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Abstract: A complete description of the monotonicity character of the convex combinations of the
sequences

= 1 n'-@ ~ 1 (nn+ D@
ey =y - e
Jj=

l -« j:l‘]a l -«

when @ € (0, 1), on the whole domain N, is given, considerably extending some special cases in
the literature, and solving a highly nontrivial open problem completely. An important part in the
study plays a few analytic inequalities that have been proved and used in the proof of the result that
characterizes the monotonicity character of the sequences.
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1. Introduction

Let N be the set {1,2,3,...}, Z the set of whole numbers, N, = {i € Z : i > s} where s € Z,
R, = [0, +00), and let

b _BB-D...B-j+ D)
i ]! ’

where 8 € R and j € Ny, that is, the generalized binomial coefficients [17,38].
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One of the basic problems connected to real sequences is investigating their monotonicity. If a
real sequence is monotone, then, in many cases, its long-term behavior is easier for investigating. For
some basic facts on such sequences see, for instance, [12, 18,38]. Some basic methods for dealing
with such sequences can be found, for instance, in [2, 13, 14]. Somewhat harder problems can be found
in [1,25,26]. For some recursive relations producing monotone sequences see, for instance, [18,22,27].
For showing the existence of monotone solutions of some recursive relations see, for instance, [3,10,29]
(see also [31], which considered the existence of eventually nontrivial solutions of a class of recursive
relations of higher order).

It is a rare situation that the monotonicity of a real sequence is described on its whole domain, which
is usually a set of the form Nj. This is essentially connected to the fact that mathematicians are usually
interested only in the long-term behavior of real sequences such, as the boundedness, convergence,
grow rate, etc.

There are many real sequences which are investigated or used in pairs. Some examples can be found,
for example, in [11, 18,36], some appear in comparison theorems [3, 28, 30] (for an old method, see
the proofs of Problems 173 and 174 in [24, Chapter 1]), whereas some appear in studying of recursive
relations [9,21,23].

Many books contain the well-known pair

1\ 1 n+l
an:(1+—) and bn:(1+—) . nen,
n n
(see, e.g., [18,24,38]; for some generalizations see [6]), the pair

2n
_ 1 —
a, = -~ and b,,:Z—, neN, (1.1)

Jj=n+1 J Jj=n

(see, e.g., [11,18,24]; for some generalizations see [4,36,37]), the pair

n n

— 1 ~ 1
a,n:Z_‘_]nn and ﬁn:Z—_—ll’l(l’l-l-l), neN, (1.2)
J

j=1 J j=1

(see, e.g., [11, 14, 18], the original source [5], as well as some applications [19,20]), or the pair
S| —~ 1
a, = —‘—2\/12 and g, = — —-2Vn+1, neN, (1.3)
2.7 2.3

(see, e.g., [11,18,24]), and it is shown that the sequences are monotone and convergent.

Some related sequences or pairs of sequences can be found in [15] and [24]. The problem in [36]
motivated us to conduct an investigation of the monotonicity character of a class of sequences in [33],
where we can find two solutions to the problem, an elementary which was also given in [37], and one
which is based on the Hermite-Hadamard inequalities [7, 8, 16]. Beside this, in [33] we showed that it
is possible to describe the monotonicity character of the sequence

=1 -aja, +ab,, neN,
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for each a € [0, 1], on the whole domain N, and the same fact was proved for the convex combinations
of the sequences

3n
_ 1 —
a, = ~ and b, = Z ~. neN, (1.4)

j=n+1 J j=n

but in a more technical way.

The investigations [33] suggested us to consider the monotonicity character of the convex
combinations of some other pairs of real sequences appearing in the literature. Using the idea, in [34]
we studied the convex combinations of the sequences in (1.2), whereas in [32] we studied the convex
combinations of the sequences in (1.3), completely describing the monotonicity character of these
sequences.

A natural problem is to study the monotonicity character of the convex combinations of the
sequences

1 nl—a
=1+ — - _ , 1.5
X ot i (1.5)
1 1 + 1)@
yn:1+_+...+__u’ (16)
Da ne -«

for n € N, where a € (0, 1), which are natural generalizations of the sequences in [32], where the case
a = 1/2 was considered.

In our recent paper [35], we have completely described the monotonicity character of the convex
combinations of the sequences (1.5) and (1.6), that is, on the whole domain of the index, in the case
a = 2/3. However, the proofs of two auxiliary results given in [32] and [35] (i.e., Lemma 1 in [32]
and [35]), which are some of the main ingredients of the proofs of the main results therein, cannot be
modified to be applicable for other values of the parameter @ € (0, 1). The reason for this lies in the
fact that in [32] and [35], there were some tricks and calculations used which can be employed only
for power functions with rational powers. Moreover, it is also difficult to modify the tricks and the
calculations therein so that such a modified proof holds for the rational powers in the interval (0, 1)
different from 1/2 and 2/3. Hence, some other methods must be employed to get the corresponding
auxiliary result in the case @ € (0, 1) \ {1/2,2/3}.

Note that ] ]
nm+1)™ n™®
n— Yn = - O,
n =Y l-a l-«a g
forn e N,
n'=®  (n+ D@ 1
Xptl — Xp = -
* l-a l-a  (+1)
1 1
RCED NS
forn e N, and £, € (n,n + 1) such that
m+ D" —n""" = (1 - )", (1.7)
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from which it follows that
Xpp1 < X, for neN,

and
D (n+2)e 1
Yrel = Yn =TT, l—-a  (n+1y
o 1
CE

for n € N, from which it follows that
VYni1 > Vn, for nelN.

Hence,
Y1 <Y2<:-- <Yy, <Xy <--- <X <Xy,

for n € N, and, consequently, x, and y, are convergent.
Note that
(n+ DHl-e  ple 1
Xn—Yn = - = 22
l-a l-a

where ¢, € (n,n + 1) is defined in (1.7).
By letting n — +o0 in (1.8), we get

lim x, = lim y, := y(a@).
n—+oo n—-+oo
Now consider the sequence

c,(f) =Ax, +(1 -y, neN,

where 1 € (0, 1).
Obviously (cﬁ,ﬂ))neN converges to y(a) as n — +oo, and

V<< <y <yl@<x, < <x<x

for n € N (see, e.g., [1,11,16]).

(1.8)

(1.9)

Motivated by abovementioned studies, especially by the studies in [32,33,35], here we describe the
monotonicity character of the sequences defined in (1.9), for each value a € (0, 1), on the whole domain
N, considerably extending the special cases considered in the literature and solving the monotonicity

problem for the sequences completely.

Before this, let us describe the monotonicity character of the sequences defined in (1.9) for

sufficiently large values of the indices. Employing the formula
(1+xF =1+ Clx+Chx? + Cix® + O(x*)
as x — 0 (14, 38]), we have

¢ — e = A1 = %) + (1= DGst — V)
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1
T+ 1) -«

:i(l + 1)_” - lnl__a(/l(l + 711)1_” (-1 + 2)1_" ~ A= (=1 + l)1_”)

n® n n n

(/l(n DA DB+ = — (1= D+ 1)1-")

1 @+1) 1 o l—a (1-a) I
(-5 o) - T (A + == -5+ o))

n(l
-1+ 2(1’; o _x ;2“)0‘ + O(%)) S R IEE — - x ;,,,‘f)“ * O(%)))
L_
R o) (110

From (1.10) we immediately get that s eventually increasing for 1 € [0, %), and eventually
decreasing if A € (%, 1].
Further, we have

n+1 n - 6na/+2 n(l+3 >

c

so ¢i/? is eventually decreasing.

Hence, cff) is eventually decreasing for A € [1/2, 1], and is eventually increasing for A € [0, 1/2).

2. Main results

First, we prove a lemma which is necessary for proving the result that characterizes the monotonicity
character of the sequences. The lemma is highly nontrivial, so it can be also characterized as one of
the main results in the paper, although it is on another topic (it is essentially on analytic inequalities).

Lemma 2.1. Let a € (0, 1) and
Q-+ )= (t+ D4 (t+ 1)

oll) 1= 2.1
8 ( ) 2(f + 1)1—(2 _ (f + 2)1—0 _ tl—(t ( )
Then,
) 1
lim g,(¢) = =, (2.2)
t—+o00 2
and the function g, is positive and strictly increasing on R,.
Proof. Since the function 7!~ is (strictly) concave on R, when a € (0, 1), then we have
20+ DI -+ ) - >0, (2.3)
for every t € R,.
Now note that
2 —a— 21—0 2(z+1 —a2¢ -2
82(0) = = (2.4)

2 _2l-a - a+l _ 9

Let
f() =21 —12" -2,
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Then, f(0) = f(1) = 0 and
f()=2""In2-2"-12"In2
4
=2'(In— —tIn2).
(In = - 11n2)

Hence, f'(¢) = 0 for
4

ln;

o = .
"7 n2

It is not difficult to see that

0=Inl <lné—1<ln2,
e

so fy € (0,1). Since f(t) > 0 for ¢ € (0,1y) and f'(¢) < O for t € (¢y, 1), we have f(¢) > 0 forzt € (0, 1).
From this and (2.4), we have

2.(00>0 for ae€(0,1). (2.5)
Further, we have
I-a)t+ D)=+ + ¢+ D
1-«a 1\« l—a 2\1-a 1\1-«a
=——(1+-) -1 ((“;) ‘(“;) )

:1_0(1—g+0(t12))—t1_a(1+Z(I;Q) _2(1—0’)0’4_0(1))

I t t2 t3
— 1 - (1 - ) 1
H (1 —= - 2=+ 0(5))
(1-a) 1
e o 2

and
20+ D) =@ +2) =10
—a 1 1-a 2 1-a
=t (2(1 + ;) —(1 +;) - 1)

214 120 LD o)) a1 4 D HLZDT (L) e

212 13 t ? &
(1-a)a 1
= ta+1 + 0( ta+2)’ (27)
for sufficiently large ¢.
Using (2.6) and (2.7), we have
lim g, (1) = lim (I-a)t+ D)=+ + @+ D
oo S = A T 2+ D — (1 4 2)10 — 1e
(I-o)a 1
_ 2[ry+l + 0( ta+2 1 (2‘8)

L) 2

t(Y

1m
f—to0 (1—) + 0(

o+l
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proving the relation in (2.2).
We have

) (I—a)t+ 1) = +2)"+ @+ DY
8ull) = ( 200+ Do — (t + 2)1-0 — 1@
(at+ DT =+ )+t DR+ DI = (4 2)1 - 1)
B (1 — @) L 2(t + 1)1= — (¢ + 2)1-@ — fl-a)2
((A=a)t+ D)= +2)"+ (t+ DR+ 1) = (t+2)" —179)

(1—a) '@+ 1) — (1 + 2)1-@ — fl-o)2
2+ D 4o+ DTN+ )" o+ D)
) (1= @) Q0+ D' = (1 +2) = =y
2+ 2+ D+ (4 2) 7 4 1+ )
(I ) @+ D = (1 +2) = )2
20+ D -+ D+ -+ D
(1 - 11+ DI — (1 + 2)1- — fl-o)?
L 20 -0+ D+ (- D+ 27+ (- a)e+ D
(1= )T+ D= = (t+2) — i-0)2
26 +2)' @+ ) = (1 + )2 — (t+ )
(1 =)'t + 1)1 — (¢ + 2)1-e — f1-)2
20+ DT+ e+ D2+ D
(1-a) '@+ D — (1 + 2)1- — ¢l-o)?
- ha(1)
_(2(t + )l — (¢ + 2)l-a — fl-ay2’

where
ho(  alt+2) 2 at 2+ 1)
l—a (t+ Do (E+2)  (t+1)% " ot + et (4 D)t +2)°
t t+2 t l-a
TG 2 G+ D)2 @G D+ D2
1-«a 2(t+2) t+2 t+1 t+1
+ + - + +
S AR T L Y R ) A e L T AR
_ a+D+a 2 at+D-a 2042
S+ D+ 2 (D)2 o+ Dt (4 1D)(E +2)
t t+2 t l-a
TG 2 G+ D)+ @G D+ D 2)e
-« 2t+4 t+2 r+1 r+1
+ + - + +
G DT (D2 mt2r Gt G2 et e
B a a 2 a
T Y T T T LA T G
o' 2t+2 t t+2
PO+ )T G+ D+ 2+ DA+ 2
’ 1-a 1-a 2 +4

- + + +
o+ D)7+ D +2) e+ DT+ Dot + 2)

(2.9)
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t+2 N r+1 N t+1
e +2) @+ D@ +2) 2t + 1)
2 2 a a 2 2

U D)+ Gt DE G D2 e e e e @2
2+ DT -2+ )T+ 200+ DU +2)7 = 200+ D+ ar(t+ DT — et +2)7(t + 1)
B ot + 1)2(t + 2)°

X0
= . 2.10
1ot + 1)%(t + 2)° (210)
By using the change of variables t = x — 1, we have
Ba(x—1) =2(x = 1)°x% = 2(x = 1)(x + 1)? + 2x%(x + 1)% — 22>
+alx— D% — a(x + 1D)%x*!
=2(x% — (x = DY((x + D* —x%) —ax* ' ((x + D) = (x = 1)?), (2.11)
where x > 1.
We show that
2 = (x = DY((x+ D =2 —ax* ((x+ D= (x— 1D*) >0, (2.12)
for x > 1, from which it will follow that the function g, () is strictly increasing for ¢ > 0.
To do this we use the change of variables x = %, and (2.12) is transformed to
20-1 =D+ =1 —at((1+*=(1-0H" =0, (2.13)

for t € [0, 1]. The inequality obviously holds for + = 0. So, we may assume that ¢+ € (0,1]. The
inequality can be written in the form

1 1+t 1+t 1
2f u"_lduf u®du > t(f u 'du + f ua_ldu) =: L(1). (2.14)
- 1 1 1-t

By using the Cauchy—Bunyakovsky inequality, and one of the Hadamard-Hermite inequalities to the
concave function u'~ ([7, 8, 16]), we have

1 1 2 1+1 1 1+¢ 2 1
L(1) :—(f du) f u"‘_ldu+—(f du) f u'du
I\ Ji 1 t\Ji 1-t
1 1 1 1+¢
_(f ul—(tdu)(f ua—ldu)(f M(r—ldu)
I\ Jio 11 1
1 1+¢ 1+t 1
+—(f ul_"du)(f u"_ldu)(f u"_ldu)
\Ji 1 1
1 1+¢ 1 1+¢
=2—(f ul_“du)(f u"_ldu)(f u“_ldu)
2t 1-t 1-t 1
1 1+t
<2 f udu f udu, (2.15)
1=t 1
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so the inequality (2.14) holds, that is, the inequality (2.13), and consequently the inequality (2.12) for
x > 1. From (2.9)—(2.12), and since a € (0, 1), it follows that

g, >0, (2.16)

fort > 0.
From (2.16) we conclude that the function g,(¢) is strictly increasing on R, as claimed. O

The following theorem completely describes the monotonicity character of the convex combinations
of the sequences in (1.5) and (1.6).

Theorem 2.1. Let (cflﬂ))neN be the sequence defined in (1.9), where A € [0, 1], and
A = go(k),  k € Ny, (2.17)

where g, is the function defined in (2.1).
Then, the following statements hold:
(a) if A € [1/2, 1], then the sequence (cff)),,eN is strictly decreasing;
(D) if 1 € [0, Ay), then the sequence (cy))neN is strictly increasing;
(c) if A = Ay, then the sequence (cff‘)),,eN2 is strictly increasing and c
(d) if 1 € (A, A&ky1) for a fixed k € N, then the sequence is strictly increasing for n > k + 1 and
strictly decreasing for 1 <n <k +1;
(e) if 1 = Ay for a fixed k € N,, then the sequence is strictly increasing forn > k + 1, c,(f") = c,(jfl),
and it is strictly decreasing for 1 < n < k.

) _ (),
1

_C2 ,

Proof. (a) We have

D)= e =21 = ) + (1= Dt = )
:/l( n'=® _(n+ - . 1 )
l-«a l-a (n+ 1)

n+ D (n+2)@ N 1 )
1-«a 1-«a (n+ 1)

+(1—/l)(

1
Tt e 1—0/(

20+ D" = (n+2)'" = n')

n+2)"™ = (n+1)'"™)

-

1
=—— (2 + D' = (0 +2)'™" = n'™) (ga(m) = ), (2.18)
|
for every n € N.
From (2.3), we have
2+ D —m+2) - >0, (2.19)

for every n € Nj.
Since g,(t) < 1/2 fort € R,, we have

8a(n) < 1/2 <4, (2.20)

AIMS Mathematics Volume 11, Issue 7, 20606-20618.
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for every n € N.
From (2.18)—(2.20), and since a € (0, 1), we get
(/l)

(/l)
n+1 < Gy

for every n € N, that is, the sequence (c,1 ))neN is strictly decreasing for each A € [1/2,1].
(b) We have A € [0, 4,). Hence, by the monotonicity of the function g,, we have

8a(n) > go(1) = 41 > 4, (2.21)

for each n € N.
From (2.18), (2.19), and (2.21), and since a € (0, 1), we get
(/1)

(/l)
n+1 > Cn

for each n € N, that is, the sequence (cﬁf))neN is strictly increasing.
(c) We have A = A;. Then, from (2.18), (2.19), and (2.21), and since a € (0, 1), we have
(/1)

(/1)
n+l > C

for each n € N,, that is, the subsequence (cﬁf‘) )nen, 18 strictly increasing, and c(;‘) = c(lm.
(d) We have A € (A, Ax41) for a fixed k € N. Hence, by the monotonicity of the function g,, we have

8a(n) 2 ok + 1) = Ay > 4, (2.22)
forn > k+ 1, and
8a(n) < go(k) = A < 4, (2.23)

forl <n<k.
From (2.18), (2.19), and (2.22), and since a € (0, 1), we have

W

(/l)
n+1 > C

for n > k + 1, from which it follows that the subsequence (cﬁf))neNkH is increasing.
From (2.18), (2.19), and (2.23), and since a € (0, 1), we have

W

(/l)
n+1 < Gy

for 1 < n < k, from which it follows that the subsequence/string (c,(f))nzl’k 7 1s decreasing.
(e) If A = A, then from (2.18), (2.19), (2.22), and (2.23), and since « € (0, 1), we have

(/l) (/l)

n+1 > Gy
forn>k+1,and

(/l) (/l)

n+1 < C
for n < k, and c(m = ¢ that is (cw) is increasing, the subse /string ( uk)) — 1

= ¢, s (€ Dnenyy, g, quence/string (¢,"),_7z 18

decreasing, and cu") = c,(i‘l) , as claimed. m]

AIMS Mathematics Volume 11, Issue 7, 20606-20618.
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Remark 2.1. Since (Ay)ken, is strictly increasing and limy_, o Ay = 1/2, we have

0(/110 A1) = (/11 , %)
k=1

and consequently

[0, 41) U U(ﬂk,/lkﬂ] U[1/2,1] =0, 1],
k=1
which means that all possible cases are considered in Theorem 2.1.
3. Conclusions

Our considerable inspection of the literature on some pairs of sequences of real numbers has shown
that several problems on the pairs of sequences are essentially connected to the investigation of their
convex combinations. This observation has motivated us to investigate the convex combinations of
several known pairs of sequences, which we have done recently in a series of papers. As far as we know,
the problem has not been considered so far. Here we give a complete description of the monotonicity
character of the convex combinations of the sequences defined in (1.5) and (1.6) when a € (0, 1), on
the whole domain N, considerably extending some special cases in the literature, and solving a highly
nontrivial open problem completely. To do this, we prove a few analytic inequalities and use them in
the proof of the result that characterizes the monotonicity character of the sequences. The methods and
ideas presented here could be modified and developed further in order to get some other results on the
topic.
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