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A-bounded operators (U, V), defined by wa (U, V) := sup ((1 - ¢&)|(Un, 17)A|2 + &l(Vn, 77)A|2)2 , where
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e € [0,1], {m1,m)a = (Any,ny) for all ny,n, € K, and 211‘ denotes the unit A-sphere. Furthermore,
we define the integral Euclidean numerical radius and present several Hermite-Hadamard-type
inequalities. Finally, we provide significant applications of our framework by deriving bounds for
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mean context with p > 1.
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1. Introduction

The geometry and spectral properties of bounded linear operators represent a cornerstone of modern
functional analysis, providing fundamental tools for a wide range of applications, particularly in
theoretical physics. We refer the reader to the book by Elin, Reich, and Shoikhet [1] and the references
cited therein for further details. Building on this rich tradition, in recent years, the study of operators
within semi-Hilbertian spaces has seen a significant resurgence of interest due to its rich potential
within functional analysis [2]. Specifically, foundational work on metric properties of projections
and partial isometries has been established by Arias et al. in [3,4]. Furthermore, joint normality and
closed operators in these spaces were deeply explored in [5,6], while metric operators and their general
spectral properties were discussed in [7,8]. This mathematical framework offers a broader perspective
for defining operators that correspond to physical observables in quantum mechanics. Traditionally,
the physical states of a quantum system are modeled using a standard Hilbert space K equipped
with a conventional inner product (-,-). Within this classical model, operators representing physical
observables are strictly required to be self-adjoint relative to this specific inner product. However,
this conventional requirement can be overly restrictive. To overcome this limitation, the theory of
non-Hermitian quantum mechanics introduces a more flexible approach by establishing a novel inner
product under which the relevant operators become self-adjoint.

This alternative inner product is constructed using a specific metric operator A, defined such
that (1,m)a = (An,n,) for any elements n;,17, € K. The properties of this metric operator
vary depending on the specific quantum framework being utilized. For instance, in quasi-Hermitian
quantum mechanics [9,10] and pseudo-Hermitian quantum mechanics [11], the metric operator A must
be invertible, self-adjoint, and positive with respect to the original reference inner product. Conversely,
within indefinite metric quantum mechanics [12], the underlying operator is unitary and self-adjoint,
but it is not strictly required to be positive. From a purely mathematical perspective, the operator
A is treated as self-adjoint and positive concerning the standard inner product of %; nevertheless, it
is generally considered to be non-invertible [2, 13]. This distinct mathematical approach ultimately
motivates the need to establish appropriate invertibility criteria with respect to the metric operator A.

Norm and numerical radius inequalities have garnered significant attention in this context, providing
critical insights into operator geometry. For instance, the properties of A-normal operators and their
numerical radii were developed in [14, 15]. General improvements and bounds for the seminorm and
numerical radius in semi-Hilbertian spaces were subsequently derived in [16, 17]. Furthermore, the
Euclidean operator radius inequalities for operator pairs were generalized to standard and semi-Hilbert
spaces in [18] and [16], respectively. Structural results concerning block matrices and n X n operator
matrices were also heavily investigated in [19-21].

Further developments include bounds for the A-joint numerical radius and A-numerical radius of
operator matrices [8,22], refined A-numerical radius inequalities [23—-25], and studies on 2 X 2 operator
matrices [21,26]. Orthogonality and norm-parallelism in the A-numerical radius were investigated
in [27]. Additional bounds and generalizations have been broadly categorized: translatable radii and
related inequalities were established in [28-30], while specific extensions of the A-numerical radius
were explored by Qiao et al. [17] and Zamani in [31]. Structured operator matrices were further
addressed in [19,20,32], and (y, §)-norm inequalities with lifting properties were developed in [33-35].

Despite the extensive literature on the A-numerical radius, a significant gap remains regarding

AIMS Mathematics Volume 11, Issue 7, 20535-20557.



20537

the balanced, weighted combinations of multi-operator tuples. Traditional joint numerical radii
treat operators symmetrically, which falls short when analyzing quantum observables or multi-
parameter systems where components possess unequal physical weights or analytical significance.
To fill this gap, this paper introduces novel inequalities for the Euclidean-arithmetic mean numerical
radius in semi-Hilbert spaces, building on foundational metric properties [3, 5], joint spectral radius
formulations [8,36], and generalized Euclidean operator bounds [16,18]. By introducing the parameter
e € [0,1], we offer a continuous transition and a tunable arithmetic mean approach to the joint
numerical radius. This generalization is highly important because it not only unifies various existing
symmetric inequalities into a single parametric framework, but it also provides significantly sharper,
context-dependent bounds that are essential for precise spectral analysis in non-standard quantum
mechanics.

The remainder of this paper is organized as follows. Section 2 provides the necessary preliminaries
and notations regarding semi-Hilbertian spaces, A-adjoint operators, and the standard A-joint
numerical radius. Section 3 is dedicated to our main results, where we establish several novel upper and
lower bounds for the newly defined Euclidean-arithmetic mean A-numerical radius and its associated
integral numerical radius. Section 4 explores direct applications of our framework, yielding specialized
inequalities for a single operator’s Cartesian decomposition and the generalized A-Davis-Wielandt
radius. Finally, Section 5 concludes the paper by summarizing the new inequalities established for the
A-joint weighted numerical radius and discussing possible directions for future research and further
applications.

2. Preliminaries

To establish a rigorous foundation for our main results, this section outlines the fundamental
algebraic and topological structures that govern semi-Hilbertian spaces. We begin by reviewing the
standard notations, the construction of semi-inner products, and the essential properties of A-adjoint
operators, before formally detailing the baseline joint numerical radii frameworks upon which our new
generalizations are built.

We use the following notations: (K, (-, -)) denotes a complex Hilbert space with norm || - || induced
by the inner product. The C*-algebra of bounded linear operators on K with identity I is denoted L(K).
The sets Ny and N represent the nonnegative and positive integers, respectively. Unless specified, an
operator refers to an element of L(K).

An operator T € L(K) is positive, denoted T > 0, if (T, n) > O for all € K. For a positive
operator T, its square root is denoted T:. We assume A is a nonzero positive operator, inducing the
semi-inner product

(A KXK —C, (n,y) — (m,¥)a := (An,y).

The space (%, || -|[a) is a semi-Hilbert space, where [|n]s = /{77, 7)a is the seminorm for all € K. We
define the unit A-sphere in K as Zfl‘ :={n € K :|nlla = 1}. When A = 1, this reduces to the standard
unit sphere Z;. Note that (%, || - [|4) is neither a normed nor a complete space in general. However, it is
a Hilbert space if and only if A is injective and m = R(A), where R(A) is the range of A and R(A)
its closure with respect to the norm || - ||. For clarity, consider the Hilbert space > of square-summable
complex sequences 1 = {x,}, with inner product (n,y) = > ;cx XxVx- Define A as the diagonal operator
on £*> with Ae; = 0 and Ae, = % for n > 2, where {e,} is the canonical basis. Since A is neither
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injective nor satisfies R(A) = R(A), the semi-Hilbert space (£2,{-,-)a) is neither normed nor complete.

An operator R € L(K) is an A-adjoint of T if (Tn, y)a = (n,Ry)4 for all n,y € K, or equivalently,
AR = T*A. Not every T € L(K) has an A-adjoint, and when it does exist, it is not unique. This poses
challenges in studying operators on semi-Hilbert spaces. The Douglas range inclusion theorem [37] is
crucial here, stating that the equation TD = S has a solution D € £(KX) if and only if R(S) € R(T),
or equivalently, there exists @ > 0 such that ||S*n|| < «||T*n|| for all € K. By Douglas’ theorem, we
can select an A-adjoint operator T* = A'T*A, where A" is the Moore-Penrose pseudo-inverse of A
(see [3]). The operator T shares some properties with T*, but not all, e.g., (T#)* = T holds if and
only if R(T) € R(A).

Define Lx(K) and L z(K) as the sets of operators admitting A-adjoints and VA-adjoints,
respectively. By Douglas’ theorem,

L 5(K) = {T € L) : e > Osuch that [ Txlls < cliylla, ¥n € K.

Operators in L 5 (K) are A-bounded. The sets L (K) and L £ (K) are subalgebras of L(K), generally
neither closed nor dense, with inclusions L4 (K) € L z(K) € L(K).

For a complex Hilbert space (%, -, -)) and a positive operator A, the A-joint numerical radius of
A-bounded operators T, S is defined as [36]

AT, S) = sup \KTn, P + (ST, AL

A
nexy

Feki [36] established the following upper bounds:

0ro(T.8) < AIITIL +IISII§ + 202 (SAT) < IITI + ISI5

Bl

wro(T.8) < |wa((THT)? + (§8)*) + 23 (SHT)| ",

2
wa(T,S) < g \/||TﬂAT + SiaS||s + ||TAAT — SPaS||5 + 2wa (S T)

< ITIE +[ISI + wA(SAT),

and

0r(T.8) < \Jmax (I[TIZ. ISI) + wa(SAT). 2.1
Inequality (2.1) is sharp. Additionally,

wa(T,S) < \/max {wa(T), wa(S)} \/llTﬁAT + SiS||s + 2wa (S} T).

Feki [36] also derived lower and upper bounds:

g max {wA(T + S), wa(T = S)} < wa(T,S) < g \/a)i(T +9S)+ wi(T -9).
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The constant % is sharp in both inequalities. Furthermore,

2
g Voa(T? +82) < wy o(T,8) < V[[TAT + ShS||

with %ﬁ a sharp constant. In [36], inequalities involving the A-Davis-Wielandt radius and A-numerical

radii of A-bounded operators were also obtained.
We introduce the following generalization of the joint numerical radius, which forms the central
object of study in this paper.

Definition 2.1. Let (U, V) € L z(K) X L z(K) be a pair of operators, let € € [0, 1], and let p > 1.
We define the p-arithmetic mean A-numerical radius of the pair (U, V) as

wa pe(U, V) = sup (1 = &) KU mal” + & (Vi m)al’)? .

neZ‘l‘

Remark 2.1. This definition introduces a parameterized, weighted balance between the two operators.
We note several immediate properties of this functional. First, it is evident that wy , (U, V) > 0 for
any pair (U, V) € L z(K) X L z(K). Furthermore, wa (U, V) = 0 implies AU = AV = 0 (which
strictly means (U, V) = (0,0) if A is injective). It is also absolutely homogeneous: For a € C,
wa p(@U,aV) = |a|wa (U, V). By the weighted Minkowski inequality,

wA,e,s(U + C’ V + D) < wA,e,s(U’ V) + wA,e,s(Ca D),

showing that wa p (-, ) is a seminorm on L z(K)X L z(K). By the convexity of the function g(t) = 17,
p = 1o0on [0, 00), we have

(1= &) U, mal” + £V mal")? = (1 = &) KU, pal + £ [V, mal
> K[(1 —&U +&V]n,mal

for all n € K. Taking the supremum over n € 2‘1‘ vields the fundamental lower bound
wAp (U, V) > wp [(1 = &)U + V] (2.2)

foree[0,1]and p > 1.
Let us highlight some important particular cases derived from specific choices of the parameters p
and g:

o Symmetric case (¢ = % ): The operators are weighted equally, yielding a scaled version of the
standard joint numerical radius:

1

1\»
wy 1 (U, V) = (5) wa (U, V) forp>1.
e Linear case (p = 1): The functional reduces to a weighted sum of absolute values:

wa (U, V) := wp1.(U, V) = sup (1 — &) KUnp, mal + eV, mal) .

A
nexL
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e Euclidean case (p = 2): This serves as the primary metric constraint for generalized operator
inequalities in much of the literature:

Dl

Wres(U, V) 1= 0p2,,(U, V) = sup ((1 = &) KUn, mal® + £V, mal)’ .

A
nex)

Inspired by these results, this paper derives several upper and lower bounds for the joint p-arithmetic
mean A-numerical radius of operator pairs and the integral numerical radius, with applications to
related functionals.

3. Main results

In this section, we present our main results. Specifically, we establish several novel upper and lower
bounds for the Euclidean-arithmetic mean A-numerical radius wa..(U,V). By leveraging reverse
Young and Jensen inequalities, we deduce generalized relations that capture the spectral behavior of
the operator pair (U, V). We also extend these evaluations to generalized p-arithmetic mean cases,
providing a rich, parametric framework for operator inequalities in semi-Hilbertian spaces.

The following result provides a sharp upper bound for the Euclidean arithmetic mean A-numerical
radius utilizing a refined reverse Young’s inequality.

Theorem 3.1. Let U,V € L z(K). Let € € [0, 1]. Then,
2 2 2(1-¢) 2¢e
Wy (U, V) < Ry (U-V) +w, “(O)wy (V). (3.1
In particular, for € = %, we obtain

w3 (U, V) < wi(U = V) + 20s(U)w,s (V).

Proof. We apply the double inequality from Kittaneh and Manasrah [38,39], refining and providing an
additive reverse for Young’s inequality:

r(Va-Vb) <(1-ea+eb—a"b°<R(Va- Vb, (3.2)
( )

where a,b > 0, € € [0, 1], r = min{]l — &, &}, and R = max{l — ¢, &}.
Setting a = [(Un, n)al* and b = [(V, )al* in (3.2), we obtain

(1 - &) KUn, pyal* + e KV, pal’
< KU, Al = KV, myal®® + R (KUn, myal = KV, mal)’
< KU, malP = KV, mal® + RIKUn, mya — (Vi mal’
= KU, Ml = KV, mal® + RK(U = V), mal’

forn € K.
Let n € Z¢. Then, we obtain

KU AP [V, mal® < w2 (U)wd (V)
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and
K(U = V), mal* < wi(U - V).

Thus,
(1 — &) KU, mal* + eV, Mal? < 0P (0w (V) + Rwi (U - V)

for all n € Z‘l". Taking the supremum over 7 € ¢ yields (3.1). This completes the proof.

In the next result, we complement the previous upper bound by deriving a robust lower bound for
the Euclidean arithmetic mean A-numerical radius.

Theorem 3.2. Let U,V € L z(K). Let € € [0, 1]. Then,
Wh (U, V) 2 max {ws [(1 - £)’U% + £2V2] (1 - £)swa (UV + VU)| (3.3)
+ max {(1 — &)wa(U), ewa(V)} X |wa [(1 = &)U + eV] —wy [(1 = &)U — V]|

In particular, for € = 3, we obtain

1
2’
2 l 2 2
W3,o(U. V) 2 max {wA(U? + V?), w5 (UV + VU)|
1
+ 5 max {wa(U), wa(V)} wa(U + V) —wa(U - V)|.
Proof. From (2.2) with p = 2, we have
Wr (U, V) > wj [(1 - &)U + V]

and
W%, (U, V)2 ] [(1 - &)U —eV].

Let € € [0, 1]. This implies that
W} (U, V) 2 max {0} [(1 - &)U+ &V], w} [(1 - &)U - £V]} (3.4)

= % (@i [(1 - &)U +&V] +wj [(1 - &)U - &V])

+ % |wd [(1 - &)U + eV] -} [(1 - &)U - &V]|

= % (@i [(1 = &)U +&V] +wj [(1 - &)U - &V])

+ % [wa [(1 — &)U+ eV] + wa [(1 —e)U - eV]]
X lwa [(1 = &)U+ eV] —wy [(1 — e)U — eV]].

Observe that

Wi [(1 = &)U+ V] + i [(1 — &)U - &V] (3.5)
> wa ([(1 —e)U+ sV]z) + Wy ([(1 —e)U- sV]Z)
> max {a)A ([(1 —eU+&V]E+[(1-e)U- sV]Z) N ([(1 —eU+&V]E-[(1-¢&)U- sV]Z)} .
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Since
wa ([(1 —e)U+eV]*+[(1 - &)U - eV]z) = wy [(1 — &)U + (1 - &)e(UV + VU) + £°V?
+(1 - &)’U% = (1 - £)s(UV + VU) + £2V?]
= 2w, [(1 - 27U + £7V?|
and
wa ([(1 —e)U+eV]? - [(1 -&)U - sV]z) = wx [(1 — &)U + (1 - £)e(UV + VU) + £°V?
~(1 -8’0 + (1 - £)s(UV + VU) - £2V?]
= 2(1 = &)ewa(UV + YU),
by using (3.5), we obtain for € € [0, 1],
wi [(1 = &)U+ V] + wi [(1 — &)U - &V] (3.6)
> 2max {w [(1 - £)°U% + £2V2], (1 - £)sws (UV + VU)}.
Additionally,
WA [(1 —e)U+eV] +wa [(1 —e)U = ¢eV] > 2max {wy [(1 — e)U], wa(eV)} (3.7)
for £ € [0, 1]. Combining (3.4), (3.6), and (3.7), we obtain (3.3). This completes the proof.
As a direct consequence of Theorem 3.2, we deduce the following corollary.

Corollary 3.1. Let X, Y € L z(K). For all € € [0, 1], we have

W3 (X, Y) + 2|1 - 26l wp(X)wa(Y) (3.8)
> wy, X+Y,X-Y)
> max {wy [[(1 - &) + & (X2 + Y2) + (1 - 2&)(XY + YX) |, 2(1 - £)swa(X? - Y?)
+max {(1 —&)wa(X+Y),ewa(X-Y)} X|wa [ X+ (1 -28)Y]—wa (1 -26X+Y].

In particular, for € = %, we obtain
W} (X, Y) z% max {wA(X2 +Y?), wa (X2 - Y2)}
b3 max fwoa (K + ), wr(X ~ )} wa(X) ~ wr (V)]
Proof. Applying (3.3) withU=X+Y and V = X -Y, we obtain

Wh oo X+ Y, X - Y) 2max {wy [(1 - (X + Y)? + (X - V)|, (3.9)
(1 - oews (X + V)X - Y) + (X - V)X + V)
+max {(1 - ©)waX +Y), ewa(X - Y))
X lwa [(1- )X +Y) +eX - V)] -wa[(1 - )X +Y) - eX - V)|
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for € € [0, 1]. Observe that
(1-’X+Y)?+&X-Y)P?=(1-’X+XY+YX+Y)+£X-XY-YX+Y?
= [(1 —el + 82] X2+ Y% + (1 -26)(XY + YX),
and

X+V)X-YV)+X-V)X+Y)=X2+YX-XY-Y +X°-YX+XY-Y?
=2(X?2-Y?.

Applying (3.9), we obtain the second inequality in (3.8).
Further, we have

Wr X+ Y.X =Y) = sup (1= ) KX + Yyl + e KX = Yon. mal)

nGZ?

sup ((1 = &) (X, ma + (Yn, mal” + & (X, mha = (Y, m)al).

neZ?

Letn € K and € € [0, 1]. We have
(1 — &) KX, m)a + (Y. mal® + e (Xn,m)a — (Y1, Al
= (1— &) (IXn, mal + 2% [(Xn, )al¥n,ma | + (Y, maP)
+ & (X, mal = 2R [ (X, mal¥m, a | + (Y, maF)
= (X0, mal” + Y7, mal” + 2R [(1 = 2&)(Xn, mal¥m, m)a |

Let 7 € 7. Then,

R (1 = 26)(Xn, MY, A < |(1 = 26)X7, AV, )|

< |1 = 2el KX, ;) al KY17, 17)Al
< |1 - 2el waX)wa(Y).

It follows that

(1 = &) (X, ma + Yn, mal* + & (X7, p)a — (Y, m)al?
< [(Xa, mhal” + KYm, p)al® + 2|1 = 2] wa(X)wa(Y)

for n € 7. Taking the supremum over 17 € X% yields the first inequality in (3.8). This completes the
proof.

The next result establishes comparative upper bounds for the generalized p-arithmetic mean
numerical radius using reverse Jensen inequalities.

Theorem 3.3. Let U,V € L z(K) and p > 1. Then,

1
0l (UV) Sy, (U.V) S 0, (U.V) + 2 pmax [ (0), (V) (3.10)
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and
p-1 _

2r-1

1
wy, (U V) <0, (U V)<, (UV)+ max {w (U), wy (V)] 3.11)

In particular, for p = 2, we obtain
1
Wheo(U.V) S 04 4 (U V) < 0 (U V) + > max (w3 (U), w3 (V).

Proof. We use a reverse of Jensen’s inequality for a convex function f on [m, M] [40]:

n n 1
0< Zpif(xi) - f[z Pixi) < Z(M -m)[f.(M) - fl(m)],
i=1 p

where x; € [m,M], p; >0forie{l,...,n},and 3\, p; = 1.
For f : [m, M] C [0, 00) — [0, 00), f(t) =, p > 1, we obtain

n n P
1
P s _ _ p-1 _ o p-1
0< ;p,xl. [lex) < P(M = m)(MP™ = m"™,
where x; € [m, M], p; >0forie{l,...,n},and 3\, p; = 1. For 0 < m < a,b < M, this gives

(1 —g&)a+eb) < (1-¢e)a’+eb” <((1 —¢g)a+eb) + %p(M —m)(MP™' —mPh (3.12)

fore e [0,1]and p > 1.
Let n € 2% and (U,V) € L zK). Seta = [Upmal’, b = KVn,mal’, m = 0, and
M = max {wi(U), wi(V)}. By using (3.12), we obtain

((1 = &) KU Al + & (V. aP)’
< (1= &) KU mal”? + e KV mal”?

1
< (1 =) KUR AP + e [Vr.maP) + 7p max {w (U), & (V)]

Taking the supremum over n € X% yields (3.10).
Additionally, another reverse of Jensen’s inequality for a convex function f on [m, M] [40] gives

0= Zpif(xi)_f(gpixi] < 2[f(m);f(M) _f(’";M)

b

where x; € [m, M], p; > 0forie{l,...,n},and )\, p; = 1. For f(t) =", p > 1,

0< Z pixl — [Z pixi)p <2
i=1 i=1

Setting m = 0, we deduce that

mP + MP (m+M)”
2 2 '

r-1_1

n n p
2
0< ) pix! —( E pixl-] < MP,
i i=1

=1
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where x; € [0, M], p; > Ofori € {1,...,n},and 3\, p; = 1. Using a = [(Up, 77>A|2, b = [Vn, n)Alz,
m =0, and M = max {wZA(U), wi(V)},

((1 = &) KU AL + 1V, )’
p-1 _

< (1= &) KUn, mal? + £V, sl
—11 max {wy (U), 0y (V)]

p 2
< (1= &) KU AP + el V. maP) + ==
Taking the supremum over i € X% yields (3.11). This completes the proof.

Remark 3.1. Consider the function

1 pL |
o(p) := L v > 1.

By analyzing 6(p), we find that it is positive for p € [1,2) U (3, ) and negative for p € (2,3), with
0(2) = 6(3) = 0. Thus, the bound in (3.11) is sharper than (3.10) for p € (1,2) U (3, ), while the
reverse holds for p € (2,3).

To study the continuous behavior of the parameter &, we introduce the integral version of our
functional.

Definition 3.1. For any pair of operators (U, V) € L z(K)X L z(K), we define the integral Euclidean

numerical radius by

1
WA ei(U, V) 1= f Wa (U, V) de
0

1 1
_ fo sup ((1 = ) KU AP +e(Vimal’)” de.

A
neL)

Remark 3.2. We observe that wa .;(U, V) 2 0 for any (U, V) € L z(F) X L z(K). If ws (U, V) =0,
then wp (U, V) = 0 for almost every € € [0,1]. Since wa».(U,V) is a seminorm, it follows that
AU = AV = 0. Additionally, wa.;(@U,aV) = |a| wa (U, V) for @ € C, and

1
wA,e,i(U + X, V+ Y) = f a)A,e,s(U + X, V+ Y) de
0
1
< f (wA,e,e(U’ V) + (-’-)A,e,s(X, Y)) de
0
= WAei(U, V) + wa (X, Y),

showing that wy (-, ) is a seminorm on L z(K) X L z(K).

In the next result, we establish Hermite-Hadamard-type inequalities for the Euclidean arithmetic
mean A-numerical radius.
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Proposition 3.1. For (U, V) € L z(K) X L z(K) and &1, &; € [0, 1] with &) # &, we have
W e(1-e+16:(Us V) < (1= D20 0, (U, V) + 20 (U, V) (3.13)
forallt € [0, 1]. In particular, for t = % we obtain
V2w, , 12 (U, V) < g 0, (U, V) + W ,(U, V). (3.14)
Additionally,

2
gwA,e,gl?(U’ V) <

ED 2
f Waes(U, V) de < 3 [WAee, (U, V) + Wy e, (U, V)] (3.15)

& = &1 Jg

In particular, for g, = 0, &, = 1, we obtain

1 2
708U, V) < 0pi(U, V) < 3 [wp(U) + wa(V)].

Proof. Consider the function
f(©) = (= &) KUn,mal® + eV mal)*, e €l0,1].
For €1,&, € [0,1] and @, 8 > 0 with @ + 8 = 1, we have
1
il +Ber) = ((1 — aer — Bex) KUn, mal + (a1 +Bea) KV, mal’)’
= (|1 = &) KURMAP + &1 (VAP

+B[(1 = &) KUl + &2 KV mal])’ .

D=

Using the inequality

we obtain

(e [(1 = 1) KUR, AP + &0 KV AP | +8[(1 = £2) KU, mal + &2 KV AP |)*
<a? [(1= &) KUl + & KVl | + 87 [(1 = &) KUl + &2 KV mal|*
= a2 fy(e1) + B fy(e2).

Thus, 1 1
folaer + Bey) < a2 f(e1) + B2 f(&2).

Taking the supremum over 17 € X2, we obtain

wA,C,Cl£1+,382 (U, V) = sup fn(alsl +ﬁ82)
UEZ?
< sup [a? fy(e1) + B2 fy(&)]

A
nex)
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< a? sup f (&) + B sup f,(c2)

r]EE‘? T]E):‘iA

= 07 W e, (U, V) + B wp 0, (U, V),

proving (3.13).
Integrating (3.13) over ¢ € [0, 1], we obtain

1 1 1
f WA (1o, +16,(U, V) dt < f (1 = )2 dt Wp e, (U, V) + f 1 dt wy o,(U, V). (3.16)
0 0 0
Since 1
ED
f wA,e,(l—t)81+t82(Ua V) dt = f wA,e,s(U, V) de
0 &) — &1 Jg
and

! ; by 2
f(l—t)zdt:fﬂdt:—,
0 0 3

it follows from (3.16) that the second inequality in (3.15) holds.
By (3.14), we have

V2w, , 2122 (U, V) < @4 1061416, (U, V) + O ey 1196, (U, V)
for all ¢ € [0, 1]. Integrating over ¢ € [0, 1], we obtain
1 1
\/zwA,e,ﬁ(Ua V) < f WA e,(1-0)e| +1&2 (U, V) dt + f WA e.te1+(1-1e2 (U’ V) dt. (3 17)
0 0

Since

1 1 &
l 2
f WA e 1-or1e, (U, V) dt = f WA cor+(1-0e, (U, V) dt = f wes(U, V) de,
0 0 & = &1 Jg

(3.17) implies the first inequality in (3.15). This completes the proof.

The next result provides precise estimations for the integral numerical radius by selecting specific
symmetric integration bounds.

Corollary 3.2. For (U,V) € L z(K) X L zx(K) and € € (0, 1), we have

g |05 (U. V) + (1 = &)y, 20 (U, V)] (3.18)

< wrodU, V) < § [cwA(U) + AU, V) + (1 = £)oa(V)].

In particular,

g [0pe 1 (U V) + @, ,5(U V)] £ 044U, V) < %[wA(U) + V20,u (U V) + 0y (V)] (3.19)
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Proof. Setting &y =0 and &, = € € (0,1) in (3.15), we obtain

2 1 (? 2
TV_WA,e,g(U’ V)< . f wa (U, V)de < 3 [WAeo(U, V) + wa (U, V)],
0

equivalently,

2 ® 2
%/_awA,e,;(U, V) < f wa.:(U,V)de < 58 [wa(U) + wa (U, V)]. (3.20)
0

Setting £ = € € (0,1) and &, = 1 in (3.15), we get

?wA,e,EEI(U, V)< i fe | Waes(U, V)de < %[WA,e,s(U’ V) + wp 1 (U, V)],
equivalently,
g(l — &)Wy 21 (U, V) < fl wa.(U,V)de < %(1 — &) [Waes(U, V) + wa(V)]. (3.21)
Adding (3.20) and (3.21), we obtain

2 2
iswA,e,g(U, V) + g

> (1- 8)(1)A’€’%(U, V)

1
< f wa (U, V)de
0
2 2
S 38 [wA(U) + wa (U, V)] + 5(1 — &) [wa (U, V) + ws(V)],

which implies (3.18). This completes the proof.

In the context of product spaces, Kikianty and Dragomir [41] introduced a related norm framework
which inspires our subsequent results.

Definition 3.2. Ler (X, || - ||) be a normed space. The p-HH-norm on the Cartesian product X X X is
defined for elements x,y € X as follows:

1
(fo1 ICL = D)+ oy]l? dt)” if 1 <p < oo,
sup,coq 1 —Dx+ 0yl if p = co.

||(X,y)||p-HH =

Remark 3.3. By the classical Hermite-Hadamard inequality for convex functions f : [a,b] — R,

b
f(a+b)st f(S)dSSMa
b-a ], 2

2

we seamlessly deduce that

1
HX+y IIXII”+||y||”)"
2

2

< 1o Yl p-rm < (
for1 < p<ooand(x,y)e X xXX.
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The following result derives bounds connecting the continuous integration of the A-seminorm
directly with the integral Euclidean numerical radius.

Proposition 3.2. For (U, V) € L z(K) X L z(K) and &1, &, € [0, 1] with &) # &, we have

+ + 1 2
wa ((1 _a 82)U L& 82V) < f wa (1 = &)U + &V) de (3.22)
2 2 &) — &1 Jg
e
< f wree(U, V) de
&) — &1 Jg
1 ED %
< [ f wy,. (U, V) ds]
&2 — &1 Jg o

< [(1 _&a ; gz)wi(U) i ; gzwi(V)F .

In particular, for ey = 0 and &, = 1, we obtain

1
W (U ; V) < f wa (1 =e)U+¢eV) de < wa. (U, V) (3.23)
0

1
1 2 2 %
< [ f W%, (U, V) de] < % (AU + V)]
0
Proof. Using a Schwarz-type inequality, let € € [0, 1] and 7 € K. We have

(1= &) KUn.mal + e (Vi mal < (1 - &) KUn sl + e (Vi mal)”

Since
KI(1 = &)U + eVIn, mal < (1 — &) KUn, mal + £ KVn, mal,

we obtain 1
KI(1 = &)U + Vi mal < ((1 - &) KUl + e (Vi mal?)’

for £ € [0, 1] and 17 € K. Taking the supremum over i € ¢, we obtain
wA (1 —e)U+eV) < wp,(U, V)

for all € € [0, 1]. Integrating over [&, &;], we obtain

1 ED 1 £
f wa (1 —e)U+ V) de < f wr.(U,V)de.
&) — &1 Jg & — &1 Jg

Since w, 1S a seminorm, we have

E2

fszwA((l—a)U+8V) dsZa)A(

& — &1 Jg

[(1-e)U+ V] de)

& — &1 Jg

:wA((l _a ;82)U+ £l ;82V).
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By the Schwarz integral inequality,

1

1 2 I 1 E2 7
f wa (U, V) de < f WU, V) ds]

&2 — &1 Jg | €2 — &1 Jg

1

»82 &1 Jg ez

IA

1 o2
f ((1 — &) sup KUn, mal® + & sup KV, )al’

_82 — &1 r]GZ‘]‘ T]EZ‘]\

1
2

_| 1t f : ((1 - &R (U) + cwi (V) ds]

| €2 — €1 g

_ 1
+ + 2
_ (1 _a . sz)wg(U) + 2 . Szwi(V)]z .

This completes the proof.

J
D=

= f sup ((1 — &) KUn,mal’ + &l(Vn, 77>A|2) de

de

DI—=

In the next result, we establish an upper bound for the quadratic integral of the Euclidean Arithmetic

mean A-numerical radius.

Proposition 3.3. Let (U, V) € L z(K) x L z(K) be such that AU and AV are nonzero operators.

Then,

Wi (V)-w} (U)
In w3 (V)-Inw? (U)

1 3 if wA(U) # wa(V),
f Wi (U, V)de < Zwi(U -V)+
’ W} (U) if wa(U) = wa(V).

Proof. Integrating (3.1) over [0, 1], we obtain

1 1 1
f WU, V)de < w3 (U-V) f max{l — &, £} de + f W P (U)w¥ (V) de
0 0

0
M1
:wi(U—V)f 5+
0

Wi (V)-wi (U)
In w3 (V)-In w3 (U)

E — —

if (uA(U) * a)A(V),

3
= ij(U -V)+

wi(U) if wa(U) = wa(V).

This implies (3.24) and completes the proof.

1 5 HaA (V)Y
2)d8+a)A(U)j(; (a)i(U)) de

(3.24)

The next result provides a corresponding lower bound for the quadratic integral representation.

Proposition 3.4. For (U,V) € L z(K) X L z(K), we have

1 1
f @resU V) do > 3 {‘”A(U2 + V?), wa (M)} .
0

2

(3.25)
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Proof. By (3.3), we have
wlz\,e,g(U’ V) > WA [(1 - 8)2U2 + 82V2]

and
Wh.(U, V) > (1 - £)swa(UV + VU)

for all € € [0, 1]. Integrating over € € [0, 1], we obtain
1 1
f wi’e’g(U, V)de > f WA [(1 _ )P + azvz] de
0 0

1
> wa [ f ((1 — &2 + szvz) ds]
0
1
= §wA(U2 +V?)
and

j: wi’e’s(U, V)de 2wa(UV + VU) jo‘l(l —&)ede
:éwA(UV + VU).
This implies (3.25) and completes the proof.
4. Applications

In this final section, we demonstrate the broad applicability of our established bounds. By
strategically substituting specific operators into the pair (U, V), we derive specialized inequalities for
a single operator’s numerical radius, its Cartesian decomposition, and the generalized Davis-Wielandt
radius. We formally state these deductions as corollaries to emphasize their direct mathematical lineage
from our main theorems.

First, we evaluate the scenario where the operator pair consists of an operator and its A-adjoint. Let
U € LA(K). Let V = U, Then, we have

1
2\2
WA (U, UR) = sup ((1 — &) (Un, mal* + e [(URn, n)a )
nex)

= sup (Un, mal = ws(U)

A
nex;

for all € € [0, 1], since |<UﬁAn, n) A| = |{Un, n)al- The following result provides bounds for the classical
A-numerical radius.

Corollary 4.1. Let U € Ly(K). Forall € € [0, 1], we have
wa(U) 2 max {wy [(1 = &)U + (U], (1 - £)swa (URU + UUM)}
+ max{1 — &, e}wa(U) ‘a)A [(1 —e)U+ sUﬁA] —wa [(1 — &)U~ gUﬁA]
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1

In particular, for € = 5, we obtain

1
wi(U) 27 max {waA(U? + (UR)?), wp (URU + UU)|
1
+ 70a(0) [wa(U + UR) — s (U= UM
Furthermore, leveraging Corollary 3.1, we deduce the related inequality
1
wi(U) 2 7 max {wa(U? + (U )), wp (U = (U]
To further analyze an operator through its Cartesian decomposition (its A-real and A-imaginary
parts), we introduce the following functional.
Definition 4.1. For an operator T € L (K), let the A-real part be RA(T) = % and the A-imaginary
part be I5(T) = % We define the functional {a , .(T) for e € [0, 1] and p > 1 as

{A,p,e(T) = wA,p,a(iRA(T)’ SA(T))
= sup (1 — &) KRA (D). mal” + & KSa (T, a7 .

A
nexL;

Remark 4.1. We observe that {y , () is a real seminorm on Lx(K). It satisfies {a ,(T) > 0 for all
T € La(K), with (s p(T) = 0 implying AT = 0. It respects the triangle inequality {4 , (T + S) <
Cape(T) + {a pe(S), and is homogeneous over the reals: {y ,(aT) = |al{ ,-(T) for all a € R.

For the specific case € = %, the functional simplifies to a scaled version of the unweighted sum:

1
Eup s = 200D

where 1
Lap(T) = sup (KRA(Dm, mal” + KSa(Dn, mal”)7 .

A
nex)

Notably, when p = 2, the identity (Ra(T)n, n)al* + KSa(T)n, p)al* = (T, nYal? ensures that

{a2(T) = wa(T).
The next result establishes advanced bounds for the Cartesian decomposition functional.

Corollary 4.2. Let T € LA(K). Utilizing Theorem 3.1, we have for R = max{l — ¢, &},

L40o(T) < ROA(RA(T) = Ia(D)) + @y P (Ra(T)Hw3 (I (T)).

In particular, for € = %
WA (T) < Wi (RA(T) = IA(T)) + 2w (RA(T))wa (Ia(T)).
Furthermore, applying Theorem 3.2 and Corollary 3.1 yields the lower bounds,

Lreo(T) 2 max {wy |(1 = 22 (RA(T)) + £2SA(D)Y], (1 = £)swa(Ra(TIIA(T) + I (T)RA(T))]
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+ max {(1 — &)wa(Ra(T)), ewa(Sa(T))}
X lwa [(1 = &)RA(T) + £34(T)] — wa [(1 - &)RA(T) — e34(D],

which reduces for € = % to

wi(T) z% max {wa(Ra(T))? + (I4(T)?), wa((Ra(T))* = (3a(D)D)]
+ %max (ARA(T) + S4(T)), wa(RA(T) = AT} X [wa(RA(T)) — wa(Sa(D)].
Finally, employing Theorem 3.3, we establish the comparative upper bounds:
() < 50, ()

1 21—
< £ (T) + min {— D,

201

Z }max [ RA(T), W (SA(T))}

Another significant application of our framework lies in generalizing the Davis-Wielandt radius to
a p-arithmetic mean context.

Definition 4.2. We define the p-arithmetic mean Davis-Wielandt radius of T € Ly(K) for p > 1 and
ce[0,1]as

dyswA(T) 1= Wy po(T, TAT)

1
= sup (1 = &) KTy, mal” + £ TnlIY)" .

77621?

Remark 4.2. From the fundamental lower bound in (2.2), this definition immediately yields the
constraint
dpswA(T) 2 wa [(1 = &)T + eTHT|

forall p > 1 and € € [0,1). Similar to our earlier functionals, fixing € = % retrieves the standard
generalized forms

1
d, 1wA(T) = ;dpr(T),
P

where .
dpwa(T) := sup (KTn, mal” + KT Ty, n)al")” .

A
nex]

When p = 2, this precisely recaptures the widely studied classical Davis-Wielandt radius dwa(T), up
to a scaling factor
V2

2
de’%wA(T) = waA(T)

Additionally, the linear case (p = 1) reduces to

dewa(T) = sup ((1 — &) KT, mhal + £ TAIly ).

A
nex;

The following result provides bounds for the generalized Davis-Wielandt radius.
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Corollary 4.3. Let T € LA(K). Applying Theorem 3.1 with R = max{l — ¢, €}, we have
d.sw}(T) < ROZ(T = TT) + ) (D) |TIIY .
In particular, for € = % this simplifies to
dwi(T) < Wi (T = TAT) + 2w, (T) [T} .
Conversely, applying Theorem 3.2 establishes the lower bounds:
d. o (T) Zmax {wy [(1 - T + E(THT)’|, (1 - )ewa(TTHT + THTT)}
+max ((1 = &)wa(T), £ [TIR) X [wa | (1 = &)T + 6TAT| - w4 [(1 - )T - 6T T,

which yields for the classical Davis-Wielandt radius (¢ = % )

1
dw’i (T) > max {wa(T? + (TAT)), wa (TTHT + THTT))

1
+ 5 max {wa (D). [TIR flwa (T + TAT) - w(T - THT)|.
5. Conclusions

In this paper, we introduced two new mathematical tools for operator pairs in semi-Hilbertian
spaces: the p-arithmetic mean A-numerical radius and the integral Euclidean numerical radius. By
using refined reverse Young and Jensen inequalities, we found several new upper and lower bounds
for these concepts. Furthermore, we showed how our results can be easily applied to other areas.
For example, we derived special inequalities for the Cartesian decomposition of a single operator and
generalized the well-known A-Davis-Wielandt radius.

The results we presented do more than just combine existing operator inequalities into a single
framework. They also build a strong foundation for solving new problems. Because our approach uses
a flexible parameter () and new integral techniques, it can be adapted to many other complex settings.
In particular, we believe our methods will be a great starting point for future research. Researchers
can use these ideas to explore generalized Berezin numbers and to find new bounds for operator norms
in reproducing kernel Hilbert spaces. Overall, this work provides simple but powerful tools to better
understand operator theory in quantum mechanics and functional analysis.
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