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1. Introduction

Lotka [1] and Volterra [2] separately expand the primary mathematical foundation for the predator-
prey theory, which is a basic element of ecological modeling. Several researchers have gave to
the theory’s major evolution since then, including Berryman [3], who determined its inception and
progression. Our understanding of ecosystem dynamics and stability is framed by the interconnection
between predators and prey, which is still a principal field of analysis. By examining the convoluted
connection between predator and prey populations and exemplifying how their numbers change
over time, these models support in our understanding of ecological relation. In the recent past,
discrete time predator-prey systems have gotten attention as convenient models for ecological
studies [4, 5]. These models are essential for modern ecological study because they are unchanging
to compute, have greater flexibility in studying unpredicted population changes, and can account
for unpredictability better than their continuous-time equivalents. Discrete-time models can help
explain complex dynamical phenomena including period doubling bifurcations, Neimark Sacker
bifurcations, and chaotic dynamics characteristics that are frequently less obvious in continuous time
systems [6–8]. To upgrade our understanding of inter-species interconnections, such intricate dynamics
are imperative. Besides, discrete substructure offers notable computational and analytical sides that
allow the application of bifurcation theory and chaos management strategies to the study of system
stability and growth. In addition, this modeling procedure is consistent with the real ecological system
since decisions about population control, gathering, and preservation are usually made at different
times in the real world. These components together convey that a discrete-time process is significant
for our study. When studying the dynamic interactions between predator and prey species, it is essential
to consider the trophic function, or the rate at which predators eat up prey. Holling [9] separated the
dynamics of predation into three primary functional responses (Types I, II, and III), each of which
demonstrated unique usage patterns. These things rise monotonically and have been seen inside the first
quadrant. Researchers extended this structure to the Holling type IV (or Monod–Haldane) functional
response [10, 11]. A useful model known as the Ivlev functional response model was defined by
Ivlev [12]. The formula is as follows:

f (x) = h(1 − e−cx), (1.1)

where h is the maximum predation rate and c is the declining hunting incentive, both of which are
positive constants. Significant ecological implications have been found in numerous investigations
on the Ivlev functional response in predator-prey scenarios. Applications include predator prey
dynamics [13–15], host parasitoid interactions [16, 17], and even the evolution of animal coat
patterns [18]. These studies show how flexible the model is in explaining complex ecological processes.
A crucial process that is frequently disregarded in traditional Lotka–Volterra dynamics is the Allee
effect, which was first thoroughly examined by Allee in 1931. It explains how variables including
mate restriction, social cooperation, cooperative resource exploitation, inbreeding depression, and
collective predator protection lead to a positive association between individual fitness and population
density [19–21]. Because the Allee effect may influence clustering behavior, the spatial aggregation
of organisms frequently indicates their existence. The local and global hazards of extinction are
greatly increased by this phenomena, which is a major issue in ecological studies [22, 23]. Although
Kent [24] showed that interactions are stabilized by prey inflow (rescue effect) and destabilized by
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prey out flux (Allee effect), there is a lack of more extensive theoretical and empirical support.
Fractional calculus offers a strong foundation for simulating memory dependent processes by extending
traditional differentiation and integration to non-integer orders. Due to their numerous applications
in fluid dynamics, biology, and medicine, fractional differential equations, which includes fractional
order derivatives and integrals have drawn a lot of attention [25, 26]. The dynamics of a fractional-
order model with stochasticity and complex network have been thoroughly studied by the authors
in [27]. Fractional order models are especially useful in biological systems because they naturally
capture memory effects, which affect current dynamics in situations like predator learning, delayed
growth responses, prey migration, and adaptive behaviors [28, 29]. For more details, study the
following articles [30–33]. Our claims about invariant regions are based on the positivity and uniform
boundedness of discrete biological models, which adhere to the well-known framework of Elaydi [34]
and Ladas [35], whose monographs offer strict standards for guaranteeing biologically significant
solutions. Our mean-square stability analysis and second moment constraints depend on spectral
radius conditions and stochastic Lyapunov functions, which are standard in the literature on stochastic
systems. The contemporary foundations for L2 stability, noise-induced transitions, and the behavior
of nonlinear stochastic systems are provided by Kloeden and Platen [36] and Mao [37]. Additionally,
our use of linearization and moment recursions is directly supported by Higham [38], which provides
the conditions under which discrete time numerical systems preserve mean-square stability. When
taken as a whole, these studies support the analytical methods used in this study and show how our
contributions expand on well known approaches in discrete, stochastic, and fractional-order dynamical
systems.

Despite the growing interest in fractional-order predator-prey dynamics, existing studies have
several limitations. Recent works [27–29] have explored fractional-order models in continuous
or discrete time, but none have simultaneously addressed the following key aspects that are
crucial for realistic ecological modeling: (i) a discrete-time framework, which naturally aligns
with population censuses and management decisions; (ii) multiplicative environmental noise,
representing random fluctuations that scale with population size; (iii) a time delay in the
predation term, accounting for maturation or gestation lags; and (iv) the explicit control of
bifurcation thresholds by fractional memory. In particular, the combined effect of fractional order
and stochastic perturbations on the onset of Neimark–Sacker bifurcations has not been studied in a
discrete delayed predator-prey system. This paper fills these gaps by proposing a stochastic discrete-
time fractional-order delayed predator-prey model with an Ivlev functional response and a weak Allee
effect, and by demonstrating how the fractional order α delays bifurcations and enhances stability under
noise.

2. Preliminaries

This section provides essential mathematical tools and definitions used throughout the paper
including discrete fractional calculus, stability theory, Jury conditions, Neimark-Sacker bifurcation
criteria, stochastic stability, and Lyapunov analysis.

2.1. Discrete fractional calculus

The fractional operator used in this work follows the Caputo-type discrete fractional difference,
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which has been widely applied in the analysis of biological and ecological systems with memory
effects [25].

Definition 2.1. [25]. Let 0 < α ≤ 1. The discrete fractional sum of order α of a sequence {xn} is
defined by

∆−αxn =
1

Γ(α)

n−1∑
k=0

(n − k − 1)α−1xk. (2.1)

Definition 2.2. [25]. The Caputo-type discrete fractional derivative of order 0 < α ≤ 1 is given as:

C∆αxn = ∆−(1−α)∆xn (2.2)

where ∆1xn = xn+1 − xn is the forward difference operator.

2.2. Fixed points and local stability

Definition 2.3 (Equilibrium). A point X∗ is called a fixed point if F(X∗) = X∗.

Definition 2.4. Local stability is determined by the Jacobian matrix

J = DF(X)
∣∣∣
X=X∗

. (2.3)

Lemma 2.1 (Local Asymptotic Stability [39]). A fixed point is locally asymptotically stable if all
eigenvalues λ1, λ2 of J satisfy

|λi| < 1, i = 1, 2. (2.4)

2.3. Jury stability criteria

Lemma 2.2 (Jury Criteria [40]). Consider the characteristic polynomial

λ2 − τλ + ∆ = 0 (2.5)

where τ = tr(J) and ∆ = det(J). The fixed point is locally asymptotically stable if the following
conditions hold.

1 − τ + ∆ > 0 (2.6)
1 + τ + ∆ > 0 (2.7)

1 − ∆ > 0. (2.8)

2.4. Stochastic preliminaries

Let ξn represent independent Gaussian random noise with mean zero and variance σ2. Stochastic
analysis for discrete biological systems is inspired by earlier work in [17, 23, 36].

Definition 2.5 (Mean-Square Stability [36]). The equilibrium X∗ of the stochastic system

Xn+1 = F(Xn) + ξn (2.9)

is mean square stable if
lim
n→∞
E

[
‖Xn − X∗‖2

]
= 0. (2.10)
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Lemma 2.3 (Lyapunov Mean-Square Stability [36]). Let Vn = X>n PXn for some positive definite matrix
P. If

E[Vn+1] − E[Vn] < 0 (2.11)

then X∗ = 0 is mean-square stable.

Lemma 2.4 (Discrete Grönwall Inequality). Let {un}n≥0 and {an}n≥0 be nonnegative sequences, and let
b ≥ 0 be a constant. Suppose

un+1 ≤ (1 + b) un + an n ≥ 0.

Then, for every n ≥ 0,

un ≤ (1 + b)nu0 +

n−1∑
k=0

(1 + b) n−1−k ak.

In particular, if 0 ≤ b < 1 and supk≥0 ak = A < ∞, then

un ≤ (1 + b)nu0 + A
(1 + b)n − 1

b

and thus {un} is uniformly bounded. Moreover, if 0 ≤ b < 1 and an → 0, then un converges to 0 as
n→ ∞.

3. Model formulation

The prey-predator dynamics are described using the following system of differential equations,
which models predator-prey interactions utilizing logistic growth for the prey population and an Ivlev-
type trophic function with a weak Allee effect:

ẋ = rx
(
1 −

x
k

) x
p + x

− β
(
1 − e−axn)

y,

ẏ = η
(
1 − e−ax) y − δy.

(3.1)

The populations of prey and predators at time t are represented in this model by x(t) and y(t),
respectively. The carrying capacity k and the intrinsic growth rate r, which restricts its expansion,
control the prey’s logistic growth. The Ivlev-type functional response for predator-prey interactions is
(1 − e−ax), where a controls the saturation threshold. The declining impact of increased prey supply on
predator intake at greater prey densities is taken into consideration in this formulation. One noteworthy
aspect of the model is the addition of a prey-induced weak Allee effect, denoted as

x
p + x

, where the

intensity of this phenomena is measured by p > 0. The predator’s natural mortality rate, represented
by δ, affects its persistence regardless of prey availability. The parameter β represents the maximum
predation rate, describing the highest possible prey consumption rate of predators under the Ivlev
functional response. The parameter η is the predator conversion efficiency and quantifies the fraction
of consumed prey biomass that is transformed into predator growth, typically satisfying 0 < η < 1.
System (3.2) represents the delayed predator–prey model with multiplicative environmental noise,
where the prey population xn follows a logistic type growth influenced by predation with delay τ,

AIMS Mathematics Volume 11, Issue 7, 20577–20605.



20582

and the predator population yn depends on delayed prey availability and mortality. The dynamics with
multiplicative stochastic perturbations are governed by:

xn+1 = xn + µ
[

r xn

(
1 −

xn

k

)
− β

(
1 − e−ax n−τ

)
y n−τ

]
+ σ1xn η1,n,

yn+1 = yn + µ
[
η
(
1 − e−ax n−τ

)
y n−τ − δyn

]
+ σ2yn η2,n.

(3.2)

System (3.2) represents the stochastic discrete time delayed predator–prey model with multiplicative
environmental noise. The parameters, and random variables satisfy the following conditions:

µ, r, k, β, a, η, δ, σ1, σ2 > 0 τ ∈ Z≥1,

{ηi,n}n≥0 are independent across i, n, ηi,n ≥ −ρi a.s., ρi ∈ [0, 1)
1 + σiηi,n ≥ 1 − σiρi =: κi > 0, i = 1, 2.

(3.3)

Figure 1 illustrates the structure of the proposed fractional-order stochastic delayed predator-prey
model. The schematic diagram is constructed by the authors based on system (3.2).

4. Basic properties

In this section we discussed the basic properties of our proposed model (3.2) as:

Lemma 4.1 (Positivity and Boundedness of Solutions). Consider the stochastic delayed system (3.2).
Then, the following hold.

(a) Positivity: If the step size µ satisfies

µ ≤ min
{κ2

δ
,

κ1

r + βYmax/(Xmin + 1)

}
(4.1)

where Xmin = min−τ≤ j≤0 x j and Ymax = max−τ≤ j≤0 y j, then the solution (xn, yn) of (3.2) satisfies

xn ≥ 0, yn ≥ 0, ∀n ≥ 0.

(b) Boundedness: Under the same hypotheses and if µ further satisfies:

K2 − µδ < 1 (4.2)

then there exist finite deterministic constants Mx,My > 0 such that:

0 ≤ xn ≤ Mx, 0 ≤ yn ≤ My, ∀n ≥ 0 .
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Prey population
xn

Predator population
yn

Logistic growth

rxn

(
1 −

xn

k

) Natural mortality
δyn

Delay effect
(xn−τ, yn−τ)

Ivlev functional response
1 − e−axn−τ

Fractional memory
α ∈ (0, 1]

Multiplicative noise
σ1xnη1,n, σ2ynη2,n

Fractional stochastic delayed predator–prey model

xn+1 = xn + µ
[
rxn

(
1 −

xn

k

)
− β(1 − e−axn−τ)yn−τ

]
+ σ1xnη1,n,

yn+1 = yn + µ
[
η(1 − e−axn−τ)yn−τ − δyn

]
+ σ2ynη2,n.

predation loss
β(1 − e−axn−τ)yn−τ

predator growth
η(1 − e−axn−τ)yn−τ

Figure 1. Schematic diagram of the proposed fractional-order stochastic delayed predator-
prey model.

Proof. (a) Positivity. We proceed by induction. For n = 0, the initial conditions satisfy

x j, y j ≥ 0, −τ ≤ j ≤ 0.

Assume that
x j, y j ≥ 0 for all j ≤ n.

We show that
xn+1 ≥ 0 and yn+1 ≥ 0.
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Case xn > 0:
From the first equation of (3.2),

xn+1 = (1 + σ1η1,n)xn + µrxn

(
1 −

xn

k

)
− µβ

(
1 − e−axn−τ

)
yn−τ.

Since the last term is nonpositive, we have the lower bound

xn+1 ≥ (1 + σ1η1,n)xn − µβYmax ≥ κ1xn − µβYmax.

Condition (4.1) guarantees that
κ1xn − µβYmax ≥ 0

for the smallest possible value of xn (which is positive by the induction hypothesis). Hence,

xn+1 ≥ 0.

Case xn = 0: Then the equation reduces to

xn+1 = −µβ
(
1 − e−axn−τ

)
yn−τ + σ1 · 0 · η1,n.

The righthand side is nonpositive. To maintain nonnegativity, we must have

xn+1 = 0,

which occurs only if either
yn−τ = 0

or the predation term vanishes.
If a positive initial condition leads to xn = 0 at some step, then from that point onward the prey

population remains zero; this is a degenerate but still nonnegative solution. For typical ecological
scenarios with positive initial populations, condition (4.1) ensures that xn never reaches zero because
the lower bound remains positive. Thus, under the stated hypotheses, all solutions satisfy

xn ≥ 0 for all n.

The proof for yn+1 follows similarly using κ2 and µ ≤ κ2
δ
.

(b) Boundedness. Under the additional assumption (4.2) and 1 + σiηi,n ≤ Ki, we have

yn+1 ≤ K2yn + µηyn−τ − µδyn ≤ (K2 − µδ)yn + µηYn

where Yn := max{yn, . . . , yn−τ}. Hence Yn+1 ≤ (K2 − µδ+ µη)Yn. Since K2 − µδ < 1 by (4.2),Yn remains
uniformly bounded, say Yn ≤ My.

For xn, using 1 + σ1η1,n ≤ K1 and (1 − e−axn−τ)yn−τ ≤ Ymax

xn+1 ≤ K1xn + µrxn

(
1 −

xn

k

)
+ µβYmax.
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The righthand side is a concave quadratic function of xn whose positive fixed point Mx satisfies:

Mx = K1Mx + µrMx

(
1 −

Mx

k

)
+ µβYmax.

Solving this scalar equation yields a finite root Mx > 0, and the mapping

x 7→ K1x + µrx(1 − x/k) + µβYmax

is increasing on [0,Mx] and less than x for x > Mx, which implies xn ≤ Mx for all n. Therefore, the
solution (xn, yn) remains uniformly bounded.

�

Proposition 4.1 (Explicit algebraic bounds for yn). Under the hypotheses of Lemma 4.1, define the
initial extrema

Xmin := min
−τ≤ j≤0

x j, Y−τ := max
−τ≤ j≤0

y j.

Let
Θ(µ) := K2 + µ(η − δ).

Assume either

(A) η − δ > 0 and

µ <
1 − K2

η − δ
so that Θ(µ) < 1.

(B) η − δ ≤ 0 and K2 < 1 (hence Θ(µ) ≤ K2 < 1 for all µ ≥ 0).

Then, the sequence {yn} satisfies the geometric comparison inequality

yn+1 ≤ Θ(µ) yn,

and consequently:
yn ≤ Θ(µ) n+1Y−τ (n ≥ 0).

In particular, a uniform bound is obtained by

My := Y−τ = max
−τ≤ j≤0

y j (4.3)

and, furthermore, yn → 0 geometrically whenever Θ(µ) < 1.

Proposition 4.2 (Explicit upper bound for xn). Assume the conditions of Lemma 4.1 and the bound

(1 − e−axn−τ)yn−τ ≤ My

where My is given by (4.3). Since 1 + σ1η1,n ≤ K1, we may compare xn to the scalar recursion

x̃n+1 = K1 x̃n + µrx̃n

(
1 −

x̃n

k

)
+ µβMy.

The equilibrium values of this comparison recursion satisfy the quadratic

µr
k

x2 + (1 − K1 − µr)x − µβMy = 0.
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Let us define:
A :=

µr
k
> 0, B := 1 − K1 − µr, D := µβMy ≥ 0.

Then, the maximal positive root of the quadratic:

Mx =
−B +

√
B2 + 4AD
2A

=
K1 + µr − 1 +

√
(1 − K1 − µr)2 + 4(µr/k)(µβMy)

2(µr/k)

gives a uniform bound: xn ≤ Mx for all n ≥ 0.

Corollary 4.1 (First- and Second-Moment Boundedness). Consider the stochastic delayed predator–
prey system

zn+1 = F(zn, zn−τ) + Σ(zn) ηn

with zn = (xn, yn)>, where {ηn} is a sequence of independent noise vectors satisfying E[ηn] = 0 and
E[ηnη

>
n ] ≤ σ2I. Assume the following:

(i) F is globally Lipschitz with constant L > 0,

(ii) the noise is multiplicative and uniformly bounded:

‖Σ(z)‖ ≤ CΣ(1 + ‖z‖)

(iii) there exists µ0 > 0 such that for all 0 < µ ≤ µ0, the drift satisfies

‖F(zn, zn−τ)‖ ≤ (1 + Cµ) ‖zn‖ + Cµ.

Then:
(A) First moment bound. The expectation un := E‖zn‖ satisfies:

un+1 ≤ (1 + C1µ) un + C2µ,

for suitable constants C1,C2 > 0. Applying Lemma 2.4,

E‖zn‖ ≤ (1 + C1µ)n‖z0‖ +
C2

C1

(
(1 + C1µ)n − 1

)
.

If 0 < C1µ < 1, then the first moment is uniformly bounded:

sup
n≥0
E‖zn‖ ≤

C2

C1
.

(B) Second moment bound. Let Vn := E‖zn‖
2. Using the drift diffusion structure and local Lipschitz

bounds,
Vn+1 ≤ (1 + C3µ) Vn + C4µ

for constants C3,C4 > 0 depending on L, CΣ, and σ. Applying Lemma 2.4 again yields

Vn ≤ (1 + C3µ)nV0 +
C4

C3

(
(1 + C3µ)n − 1

)
.
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If 0 < C3µ < 1, then the second moment is uniformly bounded:

sup
n≥0
E‖zn‖

2 ≤
C4

C3
.

Thus, for all time-steps 0 < µ ≤ min{µ0, 1/C1, 1/C3}, both E‖zn‖ and E‖zn‖
2 are finite and uniformly

bounded.

Theorem 4.1 (Exponential mean–square stability). Consider the stochastic delayed difference
system (3.2). Assume that the random variables {ηi,n}n≥0 are independent across n and i, satisfy

E[ηi,n] = 0, E[η2
i,n] = ν2

i < ∞, E[η4
i,n] < ∞,

and are independent of the initial data

x j ≥ 0, y j ≥ 0, −τ ≤ j ≤ 0.

Then, there exist constants C′1 > 0 and C′2 ∈ R such that, for all n ≥ 0,

E[x2
n + y2

n] ≤ C′1eC′2nµ.

In particular, if C′2 < 0, then the numerical solution is exponentially mean–square stable.
Consequently, it is also mean–square bounded.

Proof. We derive explicit one-step estimates for the second moment of (xn, yn). From (3.2), we write

xn+1 = xn + µ fx(xn, yn−τ) + σ1xnη1,n,

where
fx(xn, yn−τ) = rxn

(
1 −

xn

k

)
− β

(
1 − e−axn−τ

)
yn−τ.

Squaring and taking expectations, using E[η1,n] = 0 and the independence of η1,n, we obtain

E[x2
n+1] = E[x2

n] + 2µE[xn fx(xn, yn−τ)] + µ2 E[ f 2
x (xn, yn−τ)] + σ2

1ν
2
1E[x2

n].

Since
0 ≤ 1 − e−axn−τ ≤ 1,

we have
| fx(xn, yn−τ)| ≤ r|xn| + β|yn−τ|.

Hence, using (a + b)2 ≤ 2a2 + 2b2,

f 2
x (xn, yn−τ) ≤ 2r2x2

n + 2β2y2
n−τ.

Moreover,
2µE[xn fx(xn, yn−τ)] ≤ 2µr E[x2

n].

Therefore,
E[x2

n+1] ≤
(
1 + 2µr + σ2

1ν
2
1 + 2µ2r2

)
E[x2

n] + 2µ2β2E[y2
n−τ]. (4.4)
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Similarly, write
yn+1 = yn + µ fy(xn−τ, yn−τ, yn) + σ2ynη2,n,

where
fy(xn−τ, yn−τ, yn) = η

(
1 − e−axn−τ

)
yn−τ − δyn.

Squaring and taking expectations gives

E[y2
n+1] = E[y2

n] + 2µE[yn fy(xn−τ, yn−τ, yn)] + µ2 E[ f 2
y (xn−τ, yn−τ, yn)] + σ2

2ν
2
2E[y2

n].

Since 0 ≤ 1 − e−axn−τ ≤ 1, we obtain

2yn fy = 2ηyn
(
1 − e−axn−τ

)
yn−τ − 2δy2

n ≤ (η − 2δ)y2
n + ηy2

n−τ,

where we used 2ab ≤ a2 + b2. Also,
| fy| ≤ η|yn−τ| + δ|yn|,

and hence
f 2
y ≤ 2η2y2

n−τ + 2δ2y2
n.

Consequently,

E[y2
n+1] ≤

(
1 + µ(η − 2δ) + σ2

2ν
2
2 + 2µ2δ2

)
E[y2

n] +
(
µη + 2µ2η2

)
E[y2

n−τ]. (4.5)

Let
Vn := E[x2

n + y2
n].

From (4.4) and (4.5), there exist constants C1 and C2 such that

Vn+1 ≤ (1 + µC1)Vn + µC2Vn−τ.

More explicitly, one may take

C1 = 2r + η − 2δ + σ2
1ν

2
1 + σ2

2ν
2
2 + µ(2r2 + 2δ2),

and
C2 = 2µβ2 + η + 2µη2.

Define
Wn := max

n−τ≤ j≤n
V j.

Since Vn ≤ Wn and Vn−τ ≤ Wn, we obtain

Vn+1 ≤
(
1 + µ(C1 + C2)

)
Wn.

Therefore,
Wn+1 ≤

(
1 + µ(C1 + C2)

)
Wn.

Iterating yields
Wn ≤ W0

(
1 + µ(C1 + C2)

)n
≤ W0eµ(C1+C2)n.
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Since Vn ≤ Wn, we obtain
E[x2

n + y2
n] ≤ C′1eC′2nµ,

where
C′1 := W0 = max

−τ≤ j≤0
E[x2

j + y2
j], C′2 := C1 + C2.

Therefore, if C′2 < 0, then

E[x2
n + y2

n] ≤ C′1e−λnµ, λ = −C′2 > 0.

This establishes exponential mean–square stability. Since exponential mean–square stability implies

sup
n≥0
E[x2

n + y2
n] < ∞,

the solution is also mean–square bounded. Hence, the process is mean–square bounded provided

C′2 < 0,

i.e.,

2(r − δ) + σ2
1ν

2
1 + σ2

2ν
2
2 + µ

(
2C2

x + 2C2
y +

2
3
βa + 2ηa

)
< 0. (4.6)

This completes the proof. �

Corollary 4.2 (Exponential mean boundedness). Under the same assumptions as in Theorem 4.1,
assume moreover that the noise intensities σiνi are small enough so that the mean–square stability
condition (4.6) holds, i.e.,

2(r − δ) + σ2
1ν

2
1 + σ2

2ν
2
2 + µ(2C2

x + 2C2
y + 2

3βa + 2ηa) < 0.

Then, the first moments E[xn] and E[yn] are uniformly bounded and in fact decay exponentially:∣∣∣E[xn]
∣∣∣ +

∣∣∣E[yn]
∣∣∣ ≤ C3 e−λnµ, n ≥ 0,

where the constants are given explicitly by

C3 := |E[x0]| + |E[y0]|,

and
λ := δ − r − 1

2 (σ2
1ν

2
1 + σ2

2ν
2
2) − 1

2µ( 2
3βa + 2ηa) > 0.

Proof. Taking expectations in (3.2), we have

E[xn+1] = E[xn] + µE[ fx(xn, yn−τ)],
E[yn+1] = E[yn] + µE[ fy(xn−τ, yn−τ, yn)],

since E[ηi,n] = 0. Using the same Lipschitz bounds, one has

| fx(xn, yn−τ)| ≤ r|xn| + βa|xn−τ||yn−τ|, | fy(xn−τ, yn−τ, yn)| ≤ ηa|xn−τ||yn−τ| + δ|yn|.
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Taking expectations and applying Cauchy–Schwarz yields

|E[xn+1]| ≤ (1 + µr) |E[xn]| + µβa
√
E[x2

n−τ]E[y2
n−τ],

|E[yn+1]| ≤ (1 − µδ) |E[yn]| + µηa
√
E[x2

n−τ]E[y2
n−τ].

Adding the two inequalities and using the moment bound from Theorem 4.1, namely

E[x2
n + y2

n] ≤ C′1eC′2nµ,

we obtain (
|E[xn+1]| + |E[yn+1]|

)
≤ (1 + µ(r − δ))

(
|E[xn]| + |E[yn]|

)
+ µκe

1
2C′2nµ,

where κ := (βa + ηa)
√

C′1. Iterating the inequality and applying the Lemma 2.4 yields

|E[xn]| + |E[yn]| ≤ C3e(r−δ+ 1
2σ

2
1ν

2
1+ 1

2σ
2
2ν

2
2+ 1

2µ( 2
3βa+2ηa))nµ.

Under the small-noise condition ensured r−δ < 0 by (4.6), the exponent is negative, giving exponential
decay with rate λ > 0 as stated. �

4.1. Fractional linearization around the coexistence equilibrium

We first consider the deterministic part of system (3.2) by neglecting the zero-mean stochastic
perturbations. The resulting integer-order delayed system is

xn+1 = xn + µFx(xn, xn−τ, yn−τ),
yn+1 = yn + µFy(xn−τ, yn−τ, yn),

(4.7)

where
Fx(xn, xn−τ, yn−τ) = rxn

(
1 −

xn

k

)
− β

(
1 − e−axn−τ

)
yn−τ,

and
Fy(xn−τ, yn−τ, yn) = η

(
1 − e−axn−τ

)
yn−τ − δyn.

To incorporate memory effects, we replace the forward difference operator

∆xn = xn+1 − xn, ∆yn = yn+1 − yn,

by the Caputo-type discrete fractional difference operator C∆α (Definition 2.2). Consequently, the
fractional deterministic system becomes

C∆αxn+1 = µFx(xn, xn−τ, yn−τ),
C∆αyn+1 = µFy(xn−τ, yn−τ, yn).

(4.8)

Let E∗ = (x∗, y∗) denote a coexistence equilibrium of system (4.8). Define the perturbation variables

Xn = xn − x∗, Yn = yn − y∗,
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and

Zn =

(
Xn

Yn

)
.

Linearizing the righthand side of (4.8) about the equilibrium E∗, we obtain the fractional linearized
system

C∆αZn+1 = µ (AZn + BZn−τ) , (4.9)

where A and B are the Jacobian matrices associated with the current and delayed states, respectively.
Specifically,

A =
∂(Fx, Fy)T

∂(xn, yn)

∣∣∣∣∣∣
E∗
, B =

∂(Fx, Fy)T

∂(xn−τ, yn−τ)

∣∣∣∣∣∣
E∗
.

The required partial derivatives are

∂Fx

∂xn
= r

(
1 −

2x∗

k

)
,

∂Fy

∂yn
= −δ,

∂Fx

∂xn−τ
= −βae−ax∗y∗,

∂Fx

∂yn−τ
= −β

(
1 − e−ax∗),

∂Fy

∂xn−τ
= ηae−ax∗y∗,

∂Fy

∂yn−τ
= η

(
1 − e−ax∗).

Therefore,

A =

r
(
1 −

2x∗

k

)
0

0 −δ

 ,
and

B =

−βae−ax∗y∗ −β
(
1 − e−ax∗)

ηae−ax∗y∗ η
(
1 − e−ax∗)

 .
The stochastic perturbations are omitted in the derivation of the characteristic equation because they

possess zero mean and therefore do not influence the deterministic stability boundary. Their effects are
investigated separately through the mean-square stability analysis developed in the previous section.
Such a separation between deterministic spectral analysis and stochastic stability analysis is standard
in the theory of stochastic bifurcations and fractional dynamical systems (see [25, 26]).

Theorem 4.2 (Fractional characteristic equation). Consider the fractional linearized delayed system

∆αZn+1 = µ
(
AZn + BZn−τ

)
,

where A, B ∈ R2×2 are the Jacobian matrices evaluated at the coexistence equilibrium E∗.
Then, the corresponding characteristic equation is

det
(
[(1 − λ−1)αI − µA]λτ − µB

)
= 0. (4.10)
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Proof. Following the standard spectral approach for fractional difference equations [25, 26, 41], we
seek a nontrivial solution of the form

Zn = λnv, v , 0.

For the Grünwald–Letnikov fractional difference operator,

∆αλn = (1 − λ−1)αλn.

Substituting Zn = λnv into

∆αZn+1 = µ(AZn + BZn−τ)

gives

(1 − λ−1)αλnv = µ
(
Aλnv + Bλn−τv

)
.

Dividing by λn yields [
(1 − λ−1)αI − µA − µλ−τB

]
v = 0.

Since v , 0, the coefficient matrix must be singular. Therefore,

det
[
(1 − λ−1)αI − µA − µλ−τB

]
= 0.

Multiplying by λτ gives (4.10).
The proof is complete.

�

Corollary 4.3 (Qualitative effect of fractional memory). Assume that the roots of the characteristic
equation depend continuously on α ∈ (0, 1]. Then decreasing α modifies the spectral distribution
through the factor (1−λ−1)α, which may increase the critical bifurcation threshold and delay the onset
of oscillatory behavior. This observation is confirmed numerically in Section 5.

Remark 4.1. The deterministic part of the integer-order system (3.2) is written as a system of forward
differences. Replacing the integer forward difference ∆xn = xn+1 − xn with the Caputo-type discrete
fractional difference C∆αxn (Definition 2.2) introduces memory effects. Linearizing this fractional
deterministic system around the coexistence equilibrium (x∗, y∗) and omitting the zero-mean noise
terms (which do not affect the bifurcation condition [36]) yields the linearized fractional equation.

5. Numerical simulation and discussion

In Figure 2, the track for α = 0.85 shows smooth rotation patterns, suggesting larger memory effects
that delay the beginning of instability, slow oscillation decay, and stabilize the system. Alternatively,
the trajectories become more inconsistent and scattered when α = 0.50, suggesting reduced memory
effects that produced early instability. Smaller fractional orders aggravate fluctuations and speed up
oscillatory instabilities, while larger fractional orders generally give smoother dynamical transitions
and delay bifurcations.
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Figure 2. The fractional-delay model 3D phase-portrait shows the evolution of (x, y, µ) on
two fractional orders. Left: α = 0.85, bifurcation at µc ≈ 1.15; Right: α = 0.50, delayed
instability at µc ≈ 1.35.

In Figure 3, each set has equilibrium states as functions of µ, phase trajectories in the (x, y)-plane,
and the controlling eigenvalue |λ| vs the purification parameter µ. While smaller α produce a slower
decay and broad trajectories, larger α increase memory effects and develop the faster convergence
to coexistence and faster damping of oscillations. As µ grows, the stability curves demonstrate that
|λ| crosses the unit circle, indicating a Neimark-Sacker bifurcation. Alternatively, lower fractional
orders show instability and more pronounced oscillatory behavior. Higher fractional orders delay this
transition and preserve stability across a larger value of µ.
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(a)

(b)

(c)

Figure 3. Phase portrait in (x, y) plane, equilibrium states vs µ, and maximum eigenvalue
modulus vs µ for various fractional order.

Each subplot of Figure 4 produce trajectories in the (x, y) plane to show how increasing µ affects
stability and convergence. Trajectories spiral fast toward the coexistence equilibrium with fast damped
oscillations at lower levels µ = 0.40 and 0.47, suggesting strong local stability. Convergence is still
apparent at µ = 0.53, but the transient oscillations are more pronounced, showing that a Neimark-
Sacker bifurcation is forthcoming. Spirals are flatter and longer when µ rises to 0.60 and 0.67,
indicating a weaker area of attraction and a slower decline. Near-marginal stability is shown by
trajectories with nearly horizontal oscillations that approach the equilibrium relatively slowly for
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µ = 0.80. Overall, the subfigures show a progressive loss of stability as µ climbs toward the critical
bifurcation threshold.

(a) (b)

(c) (d)

(e) (f)

Figure 4. The fractional predator-prey model’s phase portrait for different values of µ.

Figure 5 displays the time-series dynamics of the fractional stochastic delayed predator–prey model
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for µ = 0.05 and α = 0.95 under three noise intensity pairs: (σ1, σ2) = (0.04, 0.02), (0.06, 0.04), and
(0.08, 0.06). The panels on the left and right, respectively, depict prey xn and predator yn. When both
populations exhibit damped oscillations that converge to the coexistence equilibrium, mean-square
stability is verified for low noise. As noise intensities increase, oscillations get bigger and continue
longer, but convergence is still maintained even at the highest noise level. These results show the
stabilizing function of strong fractional memory (α = 0.95), which preserves long-term stability and
lessens stochastic fluctuations, in accordance with the theoretical mean-square stability analysis.

The time evolution of the prey xn and predator yn populations for the fractional stochastic delayed
predator–prey model with α = 0.90 is shown in Figure 6. Both populations produce weak oscillations
that decline to zero under moderate noise (σ1, σ2) = (0.04, 0.02), displaying mean-square stability
rising by fractional memory. During the trajectories becoming constrained and eventually converging
to zero, temporary oscillations become larger and prevail longer when noise intensities increase to
(0.10, 0.08) and (0.15, 0.14). The findings propose that integrating fractional memory with delay and
nonlinear feedback helps to sustain stability, despite increasingly intense random disruptions.

Figure 7 investigates the time-series plots of prey and predator populations for α = 0.85 and µ =

0.05 subject to three noise intensity pairs. For low noise (σ1, σ2) = (0.04, 0.02), both populations
display fast damped oscillations that converge to the zero equilibrium, proving mean-square stability.
When noise increases to (0.06, 0.04) and (0.10, 0.08), oscillations grow larger and last longer, although
trajectories stay constrained and decline asymptotically. These findings demonstrate that fractional
memory at α = 0.85 effectively suppresses long-term stochastic fluctuations and preserves system
stability in accordance with the theoretical mean-square stability criterion.
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(a)

(b)

(c)

Figure 5. Time series of populations for the fractional-order stochastic delayed predator-prey
model with µ = 0.05 and fractional order α = 0.95.
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(a) σ1 = 0.04, σ2 = 0.02

(b) σ1 = 0.10, σ2 = 0.08

(c) σ1 = 0.15, σ2 = 0.14

Figure 6. Time series of prey population xn and predator population yn for the fractional-
order stochastic delayed predator-prey model with µ = 0.05 and fractional order α = 0.90.
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(a) σ1 = 0.04, σ2 = 0.02

(b) σ1 = 0.06, σ2 = 0.04

(c) σ1 = 0.15, σ2 = 0.14

Figure 7. Time series of prey population xn and predator population yn for the fractional-
order stochastic delayed predator-prey model with µ = 0.05 and fractional order α = 0.85.
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5.1. Numerical validation of theoretical results

In this section, we present numerical simulations to verify the analytical findings examined in the
preceding sections. The simulations are used to verify the fractional-order stochastic delayed predator-
prey model’s boundedness, stability, bifurcation, and stochastic resilience properties, lemmas, and
theorems.

5.1.1. Validation of positivity and boundedness results

When suitable parameter restrictions and a sufficiently small step size µ are used, lemmas related
to positivity and uniform boundedness demonstrate that both prey and predator populations are
nonnegative and bounded for any n ≥ 0. The time-series simulations and phase pictures, which show
that all numerical trajectories remain within biologically meaningful ranges without divergence or
sign changes, corroborate this finding. In particular, the trajectories approach invariant absorbing sets,
which is compatible with the explicit limitations found in Lemma 4.1 and the upper bounds of xn and
yn in Propositions 4.2 and 4.1.

5.1.2. Validation of fractional-order memory effects

Nonlocal dampening effects are introduced by fractional-order memory, which supposedly
stabilizes the system. This phenomenon is quantitatively confirmed by comparing time series and
phase-space trajectories for different fractional orders. As the fractional order decreases from α = 0.95
to α = 0.85, the system exhibits a faster decline in oscillation amplitudes and better convergence to
equilibrium. These results are consistent with memory-induced stability’s analytical findings. 4.1 is
the theorem.

5.1.3. Validation of mean square under stochastic perturbations

The stability Theorem 4.1 and the Corollary 4.1, which demonstrated first and second moment
boundedness, established the mean-square stability prerequisites. The time series graphs for the
predator and prey populations show that the solutions are still limited and converge asymptotically
to equilibrium despite the short oscillations caused by random disturbances. The system does not show
unbounded growth even at rising noise intensities, indicating that the mean square stability criteria are
sufficient.

5.1.4. Combined effects of fractional memory and noise

Simulations for α = 0.95 to α = 0.85 are presented to illustrate the interplay between fractional
memory and stochastic disturbances. The findings demonstrate that fractional memory extends the
stability region by delaying instability and greatly reducing noise-induced oscillations. Our findings
strongly confirm the theoretical Theorem 4.2, according to which fractional-order dynamics improve
resistance to environmental unpredictability.

5.2. Numerical validation of the stability results

To complement the qualitative phase portraits and time-series simulations, we compute the
spectral radius of the fractional characteristic equation at the coexistence equilibrium for different
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fractional orders α. The equilibrium is locally asymptotically stable whenever the spectral radius
satisfies ρ(α) < 1. The convergence rate is measured by

R(α) = − ln
(
ρ(α)

)
,

where larger values of R(α) indicate faster convergence toward equilibrium.
Table 1 provides a quantitative assessment of the local stability of the coexistence equilibrium.

For all considered fractional orders, the spectral radius satisfies ρ(α) < 1, which confirms the local
asymptotic stability predicted by the theoretical analysis. Moreover, the spectral radius increases
monotonically as α increases from (0.75) to (1.00), while the corresponding convergence rate
R(α) =− ln(ρ(α)) decreases. This indicates that stronger memory effects (smaller α) are associated
with faster convergence toward the equilibrium. These quantitative findings are consistent with the
phase portraits and time-series simulations presented in Figures 1–6, where trajectories approach the
equilibrium more rapidly for smaller values of α. Therefore, the spectral-radius analysis provides
numerical support for the stability and memory-dependent behavior established in the theoretical
results.

Table 1. Spectral radius of the fractional transition matrix and the corresponding convergence
rate for the coexistence equilibrium under different fractional orders α.

Fractional order α Spectral radius ρ(α) Convergence rate R(α)
0.75 0.98519 0.014925
0.80 0.98735 0.012730
0.85 0.98923 0.010832
0.90 0.99085 0.009196
0.95 0.99224 0.007790
1.00 0.99344 0.006585

Remark 5.1. In the numerical scheme, the fractional-memory contribution is first evaluated using
the discrete fractional kernel, and the stochastic terms are then added locally. Thus, no interchange
between the fractional and stochastic operators is required.

Ecological implications of fractional memory. The fractional-order parameter α gives a mechanism
for incorporating memory and hereditary impacts into predator-prey interactions. In contrast, in
classical integer-order models, where population changes depend only on the current state, the
fractional framework enables past ecological conditions to influence current dynamics. Such memory
effects may arise from predator learning, adaptation to environmental variability, delayed reproductive
responses, migration history, or accumulated resource availability. The numerical results indicate that
smaller values of α produce stronger memory effects, leading to faster attenuation of oscillations
and enhancing stability under stochastic disturbances. Ecologically, this suggests that populations
possessing stronger historical dependence exhibit greater resilience against environmental fluctuations
and are more robust to instability. Thus, fractional memory acts as a useful mechanism for describing
realistic ecological processes and understanding long-term population persistence in fluctuating
environments.
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6. Conclusions and future work

This work developed and studied a unique discrete-time stochastic predator-prey model with time-
delay and environment noise. The model accurately represented the complexity of real ecological
systems by incorporating nonlinear predator-prey interactions, delay-induced feedback, and random
perturbations. Analytical and numerical data were presented to illustrate the ways in which
deterministic and stochastic elements interact to govern system stability and bifurcation events. The
local stability requirements of the coexistence equilibrium have been determined using linearization
techniques, and the Jury stability criterion and mean-square stability were analyzed. This study
produced sufficient conditions that guarantee the asymptotic stability of the stochastic discrete system.
Several claims and theorems were used to establish the stability boundaries and the mechanics of
the change from oscillatory to stable regimes. A remarkable connection between numerical findings
and theoretical outcomes was indicated by the analytical results, which were produced via MATLAB
simulations and examples demonstrating how different dynamic behaviors, including oscillatory
population cycles, quasi-periodic motion fluctuations, and stable coexistence, are led by the changes
in system parameters, latency, and noise level. These results highlight how essential stochasticity and
delay are to maintain the ecological equilibrium among species.
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