these factors make it even more important
to continue to learn how dengue virus is transmitted. In response to the growing prevalence of
dengue, mathematical modeling has emerged as a crucial tool for researching dengue’s transmission
and control. Mathematical models represent host and vector interactions in a single concise model
that describes both biological and behavioral variables as well as demographic characteristics. Models
can be used to predict future outbreaks, evaluate intervention strategies, and estimate the most critical
epidemiological measurements.

Traditional compartmental models of disease progression such as the Susceptible, infected and
recovered (SIR) model or susceptible, exposed, infected and recovered (SEIR) model, have been
extensively used in this manner [6–9]. These models usually are described in terms of ordinary
differential equations (ODEs) using integer-order derivatives, and they passively assume that the
change rate in each compartment is solely dependent on the current system state. Although traditional
integer-order models have been shown to be useful, they have inherent limitations. In particular, they
lack an account for memory or history in their dynamics of disease transmission. Biological systems
are often influenced by both present and past conditions. In many populations, the current state does not
depend only on the individuals who are present at that time. It can also depend on people or organisms
that were present earlier and were exposed to disease transmission. These past effects may continue
through individuals who are still in the population, because of their earlier exposures or behaviours.
They may also appear after a delay, as the system responds to earlier events. Examples include the
incubation period of a disease, the time it take a person to gain or lose immunity, and the lifespan of
mosquitoes can survive outside a host. Because of these factors, more flexible and general modeling
approaches are needed to represent such biological complexity [10].

Fractional calculus deals with derivatives and integrals of non-integer order. It provides a useful
alternative to classical calculus. In classical models, the current state of a system usually depends
only on the present conditions. In fractional calculus, the present state can depend on the whole past
history of the system. This feature is very useful in epidemiological modeling. In many diseases,
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past events affect the present disease spread. For example, previous infections, delays in symptoms,
immunity changes, and earlier interactions between humans and mosquitoes can influence the current
situation. Among the different fractional derivatives, the Caputo derivative is widely used in real-world
modeling [11, 12]. One reason is that it allows the use of standard initial conditions. It is also easier
to handle mathematically compared with some other fractional derivatives. In recent years, fractional-
order models have received more attention. These models can often fit real data better than traditional
integer-order models. They can also describe complex epidemic patterns more clearly. For dengue
fever, fractional models can be especially helpful. Dengue’s transmission depends on the interaction
between humans and mosquitoes [13, 14]. Since this interaction may involve memory effects and time
delays, fractional models can give a better understanding of how the disease spreads and changes over
time.

1.1. Literature review

Mathematical modeling has received an increasing amount of attention lately, with the public health
implications and importance of epidemiology increasing as the study of dengue fever evolves over
time. Historically, many early models for dengue (along with many other vector-borne diseases)
were developed using systems of ODEs with an integer order that very simply approximated how
the disease spread within a single population (either human or mosquitoes). Although these models
provided a foundation for understanding these types of diseases, researchers soon identified a number
of limitations of ODEs, particularly with storing history or heredity. This is now prompting a shift
toward using more generalized fractional-order differential equations (FDE) methods.

Many significant research efforts have contributed to the advancement of mathematical models of
dengue tranmission. Chowell et al. [15] and Shekhar [16] performed research on the dynamics of
dengue using classical compartmetal models. These cases demonstrated that parameter sensitivity
analysis and accurate prediction of anticipated outbreaks were critical features of their investigations
into what has been referred to as dengue fever in the public health literature. The development of
a global dengue risk map by Bhatt et al. [17] used spatial models. Brady et al. [18] also examined
the risk associated with dengue and provided an estimate of risk population. Bancroft [19] was the
first to provide evidence that mosquitoes were responsible for the transfer of the disease. The use of
mathematical models to examine dengue control tactics (e.g., mosquito reduction and immunization)
was also investigated by Rodrigues et al. [20] ultimately, through their use of statistical modeling.
Historical evidence concerning the geographical spread of dengue has been reported by Halstead [21]
and Kour et al. [22], who characterized the evolutionary shift from an endemic disease characterized
by the absence of sustained transmission to an epidemic threat characterized by sustained transmission
in the majority of regions of the world. Blaney et al. [23] studied dengue vaccine candidates through
clinical trials. Alharbi et al. [24] developed a dengue model that includes hospitalized and symptomatic
infected humans to study the disease’s transmission, stability, and sensitivity. Many studies have also
focused on collecting and analyzing dengue outbreak data. Shim [25] worked on age-structured models
and time-series methods to study dengue’s spread and control. Agusto and Khan [26] developed dengue
models for the Khyber Pakhtunkhwa region of Pakistan.

Classical models are useful, but they have some limitations. In many cases, they cannot properly
describe systems with memory effects. To solve this problem, researchers have started using fractional
calculus. Fractional calculus extends normal derivatives and integrals to non-integer orders. The
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basic theory of this method was developed by Samko et al. [27], Caputo and Fabrizio [28], and
Atangana and Baleanu [29]. Atangana [30] applied fractional calculus to different disease models.
Their results showed better data fitting and more accurate disease prediction. Khan et al. [31]
developed a fractional-order dengue model for Pakistan using data from 2003 to 2015. Verma et
al. [32] developed a combined SIR-SI model to study dengue transmission between humans and
mosquitoes, and extended it using fractional-order derivatives to include memory effects in the spread
of the disease. Harjule et al. [33] proposed a hybrid SEISRD-SI dengue model using both classical
and fractional-order dynamics, including severe dengue and dengue-induced death compartments to
better describe disease transmission. Vijayalakshmi and Ariyanatchi [34] developed a fractional-
order mathematical model to study mosquito populations with and without Wolbachia infection and
their effect on dengue transmission. Another study [35] proposed a fractional-order dengue model
using the Atangana–Baleanu–Caputo derivative to include memory effects, reinfection, and antibody-
dependent enhancement in disease transmission. Olayiwola et al. [36] developed a Caputo fractional-
order within-host dengue model to analyze the interaction among susceptible monocytes, infected
monocytes, free dengue particles, and immune cells under adaptive immune responses. Sk et al. [37]
developed a single-strain fractional-order dengue model based on stochastic processes, incorporating
fractional transmission and recovery to study disease-free and endemic stability using R0. Another
study [38] examined dengue transmission using a fractional-order model by comparing disease spread
with and without public awareness among the host population. A recent publication by Dave et
al. [39] described a new approach to modeling the transmission of dengue fever using a fractional-
order SEIR-SEI model and applying the Atangana-Baleanu fractional derivative to account for memory
effects in both mosquito and human populations. Traore et al. [40] studied a Caputo fractional-order
model to determine how memory effects influence the long-term behavior of a disease. Ahmad et
al. [41] investigated a fractional-order human immunodeficiency virus/acquired immunodeficiency
syndrome(HIV/AIDS) epidemic model under the Caputo operator and analyzed its global stability and
computational behavior. Recent studies have emphasized the importance of convergence, accuracy,
and error analysis in numerical simulations of fractional-order models. Khader et al. [42] developed a
spectral collocation method based on Appell-type Changhee polynomials for fractional RLC electrical
circuit models and used residual error analysis to examine their numerical accuracy. Similarly, Khader
and Adel [43] applied fractional Bernoulli functions to a crossover lumpy skin disease model under
the Liouville–Caputo fractional derivative and discussed the convergence analysis for the proposed
approximation method. Abdelmonem [44] investigated a dual nonlinear saturation control strategy
for an electromagnetic suspension system in maglev trains, demonstrating the relevance of advanced
stability and control methods in nonlinear mathematical models.

Overall, these studies show the development of dengue modeling over time. Earlier studies mainly
used classical integer-order models. Later studies introduced fractional-order models and more detailed
compartmental structures. These advanced models can describe dengue transmission more realistically
because they include memory, immunity delay, and behavioral changes. These factors are very
important for long-lasting vector-borne diseases like dengue.

1.2. Novelty and contributions of the present study

We present a new understanding of dengue modeling in this work, integrating the effects of
the environment with the work of fractional-order calculus to provide a more detailed and realistic
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representation of the dynamics of the disease. Our model incorporates the effects of memory and
heredity by using the Caputo fractional derivative to determine how past infection and exposure
affect the current patterns of infection transmission. The model incorporates environmental factors
that influence the mosquito population’s growth and consequently affect dengue transmission. This
environmental index reflects favorable ecological conditions for mosquito breeding and survival,
including water accumulation, humidity levels, and breeding site availability. We determine the
most significant drivers of dengue transmission, including the mosquito biting rates, through stability,
bifurcation, and sensitivity analyses and investigate how the parameter of the fractional-order alpha
can change the speed and strength of epidemics. This combination method not only increases our
knowledge about the transmission of dengue but also offers some practical insights on how to design
effective public health interventions that fill the gap between theory and practice in the control of
dengue epidemics.

1.3. Organization of the study

The rest of this paper is structured in the following way. In Section 2, we develop a mathematical
model dividing the human and mosquito populations into epidemiologically useful compartments with
the addition of environmental viral load. In Section 3, the theoretical analyses are provided for the
properties of the model, such as the derivation of R0, and the existence of equilibria with their stability
analysis in Section 4. In Section 5, we carry out a bifurcation analysis of multiple equilibria. The
sensitivity analysis of R0 is given in Section 6, and Section 7 discusses the numerical studies which
were used to demonstrate and prove the analytical findings. Finally, Section 8 summarizes the paper
with the major findings and recommendations for effective public health interventions against dengue.

2. Formulation of the dengue model

Comprehending the trends of infectious disease dissemination is a critical step to prevent their
emergence and to control outbreaks. One of the principal tools for achieving this is the mathematical
modeling of disease dynamics through systems of ODEs or partial differential equations. Properly
capturing the spread of processes between species that interact allows the current analytical approaches
to produce strong findings with significant biological significance.

In this section, we formulate a fractional-order dengue transmission model that incorporates
the effect of environmental factors on mosquito recruitment and disease propagation. The human
population at time t is divided into three epidemiological classes: Susceptible humans S H(t),
infected humans IH(t), and recovered humans RH(t). Similarly, the mosquito population is divided
into susceptible mosquitoes S V(t) and infected mosquitoes IV(t). In addition, we introduce an
environmental state variable EV(t). It represents ecological conditions that favor mosquitoes’ breeding
and survival, such as accumulated rainfall, stagnant water, humidity, and the availability of breeding
sites. Accordingly, the total human and mosquito populations are given by

NH(t) = S H(t) + IH(t) + RH(t), NV(t) = S V(t) + IV(t). (2.1)

Under these assumptions, the dengue model is described by the following system of Caputo
fractional differential equations:
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CDα
t S H(t) = ΛH − bVβHS H(t)IV(t) − µHS H(t),

CDα
t IH(t) = bVβHS H(t)IV(t) − (δH + γH + µH)IH(t),

CDα
t RH(t) = γHIH(t) − µHRH(t),

CDα
t S V(t) = ΛV + ωEV(t) − bVβVS V(t)IH(t) − µVS V(t),

CDα
t IV(t) = bVβVS V(t)IH(t) − µV IV(t),

CDα
t EV(t) = kIV(t) − ξEV(t),

(2.2)

where 0 < α ≤ 1 denotes the fractional order in the Caputo sense.
The model parameters are interpreted as follows. The quantity ΛH denotes the recruitment rate of

humans into the susceptible class, while µH represents the natural death rate of humans. Susceptible
humans become infected through effective contact with infected mosquitoes at the rate bVβHS HIV ,
where bV is the mosquito biting rate and βH is the transmission coefficient from infected mosquitoes to
susceptible humans. Infected humans recover at the rate γH, die due to dengue at the rate δH, and are
also subject to natural death at the rate µH.

For the mosquito population, ΛV is the baseline recruitment rate of mosquitoes and µV is the
natural mortality rate of mosquitoes. Susceptible mosquitoes acquire an infection after contact with
infected humans at the rate bVβVS V IH, where βV denotes the transmission coefficient from infected
humans to susceptible mosquitoes. The environmental variable EV(t) contributes positively to mosquito
recruitment through the term ωEV(t), where ω measures the strength of environmental influence on
mosquito growth. Moreover, the environmental component is assumed to increase in proportion to the
infected mosquito population at the rate kIV(t) and to decay naturally at the rate ξEV(t).

The use of the Caputo fractional derivative allows the model to account for memory and hereditary
effects in dengue transmission dynamics. This is biologically relevant because the present progression
of infection and vector abundance may depend not only on the current population levels but also on
their past states. Therefore, the fractional framework provides a more flexible and realistic description
of dengue dynamics than the corresponding integer-order model when delayed environmental and
epidemiological effects are important.

For convenience, the Caputo fractional derivative of order α ∈ (0, 1] is defined by

CDα
t f (t) =

1
Γ(1 − α)

∫ t

0

f ′(s)
(t − s)α

ds, 0 < α < 1, (2.3)

where Γ(·) denotes the gamma function.
The model (2.2) is based on the following assumptions:

1. The human population is divided into susceptible, infected, and recovered classes, whereas the
mosquito population is divided into susceptible and infected classes.

2. The recruitment rates of humans and mosquitoes are constant and given by ΛH and ΛV ,
respectively.

3. Transmission occurs through homogeneous mixing between humans and mosquitoes.
4. Recovered humans acquire immunity during the time interval under consideration.
5. Mosquitoes do not recover from infection.
6. The environmental variable EV(t) does not directly cause infection, but indirectly affects disease

dynamics through mosquito recruitment.
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7. The environmental effect increases with infected mosquitoes and decays naturally over time.
8. Vertical transmission and the immigration of infected individuals or mosquitoes are neglected.

For clarity, the notation used in Model (2.2) is summarized in Table 1 and Figure 1 .

Table 1. Description of state variables and parameters used in the dengue model.

Symbol Description
S H(t) Susceptible human population
IH(t) Infected human population
RH(t) Recovered human population
S V(t) Susceptible mosquito population
IV(t) Infected mosquito population
EV(t) Environmental factor influencing mosquito recruitment
ΛH Human recruitment rate
ΛV Baseline mosquito recruitment rate
bV Mosquito biting rate
βH Transmission coefficient from mosquitoes to humans
βV Transmission coefficient from humans to mosquitoes
µH Natural death rate of humans
µV Natural death rate of mosquitoes
γH Recovery rate of infected humans
δH Disease-induced death rate of infected humans
ω Environmental contribution rate to mosquito recruitment
k Rate at which infected mosquitoes enhance the environmental effect
ξ Natural depletion rate of environmental influence
α Fractional order of the Caputo derivative

Figure 1. Transmission of the dengue virus.
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3. Dengue model analyses

3.1. Existence of the unique non-negative solution

We now prove that the system admits a unique solution that remains non-negative for all t > 0,
provided that the initial conditions are non-negative. To do this, we apply standard results from the
theory of fractional differential equations using Caputo derivatives.

Let us denote the solution vector as

R6
+ = {x(t) ∈ R6 | x(t) ≥ 0}, x(t) =

(
S H(t), IH(t),RH(t), S V(t), IV(t), EV(t)

)t
. (3.1)

We follow the method used in [45] and provide the following results.

Lemma 1. Consider u(x) ∈ C[a, b] and CDα
t u(x) ∈ (a, b]. Then

u(t) = u(a) +
1

Γ(α)
(CDα

au)(τ)(t − a)α, a ≤ τ ≤ t, ∀t ∈ (a, b].

Corollary 1 ( [46]). Consider u(x) ∈ C[a, b] and CDα
t u(x) ∈ (a, b], where α ∈ (0, 1]. Then the following

holds

• If CDα
t u ≥ 0 for all a < x < b, then u(x) is non-decreasing.

• If CDα
t u ≤ 0 for all a < x < b, then u(x) is non-increasing.

3.2. Positivity and the boundedness of solutions

In this subsection, we prove that the solutions of System (2.2) remain biologically meaningful. That
is, for non-negative initial conditions, all state variables remain non-negative and bounded for all t ≥ 0.

Let
X(t) = (S H(t), IH(t),RH(t), S V(t), IV(t), EV(t))T

and define the non-negative region as

R6
+ =

{
X(t) ∈ R6 : S H, IH,RH, S V , IV , EV ≥ 0

}
.

Theorem 3.1. For any initial condition
X(0) ∈ R6

+,

the solution of the fractional dengue model Eq (2.2) remains non-negative for all t ≥ 0.

Proof. We show that the vector field points inward on each boundary of R6
+. From System (2.2), we

have
CDα

t S H = ΛH − bVβHS HIV − µHS H.

If S H = 0, then
CDα

t S H

∣∣∣
S H=0

= ΛH ≥ 0.

Similarly
CDα

t IH = bVβHS HIV − (δH + γH + µH)IH.
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If IH = 0, then
CDα

t IH

∣∣∣
IH=0

= bVβHS HIV ≥ 0.

Moreover
CDα

t RH = γHIH − µHRH.

If RH = 0, then
CDα

t RH

∣∣∣
RH=0

= γHIH ≥ 0.

For susceptible mosquitoes we have

CDα
t S V = ΛV + ωEV − bVβVS V IH − µVS V .

If S V = 0, then
CDα

t S V

∣∣∣
S V =0

= ΛV + ωEV ≥ 0.

For infected mosquitoes we have

CDα
t IV = bVβVS V IH − µV IV .

If IV = 0, then
CDα

t IV

∣∣∣
IV =0

= bVβVS V IH ≥ 0.

Finally, for the environmental variable we have

CDα
t EV = kIV − ξEV .

If EV = 0, then
CDα

t EV

∣∣∣
EV =0

= kIV ≥ 0.

Thus, the Caputo derivative of each variable is non-negative whenever that variable reaches zero. By
the generalized comparison principle for Caputo fractional differential equations, no solution starting
in R6

+ can cross the boundary of R6
+. Hence we have

X(t) ∈ R6
+, t ≥ 0.

This proves the positivity. �

Next, we prove the boundedness.
Let the total human population be

NH(t) = S H(t) + IH(t) + RH(t).

Adding the first three equations of System (2.2), we obtain

CDα
t NH = ΛH − µHS H − (δH + µH)IH − µHRH.

Therefore
CDα

t NH = ΛH − µHNH − δHIH.
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Since δHIH ≥ 0, it follows that
CDα

t NH ≤ ΛH − µHNH.

By the fractional comparison theorem we have

NH(t) ≤ NH(0)Eα(−µHtα) +
ΛH

µH

[
1 − Eα(−µHtα)

]
,

where Eα(·) is the Mittag–Leffler function. Hence we have

lim sup
t→∞

NH(t) ≤
ΛH

µH
.

Thus, the human population is bounded.
Now let

NV(t) = S V(t) + IV(t)

be the total mosquito population. Adding the mosquito equations gives

CDα
t NV = ΛV + ωEV − µV NV .

Moreover
CDα

t EV = kIV − ξEV .

Since IV ≤ NV , we have
CDα

t EV ≤ kNV − ξEV .

To prove boundedness of the coupled mosquito-environment subsystem, we assume the
environmental dissipation condition

µVξ > kω.

Then a positive constant c exists such that

ω

ξ
< c <

µV

k
.

Define
W(t) = NV(t) + cEV(t).

Then
CDα

t W = CDα
t NV + c CDα

t EV

≤ ΛV + ωEV − µV NV + c(kNV − ξEV)
= ΛV − (µV − ck)NV − (cξ − ω)EV .

Since
µV − ck > 0 and cξ − ω > 0,

choose
η = min

{
µV − ck,

cξ − ω
c

}
> 0.

Then
CDα

t W ≤ ΛV − ηW.
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Again, using the fractional comparison theorem we have

W(t) ≤ W(0)Eα(−ηtα) +
ΛV

η

[
1 − Eα(−ηtα)

]
.

Therefore
lim sup

t→∞
W(t) ≤

ΛV

η
.

Since
NV(t) ≤ W(t), EV(t) ≤

W(t)
c

,

it follows that NV(t) and EV(t) are bounded. Hence we have

S V(t), IV(t), EV(t)

are bounded for all t ≥ 0.
Combining the human and mosquito-environment estimates, all state variables of System (2.2)

remain non-negative and bounded in the feasible region

Ω =

{
X ∈ R6

+ : NH(t) ≤
ΛH

µH
, NV(t) + cEV(t) ≤

ΛV

η

}
,

where
η = min

{
µV − ck,

cξ − ω
c

}
> 0.

Thus, Ω is positively invariant and attracting for System (2.2).

3.3. Model equilibria

We obtain the model equilibria for the fractional dengue model (2.2) by setting

CDα
t S H = CDα

t IH = CDα
t RH = CDα

t S V = CDα
t IV = CDα

t EV = 0. (3.2)

The fractional dengue model possesses the following two equilibrium points.

3.3.1. Disease-free equilibrium

The disease-free equilibrium (DFE) is given by

E0 =

(
ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0

)
. (3.3)

3.3.2. Endemic equilibrium

Let
E∗1 = (S ∗H, I

∗
H,R

∗
H, S

∗
V , I

∗
V , E

∗
V)

denote the endemic equilibrium(EE) of System (2.2). For simplicity, define

AH = δH + γH + µH, aH = bVβH, aV = bVβV .
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At the EE, all Caputo derivatives are zero. Therefore,

0 = ΛH − aHS ∗HI∗V − µHS ∗H,

0 = aHS ∗HI∗V − AHI∗H,

0 = γHI∗H − µHR∗H,

0 = ΛV + ωE∗V − aVS ∗V I∗H − µVS ∗V ,

0 = aVS ∗V I∗H − µV I∗V ,

and
0 = kI∗V − ξE∗V .

From these equations, we obtain

S ∗H =
ΛH

µH + aHI∗V
,

I∗H =
aHS ∗HI∗V

AH
,

R∗H =
γHI∗H
µH

,

and

E∗V =
kI∗V
ξ
.

Now define
∆ = aHaVΛHΛV − µHµ

2
V AH.

Using the expression of the basic reproduction number,

R2
0 =

aHaVΛHΛV

µHµ
2
V AH

,

we can write
∆ = µHµ

2
V AH(R2

0 − 1).

We also define
B = µ2

V AHξ + aVΛH(µVξ − kω),

and
C = µH(µVξ − kω) + ξaHΛV .

Then the EE is given by

E∗1 =

(
B

aVC
,

ξ∆

AHaVC
,

γHξ∆

µHAHaVC
,
µV AHC

aH B
,
ξ∆

aH B
,

k∆

aH B

)
.

The EE exists if R0 > 1 and µVξ > kω.
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3.4. Basic reproduction number R0

We obtain R0 using the next-generation matrix method. Let

F =


new infections in IH

new infections in IV

new infections in EV

 ⇒ F =


∂(bVβHS H IV )

∂IH

∂(bVβHS H IV )
∂IV

∂(bVβHS H IV )
∂EV

∂(bVβV S V IH)
∂IH

∂(bVβV S V IH)
∂IV

∂(bVβV S V IH)
∂EV

0 0 0

 =


0 bVβHS H 0

bVβVS V 0 0
0 0 0

 .
Similarly, the transition matrix is

V =


δH + γH + µH 0 0

0 µV 0
0 −k ξ

 .
Its inverse is

V−1 =


1

δH+γH+µH
0 0

0 1
µV

0
0 k

ξµV

1
ξ

 .
Then the next-generation matrix is

FV−1 =


0 bVβHS H

δH+γH+µH
0

bVβV S V
µV

0 0
kbVβV S V
ξµV

0 0

 .
At the DFE S H = ΛH/µH, S V = ΛV/µV , the matrix becomes

A = FV−1 =


0 bVβHΛH

µH(δH+γH+µH) 0
bVβV ΛV

µ2
V

0 0
kbVβV ΛV

ξµ2
V

0 0

 .
The characteristic equation is

det(A − λI) =

∣∣∣∣∣∣∣∣∣∣
−λ bVβHΛH

µH(δH+γH+µH) 0
bVβV ΛV

µ2
V

−λ 0
kbVβV ΛV

ξµ2
V

0 −λ

∣∣∣∣∣∣∣∣∣∣ = 0 ⇒ λ2 −
b2

VβVβHΛVΛH

µHµ
2
V(δH + γH + µH)

= 0.

Hence, the R0 is

R0 =

√
b2

VβVβHΛVΛH

µHµ
2
V(δH + γH + µH)

. (3.4)

4. Stability analysis

4.1. Local stability of E0

To prove the local stability of the fractional dengue model (2.2), the DFE is

E0 =

(
ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0

)
,

AIMS Mathematics Volume 11, Issue 7, 20711–20745.



20724

and the Jacobian matrix is

J(E0) =



−µH 0 0 0 −bVβH 0
0 −(δH + γH + µH) 0 0 bVβH 0
0 γH −µH 0 0 0
0 −

µHbVβV ΛV
ΛHµV

0 −µV 0 ω

0 µHbVβV ΛV
ΛHµV

0 0 −µV 0
0 0 0 0 k −ξ


.

The eigenvalues are

λ1 = −µH, λ2 = −µH, λ3 = −µV , λ4 = −ξ.

For the 2×2 subsystem

J =

[
−(δH + γH + µH) bVβH

µHbVβV ΛV
ΛHµV

−µV

]
,

the characteristic equation is

λ2 + λ(δH + γH + µH + µV) + µV(δH + γH + µH)(1 − R2
0) = 0,

λ2 + a1λ + a0 = 0

where
a1 = (δH + γH + µH + µV),

which is always positive, and
a0 = µV(δH + γH + µH)(1 − R2

0).

Now, two cases arise.

• If R0 < 1, then a0 > 0. Since both coefficients a1 and a0 are positive, both eigenvalues have
negative real parts. Therefore, the DFE is locally asymptotically stable.
• If R0 > 1, then a0 < 0, which implies that the two eigenvalues have opposite signs. Hence, one

eigenvalue is positive and the DFE becomes unstable, indicating the possibility of an epidemic
outbreak.

4.2. Global stability of the DFE E0

Theorem 4.1. The fractional dengue model (2.2) with an arbitrary fractional order α ∈ (0, 1] is
globally asymptotically stable at E0 if µVξ > kω and R0 < 1.

Proof.

L(t) = φ1

(
S H − S 0

H − S 0
H ln

S H

S 0
H

)
+ φ2IH

+ φ3

(
S V − S 0

V − S 0
V ln

S V

S 0
V

)
+ φ4IV + φ5EV ,
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where φi > 0 for i = 1, 2, 3, 4, 5. Using the Caputo fractional inequality for Volterra-type Lyapunov
functions, we obtain

CDα
t L(t) ≤ φ1

(
1 −

S 0
H

S H

)
CDα

t S H + φ2
CDα

t IH

+ φ3

(
1 −

S 0
V

S V

)
CDα

t S V + φ4
CDα

t IV + φ5
CDα

t EV .

Substituting the model equations gives

CDα
t L(t) ≤ − φ1µH

(S H − S 0
H)2

S H
− φ3µV

(S V − S 0
V)2

S V

+ aH(φ2 − φ1)S HIV + aV(φ4 − φ3)S V IH

+
(
φ3aVS 0

V − φ2AH

)
IH

+
(
φ1aHS 0

H − φ4µV + φ5k
)

IV

+

[
φ3ω

(
1 −

S 0
V

S V

)
− φ5ξ

]
EV .

Now choose
φ1 = φ2 = m > 0, φ4 = φ3,

and
φ5 =

φ3ω

ξ
.

Then
aH(φ2 − φ1)S HIV = 0

and
aV(φ4 − φ3)S V IH = 0.

Therefore
CDα

t L(t) ≤ − mµH
(S H − S 0

H)2

S H
− φ3µV

(S V − S 0
V)2

S V

−
(
mAH − φ3aVS 0

V

)
IH

−

[
φ3

(
µV −

kω
ξ

)
− maHS 0

H

]
IV

−
φ3ωS 0

V

S V
EV .

To ensure that all coefficients are positive, we choose φ3 such that

maHS 0
H

µV −
kω
ξ

< φ3 <
mAH

aVS 0
V

.
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Such a positive φ3 exists if and only if

aHaVS 0
HS 0

V

AH

(
µV −

kω
ξ

) < 1,

which is equivalent to
R0 < 1, when µVξ > kω.

Hence
CDα

t L(t) ≤ 0.

Moreover
CDα

t L(t) = 0

holds only when

S H = S 0
H, S V = S 0

V , IH = 0, IV = 0, EV = 0.

Therefore, the largest invariant set contained in{
x ∈ R6

+ : CDα
t L(t) = 0

}
is exactly

E0 =
(
S 0

H, 0, 0, S
0
V , 0, 0

)
.

By the fractional Lyapunov–LaSalle invariance principle for Caputo fractional-order systems, the DFE
E0 is globally asymptotically stable whenever

R0 < 1, µVξ > kω.

�

4.3. Global stability of E∗1
Theorem 4.2. If R0 > 1, then the fractional dengue model (2.2) at E∗1 is globally asymptotically stable.

Proof. We consider the following Lyapunov function:

L(t) = ρ1

(
S H − S ∗H − S ∗H ln

S H

S ∗H

)
+ ρ2

(
IH − I∗H − I∗H ln

IH

I∗H

)
+ ρ3

(
S V − S ∗V − S ∗V ln

S V

S ∗V

)
+ ρ4

(
IV − I∗V − I∗V ln

IV

I∗V

)
+ ρ5

(
EV − E∗V − E∗V ln

EV

E∗V

)
. (4.1)

Using the Caputo fractional inequality, we obtain

CDα
t L(t) ≤ ρ1

(
1 −

S ∗H
S H

)
CDα

t S H + ρ2

(
1 −

I∗H
IH

)
CDα

t IH

+ ρ3

(
1 −

S ∗V
S V

)
CDα

t S V + ρ4

(
1 −

I∗V
IV

)
CDα

t IV + ρ5

(
1 −

E∗V
EV

)
CDα

t EV .
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For convenience, introduce the normalized variables

x =
S H

S ∗H
, y =

IH

I∗H
, z =

S V

S ∗V
, w =

IV

I∗V
, u =

EV

E∗V
.

Now, using the model equations and the EE identities, we obtain(
1 −

S ∗H
S H

)
CDα

t S H = − µHS ∗H
(x − 1)2

x
+ ΛHI∗H

(
1 −

1
x
− xw + w

)
,

(
1 −

I∗H
IH

)
CDα

t IH = ΛHI∗H

(
xw + 1 − y −

xw
y

)
,(

1 −
S ∗V
S V

)
CDα

t S V = − µVS ∗V
(z − 1)2

z
+ µV I∗V

(
1 −

1
z
− zy + y

)
+ ωE∗V(u − 1)

(
1 −

1
z

)
,(

1 −
I∗V
IV

)
CDα

t IV = µV I∗V
(
zy + 1 − w −

zy
w

)
,

and (
1 −

E∗V
EV

)
CDα

t EV = ξE∗V
(
w + 1 − u −

w
u

)
.

Choose
ρ1 = ρ2 = ρH > 0, ρ3 = ρ4 = ρV > 0,

such that
ρHΛHI∗H = ρVµV I∗V .

For example, one may take
ρ1 = ρ2 = µV I∗V , ρ3 = ρ4 = ΛHI∗H.

Let
P = ρHΛHI∗H = ρVµV I∗V .

Then the host–vector infection cross-terms reduce to

P
[
4 −

1
x
−

1
z
−

xw
y
−

zy
w

]
.

Since
1
x
·

1
z
·

xw
y
·

zy
w

= 1,

the arithmetic–geometric mean inequality gives

1
x

+
1
z

+
xw
y

+
zy
w
≥ 4.

Therefore

P
[
4 −

1
x
−

1
z
−

xw
y
−

zy
w

]
≤ 0.

AIMS Mathematics Volume 11, Issue 7, 20711–20745.



20728

Consequently
CDα

t L(t) ≤ − ρHµHS ∗H
(x − 1)2

x
− ρVµVS ∗V

(z − 1)2

z

+ P
[
4 −

1
x
−

1
z
−

xw
y
−

zy
w

]
+ ΨE,

where the remaining environmental contribution is

ΨE = ρVωE∗V(u − 1)
(
1 −

1
z

)
+ ρ5ξE∗V

(
w + 1 − u −

w
u

)
.

Thus, the proof is valid only if the environmental contribution satisfies

ΨE ≤ 0

in the positively invariant region. Under this environmental dissipation condition, we obtain

CDα
t L(t) ≤ 0.

Moreover, equality holds only on the largest invariant set satisfying

x = 1, z = 1, y = w.

Using the system equations on this invariant set gives

CDα
t S H = aHS ∗HI∗V(1 − w).

Hence the invariance requires w = 1. Therefore, y = 1. From

CDα
t EV = kIV − ξEV

and the equilibrium relation kI∗V = ξE∗V , we also obtain u = 1. Finally,

CDα
t RH = γHIH − µHRH

implies RH = R∗H.
Therefore, the largest invariant set contained in{

X ∈ R6
+ : CDα

t L(t) = 0
}

is exactly the EE
E∗1 = (S ∗H, I

∗
H,R

∗
H, S

∗
V , I

∗
V , E

∗
V).

By the fractional Lyapunov–LaSalle invariance principle for Caputo fractional-order systems, the EE
E∗1 is globally asymptotically stable, provided that R0 > 1, E∗1 exists in R6

+, and

ΨE ≤ 0

holds in the positively invariant region. �
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5. Bifurcation analysis of dengue model

In this section, we study the local bifurcation of System (2.2) near the DFE by using the center
manifold approach of Castillo-Chavez and Song [47]. For the fractional-order model, the equilibrium
structure and the bifurcation coefficients are determined from the same vector field as in the classical
case. Hence, the computation of the coefficients a and b remains unchanged.

The DFE of System (2.2) is

E0 =
(
S 0

H, 0, 0, S
0
V , 0, 0

)
, S 0

H =
ΛH

µH
, S 0

V =
ΛV

µV
.

Moreover, the R0 is given by

R0 =

√
b2

VβHβVΛHΛV

µHµ
2
V(δH + γh + µH)

. (5.1)

We choose βH as the bifurcation parameter. Let βH = β∗H be the critical value corresponding to
R0 = 1, that is,

β∗H =
µHµ

2
V(δH + γh + µH)
b2

VβVΛHΛV
. (5.2)

Theorem 5.1. Consider System (2.2). Then the DFE

E0 =

(
ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0

)
undergoes a transcritical bifurcation at βH = β∗H, where β∗H is given by (5.2). Furthermore, the
bifurcation coefficients of Castillo-Chavez and Song are

b =
ΛHΛVb2

VβV

µHµV(δH + γh + µH + µV)
, (5.3)

and

a =
µV(δH + γh + µH)

ΛHΛVbVβVk(δH + γh + µH + µV)

[
ΛHbVβV(kω − µVξ) − µ2

Vξ(δH + γh + µH)
]
. (5.4)

In particular, b > 0. Consequently, we have

• If a < 0, then the bifurcation is forward;
• If a > 0, then the bifurcation is backward.

Proof. Let

X = (S H, IH,RH, S V , IV , EV)T ,

and write System (2.2) in the form

DαX = F(X, βH).
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To apply the theorem of Castillo-Chavez and Song, we evaluate the Jacobian matrix of F at (E0, β
∗
H).

This gives

J(E0, β
∗
H) =



−µH 0 0 0 −bVβ
∗
HS 0

H 0
0 −(δH + γh + µH) 0 0 bVβ

∗
HS 0

H 0
0 γh −µH 0 0 0
0 −bVβVS 0

V 0 −µV 0 ω

0 bVβVS 0
V 0 0 −µV 0

0 0 0 0 k −ξ


.

At βH = β∗H, condition R0 = 1 holds, and therefore, J(E0, β
∗
H) has a simple zero eigenvalue.

Let w = (w1,w2,w3,w4,w5,w6)T be the corresponding right eigenvector such that

J(E0, β
∗
H)w = 0.

A suitable choice is

w1 = −
µ2

Vξ(δH + γh + µH)
ΛVbVβVkµH

, w2 =
µ2

Vξ

ΛVbVβVk
,

w3 =
γhµ

2
Vξ

ΛVbVβVkµH
, w4 =

ω

µV
−
ξ

k
,

w5 =
ξ

k
, w6 = 1.

Similarly, let v = (v1, v2, v3, v4, v5, v6)T be the left eigenvector satisfying

vT J(E0, β
∗
H) = 0, v · w = 1.

We may then take
v1 = v3 = v4 = v6 = 0,

and
v2 =

ΛVbVβVk
µVξ(δH + γh + µH + µV)

, v5 =
k(δH + γh + µH)

ξ(δH + γh + µH + µV)
.

Next, the only nonzero second-order partial derivatives needed in the computation are

∂2F2

∂S H∂IV
=

∂2F2

∂IV∂S H
= bVβH,

∂2F5

∂S V∂IH
=

∂2F5

∂IH∂S V
= bVβV ,

together with
∂2F1

∂S H∂IV
=

∂2F1

∂IV∂S H
= −bVβH,

∂2F4

∂S V∂IH
=

∂2F4

∂IH∂S V
= −bVβV .

Moreover
∂2F2

∂IV∂βH
=

∂2F2

∂βH∂IV
= bVS 0

H = bV
ΛH

µH
.

By the Castillo-Chavez and Song theorem,

a =
∑
k,i, j

vkwiw j
∂2Fk

∂xi∂x j
(E0, β

∗
H), b =

∑
k,i

vkwi
∂2Fk

∂xi∂βH
(E0, β

∗
H).
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Substituting the expressions above into these formulas, after straightforward simplification, yields

b =
ΛHΛVb2

VβV

µHµV(δH + γh + µH + µV)
,

and
a =

µV(δH + γh + µH)
ΛHΛVbVβVk(δH + γh + µH + µV)

[
ΛHbVβV(kω − µVξ) − µ2

Vξ(δH + γh + µH)
]
.

Clearly, b > 0. Hence, by the Castillo-Chavez and Song criterion, the bifurcation at R0 = 1 is forward
if a < 0 and backward if a > 0. This completes the proof. �

The bifurcation direction has important implications for dengue control. Since b > 0, the sign of
the coefficient a determines whether the model exhibits forward or backward bifurcation. If a < 0,
then the bifurcation is forward. In this case, the DFE is stable for R0 < 1, and reducing R0 below unity
is sufficient to eliminate dengue from the population. Therefore, control measures such as reducing
the mosquito biting rate, decreasing human–mosquito transmission probabilities, increasing mosquito
mortality, and reducing vector recruitment can be effective if they bring R0 below 1.

On the other hand, if a > 0, then the model exhibits backward bifurcation. In this situation, a
stable EE may coexist with the DFE even when R0 < 1. Hence, reducing R0 slightly below 1 may
not be sufficient for dengue’s elimination. More intensive and combined control measures are then
required to push the system below a lower elimination threshold. This result is epidemiologically
important because it shows that dengue may persist under apparently favorable threshold conditions if
environmental feedback and vector abundance remain strong.

Furthermore, the bifurcation coefficient a contains the environmental parameters k, ω, and ξ.
This indicates that environmental suitability, mosquito breeding conditions, and environmental decay
can influence the bifurcation. Therefore, environmental management, including the reduction of
breeding sites and control of rainfall- or humidity-related mosquito growth, is important not only for
reducing mosquito abundance but also for preventing more complex disease persistence associated
with backward bifurcation.

6. Sensitivity analysis

The sensitivity of R0 quantify the extent to which R0 responds to variations in each model
parameter [48, 49]. Sensitivity analysis determines the parameters that most impact the disease
transmission dynamics, facilitating the prioritization of effective control tactics. The normalized
forward sensitivity index of R0 concerning ρ in the dengue model (2.2) is defined as

YR0
ρ =

∂R0

∂ρ
·
ρ

R0
(6.1)

The sensitivity indices of R0 with respect to some important parameters in the model are shown in
Figure 2. A positive sensitivity index means that if you increase this parameter, R0 will go up and so
will the transmission potential, whereas a negative index means that if you increase this parameter, R0

will go down and so will the transmission. For instance, the mosquito biting rate bV has the highest
positive sensitivity index, +1.0, meaning that a 10% increase in bV produces approximately a 10%
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increase in R0. The transmission probabilities βH and βV , and the recruitment rates ΛH and ΛV , each
have positive sensitivity indices of +0.5, indicating that a 10% increase in these parameters results in
approximately a 5% increase in R0. In contrast, the mosquito mortality rate µV has a sensitivity index of
−1.0, implying that a 10% increase in µV leads to approximately a 10% reduction in R0. These findings
are consistent with previous dengue transmission models, which similarly identify the mosquito biting
rate, transmission probabilities, vector recruitment, and mosquito mortality as the dominant factors
governing dengue’s transmission dynamics. The low sensitivity index for this parameter supports the
fact that the human mortality rate caused by disease (δH) has little impact. These modeling results
imply that control strategies should focus on reducing the mosquito biting rates, the probability of
transmission, and the recruitment rate, while increasing the mosquito mortality rate and the human
recovery rate to drive R0 below the epidemic threshold.

Figure 2. Sensitivity measures of R0.

6.1. Uncertainty analysis of key parameters

To examine the robustness of the model’s conclusions under parameter uncertainty, we performed
an uncertainty analysis for the most influential epidemiological and environmental parameters. The
parameters considered were bV , βH, βV , ΛV , µV , γH, δH, k, ω, and ξ. Each parameter was varied
within a biologically reasonable range around its baseline value, while the remaining parameters were
sampled simultaneously. For each sampled parameter set, the basic reproduction number R0, the EE,
and the bifurcation condition were recalculated.

The basic reproduction number is given by

R0 =

√
b2

VβHβVΛHΛV

µHµ
2
V(δH + γH + µH)

.

Therefore, uncertainty in bV , βH, βV , ΛH, ΛV , µH, µV , δH, and γH directly affects the value of R0.
In particular, variations in bV and µV produce the strongest changes in R0, which agrees with the
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normalized sensitivity indices.
The environmental parameters k, ω, and ξ do not appear directly in the expression for R0 under the

next generation matrix formulation. However, they influence the EE and the bifurcation coefficient.
Hence, their uncertainty was also examined through the EE and bifurcation analysis.

The uncertainty analysis shows that the qualitative conclusions of the model remain unchanged
over the tested parameter ranges. The mosquito biting rate bV , the transmission probabilities βH and
βV , the vector recruitment ΛV , and the mosquito mortality rate µV remain the dominant parameters
controlling dengue’s transmission. Therefore, the model predictions are robust with respect to
moderate uncertainty in the estimated parameters.

7. Numerical simulation

7.1. Numerical convergence and stability of the fractional solver

To verify the reliability of the numerical simulations, we examined the convergence and stability of
the fractional numerical scheme. The fractional dengue model was solved using a fractional Adams–
Bashforth–Moulton predictor–corrector method. To demonstrate convergence, the simulations were
repeated with successively smaller time steps

h,
h
2
,

h
4
.

Let Xh(t) denote the numerical solution obtained with time step h, where

X(t) = (S H(t), IH(t),RH(t), S V(t), IV(t), EV(t))T .

The maximum error between two successive refinements was computed as

Eh = max
0≤t≤T

∥∥∥Xh(t) − Xh/2(t)
∥∥∥
∞
.

Similarly
Eh/2 = max

0≤t≤T

∥∥∥Xh/2(t) − Xh/4(t)
∥∥∥
∞
.

Convergence is confirmed when
Eh/2 < Eh,

which means that the numerical solution becomes more stable as the step size decreases.
The stability of the numerical solver was also checked by verifying that all state variables remain

non-negative and bounded for the considered fractional orders 0 < α ≤ 1. That is,

S H(t), IH(t),RH(t), S V(t), IV(t), EV(t) ≥ 0, 0 ≤ t ≤ T.

The numerical results showed that the solutions preserve positivity and remain bounded for all tested
step sizes and fractional orders. Therefore, the numerical scheme is convergent and stable for the
simulations presented in this study.

The numerical simulations of the model were performed with the parameter values provided
in Table 2. The numerical simulations provide a way to demonstrate and test the validity of the
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conclusions made previously. The host population’s temporal changes are shown by graphs that include
the numbers of exposed hosts, infected hosts, and isolated infected hosts, as well as the concurrent
movement of the infected rodent population.

Table 2. Baseline parameter values used in the model.

Parameter Baseline Value Unit Source
ΛH 0.99999 day−1 [24]
βH 0.2487 day−1 [31]
bV 0.3236 day−1 [31]
γH 0.01 day−1 [31]
µH

1
72.3 day−1 [24]

δH 0.0001 day−1 [31]
βV 0.0476 day−1 [31]
µV 0.3 day−1 [24]
ΛV 0.9764 day−1 [24]
k 0.01 day−1 Assumed
ω 0.05 day−1 [50]
ξ 0.01 day−1 Assumed

Figure 3 consists of two panels illustrating the conditions under which the R0 exceeds 1 for DFE.
Panel (a) (blue) shows the relationship between βH and βV , indicating that R0 > 1 occurs only in a
narrow region near the lower left corner, approximately when βH . 0.03 and βV . 0.1, suggesting that
even small transmission rates can sustain an outbreak. Panel (b) (green) depicts the effect of the human
infection probability (βH) and the mosquito biting rate (bV), where the R0 > 1 region is broader, roughly
for βH . 0.5 and bV & 0.05, highlighting that higher biting rates or higher infection probabilities
strongly favor epidemic conditions. Therefore, an increased feeding rate or increased levels of human
infection both favor conditions for an epidemic with greater intensity. In summary, these two graphs
quantitatively illustrate how the combination of the parameters influencing the transmission of the
disease affects the potential for the spread of the disease; R0 has a narrow threshold in the area defined
by the transmission rates and a much broader area in the area defined by the rates of mosquito feeding
and the levels of human infection.

Figure 4 consists of two panels showing how R0 for DFE depends on the human recovery rate (γH)
and other transmission parameters for a mosquito-borne infection. Panel (a) (blue) plots the mosquito
biting rate (bV) against the human recovery rate (γH), indicating that R0 > 1 occurs in the shaded
region, which expands as the human recovery rate increases; roughly, R0 > 1 is observed for bV & 0.02
and γH . 0.4. Panel (b) (red) shows βH versus γH, where the R0 > 1 region is smaller and linearly
increases with γH, approximately occurring for mosquito-to-human infection probabilities . 0.1 when
γH . 0.4. Overall, the figure illustrates that higher human recovery rates reduce the parameter space
for sustained transmission, and that the mosquito biting rate has a stronger influence on maintaining
R0 > 1 compared with the infection probability.
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Figure 3. Stability region for DFE in (a) βV vs βH and (b) bV vs βH.

Figure 4. Stability region for DFE in (a) bV vs γH and (b) βH vs γH.

Figure 5 shows the relationship between γH and βV in determining the R0 for DFE. Panel (e) (purple)
indicates that the region where R0 > 1 is extremely narrow, concentrated along the upper boundary
of the plot, suggesting that sustained transmission is only possible when βV is very small and γH is
relatively low. As the human recovery rate increases, the allowable range of βV that leads to R0 > 1
remains minimal, highlighting that rapid human recovery strongly limits the potential for the infection
to spread. Overall, the figure illustrates that the combination of high human recovery rates and low
human-to-mosquito transmission rates makes it difficult for the infection to sustain an outbreak.
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Figure 5. Stability region for DFE in βH vs γH.

Figure 6 presents two panels illustrating the regions where R0 exceeds 1 for EE, indicating the
potential for sustained transmission of a mosquito-borne infection. Panel (a) (orange) shows the
relationship between βH and βV , with the R0 > 1 region covering almost the entire parameter space
except for a narrow strip near the origin, indicating that sustained transmission is likely for most
combinations of transmission rates. Panel (b) (green) depicts the mosquito biting rate (bV) versus
the mosquito-to-human transmission rate (βH), where the R0 > 1 region occupies a large portion of
the space but tapers off at low values of both parameters. Overall, the figure demonstrates that high
transmission rates or high mosquito biting rates strongly favor epidemic conditions, while very low
rates are required to prevent an outbreak.

Figure 6. Stability region for EE in (a) βH vs βV and (b) bV vs βH.

Figure 7 contains two panels illustrating how R0 for EE depends on the human recovery rate (γH)
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and transmission parameters. Panel (a) (blue) shows the mosquito biting rate (bV) versus the human
recovery rate, with the R0 > 1 region occupying a large portion of the parameter space above a curved
threshold, indicating that sustained transmission is likely when biting rates are moderate to high, even
for increasing recovery rates. Panel (b) (pink) plots βH against the human recovery rate, where the
R0 > 1 region similarly covers most of the space above a slightly sloped line, showing that higher
transmission rates can overcome the effects of faster human recovery to maintain the potential for an
epidemic. Overall, the figure highlights that both the mosquito biting and transmission rates strongly
influence epidemic conditions despite variation in the human recovery rate.

Figure 7. Stability region for EE in (a) bV vs γH and (b) βH vs γH.

Figure 8 shows how γH and βV interact to produce R0 for EE. The area that has been highlighted
in purple has areas where R0 > 1, or where conditions can lead to long-term transmission. Most of
the area of the parameter space is purple, with only a small area along the bottom of the plot that is
not. This means that nearly every combination of recovery rate and transmission rates will result in
long-term transmission and reinforces how much of an effect human-to-mosquito transmission will
have on the epidemic’s potential. There are only few combinations of very low transmission rates and
very high recovery rates that can prevent an outbreak.

Figure 9 consists of two panels showing the dynamics of susceptible and infected humans over time
under different values of the parameter α. Panel (a) shows the number of susceptible humans (S H)
versus time, where higher values of α lead to a rapid decrease in susceptible individuals, while lower α
values result in a slower decline. Panel (b) shows IH over time, illustrating that higher α values cause
a faster and earlier rise in infections, reaching a peak sooner, whereas lower α values delay and spread
out the infection curve. Overall, the figure highlights the influence of α on the speed and magnitude of
disease spread in the population.

Figure 10 consists of two panels illustrating the temporal dynamics of recovered humans and
susceptible mosquitoes under varying values of the parameter α. Panel (a) shows RH over time, where
higher α values result in a faster and earlier accumulation of recovered individuals, reaching a higher
final number, while lower α values delay recovery. Panel (b) depicts S V over time, indicating that
higher α values lead to a rapid decline in susceptible mosquitoes, followed by stabilization at a lower
equilibrium, whereas lower α values cause a slower decrease. Overall, the figure demonstrates that
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the parameter α strongly influences both the rate of human recovery and the depletion of susceptible
mosquitoes in the population.

Figure 8. Stability region for EE in βV vs γH.

Figure 9. Time evolution of susceptible (S H) and infected (IH) humans for varying values
of α.
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Figure 10. Time evolution of recovered humans (RH) and susceptible mosquitoes (S V) for
varying values of α.

Figure 11 consists of two panels illustrating the temporal dynamics of infected mosquitoes and
environmental factors under different values of the parameter α. Panel (a) shows the number of
infected mosquitoes (IV) over time, where higher α values lead to a rapid increase in infections that
plateau sooner, while lower α values delay the infection peak. Panel (b) depicts the accumulation
of environmental factors (EV) over time, showing that higher α values result in faster accumulation
and earlier stabilization, whereas lower α values produce a slower rise. Overall, the figure highlights
the influence of α on both the speed and magnitude of mosquito infection and the accumulation of
environmental factors, demonstrating how this parameter affects the epidemic’s dynamics.

Figure 11. Time evolution of infected mosquitoes (IV) and environmental factors (EV) for
varying values of α.

The results of the present study are consistent with several previous dengue modeling studies that
emphasized the central role of vector-related parameters in dengue’s transmission. In particular, our
sensitivity analysis shows that the mosquito biting rate bV has the strongest positive effect on R0, while
the mosquito mortality rate µV has the strongest negative effect. This agrees with earlier dengue models
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in which mosquito biting, transmission probability, vector recruitment, and adult mosquito survival
were identified as major determinants of dengue’s persistence. Compared with classical integer-order
dengue models, the present fractional-order model provides a more flexible framework for describing
memory-dependent transmission processes. The Caputo fractional derivative allows the current disease
dynamics to depend on previous infection history, past human–mosquito contact, recovery history,
mosquito survival, and delayed environmental responses. This is important for dengue because the
disease’s spread is affected not only by the present population sizes but also by earlier exposure
and vector abundance. Our findings also agree with recent fractional dengue models that show
how fractional-order parameters can alter the speed and magnitude of an epidemic’s progression.
When the fractional order α is close to 1, the model behaves similarly to the classical integer-order
model. When 0 < α < 1, the memory effect becomes stronger and the epidemic’s progression
is slower. This suggests that fractional models can provide useful qualitative insight into delayed
disease dynamics, although direct predictive superiority requires calibration with real epidemiological
data. The bifurcation analysis provides additional epidemiological insight. Under the baseline
parameter values, the bifurcation is forward, which means that reducing R0 below 1 is sufficient for
disease elimination. However, the analytical bifurcation coefficient contains environmental parameters,
showing that environmental suitability may influence the disease persistence mechanism. This
highlights the importance of combining mosquito control with environmental management, such as
reducing breeding sites and limiting conditions that support mosquito growth. Overall, the present
results support the conclusions of previous dengue modeling studies while adding a Caputo fractional
structure and an environmental suitability component. The model confirms that vector control
remains the most effective strategy for reducing dengue’s transmission, especially through reducing the
mosquito biting rate, reducing vector recruitment, and increasing mosquitoes’ mortality. At the same
time, the model shows that memory effects and environmental suitability can modify the temporal
pattern and persistence of dengue outbreaks.

8. Conclusions

Dengue fever is an ongoing public health problem in hotter parts of the world, so it is important to
understand how the disease is transmitted in order to control its spread. To accomplish this, we have
created a new model for studying dengue using the methods of fractional calculus, and in particular,
the Caputo derivative, which accounts for the way that past infections affect the current state of the
disease (memory). The model also incorporates the effects of environmental variables, such as rainfall
and humidity, on mosquito populations and disease transmission. The analysis of the model’s stability,
bifurcation, and sensitivity to parameter values indicates that the rate at which the mosquito population
bites people is one of the key drivers for dengue’s transmission, whereas the fractional-order parameter
α has a major effect on how quickly and how severely a dengue epidemic develops. The numerical
simulations provide support for these results and demonstrate how changing different parameters leads
to changes in the dynamics of dengue outbreaks. In conclusion, the results of this study demonstrate
that fractional-order models provide a more accurate and flexible framework for analyzing dengue
than traditional methods. This provides public health officials with useful information to help design
dengue control interventions and procedures to reduce dengue’s incidence and outbreaks. Finally,
memory effects and ecological effects must be incorporated in order to design effective public health
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policies for dengue.
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