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1. Introduction

The p(-)-Laplace equation forms an important foundation of mathematical physics because it arises
naturally from variational principles that apply to a broad range of physical processes. This equation
emerges from minimizing energy functionals of Dirichlet type, finding applications in determining
the stationary points of action functionals and thereby governing the equations of motion of physical
systems. In classical mechanics, elasticity theory, fluid dynamics, and electromagnetism, the dynamics
and equilibrium of physical models can be formulated rigorously by minimizing suitable energy or
action functionals. The variational formulation not only provides a coherent and unified derivation of
governing equations, but also reveals inherent structural characteristics including conservation laws,
symmetries, and stability properties.

Mathematically, the p(-)-Laplace equation represents a natural extension of variational problems to
nonlinear partial differential equations with variable growth. Variational methods provide a powerful
approach for studying these equations based on the functional-analytic properties of coercivity,
convexity, and weak lower semicontinuity of the energy functional. These properties play a
fundamental role in determining existence and uniqueness of solutions as well as their qualitative
behavior. Moreover, variational methods are particularly well-suited for investigating nonlinear
equations with nonstandard growth, including those with variable exponents, fractional derivatives,
and nonlocal interactions. Consequently, the p(-)-Laplace framework remains central to modern
mathematical physics, providing a robust foundation for analytical representation of both classical
and contemporary physical theories.

The p(-)-Laplace equation plays a key role in the study of variational problems of both classical
and fractional type, representing the necessary conditions for extremals of Dirichlet-type energy
functionals. Early work on fractional variational problems was formulated by Agrawal [1], who
generalized classical variational frameworks to fractional derivatives. Gear et al. [2] discussed
numerical integration and computational treatment of such equations, particularly with constraints,
while Crampin [3] examined the differential geometric structure and inverse problems in Lagrangian
dynamics. Subsequent studies investigated exact solutions of fractional equations [4] and formulations
involving Caputo derivatives [5] with generalized transversality conditions [6]. In classical mechanics
contexts, Ball [7] studied minimizers and variational aspects of nonlinear equations [8], and Rheinboldt
and Rabier [9] developed numerical approaches for their solution. Al-Omari and Algahtani [10]
introduced a primal local soft closure operator in soft primal spaces and established its fundamental
properties. Their framework provides useful tools for uncertainty modeling with applications to
variational problems, optimization, and nonlinear analysis.

Research in fractional mechanics and numerical simulation continued with Klimek [11] and Groll
et al. [12], comparing Euler-Euler and Euler—Lagrange methods. Adrees et al. [13] introduced the
class of modified (p, h)-convex stochastic processes, establishing its fundamental algebraic properties
and demonstrating that it unifies several existing notions of convexity in the stochastic setting and
Sokolichin et al. [14] conducted dynamic simulations of gas-liquid flows. Herzallah and Baleanu [15]
studied fractional-order Hamiltonian formulations and the Euler—Lagrange equations, and Khan et
al. [16] established convex integral inequalities for two-dimensional convex interval-valued mappings
under pseudo interval order relations by employing fractional integral operators with non-singular
kernels. Li et al. [17] introduced nonlocal-in-time formulations of kinetic energy of non-conservative
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systems, and Lagrangian and Eulerian drag models that are consistent between Euler—Lagrange and
Euler-Euler approaches were introduced by Balachandar [18]. Afzal [19] investigated the regularity of
the Navier—Stokes equations in Herz spaces, demonstrating the applicability of Herz spaces to the
analysis of fluid flow and nonlinear partial differential equations, and Kogan and Olver [20] had
constructed invariant formulations of the Euler-Lagrange equations. More recently, Alghamdi et
al. [21] introduced novel operators in the framework of primal topological spaces and investigated
their fundamental properties. Such operators provide useful tools in variational problem analysis.

In recent years, the truncated Havin—-Maz’ya—Wolff potential has emerged as a fundamental tool in
nonlinear potential theory and modern harmonic analysis, playing a key role in investigating non-trivial
regularity properties of solutions to partial differential equations (PDEs). Its formulation embodies a
delicate interplay between nonlinearity and nonlocality, providing a natural framework for studying
problems involving measure data, nonlinear elliptic operators, and quasilinear PDEs. Unlike classical
Riesz potentials, which are primarily linear in nature, the truncated Havin—-Maz’ya—Wolff potential
is specifically designed to capture nonlinear phenomena, making it indispensable in the analysis of
capacities, functional embeddings, and sharp regularity estimates.

Integral operators, including the Hardy—Littlewood maximal operator [22] and various fractional
integral operators such as the Riesz [23], Bessel-Riesz [24], and Bochner—Riesz potentials [25],
serve as essential tools in harmonic analysis and underpin numerous advances in the study of partial
differential equations. Among these, the truncated Havin—-Maz’ya—Wolff potential [26] stands out for
its central role in nonlinear potential theory, effectively capturing the interplay between nonlocal effects
and nonlinear growth phenomena. Almeida et al. [27] investigated the mapping properties of Riesz
and Wolff potentials in variable exponent weak Lebesgue spaces and established optimal boundedness
results for these nonlinear potential operators.

Let € L! (R®) and let R > 0 be finite. For 0 < o < S and s > 1, the truncated Havin-Maz’ya—

loc

Wolff potential VY is defined by

1
R 1 s=1 dr
R . s b
Ve, (D)(e) = fo (r BT L (E’r)|ll)(’t)|d’t) —.

Borowski et al. [28] established a sharp rearrangement estimate for generalized Wolff—-Havin—
Maz’ya potentials, which yields a reduction principle characterizing the boundedness of such operators
via a Hardy-type inequality. A direct application of this principle yields local regularity results for
very weak solutions to quasilinear elliptic PDEs with non-standard growth in rearrangement-invariant
spaces.

In this framework, let { : [0, 00) — [0, o) be a non-decreasing function, v > 1, and 3 € [0, v].
Then there exists a constant ¢ = ¢(v, 3) > 0 such that

R Wy R B_1 1—% B
||(V[3,1p(p||Lw(Rv> < Cj; tv II)((DV tv o (t)) dt.

Here:

¢ 1 is the given non-decreasing function,
e (¢ denotes the function under the potential,
e v is the spatial dimension,
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(3 is the order parameter of the potential,

w,, 1s the measure of the unit ball in R,

¢ is a positive constant depending only on v and 3,

R is the truncation parameter,

t is the integration variable,

@™*(t) is the maximal function of the decreasing rearrangement of @,
L*(RY) denotes the space of essentially bounded measurable functions, and
dt stands for the Lebesgue measure.

Nonlinear potential theory has been one of the key instruments of qualitative analysis of partial
differential equations, especially in the analysis of elliptic and nonlocal equations with measure data
and nonstandard growth conditions. One of the pillars of this theory is the Wolff potential that
offers an effective basis to obtain pointwise and integral estimates of solutions of quasilinear elliptic
equations. Maz’ya and Havin [29] have done early foundational work, including the development
of a nonlinear potential-theoretic method of elliptic equations, and Cardona and Ruzhansky [30]
investigated subelliptic Sobolev and Besov spaces on compact Lie groups associated with Hormander
vector fields and established embedding theorems between subelliptic and classical Besov spaces. This
was followed by systematic research on Wolff potential estimates of elliptic equations with measures
by Korte and Kuusi [31], Maly [32], and Lukkari, Maeda, and Marola [33], which indicated that
the Wolff potential estimates were effective at fine properties of solutions. Over the past few years,
equations of Orlicz growth and equations of (p, g)-growth have been the subject of substantial interest
due to interest in materials science and nonlinear elasticity. Abbas et al. [34] established Jensen,
Ostrowski, and Hermite—Hadamard-type inequalities for h-convex stochastic processes by employing
the center—radius order relation for interval-valued stochastic processes. Baroni [35] generalized Riesz
and Wolff potential estimates to a wide range of quasilinear equations, and Chlebicka, Youn, and
Zatorska-Goldstein [36] studied problems in vectors where the growth and measure functions are of
Orlicz type. Subsequent developments are local boundedness and regularity theorems of nonstandard
growth of elliptic equations by Cupini, Marcellini, and Mascolo [37], and finer gradient estimates
below the duality exponent by Mingione [38]. These advances are directly related to the theory of
rearrangement-invariant and Orlicz spaces, developed by O’Neil [39], where Peetre [40] and Afzal et
al. [41] offered the right functional analytic context on which potential estimates should be based. More
recently, Kim, Lee, and Lee [42] obtained Wolff potential estimates and a Wiener-type condition in
nonlocal equations with Orlicz growth and, in so doing, have shown that nonlinear potential techniques
still apply in nonlocal equations. These findings support the strength of Wolff-type potentials as an
analytical toolkit that unites the analysis of elliptic and nonlocal equations with a complicated growth
behavior. Abd El-Latif, Algahtani, and Gharib [43] developed a broader class of soft sets through the
supra soft d-closure operator and examined its essential properties.

While the literature on Wolff potentials remains relatively sparse, it is instructive to examine
the boundedness of related operators that share direct connections with Wolff-type potentials.
Investigations into Riesz potential operators and their boundedness properties have a long history. In
a classical setting, pioneering results were obtained by Maas and van Neerven [44], who studied the
mapping properties of Riesz transforms associated with elliptic operators on abstract Wiener spaces,
opening new pathways in infinite-dimensional analysis. This line of inquiry has since evolved toward
more generalized function spaces, including Orlicz—-Morrey, Herz—Morrey, and variable exponent
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settings. For instance, Guliyev and Deringoz [45] analyzed the Riesz potential and its commutators in
generalized Orlicz—Morrey spaces. Further contributions in variable exponent frameworks include the
works of Wu [46], and Rafeiro and Samko [47], who established boundedness results in Herz—Morrey
spaces, Herz spaces, and variable Hardy spaces, respectively. Ahmad et al. [48] introduced the concept
of n-fractional polynomial s-like m-convexity associated with Raina’s mapping and investigated its
fundamental algebraic properties. Ameen and Algahtani [49] introduced the concept of Baire category
soft sets and investigated their symmetric local properties of operators.

Significant progress has also been made in the study of function spaces that generalize classical
Morrey and Orlicz frameworks, particularly in the context of Musielak—Orlicz—Morrey spaces [50].
Sawano and Shimomura [51], and more recently Ohno and Shimomura [52], extended classical
Sobolev embeddings and the theory of Riesz potential operators to more general settings, including
non-doubling measures and unbounded metric spaces. In parallel, Aimar et al. [53] bridged potential
theory with multilinear harmonic analysis, formulating a multilinear framework for Riesz potentials
within general BMOg spaces, thereby linking linear and multilinear analysis in a unified setting. Afzal
et al. [54] investigated the boundedness of the multidimensional Katugampola operator in Campanato
spaces.

Further generalizations have focused on Bessel- and B-type Riesz operators. Hasanov et al. [55]
investigated commutators of B-Riesz potentials in B-Morrey spaces, while Burenkov [56] provided
a comprehensive survey of developments in Morrey-type spaces. Al-Omari and Algahtani [57]
investigated primal structures with closure operators and established their basic characteristics and
boundedness results in grand Herz—Morrey spaces [58]. Afzal et al. [59] resolved several open
problems concerning the characterization of function spaces by introducing new geometric properties
of Morrey spaces in the Besov framework with non-standard growth. Algahtani and Abd El-Latif [60]
introduced novel operators to characterize separation axioms in topological spaces and established their
fundamental properties.

The interplay between such operators and PDE regularity has been highlighted by Afzal et al. [61],
who introduced modified and enhanced Riesz potentials to obtain Sobolev-type estimates pertinent to
elliptic regularity theory. For additional results on the boundedness and applications of these operators,
the reader is referred to [62—-65] and the references therein.

Motivation and novelty

The main contributions and novelty of this study are as follows:

1. The key motivation lies in the crucial role played by the boundedness of the truncated Havin—
Maz’ya—Wolff potential operator in the analysis of various mathematical and physical evolution
equations, particularly for verifying regularity, controllability, and related properties. For the first
time, the weak formulation of Euler—Lagrange equations based on Dirichlet-type energy integrals
is investigated through the boundedness of this nonlinear potential, establishing coercivity, weak
lower semicontinuity, and the existence and uniqueness of minimizers. Previous studies have
mainly focused on local frameworks, such as Lebesgue spaces [27] or rearrangement-invariant
spaces [28]. In contrast, the present work studies the operator globally in Herz spaces with
variable parameters, thereby generalizing earlier results and introducing new structural features.

2. Furthermore, the truncated Havin—Maz’ya potential is nonlinear and, for the first time, is
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investigated in Herz spaces. Earlier works primarily utilized linear operators such as Riesz and
Bessel potentials [55, 61], which can be viewed as special cases of the current study. This
nonlinear operator is more capable of handling nonlinear differential models, whereas linear
operators lack this flexibility.

3. We also construct a nontrivial example in a tabulated framework demonstrating that, under
specific choices of the exponent function, the Riesz potential may fail to be bounded, whereas
the truncated Havin—-Maz’ya potential remains well-behaved. Additionally, through a series of
remarks, we show that our results generalize several earlier findings obtained under different
parameter settings (see, e.g., [62-64]).

4. Finally, as observed in the literature [28, 33, 36, 42], the Wolff potential is directly connected
with verifying well-posedness, controllability, and properties such as regularity and smoothing
of solutions in classical function spaces. By extending this to the global Herz space framework,
this work significantly contributes to the development of these properties in a more general and
flexible setting compared to previous studies.

The remainder of this article is organized as follows. In Section 1, we provide a detailed introduction
that highlights the main motivation of the study and situates our work within the broader context of
boundedness problems for operators arising in harmonic analysis. Section 2 presents the necessary
preliminary material, recalling essential definitions, lemmas, and auxiliary results that underpin our
theoretical framework. In Section 3, we state and prove the principal results of the paper, emphasizing
the mapping properties of truncated Havin—-Maz’ya potentials within the considered functional setting.
Section 4 is devoted to the investigation of existence, uniqueness, and regularity of weak solutions
to the variable-exponent p(-)-Laplace equation via the Euler—Lagrange framework, leveraging the
boundedness of truncated Havin—Maz’ya potentials. Finally, Section 5 concludes the paper with a
concise summary of the main findings and discusses potential directions for future research inspired
by the present study.

2. Preliminaries

In this section, we lay the groundwork for the subsequent analysis by introducing essential
definitions, outlining the core principles underlying operator boundedness and providing a detailed
account of generalized Lebesgue and Herz spaces. For a more comprehensive treatment, we refer the
reader to the standard references [59, 64].

We denote by R" the n-dimensional Euclidean space and by R the set of positive real numbers. For
e € R"and r > 0, B(¢, r) represents the open ball of radius r centered at €. For a measurable function
@, supp @ denotes its support, |w| the Lebesgue measure of a set w C R", and xg the characteristic
function of a measurable set E. The abbreviation “a.e.” stands for “almost everywhere”.

Variable exponents are denoted by ?g’g(w) for log-Holder continuous functions and by P(w) for
measurable functions q(-) satisfying 1 < q_ < g(¢) < q4 < oo. The space Lf(f'c)(w) consists of functions
that are locally integrable with respect to q(-). We write { < ¢ if 1 is bounded by ¢ up to a constant
andV ~ ¢ if both < ¢ and ¢ < P hold. Continuous embedding of quasi-normed spaces is denoted
by W) — Wsy.
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The convolution (\ * ¢)(¢) is defined as

96 = [ W= o0)dn

RI\

Finally, we employ the classical dyadic decomposition: for [ € Z, set
B, := B(0, 2[), R :=B/\B.;, Xi:=Xr»

which provides scale-wise localization in function spaces.

2.1. Spaces of variable integrability
We denote by P(R") the set of all measurable functions p : R" — [1, o0), called variable exponents.
For a measurable set w € R™ and p € P(R"), we define

Pop = €SSSUP, P(T), Py = essinficy P(T),  P" = Pga, P = Pro

Throughout, we consider bounded exponents. The variable exponent Lebesgue space LPO(R™) [71]
consists of measurable functions 1\ such that the modular

ProW) == | (D@ dt
Rn
is finite. Equipped with the norm
il :=inf {ur > 0 py,(W/p) < 1),

L*O(R™) forms a Banach function space. For constant exponents p(T) = p, this reduces to the
classical space L*(R"). The modular and norm satisfy the unit ball property: p,., (1) < 1 if and
only if [[lly < 1.
Holder’s inequality generalizes to variable exponents as
! = ! + ! a.e.
(v p(o am
recovering the classical case when s(-) = 1 and q(-) = p’().
A function 1 : R" — Ris locally log-Hdolder continuous if there exists cjo; > 0 such that

W dllsey < 211 bllo) g with

Clog

) = < e+ /=)

We say 1 has log-Holder continuity at the origin if

for all T,e € R™.

Clo
|Mﬂ;ww$ﬁﬁfﬁ5,Tem,
and at infinity if there exist ., € R and ¢j,g > 0 such that
WD) — o € —2 | 1eR"
log(e + |T])

We denote by Pi)og(R“) the class of exponents with log-Holder decay at the origin, by Pl2(R)
those with log-Holder decay at infinity, and by P'°¢(R™) the exponents which are locally log-Holder
continuous and have log decay at infinity. For p € P°¢(R™), the conjugate exponent p’ € P°¢(R?) as
well, with (p")e = (Do)’
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2.2. Some technical lemmas

Various important results have been established in the space L*”(R™) under the assumption p €
Plog(R). Local log-Holder continuity plays a key role in the analysis of classical operators in variable
exponent spaces, as it ensures that

B[ ~ |B|'s

for balls B with a sufficiently small radius. The following auxiliary results illustrate that the log-Holder
decay conditions, either at the origin or at infinity, are sufficient to handle variable exponents defined
on such domains.

Lemma 2.1 ( [64]). Let B € L*(R") and assume s; > 0. If B satisfies the log-Holder continuity
conditions near the origin and at infinity, then

[5+
S1 S1
- ) 0 <$ < P
(52) 2
S1
Be) _ B 21 <
s S sy 1, > < sy <28y,
S B
— , S > 2S1,
S2

forany € € B(0,s1) \ B(0,s,/2) and Tt € B(0, s,) \ B(0, s,/2), with implicit constants independent of ¢,
T, Sy, and Sy.

In many situations, one needs to estimate the norm of characteristic functions of balls or cubes
when analyzing the behavior of operators in harmonic analysis. While in classical L? spaces this is
straightforward, the situation is more delicate for variable exponents. Nevertheless, for p € Plog(RM),
the following estimates hold, with implied constants depending only on the log-Ho6lder continuity of p:

(i) For balls B ¢ R" of small radius,
X8l ~ |B|l/pm, T € B.

(i1) For balls of large radius,
IIXBlln) = BJ'/P.

Similar estimates hold for characteristic functions defined on (dyadic) annuli, even without full log-
Holder continuity at every point.

Lemma 2.2 ([64]). Let p € P(R™) and let
R = B(0.,1) \ B(0, %)

IfIR| = 27", then
Xl ~ IRIVP® ~ [R|VP= T€R,
with implicit constants independent of r and T € R. Moreover, the left-hand side equivalence holds for

all [R| > 0 if, in addition, p € PyE(RY) N PLE(RY).
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Lemma 2.3 ([64]). Let 0 < v < 1 and 0 < q < oo. Consider a sequence of positive real numbers
{®@j}jez such that
@izl =1 < oo.

5 = Zyl‘ja)j, vy = Zyj‘[a)j, leZ

i<l il

Define two sequences:

Then {d}icz and {Li}iez also belong to £, with the estimate
||{51}1ezl|[q + ||{U1}1ez||{,q <cl,

where ¢ > 0 depends only on 'y and q.

2.3. Variable exponent Herz spaces

Definition 2.1 ( [66]). Let p,q € P(Rn) and « : R® - R with o« € L*(R").
The inhomogeneous Herz space K )(R“) consists of all P € Lfo(g(R“) such that

1/a6)
q<~>)
< 00,

n()Q(

p()

HII)HK;?())I() = ”1') XBO”P(-) * (Z ”2[0((.)11) Xi |

>1

The homogeneous Herz space K& (R™) is the set of all € L{"(R™ \ {0}) such that

P(),a()
1/a()
q<~>)
< 00,

IILI)”KSE(;«) = (Z ”2[0((.)11) X |D(')

leZ

with the usual modification when g(-) = oo
When «, p, and q are constants, these spaces reduce to the classical Herz spaces:

fX() ny _ n cx() n y n
KooanRY = KL (R, Ko (RY) = K7 (RY).

As in the classical case, these are quasinormed spaces, and they are norms if p, g € P(R") and q > 1.

Remark 2.1. Several special cases of Definition 2.1 recover known Herz-type spaces depending on
the choice of exponents:

o IfB(-) =B, p(-) = p, and q(-) = g, we recover the classical Herz spaces.
e If B(-) = B, p(-) is variable, and o(-) = q, we obtain Herz-type spaces with variable p(-).
o If 3() = B, p(:) = p, and g(-) = q, the classical Herz spaces are recovered again.

Proposition 2.1. Let 3 € L*(R") and p,q € PR"), and consider the inhomogeneous Herz space

BC)
Kv( 2.a(: )(Rn)'

1. If the exponent function 3(-) is log-Holder continuous at infinity, then the space is equivalent to
the corresponding Herz space with a constant exponent at infinity:

BC) ny _ n
K )q()(R )= Kv()q()(R );
where o 1= limjge0 ().
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2. Moreover, if (3(-) additionally satisfies the logarithmic decay condition near the origin, then for

all\ € KE(()) q(,)(R“), we have the quasi-norm equivalence

Wl = 25O wxil] 0, + 25 0

0100 £0@r0) ’

Here, the constants implicit in the equivalence depend only on the log-Holder constants of 3(-) and the
variable exponents p(-), q(-).

3. The main results

This section is devoted to a detailed investigation of the boundedness properties of the truncated
Havin—Maz’ya—Wolff potential VY, which constitutes a nonlinear extension of several classical
potential operators, recovering them as special or limiting cases. Such a framework plays a
fundamental role in modern nonlinear potential theory and provides an effective analytical tool for
describing fine regularity, integrability, and qualitative properties of solutions to nonlinear partial

differential equations and variational problems.

Lety € L! (R") and letR > 0 be finite. For 0 < « < 5 and s > 1, the truncated Havin-Maz’ya—Wolff

loc

potential V&  is defined by

1
s—1 dr
r

R 1
Vi ::f ("‘S— d )
xs(W)(€) , r Ble. 1) Z;(”)IIP(T)I T

The structure of (Vl;s is intrinsically nonlinear. The localized averaging over balls B(¢,r), combined
with the nonlinear exponent s, captures the interaction between nonlocality and nonlinearity within a
finite spatial scale. The truncation parameter R is particularly significant in boundary value problems
and variational models, where global information is unavailable or physically irrelevant.

3.1. Recoverability and comparison with existing operators

A fundamental feature of the Havin—Maz’ya—Wolff potential is its precise connection with classical
linear potentials. In particular, it reduces to the Riesz potential in the limiting regime s — 1%, thereby
establishing "VE’S as a genuine nonlinear generalization of 7,. Reduction of the Havin—-Maz’ya—Wolft
potential occurs as s — 17.

The truncated Havin—-Maz’ya—Wolff potential is

1 T dr
(Voc,s(ll))(ﬁ)=fo (r BT fs(s,r) |1|)('r)|d'c) —.

Since |B(e, )| ~ 1, the integrand can be written as

(r f |x|)(fr>|dT)S' .
B(e,r)
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Introduce
1
A(r) :==r* f lb(o)ldT,
1B(e, 1) Jger A
so that
0 log A(r)\dr
VasW)(e) = f exp (7).
0 s—1 7r

Ass — 17, we have

(AM)=T — A1),

and thus

. 3 * dr_ 0 | dr
tim Vi () = fo A0 = fo e fB el

Applying Fubini’s theorem: We can interchange the order of integration because the integrand is non-

negative. That is,
N dr r*  dr
(o)l dT— = f (o)l —dt
~f0‘ |B(E,I’)| L(e,r) r R® r>le—1 |B(€,I')| r

Using the layer-cake representation: The inner integral over r is equivalent, up to a constant, to |¢ —

7|~ Hence,
r* dr b ()|
[P (T)] —dT~f—dT
fl;“ 11) r>le—1| |8(£’r)| r Rn |€ - Tln—cx

Conclusion: We finally get

Iim Vs (b)(e) = Lab(e) |

showing that the Havin—Maz’ya—Wolff potential is a nonlinear generalization of the classical Riesz
potential, retaining its scaling while extending to nonlinear and nonlocal settings. The structural
progression, from the sublinear operator to the Riesz potential and its nonlinear generalization, the
truncated Havin—-Maz’ya—Wollff potential, is summarized below in Table 1 and illustrated in Figure 1.

Table 1. Recoverability of classical operators from the truncated Havin—-Maz’ya—Wolff

potential.
Parameter Settings Recovered / Refined Operator Reference
s— 1", O0<a<n, R —> oo C(Classical Riesz potential 1, [72]
=0, s—> 1", R—> Classical sublinear operator [67]
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Sublinear
x=0,s—> 1", R—> =
Riesz Potential (Fractional Integral)
O<a<n,s—> 1" R—>

Truncated Havin—Maz’ya—Wolff Potential
0<oc<§, s>1, R<o

Figure 1. Structural progression from the sublinear operator to the Riesz potential, and its
nonlinear generalization, the truncated Havin—Maz’ya—Wolff potential.

Distinctive characteristics of the truncated Havin—-Maz’ya—Wolff potential: The classical Riesz
potential, being linear, does not fully capture nonlinear interactions and can fail to control certain
borderline behaviors in function spaces, such as self-improvement of integrability. In contrast, the
truncated Havin-Maz’ya—Wolff potential V| introduces a nonlinear averaging mechanism through
the exponent ﬁ, combined with localized averaging over balls of radius r up to a truncation scale
R. This structure enhances both local and global behavior of the potential and provides stronger
regularizing effects.

A comparative perspective highlighting the improved properties of the truncated Havin—-Maz’ya—
Wolff potential (Vlots relative to the classical Riesz potential is provided in Table 2.

Table 2. Comparison of the classical Riesz potential and the truncated Havin—-Maz’ya—Wolff
potential in variable Herz spaces.

Setting

Classical Riesz Potential J

Truncated HMW Potential V{ |

Ambient Space
Exponents

Potential Parameters
Kernel

Result

Variable Herz space KS'()')S(,)(

() =2+ 5 € (2,3), s(W =4, B =3
Riesz order ox = 1

e = [ e
re |€ =T

Insufficient decay; fails to control dyadic tails

R™M)

Same as left
Same as left

RadiusR>0,x=1,s=3(1/(s=1)=1/2)

R
1
R _ 3
VR b)e) = fo (* Zas

Tail self-improvement; stronger integrability

i) &

B(e.r) r

3.2. Truncated Havin—Maz ya—Wolff potential and its boundedness in variable Herz spaces

We now state the main results.

Theorem 3.1. Letn € N, with 1 < p~ < p" < o0 and 0 < g < co. Suppose that p(-) € P}f,g(Rn) isa
variable exponent function satisfying
l<p <p"<oo.

Further, let a(-) € L*(R") be log-Holder continuous at infinity, and denote its limiting value at infinity
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by a., which is assumed to satisfy

Fore e R"andr > 0, let
Ble,r):={teR":|[t—¢| <1}

denote the open ball of radius r centered at «.
Lets > 1 and 0 > 0, and let ' : w C R* — R™, with m > 1, belong to Llloc(w). For a truncation
radius R > 0 such that Br(e) C w, define the truncated Havin—-Maz’ ya—Wulff potential by

R =)
Vi b(e) :=f (r‘“f III)(T)IdT) g, £E€w.
0 Bi(e) r

Then, the operator (VE’S extends boundedly to the space Kff(; J(R"); that is, there exists a constant
M > 0 such that

Ve )
forall p € K (R™) N LPORM).

p(),a

: < :
wen = M e

Proof. Let ‘V&S be the truncated Havin—-Maz’ya potential defined by

X L
VR ()(e) = f (r“s : f |¢<T>|d1) roca<
’ N\ BE Jues ; :

The operator Vy  is bounded on the space LP”(R"). Let a(-) € L*(R") be a function exhibiting
log-Holder continuity at infinity. With this property, the operator (Vlois can be continuously extended
and is bounded on the homogeneous Herz space K;’O(()) q(R“).

To establish this result, we investigate the Herz quasi-norm of (VE’S(IJ)) by employing a scale-wise
decomposition of the domain. Specifically, for a given [ € Z, we decompose the function 1 into its

components corresponding to each scale,

Y=1-Clg, +¥-Clg. 8, TV (a8,

where ( is the characteristic function and B, := 8B(0, 2").
This leads to the decomposition:

[ VR b(e)| <[V, Wis.,) (©) +|Va, Wis,ns,) @] + | VR, Wigas,,) ()]

Next, we estimate the contribution of the first term, (Vi,s(tl) (s, ), for points € € A, := B\ Br_;.
Note that for any T € B_;, we have |t| < 21 while for € € A, |¢| > 2", we obtain the following
estimate:

le — | 2 le| = 2.
Hence, for 0 < r < 2'"! (where the inner integral is nontrivial), the kernel can be estimated by

1 1
™ (Dl dt 2" —— b()ldT.
|B(e, 1) B(er) v 1B B W
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Therefore, the first term satisfies the pointwise estimate

2! 1 Sdr) w1
VR, (i) ()] < f [2— f eoldr| Efgam L f (ol dr.
0 Bl Js., r 1Bi1|51 Iz

By applying Holder’s inequality adapted to spaces with nonstandard growth on the exponent, we
obtain

CBH

LPORR) | LY O(Rn) *

fB W(oldt < |[ Wi,

Observing that B,_; is a ball, the norm | (s, Lo can be effectively estimated by |B,_, |ﬁ, where p,
denotes an appropriate averaged value of p” over the ball. This leads to the following bound:

|(V§<,8(II)C3171)(8)| < 251 |1|)CBH

Analogous reasoning can be applied to estimate the contributions of the remaining terms. We now
turn our attention to the truncated Havin—-Maz’ya potential acting on the “inner portion” of the function:

(Vl;,s(l-p CBI—Z\B—Z) (8)

Consider a point ¢ € A; := B;\ B_; and a point T € B, \ B_,. For any dyadic annulus A; with
j < 1=2,it follows that

LrORM) *

le — 1| 2 |e| = 2"

This observation allows us to control the contribution of the inner part in terms of the scale of the
outer annulus. Thus, for € € Aj, the truncated Havin—Maz’ya kernel satisfies

s 1 a les
(r o L (&r)wmdr) <2 L Tl

Hence, we obtain the pointwise estimate:

-2
|(V§,S(ll) CBI—Z\B—Z) (€)| < 2;%? Z f |ll)(T)| dt.
A

=1

Next, we apply Holder’s inequality on each annular layer and combine this with the standard
estimate for the associated characteristic functions:

LY O(Rp) °

L JCOTE e Y %

so that

-2
|(V§,s(1b (8 0\8.,) (£)| < Z 2%

=1

e

| Cﬂj

L*O(Rn) LY O®®)

By the boundedness of V§  on L*", we have

||Cﬂl (Vis(l'l) CB]—Z\BQ)

L) S ||¢C-(BI—2\B—2 LrO *
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Using the quasi-triangle inequality for L") norms:

-2
o S ea

j=1

||1|) CB[—z\B—z

Lre *

Hence,

[Ca Vi, (¥ Cs3.,)

Lre) *

-2
po S D b

=1

Taking the ¢7-quasinorm over [ € Z and applying a generalized Minkowski inequality, we get

{Z pleen ||Cﬂ1 (V};,s (b Con3.) ;"")}
eZ

-2 a) s
[ 00
< Z 2760 [Z ||1l) Cﬂj Lp(-))
€z j=—1
1 :
[+] q
[ 00
A7 52 el
j€Z \I=j+2

The inner sum converges for &, q < 0, and assuming the correct scaling for the Herz space together
with the log-Holder continuity, the final result is bounded by the Herz norm of 1.
Estimation of V  ( Cgng,,,) (€):

We now consider the contribution of the term where the support of the function is located far from
the point of evaluation. Let ¢ € A; and T € R" \ By,», so that T € A; withj > [+ 2.

By the definition of the truncated Havin—Maz’ya potential,

1
[B(e, 1) B(e,)N(R™\By»)

R : T dr
(Voc,s(ll) CR“\BHZ)(E) = f (r(XS (1)l dT) ?
0
For T € A; with j > [ + 2, we have

le =l > It — el 2 2,

so that nontrivial contributions occur only for r > 2/. In this case, the inner integral can be bounded as

f Ilb(T)IdTﬁf p(T)ld.
B(e,n)NA A

Hence, the far-field term satisfies the pointwise estimate

vt 5 o]
A

j=142
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Applying Holder’s inequality and the standard characteristic function estimate:

7
Poo

Lo 2

15.40) < ||1<l) Cﬂj

Lo ||C5“j

f Wp(oldr < | Cn
A

Thus, we arrive at the estimate

1
s—1 In
L6 " 2b,

2l || Cﬂl(vg,s (ll) CR“\BHz)

Lo S 200 Z (2jas ) 2'%:’ ”1]) Cﬂj

j=1+2

This provides a truncated Havin—-Maz’ya version of the far-field estimate, suitable for subsequent
Herz quasi-norm summation.
. R .
Estimate for V; ((\b) on By:
Decompose 1 as

P =1 (g, + P (g, + U Crg, -
Then, by the triangle inequality,
[VE D)) < [VE T ) (@) + [ VE D Cr (@) + | Vi (b Camp, )(E))|-

Local Part: By boundedness on variable Lebesgue spaces,

VR (b Coy) Cao] o < | Cn

LPO < ||¢||K$((>)a
Near Shell: Similarly, for R,

[VE b Cg,) T,

o S [ Gl < Il -

Far Field / Residual Part: Fort € Ry, c R*\ B, [ > 2, and ¢ € B, we have |¢ — 1| > 2'. Hence,

VE b Gamp () S | (2““5—‘” ) ILI)(T)IdT)S_ :

>2

Applying variable-exponent Holder and the characteristic function estimate,

LrO)*

fR hp(oldT < 27 [ Cg,

Thus, the far-field term satisfies

1
s—1
Lp(-)) .

||(v}§c,s(¢ CR“\Bl) CBO“LW(') S Z (ZI(OCS—I’I) ’ ZDIT: ||ll) CRI

>2

Combining all parts gives the truncated Havin—-Maz’ya Herz estimate:

Ve ) ool S Il g

O
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3.3. Recoverability and relation to prior work

Under specific parameter choices, the present results recover and extend earlier contributions.
Table 3 summarizes these instances.

Table 3. Havin—Maz’ya-style presentation: Selected instances of Theorem 3.1 demonstrating
recoverability and generalization of previous results.

Parameter Configuration Recovered / Specialized Result Reference

a)=a, v=2 Theorem 3.3 (special case) [62]
p()=p,a()=a,v=2 Theorem 2.1 (specialization) [63]
v=2 Theorem 4.2 (recovered) [64]

Theorem 3.2. Let 0 < « < s and let p(+) be a variable exponent such that
pePERYNPERY) and 1<p <pt <~
x
Let q(-) € Po(R®), and let a(-) € L*(R®) satisfy the log-Holder continuity conditions with

8 - +
x——<a <a <

Pt ’

Moreover, assume the following convergence condition holds:

For\ € L! (R®) and a truncation radius R > 0, define the truncated Havin-Maz ya potential as

loc

VR (P)(e) = f R(rm : '1"('”'“)5_11g
s ~Jo 1B(e, 1) Jper r

Assume that VX, is bounded from
LPO®RY) into LY ORY),

where
1 1 o

() pe) s

Then VY, is also bounded as

(VR .Kﬂ(')
®s *

w00 &) — K} y(R?).

p*(),a(-

Proof. In view of Proposition 2.1, fix an arbitrary point ¢ € A, for some index y € Z. To facilitate
the analysis of the truncated Havin—Maz’ya potential, we partition the ambient space R® into three
geometrically distinct and mutually disjoint regions, namely,

R*=B,, UB, U (R*\B,.,).
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Here, the inner region B, _, represents a neighborhood close to the origin, the intermediate region
ﬁy captures the local shell surrounding the annulus indexed by 7y, while the remaining set R® \ B, .,
corresponds to the far-field contribution.

More precisely, the above sets are defined by

B, .= {teR’: |1 <27, Ey ={TeR": 2V < |1] < 2V},

Since the truncated Havin—Maz’ya potential (VI;S is subadditive on positive functions, i.e.,

Vi1 + 1) < Vi (b)) + Vi (),

we may estimate

|(V1§c,slb(€)| = ‘(VI;S(II) : XBy-z + ll) ' Xﬁy + ll) : XRS\BV+2)(€)'
< “Vli,s(ll) “XB,)(€) + Vi (b - X5, )(©) + Vi (b - Xeog, ) (E)|

We first concentrate on the contribution coming from the inner ball B,_,. Note that we may write this
ball as a disjoint union of dyadic annuli:

v-2
B,o=|J) A, A =lreR:2° < <2
Now fix a point ¢ € A, . For small radii 0 < r < 2¥~', we clearly have

Ble,)NB,, =0,

since the ball around ¢ of radius less than 2¥~! does not intersect the inner region. Consequently, for
such r, the inner integral vanishes identically. Hence, the only relevant contribution comes from larger
radii, i.e.,

r>2v.

For these r, we estimate

f (o)l do < f (o)l do
Be.)NBy_ B

v-2

v-2
- >, [ o
Ay

V=—00
Plugging into the truncated Havin—Maz’ya potential, by definition,

1
|B(e, 1) B(e,))NBy_2

R ﬁd
Vi - xs,.,) ) = fo (r“s |1|)(G)|dcf) ?r
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Restricting the domain of integration in r to the effective range r > ¢ 27, and inserting the previous
bound, we arrive at

R = = dr
(V};,s(ljr) “ XB,.,)(€) Sf (r"‘s_S Z f |‘L|)(O')|d0') —.
Ay r

c2Y V=—00

Simplification of the radial factor: Since s € (1, ), the exponent of r in the integrand is negative.

Thus,
R e dr . s—as
rs1 — ~27Y5%1
c2Y r

v-2
VR (- xp,,)() S 27V =T ( Z L

vV=—00

Therefore,

1%

1
s=1
[b(o)l dG] :
For each annulus (A, by the variable-exponent Holder inequality, we obtain

f Wl < b Xolleeo - lixulluro-
Ay

By Lemma 2.2, the second factor admits the bound

s
IXllLyo = 2%

Thus,
f W < I XollLso 27
Ay

Substituting this bound into the preceding estimate for the truncated Havin—-Maz’ya potential, we
obtain the following pointwise control for the inner region:

1

‘y—2 s—1
VR (W xp, .)(E) 2775 ( > 2% Xullva) .

V=—00

Next, we take the L*-norm of the above expression over the annulus ¢ € A,. Recalling the
standard norm equivalence for characteristic functions in variable exponent spaces, namely,

s
Xyl = 27,

we obtain
AR

|XY (v}(}c,s(ll) . XB'y—Z)

LrO

Y2 =
S _s-«s s
sl “)[Z 2% ||1va||Lv<->] :

v=—00
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Under the standing assumptions

b

S S
l<p <p"<— and ax——<a <a'<

o p— pH-
the associated geometric weight is summable as v — —oco. Consequently, after taking the £9-quasi-
norm with respect to the index vy, we deduce that the contribution stemming from the inner region is
dominated by the Herz quasi-norm, namely,

1/q
q
Lm.)} < [llgeo

p()a0)

{ Z 2yamq||XY (Vg,s(d) ) XBy—Z)

v<0

Next, we recall a fundamental property of variable exponent spaces. Let ¢, € A, and ¢, € A,, with
v <7y — 2. By the continuity assumption on the exponent p(-), there exists a constant M > 0 such that

_1
p(ey)

|7y

— < M2OTV
GNE

We now turn to estimating the local contribution inside the inner ball B,_,. For each ¢ € A,, the
truncated Havin—-Maz’ya potential admits the following bound:

N g o 1 T dr
VR (- xm,.) () < f (r— f | mm) &
R (W Xe, ) Zm O B Jms ¥ :

where we restrict the radius to r < 2" since 1 is supported in B, _,.

Let e € A, and T € A, withv <y — 2. In this configuration, the relative distance satisfies
le — 1| = |¢| = 2.

Consequently, for such indices, the kernel term in the truncated Havin—-Maz’ya potential can be

estimated as |
o1 f p(Dldr 5 27 f (o)l dr.
1B(e, 1)l AuNB(e,r) Ay

To estimate the integral over the annulus A,, we invoke Holder’s inequality together with the
standard bound for characteristic functions:

Il S 275,
This yields
f WOIdT S [ - XollLo 25
Ay

Combining the above estimates, we arrive at the following pointwise control for the inner
contribution of the truncated Havin—Maz’ya potential:

v-2
(xs—s) vS’
Vb xu,L)©) s Y5 2552505 [ - xullpo.

vV=—00
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Finally, considering the L* ©-norm over the annulus A, we deduce
v-2
Y(xs—s) LS
S— A NCRIS
o % 3 2 o

vV=—00

||(V§,s(lb ' XByfz )XY

X ”11) .XU”L“(') ”Xy”Lv*(-)-

ﬁ .
USing ”XyHLv*(-) < 2v%, we obtain

-2
@ e Y(xs—s) L’
< 2% E 27T 26 |l - Xyl

vV=—00

H(V]ots (1|) : XBy_z) Xy‘

LrO)

From the local estimate obtained above, for ¢ € A,,, we have

Y(%+m) = o
< 270 Z 260 [ - Xy llLso-

vV=—00

H(Vgc,s(d’ : XBy_z) Xy

L0

Hence, the y—series decays (and converges) under the standard condition

and equivalently,

In particular, the standard hypothesis for the truncated Havin—Maz’ya potential

guarantees the required geometric decay in y and thus convergence of the corresponding series.
The inner sum in v is summable as v — —oo since m > 0.
To evaluate 2V (Vﬁ,s(tl) * XB,_,) Within the £'-norm, we follow a procedure analogous to the one
employed previously, with 27 taking the place of 2V*® throughout the derivation.

Recall that the truncated Havin—Maz’ya potential is

VR ()(e) 1= f R(r”# f ""(")'d(f)&d_r
s M 1B(e, Dl Jgen r

Since supp(\bxs,_,) C By, and ¢ € A,, forradiir < 2¥ and v <y — 2, we have [¢ — o] = 2V
whenever o € A,. Hence,

1
Y f (o) do 5 27 f (o)l do,
1B(e, 0| Ja,nsen Ay

S— &S S

>
s—1 P

and therefore

Y2 e
VR (x,)e) < Y| 25T ( L |1|)(G)|d6) .

vV=—00

By variable-exponent Holder and Lemma 2.2,
f I < IWXulleo Xollro = WXyl 2% .
Ay
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Using the log—Holder property of a and the standard ratio estimate for variable exponents (cf.
Lemma 2.2),

1
p(ey)

ﬂ s
|V_l < 20,
(A7
one has
Yo | R . ) '
Hz Vs (B xm,) Xy L ORS)
v-2
. y(o(s s) Py ’
S 320 R QR 12900 x|
v=—00
v-2
B i s Y(xs—s) — .
= 5 a0 2 o [y
v=—00

For every non-negative index y, we apply Lemma 2.1, which establishes a generalized Minkowski-
type inequality in the context of weighted £* spaces. This allows us to systematically decompose the
summation and subsequently derive

{5 o)

1

doo
L ()(Rs)}

oo 0 Goo qoo
v %}), .
=M Z[ZY #). 3 2 sup oo W(Rs)) }
¥=0 =00 v<0
o) Y- 2 oo ﬂ%uo
( ) r=u :
+M{Z[ Hr- 1).||2va<>1|) Yo LP(')(RS)] } :
v=0 \v=1
Consequently, if
S s — s s — s
a” + = + — < 0| (andin particular o p* < 1 so that — <0),

then the geometric factors decay and we conclude

(S i)

For the middle part V7§ | (11) . XKY) , by using the boundedness VX  : LPXO(R®) — LY O(R), we obtain

=
< ) sy -
L ()(RS)} - MHIbHK;E-;,q«)(R*)

H(V ll) XA ) f(i%q(‘)(Rs)
< MeIliRso sy -
For the far-field part, consider € € A, withy < 0:
Vs - Xeo18,.,)()-
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Using the decomposition R* \ B, = Ufj’:y 3 Ay, we get

[}
v(as—s)

2va(0) (V};c,s(leRs\sz)(s) < Z 2(y—v)a” 5= 2<sfl);v’m

v=y+3

|2va(')1|’Xv”1ﬁ>'

* . ¥
By taking the L*)-norm and noting that |[Xy[l_»o ~ 2, we deduce

||2Y0(0) (Vg,s (was\Bvﬂ )XV | Lr0

vs _ _
< 2% § 2(Y—v)a 2U(:isl 9 2(5-1:)8;);0

v=y+3

1
s—1
LrO "

|27 O, |

The geometric factor in y decays as 2“5_0_), while the v-exponent satisfies

a‘+ocs_s+ 5 <0
s—1  (s=1yp, ’

ensuring summability provided
Last <s |

Hence, after summation and taking the £2*-norm, we conclude

1/000
oo )
< [[wlly
() ~ a(+)
L? K040

(RS)

( Z ||2Yum (Vi,s(leRs\Bvu)Xy
v=0

This establishes the result. O

3.4. Recoverability and connection to previous results
To illustrate the flexibility and refinement of the proposed variable-parameter Herz framework,

Table 4 summarizes representative parameter configurations that recover or sharpen classical results.

Table 4. Representative instances of Theorem 3.2 demonstrating how the variable-parameter
Herz—Havin—Maz’ya framework recovers or refines previous results under specific parameter

regimes.
Parameter Configuration Recovered / Specialized Result Reference
a)=a, v=2,p()=p,q(-)=gq Recovers a refinement of the [64]
classical potential estimate in main
result 2.3
a(-)=0, p(-)=q(), v=2 Recovers and sharpens the result of [72]

Theorem 6 in [72]
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4. Application of Havin—-Maz’ya potentials to the Laplace equation via Dirichlet energy
minimization

In this section, we investigate the existence, uniqueness, and regularity of weak solutions to the
variable-exponent p(-)-Laplace equation [28] via the Euler—Lagrange framework associated with a
Dirichlet-type energy functional. Precisely, we study solutions u satisfying the Euler—Lagrange
equation

—div(]Vu|*®2Vu) = in R™,

where 1 is a given function in a suitable variable-exponent Herz space.

4.1. Functional framework and standing assumptions

In this sub-subsection, we develop the problem in the Euler-Lagrange framework with the use of
a Dirichlet energy functional and develop the standing assumptions for existence and regularity of
solutions.

Let m > 2 and Q = R™ (or a sufficiently regular unbounded domain). Let 1V € K;E'.))’(](.)(Rm) be
given. Consider the Dirichlet-type energy functional

1

E) = f —|Vu(e)["® de — f u(enp(e) de,
m P(€) m

defined on the Sobolev-type space

DI,D(~)(Rm) = WHV(J“LW) '

The associated Euler—Lagrange equation is the p(-)-Laplace equation
—div(|Vu|*®2Vu) = in R™,

which characterizes weak solutions as critical points of &.

Standing assumptions. To ensure well-posedness and applicability of the Havin—-Maz’ya potential
estimates, we assume:

e 0<pPp<lands=m;
o p()) € PYER™) N PE(R™) satisfying
I<p <p' <=

p

° a(-) € Po(R™);
e a(-) € L*(R™) is log-Holder continuous and satisfies

m
B-—<a <a'< .
p- ()

These assumptions guarantee the coercivity, weak lower semicontinuity of &, and reflexivity of

DIPOR™), which are essential for proving existence, uniqueness, and Herz space regularity of weak
solutions.

AIMS Mathematics Volume 11, Issue 7, 20677-20710.



20701

4.2. Finiteness of the linear term

We verify that for every u € D'*O(R™), the linear functional
(u, ) = f u(e)p(e)de

is well-defined and finite whenever 1\ € K;E'g,q(,)(Rm).

Let {A,}«z denote the standard dyadic annuli decomposition:
A= {e € R™: 2° < || < 2¢1y, Xe i= XA,

Then we may write
f | = f u(enb(e)] de.
R™ xeZ v A
Applying the variable-exponent Holder inequality on each annulus gives

f ] < C lluxll=ollbXllLo,
Ay

where | . 8
=— = Ce = 2max{1, |A,l}.
p*e) p(e) m LA

Introducing the Herz weight 2°®) and rearranging factors, we obtain

f ] < 127Kl 2Ol o 12 Obxdlo,
A

where the auxiliary exponent t(-) satisfies

1 1 1
— =1-— - B
m

r(+) p() ()

By standard estimates for characteristic functions (see Lemma 2.2), we have
27l = 270 A 2B,

Consequently,

f | 5 2P 2Oyl 25Ol Iuso -
A

Summing over all k € Z and applying the discrete £°-Holder inequality yields the final estimate

uPp| < ffuflgec o000
TS Tl Nl

Since 3 — a, < 0, the geometric series converges, and hence the linear functional (u,1) is finite for
all u € DHPORM),
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4.3. Coercivity and weak lower semicontinuity

We first establish coercivity of the Dirichlet-type functional & : D""O(R™) — R. There exist
constants C, C, > 0 such that for all u € DPOR™):
Ew) = Ci|IVull},, - CalIl?,

a()
KP(‘)N(')

Using the Peter—Paul inequality, we first estimate the pointwise product:
0
pr(e)

for almost every ¢ € R™ and any 6 > 0. Here, p*(¢) is the Sobolev conjugate exponent defined by
1 _ 1 _ B

pr(e) ~ pe) m’
Next, we integrate both sides over R™:

lu(e) (el < u(e)”" @ + C(5, p(e)) b(e)*,

1 *
|u11’|d855f ——u["® ds+f C(6, p(e)) " de.
R™ re P*(€) m

Applying the variable-exponent Sobolev inequality (see [68]), we can bound the first integral in
terms of the gradient:

sob e

f " © de < C” IVull’,

where p*~ := m“j—g;_ > p.

Thus, after integration, we obtain

VUl + ColbIlP,

LrO) LrO)*

up|de < 5C”,
R ‘
Since p*~ > p~, the first term involves a higher power of the gradient. By choosing ¢ > 0 sufficiently
small and applying the continuous embedding [70, Corollary 1], we have

~a() )
Ko = L

and we can absorb this term into the left-hand side of the energy inequality.

This shows that the Dirichlet energy functional is coercive:

Ew) = CilIVull,, = Callbll,,

Lr)
p()a()

for some positive constants Cy,C, > 0.
The functional |
U — f ——|Vu(e)["® de
R P(€)
is convex and strongly continuous, hence sequentially weakly lower semicontinuous. The linear
functional

U —f u(enp(e)de
Rm

is continuous and therefore weakly continuous. Since the sum of a weakly lower semicontinuous
functional and a weakly continuous functional remains weakly lower semicontinuous, we conclude
that & is sequentially weakly lower semicontinuous on D'*O(R™),
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4.4. Existence of a minimizer and the Euler—Lagrange equation

We now establish the existence of a minimizer of the energy functional & and the corresponding
Euler-Lagrange equation, while providing pointwise control using Havin—-Maz’ya potentials.

Let {11, }nen € DVFO(R™) be a minimizing sequence, i.e.,

lim &) =  inf  &E().

nez)l,P(')(Rm)
By the coercivity of & (proved earlier), there exists a constant C > 0 such that
IV, [l sogmy < C,  forall n € N.

Hence, {u,} is bounded in D0,

Since p~ > 1, the space D'"PI(R™) is reflexive (see [69]). Therefore, there exists a subsequence
(denoted by {11,,}) and a function 1y, € D'*O(R™) such that

1, — 1y weakly in D0,
By the weak lower semicontinuity of &, we have
E(y) < li{lrl) glf E,) = ilgf E(v),
showing that 1 is a minimizer. Uniqueness follows from the strict convexity of u - me [Vu[*® de.
The minimizer 1, satisfies the Euler—Lagrange equation:
—div(|Vup/"9?Vatg) = in R™,

More precisely, in the weak sense, for all test functions ¢ € Cy’(R™):

f Vi@ Vg - Vo de = | ) @de.

Rm

Weak solutions of the p(-)-Laplace equation admit pointwise bounds using nonlinear potential operators
of Havin—Maz’ya—Wollff type:

(o)l < C|VE (WO )(e) + Tailw, R)(e)],

where 3 = pl—_ and
1

1 . 71
Tail(i, R)(¢) = RP™ (—f " ~'d ) .
(. R)e) B(e.R)| Jaer, Y

Since 1\ € Kz(('.))’q(.), one has

PO e K)o PO < Il !

Koy.a0)”
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For each dyadic annulus A,:

. /()=1 . ()=1
RO [y = @O x0™
Using modular estimates in variable exponent spaces and summing over k, we obtain

[VE Wbl

|40

t-1
ot < Il

() ~ -
K?v*(-))',ﬂ(-) K;((-;,a(-)

The tail is estimated by

m

Tail(u, R)(e) $ RP 76 |Jull o ger))-

Since a™ > 3 — pﬂ_, the tail belongs to the same Herz space and is controlled by ||Vu|[ s .

Combining the pointwise Havin—-Maz’ya estimate and tail control gives

1
Wlper < a——
I ”K:(*z-m(-) HII)HK‘;((;,Q(') |N)||

K0a0
pC).al-
This shows that the weak solution u belongs to the expected Herz space, with explicit bounds in

terms of the data 1.

5. Conclusions and future directions

We worked on a new variational framework on Euler-Lagrange equations of Dirichlet-type energy
functionals involving a nonlinear and nonlocal analysis through truncated Havin—Maz’ya—Wolff
potentials in the present work. The presence and uniqueness of minimizers in nonstandard growth
equations of the type of p(-)-Laplace equations were ensured through the creation of coercivity and
weak lower semicontinuity of the underlying functional. One of the most important contributions of
this work was the investigation around the globe of truncated nonlinear potentials of Herz spaces that
offer effective pointwise control on weak solutions, as well as the previous works on the nonlinear
potentials. The generality and strength of the proposed framework was illustrated by numerous
nontrivial examples and remarks, in which the classical results were obtained as the limiting cases
with appropriate parameter choices.

The current research lays some good foundations for future research. Initially, it is possible
to consider the generalization of the analysis to completely nonlinear and higher-order fractional
derivatives, and it is possible to investigate even more sophisticated nonlocal and nonstandard growth
processes. Second, the boundedness and regularity properties of truncated Havin—Maz’ya—Wolff
potentials of other functional spaces (e.g., variable-exponent Morrey or Besov spaces) would be of
interest for further expanding their range of application in nonlinear PDEs. Lastly, the Herz space
framework would allow applications to controllability, optimization, and stability issues of physical
models with nonlocal or fractional dynamics, exploiting the flexibility and total ordering available to
the Herz space framework.
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